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nok degmo\ on choice oF basis w, uz) Co have to check: u'k (b ) = [CW~*‘!“1J-F(%E:_:_3€-}2

This s e‘t«“"u“‘l{“‘t tor Clo) = &T‘*d)-uc(z‘:::J where T =W/, . This is the Funchional

‘Cltua,{-lo.-\ Cov  medular forms.

We will congbruck wodulor Forms as Follows:
(] Find come Funckion of labhices (eej’ W edersbrass ff'ti-”
(i) Tnj to wake (E \Aonoejme,ous of some deg-.ree.
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Trigoar\m&rfc funcbion: Flv) = Flt+d) for ANe Z lor € 2wt /4
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. ues bion: Whakt s Hie Fowner Semes of G—,,?,

What are the ct's T Gpld = R

| Nobe alse Hut g’(Q%,aLJ‘:— 0:281[!,1-) for ae c* j o Pe-[ps of order 2 ok oM Acel.
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2L . Gulal)
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Gulixfie it « CGuITgg aF K e bak
We can show oiveckly Hat the Funchions Gy defined by Gy () :AAET{' ,\tz L= <>
o
ove wodular forms,
; b 5 - | b _ At _
Gk L't) i::;if fﬂTM}h : (/\: Mt"-ﬂ)- Gk (t“'l; Mg [.th’+“)u = [—mt‘i'(M“‘]')! = E[NYMJR - Gh(t)

- i ! i _ [ I i _ ' i
Smilarly, G (F) 5utordim® =% & ik IR ) =T e

‘Ch E Gh ().

lmpockant wote: we are using the fuck thak all series are a,lnra(ul:eL, conv ergenk, whick
requives B>2 We laker needd to use Hhe Funckon (G, (o) = Z(Mm)' Then G [ 2} <% G_'(rJ

Gpleet) = Gy lt), so puk G (0 = Z cfnl T Z clny g " . 9° e 1<l as lme>o0.
-l21n) Br (l 2_‘.'2 - n) r dr.v-!
T By nyy k(WG o T (0= T .

; R
Usually wante Eplcl= [~ %;‘gi Fi-dﬂ)g" - Esensbein Senes.

i ‘ y i
Wan'ke GR ) = 2 I‘El ;:" ¥ ZN-E (ﬂgl [M")
| = —

" : gk %
| Rewnte (€ as: t Taz (Tm t-n T "z l’t 2ot )

(m=0y )
< alse Pem.’co!-ﬁc w T.
Question: Whak is the Fowner Senes of Z:i E;_:':)n ? = Convewy es For Ke (k) >,

- we wank to sbact Wl k=1 Buk %1&% does wot convesge.

i i .
—+'_) = & - This toavesyes a‘osal‘J:eJ—gl S we ure

as the definition of Z - [Flttwdwe!g add Eeemr i ocder of lal).

NET T
|

| Loo& wt Hn.? Fumd'l'ovt C(‘C} =2 %*,‘E, T—:;\*t_:\}- L\)Ma.»t f‘wwi’fes cloes L‘E 'na.ue?
) ‘: has a Fo{e oF  vesidue | at ‘C':(-'LE'EgU‘ and s \ﬂ,OLoMrF\M¢ JJ(M)L\QIQ.

L (v ) omT = So Fltvw = £t

Eu.‘; Flre) = Fle): Look ok F'id = ‘C‘Lz or Wil Tl Ty
Lo Flt) s bownded for lmr 2l [Ste evample sheet).
C Se (i) conbinued: We kavw that Flesds £ vcowtant. Flt) bownded for T=iva = constont 0.
e Fl-t) s - Fle) - Teioial
- These four P,—gful-t'c; chaackerse Flvl.
S'u.frose Flel, gl have Sawe ?mPeA-icr. Lock of Witz Fle)-qlx).



?ﬂ,?eﬂies of hix):
(i) Wi s ‘A.cbmarfu\nic for all T
G wiltw) = Wix)
Uiy Iwl] is bownded For lamc™>)
(o) wl-tl= -hix). &
New (), ti) D lit) bounded for lwmr ¢ TEE]E%_ { Bownded For lmm |, Rely $1, as compack,
so  Dounded for all T wil lmt 1 by ?%-dxc(ir-j).
| So Wwlg s & Dbownded ‘w(.aw.::rf\m'c Funckion = wix) = constauk [Leowv.Ue's TheamJ
o) = comsbauk =@, So hlxl=0, 5o Flr)e g ().
 We evaluake Flx) by wabing a FuncHon with same propeckies (i)~ (9).

A
Take wl(ro - bouwn (T+ ) = tQMT, tem (-t} = —bomT 3 tam (nT) = 0.
T “WiT . TwiT
. ! J ! L weoswl e ae [ 1+e ) .ok "
— —_— e = = - Wi+ —— — S T o ke 8 1
Sa, e T ng,: T+ + t"“) tan(wT) sinTrT etrtt_e.-'f; = ITL(|_¢u¢c e --—'_“' - 'Z-h(,‘-o"%‘ft)

{ig1¢! as ime>0)
Differenhate 1l: #: .,,:,(_T [1.:"; % ;J; ) = = 2x (';’ 4-"% 1“) (k-] Hmes ot T,
o™ (! ! T ~ R ¥ ; o it
Gek: (-——-——”t“m IR (—Ul : (R-1)! n%l (tmk *(t-ﬂl") = = (2ne) ,-.E; " %n . {;{7 1,“;0& *
W
= _r'”h" (e-1)!
T nelZ ‘r-n)h

t- (Zﬂ'in)%n ).

R
, o AR e el
So, For R22Z 02 ook ST

 Ealuokion of S(B): ¥32 enen. Tl L 5, Refo)l.
Expand dently % # Z_.%——: = =2aifte E‘}n} as o lawent Sewes in T (owound t=0).
: =3 T

" T T n
an e 5.8 2 N " _f_ = _|_ = gE ___'_ gn rZ‘l'l‘it)
thn? T ont T o —;!.:_e. s % ',\Z,,:, T = -'Tlt. t i-q '-ZL gt T % Zmi =) _T—
. (Recall : e-"'kl— = .,l\- _':_f‘.)
i 2T o e F U Gh o W Ri” ) Tk
S £ ?—tng “1-3‘ -’.;.‘_‘.....)_ Zei {3 * &2 ni ‘_,\T_)
= du [-%i2) - 25 %0} - * Q) =)
kR
~(2ni) &g
Compare coeflicieds of ©*: SlR) = 2000+ R22 enea. (kodd wot twswn up\.iu’H.DJ_
N9 L ki | . o 2m)? B, = {Z'fsz o .‘rr!
‘z-r?—:.f-!z,i— t‘f[?_,‘ 2.2,’712 = .Z_u‘— = /{
A = i A
i *2{:*'*1%"‘“7 S(&) - %?rt{g L ’r&/qo. “3(':'710)-

{a ?O.r{'\cula.rf ﬁ(hn’ = Trk)l fq,{-(og-\ni iumber [k@u’ },2‘

2.8! .
- Size_of By note Hat S(RIZI for k large, So Bl ¥ 7k So Rp decreases For
| s ald ‘[l, bult  fuds {0 &0 m{n‘d@ F!P-r ln”"ﬂ( k.

e v .
{ So C‘k =E§£ R ZE. nR 1 zaﬁngzmmﬂ,

IR B-1
o —{?—m‘)'t i@ 9 -{2r) . Z aE
Y B w-;a (-0 (k-] a% v

= -f?m’)hsh(l_ g_h. il nh"l_ %ww)



