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1. see Prop (2.2). If f,g : X — Y are continuous and ¥ Hausdorff then
{z € X|f(z) = g(z)} is closed in X.

2. Let G be a group and £ a non-empty family of normal subgroups s.t. if
K, K, € L and Kj is a normal subgroup containing K; N K, then K3 € L.
Let 7 be the family of all unions of sets of cosets Kg with K € £,g € G.
Show that 7 is a topology on G and that G is a topological group with respect
to this topology. Show also that £ is the set of open normal subgroups of G
with respect to this topology.

3. Lemma (1.1)(b). G a topological group. To prove:
Every open subgroup of G is closed.

Every closed subgroup of finite index is open.

If G compact, every open subgroup of G has finite index.

4. Recall if S C G then the centralizer of S is
Ce(S)={g€Glgs=sg Vs€ S}
and the normalizer of a subgroup H is
Ne(H)={g€Glg"thge H& ghg™' € H Yh € H}.

Suppose G is a Hausdorff topological group.

(a) Prove that centralizers of subsets and normalizers of subgroups are closed.
(b) Prove that each closed abelian subgroup A is contained in a maximal
closed abelian subgroup (i.e. the family of closed abelian subgroups contain-
ing A, partially ordered with respect to inclusion, has a maximal element).
(c) Prove that if there is a series

1=Gy<dG1 944G, =G

such that G;/G;,; is abelian for each i, then there is such a series consisting
of closed subgroups. (Consider closures).

5. G a profinite group and X < G, then
X =n{K|X < K <, G}.
6. Let X be a dense subgroup of a topological group G (i.e. X =G). Prove
that N = NN X for each open subgroup NV of G.
7. If G is finite what is the profinite completion of G7

8. Give an example of a group which has trivial pro-p completions for each
p but a non-trivial profinite completion (or describe the properties such a
group should have).
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1. Let G be a finite group and z,y € G.
(i) Prove

(yz)" = v 2"z, y]|D[z,v,9]® .. . [2,n—1 y] mod M

where M is the normal closure in G of the group generated by the set of all
commutators in {z,y} of weight at least 2 in = (i.e. contain at least two zs).

(i) Prove
[z,9"] = [z, 4]z, v, Y|Pz, 9, 9,9]F ... [2,n y] mod N

where N is the normal closure in G of the group generated by the set of all
commutators in {z, [z,y]} of weight at least 2 in [z, y].

2. Let G be a profinite group. A sequence (g;) converges in G iff it is Cauchy.
(See Lemma 6.1).

3. Let G be a profinite group, and let w(Xj,...,X,) be a group word.

(i) Show that the set w(G) = {w(zy,...,z.)|21,...,2, € G} is closed in G.

(ii) Deduce that if g € G and if for every N<,G there exist z1(N), ..., z,(N) €
G with ¢ = w(z1(N),...,zo(N)) mod N, then there exist zi,...,2, € G
stich that 9= Wiy s %)

(We use this result in Lemma 8.3).

4. Show that the natural map SL,(Z) — SL,(Z/mZ) is surjective, for all m
and n. Denoting its kernel by K,(m), show that

lim(SLn (Z)/ Kn(p'))ien = SLa(Z,)

hin(SLn(Z)/Kn(m))mEN = SLn(Z)

where Z is the profinite completion of Z.
(Hint: for the first part find a simple generating set for SL,(Z/mZ).)

5. Fix a prime p and a positive integer n. For each j put
T'; = {g € SLa(Zy)|g = 1, mod p’}.

(i) Show that I'; is a pro-p group (with the subspace topology induced by
the p-adic topology on My (Z,).

(ii) Show that I'; is topologically finitely generated. Deduce that every sub-
group of finite index in SL,(Z,) contains I'; for some j.



6. Let G be a pro-p group. Show that G satisfies the ascending chain
condition for closed subgroups (i.e. every such chain becomes stationary after
finitely many steps) iff every closed subgroup of G is topologically finitely
generated. :

7. Write -1 as an element of Z, i.e. as an infinite sum of the form Y, a;p*
with 0 < a; < p—1. Also is 1/2 € Z3 and is 1/3 € Z3? -

8. Calculate the lower central series of the Nottingham group.
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1. Prove that in a pro-p group an element of finite order has p-power order.
(We use this in (9.4)).

2. Prove that a powerful 2-generator finite p-group is metacyclic (i.e. has a
cyclic normal subgroup with cyclic quotient). (Hint: show that the derived

group is cyclic).
3. Prove that if p is odd then every metacyclic p-group is powerful.

4. A pro-p group is meta-procyclic if it has a procyclic normal subgroup
with procyclic quotient. Show that a pro-p group is meta-procyclic iff it is
an inverse limit of metacyclic p-groups.

5. Show that a powerful pro-p group that can be topologically generated by
2 elements is meta-procyclic. Show also that such a group either has an open
normal procyclic subgroup or else is torsion-free.

6. Let G be a profinite group and let N <1 G be closed. Show that
max{rk(N), tk(G/N)} < rk(G) < rk(N) + rk(G/N).

Deduce that if H < G is open and rk(H) is finite then rk(G) is finite.
(We use this in (8.11)).

7. Prove that for a non-Archimedean norm
lla + b]| = max{][al|,[|b]|} unless [la|| = [|b]|.

8.(i) Show that every linear map @) — Q7 is continuous (both spaces have
the product topology). Now let V' be a finite-dimensional vector space over
Q,; deduce that V' has a unique topology - the p-adic topology - given by
identifying V' with Qff by choosing an arbitrary basis and taking the product
topology on Q7. Show that every vector subspace of V' is closed in the p-adic
topology.

(ii) Let A be a normed @Q,-algebra and V" a finite-dimensional vector subspace
over A. Show that the inclusion map V' — A is continuous with respect to
the p-adic topology on V and the norm topology on A. Does the latter
topology necessarily induce the former topology on V7

(We use this in (12.2)).