€, tel = Coﬂsim.ub Gplt) so Habt constout tern of Taylor Semes is)

s Z C"’ (nf1
£
E,,cfp b= gy f Gl = | + 240Og + (Leo. ‘“‘i * (zwa.zfz)?’ + (200.93)¢ %+~
K’ 2 iy P
Es W= - gm Loty = - SOk~ (soux33)g? -
125

R-2: why is €, (0 ot & wodular {-‘o.w G, is not a coefhcient of p(e L,

Proof that T &'t = '““"B’(t- 2 Tomgn] works e Wiak goes wrong with the
. e{emenka.a’g Prooc that G, & - Z.—Z

Rok :G{‘Jt G, (<),
| é‘ M%:j[":'m}l ’gg&‘t_w';“
| Bk seres Z'(mﬂ is not absolutely convergent, amd we get different cnsw ess
i dqac.no\.c‘ug on whether we Sum over w &r n At What is the diflrerence: [ZZ' TZ")
- Two prblms: () double sums not aksolukely converyeut.

({i) we Coumnck encluate 'HACM {X?tﬂc«elﬂ

[l\dl'n-mr1

IS & ModuLM G’“W\? Gﬁ [T'H) = G’['C) i< '{’:f{w.‘al-

fM'lM}" .

C Wate tm : Flwn) tglmun) , wte ) Flmu) so small ek Z'Z 1Flmu)] <

j (9 ZZ glmn) , Z'Z Almn) Cam be exoluaked.
| o, R EFT iy ~ BEY 2 = EEF “£T ' > b

g n{ w Y i
i Tnj a.ff.»ox.ma;{:tﬁ Sccoms by mi:eaml: (65 :i*n;{ »‘:d",so Z-“'mzr m{ 5 eloc =l.f?:d*=(b\3[u+i'l ’Lﬂy‘;)
Let glmm) = f ! f ,t fﬂm)’dxd‘-’ 5 (m-rm.v‘ ’ '
- Canm o!nec,k Hm): Hn‘E Aiflecence Flmw) s smoall emough so tualk LI lflmnl) <w.

=3
| (10l & Contend) Iz+¢owd'-]

E' E ':‘L_, ‘5‘!;.1 [xhw: anLj = ! ( 'jj- r:riT'j)Z Aﬂ}du gc:M,.,f.arLyl Z f —r ‘jf (£ a’m}dlj
‘ ! )1y
<}

Inbegrals ave mow elementany to do, Geb T I’ - ZI'w = -
S G‘z("é} 2136-2[1:) -'er(:‘ eun o Ezf'éj= r? {ﬂ*__lj

Zwt v

&
("-‘3)6

wa Aly) = ‘; T (i~ 1") = q- 2‘4—@2 +o- ,Dedﬂkfﬂé fa Fe.wd'\'vn}
 Mhsienes Difel it & odilie Buws  oF wedght 12 with  ne rewes (a H,
| Peook: Dlryy) = D) is triviel. W preduck  For D convemes For 1g)<! [ [me Do),

((.Ualt ak Loa Tr{l t"Jm : {ll.l—[,oﬂ “ 1’“} {,og fl*(f‘) £ 'ftw- 1’_2"--- “'-pv“. ng; 24'9“ C-ovl-ﬂ-l\:,’ej for '11())
Secces for ugi} Lonue»se: on H, 5o A= ulﬁ(bg/}) Vhas we weees (a H.
’l( 'CJ' B L AG): dr lL‘jA[ﬂ} s —(%14 Zuz Lug {i- %"]J 1:52"“:‘ ;; ‘Ln— Q«L«\q“
_—[[,061 -2&-?.:"%' ) ﬂ,‘ﬂyq 2?!‘!._
: Qoe- 2“&.‘2&"’%;' n%m“ = wan-w‘ﬂga‘:[,‘]‘t ].‘ lniez[-d‘
oélbﬂgbféjj = Nz + 't O&Lancjﬁf’d
This implies  Huak DIlz) = constank x T x Do),

Pwl* T 0{(}-‘ tonsk, » ('t A Dlz)‘ Ale) *0, Seo cons taunk ’I, 8 /3(—%)= T'ZAftJ_



Theorem: E\Je.r:j o Loy form is a ?o(;jvwm.iai n Elf () Egls). (E“” € a,lgebm»‘ccvurj {Aderol%tJ,

We need the ‘Foupwfng F”F""”He" t') By s @ modulay oran of weght b €, (¥)= | +200q +--
(i) €Eg¢ is a wmodulaw Form of wuab—t‘ 6. Ecld= I~ SOG—Q +
ey D Vs a Mady‘a.a‘ form  of Wdﬁu 12. Ak)-= q Basr Alc)+o Frel.

gEeEO: There are no wodulor Forms of odd weight . Looke ok (:_‘f)cSLZR_ F[:—}:)=(-—Uh Flg,
Se for R odd Flel= -Fix) > F=zo.

.Sb‘E‘: ﬁntj modulos forw of we,a.'ﬂhl‘ O s conshant. Suchh onm € v a Moc{ﬂtﬂd’ Fu.md:\'on‘ ho(«zmwlslm‘c

on H and ok (0. Fld = Clo)rcldgt- ﬁeP(oce Flu) by Fle)- clo). Note Huak Flo) i

bounded for  lmr 2§  say, and (0] 20 a5 lwr > 00 (g0)
Look at Fundamental domain of SU, (7). “*j’“'- W18 5. Bl 3¢ Bonaded,

This imees bk Flo) achieves G marimum value somewhere wun the Fundamentnd
dowmain F. Fl) Foy ang tel, is given by Sowme Fle) For te F. Su Pl achieves ofs maximum
ot some Fuiw‘? of o pen seb H. 83 mad (Muim  wodaslus Fn‘nup[.e’ Fl) is constant.

Se any modular Form of w-dgu: C is constout.

u

Stepl: E lw) =0, E,[i)= 6, whee w= 1t Fi (WF21).
For € ook ok [P )€ SL(T). Tte» 2 |, fxes i Eglz)=7*Eld, so EL)=-Eua)
For €u use [,“;') ) —1:‘5_4 , Bixing w. Prodk  similar.

(ﬁm‘-j modulowr C:)rm ok we,{.aldvt not diviscble by {f.? Yo is hes ak {T} )

st:e’;' For Quyy ewen h?,(«r‘ weé€ Can Pmd a woduler forwm of weﬁ'-(juh of Foim e, oiven lnj

Rl (R
(Gk.-) or &g B

‘S‘fzec&-f No forms of w{éﬁht h: enea €~
on: w&'guf ~le. \F F hes weaght -k, then Eo.F Vo weght O o s constant, aud

5 . = W
vanishes ak w, so s O, Fou wug‘ﬂts —6’-%,.-- , wse EL ov E‘ E:‘.

StepSt WP F b weight -2, Hien F oV weight k. So wone Wawe weigik -2

Sammacy: any Form of weigut <O s weight O avd i constant

; Stgz(;f (6 F s a fom of weght R esen 24 then Fz constauk. E: + A":\ , of wngfa#tE‘E: + Dg,

w\f\ﬁle 'ﬁ “; o ‘:brm OF wuqhi: h—ll,
Prook: Subtreck o constantx €] {€] b wmahe consbamk beem O. So cam assume Fe) = C[l,%f{(!)%zi-~-
is \n.olow.o.rfw‘r. at i, amd holowmerphic on H,

Ftx) 1
Nou Llock of A T Gt A aq v wg b S %%J,

as D 0. So %:’ is &  pedular P we,:.'gu: wt [ - wk &= k-2,

SteeF Modulax Fooms of weight & ! G-«-«j suchh € = coustawk x E, + Bg . 9 of uugu: 4-12=-8 ¢o g =0,
So F: comstouk » €. For weigkks 6 105ume avgument thows such a o is € £ B,



Stggg: F U gap abouk weight 7. 'Sprose € has weglt 2. Then FZ has wo.'g'u-l' b so s
const. 1+ WUy ) > F= const. [i+120q+-/, Stamlardy " Fg’ counst. x Eg

w.\_ﬂ;. l E{‘_ -

=cowst U-YO% +) D £ = const. (1= 569.;((+-—} - \nwnsisku-t, fo wo forms oF wdﬂu?—x

ét_?.ﬁ_" D s a polynowial in Eq, €. by step 6 E;':Conrt‘.xﬁzi— Ag, 9 of wieight 114220, 50 4
constont  So E‘I = aE': + bA. Nouw, €€1= ﬁ-s‘o(_..%,__)'l: |- 100y 4.,
E: = ifl4 ’I.uoi,...)?’—, l+ F20g 4 A - g ,m_‘iz s
Look ot constankt term: aczl. CoeMiciewnls o{:ab'. e = ~jock +h & b=i32L

So 4 - £ = 13RA.

S&SE 10 Proef HBuak oy wodimlosr form =
we lawe ?mued fais Fer weaghts €10, Now (ogk ot w-e_,.fcjhk k, even10.

modulor foram of wdg'lﬂ-& R. F: cousk. E‘: + Aﬂ, or E= const. E‘E: + Ag
is a fobjwvwid n €y B¢ by induekion.
pelynomial w Eq, G

Potynowu:a.l w Eu., E‘ = btg tnduckon en wdglr\-b-

Lek € be «
9 has wuﬁhl’ \2"1' s
D oy o ?o(-jm.w’a.l by step 9. % F is a

gtgg i+ There are wo Po(ﬂwal velabions bebweon E, . E¢ (see wamp le ehect 3).

riag of Po(g.wm.iak ln two vowiables €4 €

So, ring of modular forms =

Regl.{ca.‘l-im'. in ?cu{'io.-lcu’, all dhe Eisenctein Cemes €5 Eo €y, ., oue pelynomials €, Eg
Eﬁ‘: Eg \nas w?.a.s\nt - On[/j wonomied in E, E¢ OF w{iﬁh&g s E(:: . Se Ee = '-‘49&-1'&"5:,
S0 Eg = E‘: f(_pwfuc covstauk benus), S-’.’Mc'.[arb‘j‘ Eo s Bt Eg , Gt E: €, as Ei€s, E: &

are the on[ﬂ vaonowmigls of wuaktf 10 1,

E, # EZ or E;-', [ There are bwo sowondals n €u € of w gk 12). wWe coun wwike By

as a Uneav combinakion of E,i ) & , or of E&_ and A

1kA - €9
E”_ (th= |- %:l: «ng' U;(n)%" , gn= 7%_"55 _ Qewu.. g;’ =+ :?‘?.Oir-
= 1r ST g (mg B =g+ = Ttwgn
3 4 3% P Ei +bo. Look ok onstoaut terms: a=).
Look ok coefficients of L b= 6%0 - 320,
65518 5 A i . : i 63820
Se 1t g, Tilalg" = (somelliing with wbegual coelficients e :
c—f'-?za
+ 6SSw0D . €SS is coprime o €9

Se 65720 Z‘ﬁ.fﬂlclﬂ = GQl{Eqbag\mi)

So 6§S'Zo(§u’,,(-lq"‘- f'r(n!c',"') 20  wod 69I. [meuﬂm}.

So Tulul = Ta) wed 691

Now we will clossify alh modular fumetions F(z) ( F such ot F(E) - FlO) - wegt O,
‘F Me.q-am.orpwc on H and abt (xn - ¢ F=Zcm%"} elu) 20 For i
Recall Uik & Fg are wmodilow forus of e same wocight, then 5 15 o wedulos Fusckion. (g40/
We need a Space of wodulas Fooms of wagjbk R of dimension>7 . Dimeusions opg?ma

e 1 &L 6 B w R

| OF‘ Modulas {“OJMQT R =
€, € E: E & E:_}E: -so take k=12 as S‘r.'mfle}‘f' txge,

i -



Co we choose tws wodular Forms Eg ofF weght 12 . Toke 9= & loe 3ena oa \—IJ s ‘:/c3 is
3 ’

‘ne(.pwwee\m‘c on H. Toke F= E:» (fes Wistewical teosoms). Deline ey = % Ty T Fw.\c,{’-\‘on‘

ao 2ewes on H, pole of oder | ab in (e, ak q= ©l.

[\f we change F to a_t':: +hA  thew g‘ becomes aj+b  which diffess only Erivially fom j).

; . v 2y0g s260+- 0 | N

J(tj . 9= 2&1} f2§2$;+- . (t " w ®. ‘qGKK‘*% 5

Lub(tfen:h as we can add consbasts.

Any vakonal Fuanckion of jio is  [obsiouslyl a  wedklasr Funckion. Cloaverely, cuwy wmoduloy function
s a vakional Fumebion of jig. We will prove Hais by showing that amy wmedulow Funchion s a
uobient of twe wedular forma. SM.PPOSE F s o modudowr Funckion. We try o Find a Prcohc,t
q oF modulas forms so tiat Fy has no poles on Hor ok (0 co Wak £y is a pednlar Besn,

- Lemma: For auy ToeH (orT,2iw), there is some non-ren Wacar combinakion of 6:, . E‘I vowushing ok T
Pock: €, (r), Ecl) cammot bebh somish For T,eHl, since Eq () ~€¢ [t) = (F2ED(T) 15 noa-rem. Bub then
l:': Lt E‘ztt)- E,i (o) E,;Z[T,)' 5 o non-2em wmedulos form qwh,(.\ﬂ at v=1T,. { Bavt 2lm E,: -E: uw.’:hq)_

gu??o:( P s a wmocdulos FMG’H&H w it Po(.e GF odes wn ak o M"’u'.IP“J 4 b‘j U\fﬂ)n’ whee hix
is & oodulor lorm vanishing ot T, Twis Rills off the pole of £ ab T, By vepeoking this can k.U
all fa[d. So F' (Somf frod.uot of  meda lay fouu) War wo 90{&;, S 5 a wedslas Corm. Se omy weeolulowr

meplﬂ'ﬂ'ﬂ $oa ctuhut op bwo m_aof.u[cuf FW\MS-
wod wlas fove of wd«au k :
[some R, 12]k).

: € ;Fbj E‘. Eis Eo \:m:cftia: Function, then Flx) = - form of weiguth o s
- oly. e, C¢, 2 . . = ) _ = w“' % i n
= polng- in Ee, Eg weighk k ‘Pa(ajnnmwl in bu.,g‘ of w-ua\nt R = ¥E, "+ ¥ E“' - E’S Fooe ¥ Eg

= polynemial n (%e/ez) €’e

20! ¢ t" z 6 2
: - B;./E‘J X%‘( vahonal Fwo{-(gv. of E“'/E‘1 .

> Poly. tw {E‘;’/f{l) ‘%ﬁft

"

5 k4 ; ]
; 1328 €. - €< €5 .
Naw’ S0 = ‘:;3 = - /Ez_ " ga F" d‘cu':'lOna.i Fuac)n'ou OF jl'tf.
o

<o any wodular Funcltion is a whional Punetion (n jo. [easy to reck ook wo PoLjWa/‘ vy l'SOJ
So clng of wmodular Funchions % ring of cokonal Funcbions (v one vawiable

SumMQ_xﬂ.

| R R

) Eisenshein Semes: o V7 L g are wedilar Fons of welght R (R eveq, 24
2. Bilx] = i-ﬂ'{l’e“}u' is @ woolay form of weight I‘Z’ Wil Ao eoes on H. (1729 D ¢ E: 'E;J
;!. Any wodulas forw i pelynonal in Eu, & -

. Moduler Funchions ave vakonal Punchions of j0f = =

F\Ppb(co.i{cn- Thebo Funchions of Latkices.

Example: Eg Labhice . Construckion: Lakbice I > sef of all oints (%, %,) in R" with all x;eZ.
C Traiad Hhak (/\,)u.}e Z fo- Aue :l:ﬂj so T7 is am witegral (abhice. Pk L= vectorr of I Lot
ZTa;evem . S0 L has indew Z in 1" Now look ok (ablice gmeraled by L aud v= (1,0 1,
v has wikegead  bner produck wilk M veddos L. ohen s (uu) .',.,.kﬁm}? faul = Y 50
L luw)e Z F @ln. IF (vele Z lv))e Z for Ael, flhew voud L cjeme,rwb. an  (whegiad lebhice

CAF 2ln thew (L)) i wen 1F Rln then (vo)= T ks ako wven.



\F Sln bhen gueny veckor in the labhce genevebed by v oaud L (s cvea:
. [+, mus X) = o) + 2mlvA) + (X)) = even.
C A labhce s called ewen F [vu) is zven For all vedow wv.
A latkce is wnimodular (F Hae volime of ¢ Fundamenkal olomain isl.
CExample: Seb of all peiats D= xvieee xu, where v, vl 05 some bixed  basis of L, 0€x <l
Every f""—""t of R" can be wwbten a5 (somebaing in L) + [somebhring tad)
T §s wnimedulor: Let o =z (e, 1. 0. Sy D= ant hypercube, voliume =|.

Note Hiak f LSM are two (abhices with b lnder n in M fhen  voluwme of Rundamental

domain of b ® Zx [Hiat of H] ; . . . 3
. D— . B
) viFD) =1
! L Enof $ p 5 /'-_ u(FD) :-_i_)_:l_
| Lek €z = Labhice 9%@@&40[ ‘05 L omd ("l;') i W, We Wamer T B
| "MA Aol

L.L\.‘[gn)zz-l:l
: S €z s wunimodular and even. [And we can also Fnd even wmimodilar latkices in owy
- dimension divisible by € We willvee later bl sech (athices ecist ewly i R" G- gln)‘

1
' 2 (*) T
Bim: we wonk to show e theta Furchion Sgs(rl =I\Z-Ee e =“Zz Unl " where cln) is
T I3

! the wnumbher of wectorr of norwa 2-'\, s a modular fora of waﬂl,d— L,
; go we€ wa,uk +o {‘\vtoua:

1 -
() 99' (x+l) = 85? (o) - sfollisuy Bows % being an wbteger {Cr_r & & um}
) 95: % » < 95‘ (. We will dedumce Hais Fom the et Hat € s @ wuimedlow Labhice,

We work owt the Fist Few coefficiends ct of B (v). (fo) =1 as Eg han owky oue vecker of
nocm O, Cll) = vumber of veckoss of vioem 1.
Veders of Eg are eithec (n,., ng) or (a,+3,-,np5) with n; e Z Za; euen
‘ T\r«j 'n?'i—--«* n: =1, Only solukions ase: n;= *[ R all other N =O. H = ?—é‘lx 7% 1¢r4 =112
- Foe (n+3,., "e*-‘,,j’ minimum value is 2 when all coefficiends awe t3 . # 7 2%x7 = 125,
S0 nuwmber of o 2 vecdkws =12 4+ 129 = Zko.
el2): Epgub vectors of nom k-

) (o,_,_*_-z,.., o) #:-9x2 = 16.

i (e 8. 2 8 ). ﬁf[ff)x ¥ = uze So c(2) = 2460,
G (4, 23 23). #e PxEa s ro2u
- So geg )= | + ZQO%{L 2{6017—*. (cf: €, 6).

We showld check ot geghrl is ho[pmq:lwcc. i s \u(.omw?lu'c ot (w 939 Vi i
| berms un ?rn for n<o. Ho(onwrp\u‘-c on H: want o show Z-cfn)q’" Cony eugy &5 fer lg) <l
- C(n) € Const. at [\ a vedor v Wos norm € € Hren all coordinales wust be at west €,
fo  Hie wwmbes of ?assib;b'{—ie; is at mest fb-z-u)? £ ?Ohjuwmial w ().

So clu) & polynomial in o, so el " Convermes Cor gl <l



Review of Fouwier Senes and Founer Teansforms.

S;,LPPo;( F is o Bunction on R with 0= 6. (Assume witegrable on [qn]), Fousiesr Sauies
of F i< ?\: cln) e'lm’n.‘x , whee ()= -rlcbzm'w Cl)dx. When G&-ocs Hie Fowner Sewes of £

o

cotveme to L7 % doer whessiee F B coubiuous ond hex o tonkiwour derivaliin,

Su{fore F is a funchion on R” it Flosd) - Fl) whenewer Ae "
wo(nx ¢ ! -2melnx “
Thea PG Z, <l &Y -0 £ o) 2%, T somsewer o Tif

egh r o

p is CO\A{'{V\ULOUJ aundd s wvt‘t‘;nmus Fcur‘t'lﬂi d&f\)ﬂ*‘lvfi.

where cln) =

t Su.ﬂ)osr Fis a Cund:\‘m on 12 [ASS\-LME' ald devivatives of F aie m.P[dl:, deuggqs{mj, ve, wa

with amy polywosiad is bounded). The Fourier Trushor is defined by Fly) = J €™ 6 dlu.
Then El) = _{W e-zm‘”a f/g)drj - Voaversion loomule for Founer Trausfoms.

{We wild prove it uf[id-u.j for cases we need), ~

For n varablyy Fly = £7 17 ™ pay d"x.  Fod = He).

! S“‘FFO’E Vo oy Cmi te diwmensional v ector Space oves K. S“f'fose 8 w6 n‘v“:ceu Bl o M
| X =5
e woauk o deCine F[w b‘j ;!u elm( 9) flx) d"x_ To wehe Hais W@U-G{P.Ffaml, we need :

(5 a vowme eloment onV.

L ye How (V,R) so Yok f"(‘jj ir well- defined.

gc Fowries -rmscwm {Z s PU-MUHWS own U?Cimr Space % te puno’!‘four Ow dual vad—o.v SFMG U*,
LS e larly Suppose e teke L te be auy latlice [ = disciete free zhbelican Su.loam.q of V reuk = i vl.

Lock ot Puu\ci-(onj f o V W Flx ﬁ-IU: Flx) ﬁw)\@[_
Thew Pz Z &0 ey el syl R0 T A [Alstect fom of Foues Senie
i n wnicabler. U¥e wedem ta M wlnichi lave -,‘wl:eajml wner paduck with oAl Ael)

i Chsmse wokowe o V %o Hal vol (VL) ={. [For oy fsomw?his-u Gon R" LV we qe& o valuwe ou 'V,

\}Mes on \J Cor diﬁel‘fu.lf :SaMOvP‘A{Q\«S anFQ 0#(43 bcﬁ Cow&tﬂuk Fcciws, So \30(4-*-*\' own Y {s weu—dfp\'-‘\?d

| “p to o cowbaut. §e5|-iu9 veL (VL) =1 Fixes eognstmb.)
: Fowrier Tvemsform of a Funclion F en V s ?[{j) = \.}‘eh“m’) Fioo) M,

Fouier Series of F (i Blerdls Pu) for Ael] i5 Cledz Tt €™ cpys FpGre T e
: Posson Swmmobion Formda: 5.,‘_??0;, £ i a'm'cc". Then )EL fr) :,qii# f(/,,j |
?FNF’ Look ak ‘3(1}=A£ Fotd) . Theo 5(:!} = 3(’11-/\), Look ot Fowrer Sertes of gl = Z () ezm (’(”w‘

Uy = w{ o imitxp qix) dx =v;{ o uf}"}\g Flxs A dx = { e Fludolx = ﬁ{'/“‘)
So \Z,F(A) = gle) = Ecfu) & = Ly = & Rl

_‘R-e.mk‘- E""‘_‘.H"*“"S about Fouiier Evaasforms,  Poisson For.hulare&. Coun be 3&\«0&;:& te Hae following case:

V= any (.acau.g c‘:..u‘ud' abelioin growg, v ¥z dual growp = conbuwous hnMDMrrusmI VaUlly- f%e f:fil=li

L> cny closed ;u.\'agreu-r of U, L¥ - elements of VF LoMose volue o L is a{waﬂi I
\F V- R“' then V¥ dual of U' as F £ is a Unear map ﬁ'{"-aﬂz, then V> e‘h.‘F(x) VE im
ao\! Auwl anw.f DF Rq. N



m ‘R“ > Fewrier TeonsForms.
S i !sz V Z E ."ou.u‘l.u Series.

~

V= ring of od.elﬂ} used in algebmic number theory .

)
t_”‘q._MELe Take V {5 be some Eudwcleom space ! e (L), Take i) = 2'"(" ﬁjt' )

Lni (M)
Thew ,\ﬁ F[/\) AEL o 7 SLlr} . Thds lS“ » F(IU b«j Poissen summahon.

Se we need v Rnow Fourier Teewsforn of c?.tn[f\/z)t_

Stepl: T2 f ™ et
z 1 -l .'2.’2
i 11.{1{ e ™ o[,‘gl,j :R{ e i ‘1JO{NOLj . CL\Mﬂe o ?ol.a.. coo volanates:
x:ww;Q‘ y: rg.’,\Q’gq d“°Lj= rdr dB, So 11-('(0 §as® —‘r r&lro[@ = 2w f re _1”0!.( 2"’ L =1,

» 2 2
| SEeEZE Fourier tranrform of 7" 5679,
k3

At e Tl . - ~mex?
We wust @qiu.a.te ‘Rfevx_ ?.:nxgot I‘ewx hﬂ) wy Ax = e b ’iﬂ:(:'j € i ol ~ (),

@ : [ -~
X uI {‘_\ 83 CQM(‘JA.’:” wTr:t dx =0, As l?-':'ﬂ‘ sWet eclgt :ud'aafc\k"‘o'
- i 9 2
3 $a _£ .20 . wf{ﬂ & e
. 9~
So (%)= e—m'"
Ty
: ) = LI i ="i/la
Step?! Fourier bmmsbormob & ™ o Ze (a real, or Rela)>0).
) ) : Ty @)t
Je Tax? Lwing ol St Amin (94YT) clx  _ Q-‘T 348
- - e A =
e H Ie (5 E

(1F a wot veal | peed 4o change contewr wivag  CGauckys Theorem, as pebae]

; 1 ] L) 2 . 2
n ~Tax -Tax = ~Tax, Zmwex, -Tax §
: ?Eczb: FY. on R of o = e gt 05 uzi e & g AR I = o, -
-Tax! Twixd, waxd 2w T T .1 =Ty
'-‘-,é-re e otx',x"'zre ’em"’*olxlk :‘r@ r"‘—;e ‘qy..:az-e
2 Gl 2
- 1) -n 7 2) (> IZJ
T ZmiT (™ n " "2 2wl g
' StCe‘;’ Put a= 7. [‘Mt >O} F.T. of e en R is (:‘) .e

lasert  (nte Poisson summabion formula. L= any lathce in R™ with  wel (%K4) =1

2mi [ AY2) " Vi () M2 Y B
af e (R e T S B s ()T 0 (T
Su.H;on 2™ Thex 9,_{‘% = [%) ZSL,I'CJ
Example: Eg. Vol (R7) =l Ef =6+ Hawe Z%+ ((4)%+ 28
' ~
E‘*: 28 Eg = Eg‘_

8/z
Ve del = c* 9eg(rl,

So 958(‘1—'_-1 = (.%,
5 938 tea) = D¢, (v), we see that B (v) s a wmodular Form of weght &,

: More q"*‘“’*“"u‘ﬂ, €L is any self-dual labhice (with vatfw/f.l-”)_, IV ., then 9 (1)
s a modular form of weight V2 . (vol =l follows From L being self-dual],

Theorem: F L s even, self-cdual (ablice (withvoi(F7A) 1)  then Zla,
' Proefr e Ricw 9 (T+il) = 9 (t) via T'Tt—atﬂ’ T=(;" , cuad 9‘_[‘%)3(%}"’1 spf'd, via S‘t'—“fl:' L et
Relations bebween S T amd Z= [" &Y« 8% 2 , %y , (sT1’= 2 . Z e cenkre.



(This 15 in Bk & ?resewl:a,l-{on e szl S 9 ((strw) = O tx).
Calawdate 9, ((sm’(r)).  T@ 8. (ww) = 9. (x)

St 9 () = (B o 0
o) (%) o
§ Bfi) . (@:‘.};]M' (T ) 9, ()
T 9 l'"} = same, and alse e;LL1n,lg [%)Ml 9 (x).
So need leimi)™ " 1) = (5)™ | g6 i™ =, 3o %in. {omuming O, tv 20,

Suppose L is self ~dual buk not even, e L=2Z". Thea 8§ (x)= 9 (e) | as

L (A 3 e
SR WAk sl sl %7 (5)™ B (v) as before

T e c’

~ Twe maknces % “’;", “:’”} c_"emmkt’ group Flaye (2 a)i"(l) () = ENG}-'H'(GI ffﬁ)?llf)wd Z}_
‘ (2) Wwas tndex 6 in Sia(Z), ”Q‘_ s a wodulor foran ak level >

Lek Qiey= | & ’2“r+ 2@"'4—- § r-L Ver.j m{mu.:, wnqewgewé' For CXMPQ calad ake 9[ ol

k& loo siguificank Fgures. i e r,' 0.96. Wsre Funclionak e«v,mkon. 9l|no)-[l°°) 8 (icoy)

1

— 10[\.‘. Ze_h”woi--J = (0. 0--0, For T L'Me.c_z)l'mw,'t—ho , see ok Blx)~ (‘5)’1

Suppose L {5 auy self-dual enven labbice v 8 dimensions. O (t) s a wodular form of

welght &, so (s a mubkiple of Eq. Constawk term of B (x) isi (3 1 veckor o noew ©1.

So Ot Euled= 1 4 2uogq, + ?.160(;21—- -

€9 how wauy wovm 100 vedtoss does Eg hawe ! = coelicienk of q’;‘o (a Eule)s |+ WoToymg™
= 260 x 0(s0) = 2o (1+23) 1+ 5%, 5%).

We now show that Eg (s the euly (athice n dumension B which s even aud self-ducl

L€y hasr mension B, s evem, anmd Was TLO veckors of norm 2. We classcfy all Labhices
3&@:«,&& by veckors of norml. Answer: such {5 an ovthegonal duivect sum of Following lathces:

Liw) €g = veckoss [M,‘.'n\?) of Bz wile ™ Tm, s My # noewm 2 veckos= FT. Coveler number = r3

() A, = veckors (m,., ma) € Z"" wiltih Tm;= 0. Nom 2 veckows: (o, T, o, 7|, o)

: # root
F vorm 2 veckoss T ("{‘)x Z = wnln+), Coxeler aumber: ;'-——*"”;::H = n+l.
Az veckoss (m, -w) € Z! = one- dimensional labhce Z Su\mtecl by element v with (v o/ =2
A,: veckors (abe) with axbiczo. 7 F T
- o .
. - a (L-t0)

Ui Dpz all veckors (a,., wmy) € Z"  with Im; even. Noim 2 vechos: te. 8. ¢. 5. 08,

. a-2)
¥ norm 2 veckers = r:)x 11= n (2a-2) Coxeler number = ﬁ-—(-lg—} = Inl.

i) Eg = veckors (M.(.,Mg] , Im; even , al mie Z o: al mpe Z+i, ¥ norm? vedwis = 2UC

- 7Y

Coxeter pumber = =5 7
livi Ey= veckors (“‘u--u gl of €z with M =M, ¥ noem? veckors = (L6, (oxeler viumber = = = \E.
T -1

;L Su{??u‘c L s any lakhice gﬁnual'ed b‘g werm 2 veckows (fﬁSiH"" deC{.ﬁEe) Cgr L:
| Drace \t\tjge.r?la%eg 'P?-‘l"'“d‘c‘*l“-‘ to noran 2 veckers. {ﬂuiwm.om‘;m;m Qrowp acks
bmun&wvd-g on Wf:jl Mbw “: N —2 then ﬁ’ﬂ!d‘wm. v vt 5 an szfbmoff'lMSn« ofL. EPH"‘J“”V‘ bakees

(w,ui

;w.—hwvz‘—\’. So v.‘ fv,u) Z’ then ;eﬂedwﬂ takes Wi W= (W v el , lw,u)eﬂ)

[CAT]




Co any bJe;jL chamber has  the <ame shope as amy adjocenk chamber. 3 auny twe Weyl
chambers howe Same sl«a.{:e [ic, there is aun m&omm‘;kum of L taking oune ko the o bher).

Pick ome chomber W. took ab its walls. For <cack woll, pick the o 2 veder ® A
crﬁu:qou-al to e wall which \ow Pos[‘due cdlefinite janer ?mal«c* with eleaents of L. [5)
veckers, Whak 5 (v,w] ? 5 .o s

Su.Pfa-sf vow ait bwo  such

i, 0 -

(f vV, o Qay  norw 2 ve(_th—,, Haeun Vv il € iviifwi 22, Lo {va) = {“1 ST N . ;

CF (vl =, then Wew)' hes nerw 2. Wall of (vew)  sepavaker walls of v
Se  thea vl, it canpot be wally of Sowe Weyl chamber,

So  eibher vew o (9,20 oy (v =l

Draww Dyakin diageom: one wode for  each wall; puwo veckes j-cu\eol ¢ coveesponding vecko,s Y

ave [vu) = -, and wot i€ (vw zo.

Considlesr following set of g rephs

1 )

~ ey g e |

.Q.-‘.' ..5\’ nal verkces D": .%“?'f\o, A ve;{-\rgs (i)
A : T TR A

< ’ O—0
e PTIYT W eeRTTY 8 e w2,

Eocdh number on a necle = %[SU-'M ek Aumbess en wnoder jv(,y\cd o o).

| Coco ! No D-.,v\b.én dilagitua  Coun contodin one of these gro.fhs.
Proof: Su,frose Vi i vedor of each mede of Dynhin dhagrem w ove graph abese.

Pk m; = vuwber associaked t2 node. (onsider vecter vz Tvim:.

1) ve0 as ol W D0 | omd v was tanee peoduet DO with henenks o€ W, so v dloes too

o) {v;,ujzo v , a» N3 ecLua..!; va\q; =5 wa =0
J'jm'mfcl

Wiy vl as v s o Unear combinabion ofvys, &0

e ctounnctk Whewe a veckor v with vt 0 vizo , ea L s fos(Hu Adefincte,

e now d-ass{L, all  connecked 3m1a‘u G wot C-Nt"*-i“i'g h",\ . S'w > é:' ; é-_, y E:
i S&EE‘: G olues wot ceukouin cuy A, [= ujr,hj’ se G s a tree.
5 SE{g 2: G oo waot cowkeda 6,‘_ , se aU vedices lhone deg‘ree < 3

,5(‘3:_:3? G cloes wobt couboin Sn , Se G“ conkainy ¢ verter of walewce 3

So G loohs Uke: ?_—_E’;_;u\o’(:;:o
\i"g_—a

lstghf One of abc musk be Cov) (v aﬂ)?' then & cowbouins é-c )

Case (¢): Oune of ab.c =6 GF= tmoe o = A,
v 3
Nu"sa-j PV
DHI‘UW\-Sf’ we Cam Usswme (say) azl. Ee%l, So G: OO iy
. =
Case (ti): azh=l . o=0 =0 = D,
e Coun H&us G SSume Qfl, b,c);?.. Noke we Cannot haue b’c;')’ Gs Gd»es ek
L c
Ccmkﬂ-{\n E:;‘ Su we Caupn assuwme b= Z° C»D—i-o--——a
?
e Ds-, So Con assume €2 3 & o.o—cz-o-o oa-iu—o—o -C-0—0-—0=C-0
" W i

ES & + Eg

€€k, since &G does vot ua.ba...‘..é;



Summgg: Ray D;jv\h{n oliag ram of o laMtece must be a wnion of the Gregplas A, D, Ec E; Eg

- e A e
above | siuce & munot contain An D. . E¢ ,Eq Bt

IF L is a lathce qenermbed By norm 2 veckers | Dynkin ciagram of L is a wnion of A, D, € L, &,
Ciheck Haak Dyakin diagram debermines L:

L i qmuaf:ed by wnerm 2 veckew corresponcdling te walls of wé’gﬂ- chramber LJ. B

e Rnow L s gmemkzd by norm 2 veckois, so encugh to check any nom 1

veckor of L s generated by nerml veckos of W. Let W' be adjacent to W.

: be W' a jelledion of W T tome Aorm2 wtchor ¢, Se weckor L wallgb W' = veder v 4 e wall
of W reflecked in v, = \,-2:7"":".;"— = v-(yr)r € labhice generated byvand v.

Carry on Uke this: D all viosml veckors L walls of any Weyl chamber are un labhce generaked

bj veckeus o Djwhiv\ daiagmm_

Se L is dektermined by D\.:’wht'ﬂ o\.@smf = LabHce aenaakeal by o veckor v: {or exch wode of DB" Réa
- Magsom, with (vyv;) =22 i o
O € { wot joined by (isj)
- & g jomed to§ [ix))
Check taat A, Da g €3 Eg, diagrams correspend to Ay, Do, €, lattices.
e have o Gnd o Weyl chamber of each Llathce:

CBas labhice i: (. my,), Twm; = 0.
Aoem 2 wvectors cowcsPonolAneJ to w{cj(. chamber (1, 0..0 ?
(o),-le. 0) !
; v

(q_, Lo i)

Dpt Llathce:: (m,.,ma) Twm, even
norm 1 vectos cocresponding te Weyl chamber [VL-6,-  0) I
(ey,-1.. o

tc/' . ot ,l'l) ﬂ

{o,.. , & 1)

B (m,. mg) Tw; anen, all w; ¢ Z, ov all m;e Z4g.
norm 2 veckors Corresponding to Weyl chaamber  (1,-1, ¢, ©)
(o -lo. o
te-. , o4 .\

(_' 1 l} /
20, W2, 2,00

L= euven selF - dumal (athce wn dumension B. Modwlowr form © L \aas Z&0O wneorm 2 veckens.

.Ved‘o”/ou.me_ms{on = 30,
Look ab sublabtice of L generated by these norm?2 veckors. Labhices must be a sum of AL (n$8), D (a58)

ond € €3 Eg a2 g:,- g E =13
; ‘o E?’ LR
Hg'q DS e € = 30

. ’t (oveter numbes = \JEr{ﬂiCef/dA‘mmsfo.A
;F\U« these Labhices An D, €, (n€® ‘have owemqe of 20 nerml vecdow per dimension.

- So to ek averege of 30 all Hae A, D, €, 's occurring wust Wave awemge of evackly 30



Jeckous pes Dl:{me,nsfon. So labkice %e,mua‘?&:‘ bg norm 2 veckers (s the Eg Labhice.
Se L2 E Bub € is selF-duat (E;"'Eg)‘ se it is marimal, so L= Eg

Classify \6- dimensional even selF-dual (abhces
Sﬁer [: Woek ouk 9 Funmckion of L £ s a wodular form of wecighk Mol o

e

2

such  wodular foms s 1-dimensionad, spamed by Eg = Es . Eq(t)= |+ krOg + -
Ss. L fag leltn veckers of maen 2. P ineen » e = 3o
As befere all (oxeber nuwvbers of Aa Dy, €, (ns16) owe § 20
S Dyl il =

Space of

wai b @:tuol,&j only For Dig, Eq.
waion of Eg's Di's. Se sublabkice tju\aqueol by nom 2 veclors s
Es or Pic - E; is marimal > | possibiliby.

' Dy, nok waximal [not self-dual). So whak self -dual labHces
Aay labhce containing Dy must be un Dig

conkain D) ?

Dp = veckers with inkegral imnec product wibh (M, w ) Tw even,

-

= veckors (m,., m ) with ebher al m;e Z or all m;e Z+'fr,

D% /by = (%z) < (Z22)
S——— Vb 116 L
represented by (0O / ) (), o%), [ # J, Faas '

Subgfcu\fs of D,: conbaining Dy > suboyroups of (Znz)«(%z)

Subgroups of (Z/22) ¢ (Z22) Labhice
o) Dy
{1.0") Diet tlo. 0 = Z" (ot evea).
(4)" . O + (3)° - ewen, self-dual.
(4,37) <= O+ [5,37] - even self-dual.
(u/nzjuf?z/zp_) nok iv\te@m}.

Refleckion iw vecker (1, o) * exchhomges these Cases. So, up to isomorphism there g
etackly | even self-dual Llattice conbtauining Dy So we %e}. twe emen self-dual
i Lotbices in duimension V6 , nam&ﬁg E: and Dy, ¢ (1),

Even selF-dual Lathices (n dumension 26 - 24 labhices,
Vi Lewoh Lablice (v nosan T wecher),

2 Posscble Dgnhm dﬁagms ave:
12

‘ k3
AY A AS , A B, AG, Pa, Py
o0 0f 0 L0k, b Miemaiar Labcer.

AFD,, A3D; AL D, , Ais D

= - & 3 £
t“*' A..D1 li‘ " E; Dio‘ t’? A|1 4 ES ’ t’t &5
&

2 B 2~ Coneber pumbsr BxTsb = 2.

' Vepker: Modular forms imply  that  Dynkin Magram is ecther empty or the wnmion of a seb of
| A DE‘'s of total vamk 2  such Uk all c,omfone-.d:s Whave the same (oxeber wum ber

‘ .

: Djnh!’h ol.{aqm.ms wh‘s?:jmg there  condibions  execkly Ust above.

;,3?_ dimension:  » T x (07 self-dual even [abbices.



Remark: (i) L abhices gene«aked by weckors of notws) and 2 are labhices above

@z

i) Labkices qwua}.ed by veckess of norm 3 seem impossible o classify.

(i) We cam classify latkces generaked’ by voots. A reot is a veckev v such Ynak
seflechon (n vt is an aubowmorphism of tue labhce.

Labhces ge,v\emkfd by soots oxe came as aboue’ o’cep&:

) com wwlkiply Aa, D E, by congtants.

i) Some Labhices ‘owe D1 sek of roots 3e.me.rwl1nq Yaem.

iy Ry ® @ %t -
) . [C) >~iuoti gc ﬂoNAB
)
labhce o enerted
by 6 soobs. Lathce alse generated by roots of wom Land 6.

lie) Root S:jsﬁems' An, Dn, €y, 8,,C,, Fu, G, correspond to Finite dimensional simple Lie algebems,
~ Lie gieups. ’:\: p S,\, é:. S “HH:{,.; Lie alqebms“
= beop algelras = Kac-Moody algebres < Eudidau Lie algebras.

{v) Classt‘:ﬂ robakion growps in IR.’f a,, D.,, E6 E; Eg ~ rotakions of {efmheo(mw,
ey elic inedial A @ @ ocka hedwon, icosahedwon.

 Eg: Take (cosanedial gronp A, Has double cover R; of oedes 120.

took ak representakions of Ag: irreducible cepresentakions 12,233 &, S 6.

3
~ A
I . l?{’.fremewkajricms Ac <> anodes of Eg .
" 2 &
o v «fzegrPIGMO\n w 1 lim. re‘;:esu\ka}ion :Efe(;remeukal'\'mr jc\'neof L Ot

6@ = 3®S@ L4,

An, Do En alio tum wp i singulasity Breory  confermal Feld Hreony, von Neumans algebras, ..

Complebely unexplained fock abouk E€g: MeKay- Look ab e monster qrowp (<167, LooR ak conjugory
. class 1A of elements of erder 2. Lesk at fwdud: oF pues g of elemeats of ovder 2.
; U orbits o gair g, Look ab ordes of gt 1,32336656.  (Remark: of tee momter s veplaced
by Baby Mowter or Rty geb similac velabiow with & G ciograms

 Hecke Opevators.
ﬂ&ia\ PJGPQV‘L“:CS:
L. For each w3l we wilk consbrwk o Mecke operaker Ty fom modular Corms o weghb R &

modular Forms of weight B [ o wod.fas. — wod. fas.)
1 1. Hecke efamtofr commte: T, T2 TaTs,.
3 AU gelf - adjoint.
2,32 can Had a basis of wodular Foms consisking of “(&gwcomxt‘

; Look ok ';Cmeies[: Hecke o?era.bor T, on modulor Funchion jle.
 Recall SL, (Z) c}ev\eraked by T=(ul), S={3bl: jlwmy=z jm, jlgl= je
Modular fumckions with ve ?oles on H 3 ?objwamids bn jlt).



‘r‘\gfrouok\‘v Toy W\a,hiﬂﬁ 5[2'5) imte o wodular Cunckion by adding H/u'mﬁs o cE.
L invariant wnder T TH, but nobt wnder Tes V2 . Se add J'('.Ll‘,;!JJ £ g (i

Ty J'tg)t) - J:Isz = ot {avarmant under T T+l

ir
W
i
-
—

TP TH Tz

T T+l takes ;(T2) = “1;.;')_
T . 7 - TH ooy . &
Tey J:}t)ﬂ_j‘lth] I [-—}) st "i) moanank under T : J[ Ts

Tein Teg TRty

HE:U(a,Lbnz We Rrow j(20) + j(T/2) + lt-i'—') v o modulor Funchion, as ks  toawriant wndes S, T,
\t obviously has we poles on H | so it must be o Pohﬂmlol in jt). Two ?objmm'm in | are %._.d

> coeffiuents of ‘lr“ for n<O are bhe same
So  look ak J'n_—] 5 CL" + el + \qesauqrf-r

J(tJ" = 1,_1 + 2“7‘146-:}:' + covstaat+. -
jlg = ¢t v Hele s

A
J39= 4 ¢ Helor

=l
U =9 ¢ b+

JD+ (M) 4 (W)= ajtn® + bju +e.
q’-l r IxFal - a[q;z-fm??%" =)+ blgTv ) ae
a={ {mef-f-nuenl: oc ‘t;—z)! b: - 158 [coemu’(w‘; oF ({‘, y c= |6leoo.

o+ %) + (%) = jlo? - (w88 j(x) + 1620e0.
+ Fhl + 468G g + 2|.uqﬁca$’- ¥ Seuzqqu‘f + 10USESELSE %a- —

So
jtoz Ecmgs g
g A 29
2c(3) q," + Z c(nlq,"" + Z0" cn) o;“ = E(? Un-i) ct-‘))q,' - 2clo) Letnlg" 4 J6200e

.lff%‘}:q\nodd) =2f((2..)$“,
, w0,

Co»mfm welfficients of %n: ((;J v Lel2n) = Zclni) (i) - 2ctalctn)
)y 2elw) = (2el-)el®) + 2 clorez) + c?| = 2cto) e(2)
w22,

Egi n:= 21
L} :— ¥ ¥
‘:L)]_—c'm. S tmilarly ge& vecursive relabions For c(2w)

cll) = <(3) +

U]

‘rwwwatnfou: funckions of (otkices.

| Approach 2 Recall modulas Fumckions
R ¢ oz sy

tlo
()= Flw | Ne €.
L: Thea so (& ,..E FIL) - Sum ovesr all sublathices of indler 2.
\esr=d

S“{’f°§e E is o« Function of lathces
10 %7

LW F s \nouozje«mu: then so s FIE).  ahal is sublablice of inder 2 of labhice -
So B such sublabhices ).

(-'_- homemorpisms F\‘OM L onto 2/22
L2 ‘

AT A
o, AT Sublabhices of inder 2:
VA I A VAR B Ay A
25 4 A —‘—v'-;.___‘__‘u /” 7 ) <‘ 2 )
» X fL . ﬁx, ....__‘5 ‘;‘A,;::.”:a \ 1, .
. ¥, f ?‘ < 2’ & )

S :
A *x ‘i’/ cx Lo e
% <7 T



& F

L:i'=2

1"

when L= <1,1>

fleL2d) + F(<z,d) + Flezwen) | as FlaL)= FULY.

~> F(ze) + FLY) 4 F(Y) ‘

L This e‘.\e?lm’ms why sum in oﬂ:wadn \ was Faite. A labhice has only Faitely mamy Sublabhices of (nder 2.
2. We con lock ab sublathcer of inder n instead of inderZ.

[3‘ Works for modular forms of wc&g\"k R, as WF F is a Funchion of Labkices of degree —k, s0 (s E,: Flvy,

1"

Aggroao& 3¢ via deuble coselks.
Lock ok M, (7Z) = 2x2 makeices of deberminant L. (M (Z) is o double cosek of SLa(2Z) isSL,(@)).

Lock ak Flt) = Z jlAv) (1)
! Aest(z)\My(7)

|
Look at  F(Br), BeSi,(2Z), =M§m;mfjd =M§mfﬁfzf o5 MalZB = My().
i -‘“‘d, so (T) takes wodulor Funckons to wodular Funckions.
(What s a sek of cepresentotives of Sl (T)\M, (7)!

L epecokions on makeices.
(6 (2 zJ € Mu(Z) we cam we cow ofual-ions te wake ¢=0, 50 assume (b s [2 5), dek = ad =2,
So & B (2% or [835). Mo wperabions 5 LTSN, 1551 oe 1iL)-

So swm ohewe & M2l » F E1509) « Fl1iL)x) =  Fledd ~F13) « HTE),

Hpgmadn Le: SL-_{’POSC element ge SL, [(R) normalises Sip (Z). Thwen fock ak Flgr).

CTwis is iavasant wnder SL (Z), as FlgAx) = ¢ (4R )gT) = Flytm) , as gfg™ eSL, ().
For each element of Nsi. ir) (Si,(Z)] we 3@& a Funchion from modulowr Foras to wodular Forus.
SL(T) s b own nosmalises.

Remark: For s\.gbsmufs obleer taan SLo(Z) | Hais does give  new oPe:al-"o\ns:
eq. f Tz (251 eSl T 21cE, then the clement (g &) € SLR) mormalises TL(2)
~lais (s the Feicke (mvolubion.

| Slwppo;e g almost necrwalises St (B)  in the semse taak G- o)'lgt,z[?l).a nSL,(7) \as Faite
Cinder W S (T, Twen Blgr) i (waraut wmder group G of Finite tader in SL (). S by

| Summing Hgt) over o fincte vumber of cosets of G in SLilT) we com lawe <t (avexiant:
g Take gz (29, G=T(D) = f(eh)es, (Z): 21cf - wos inder § W SL, LT

i So F[TJ a MO(QMLM Fu,y\o@-l'on = C(Z'c'j + Fftfz} o) F(‘EE} \‘) a MOdu[ﬂ/ CMC}."{OV\-
; We wank te cj%e,rab‘se Hals | ceplacing 2 by m and modulor Funckions by wmodlar forms.
- We use mebhed 1 using lablices This works as {ollows,

Modular form E0) of weight R > Funckion F(L) of lathices, PlaL) = X®F(U).

| —> L:E..*m Fle) , Funckion of labhces homegeneous of degree -k

| —t Functon of T, value of L ak <>,

I\AJe womkt v caleulabe Hais q'fuc,;l:(._.,_ wie Bk veed 4 Fad Talllom L' of tader & 2w L.
Assume L Was  basis  Iw, w,f orenbed. Choose o basis of L': it must be of the Form
] aw, +bu, aw, “rdf-ﬂzF cabede Z.  wdex of L tal = ldet(2 El”



Assume Dasis of L' is orieuked D> dek >0

CSe ekl 2!] . We \ave o wmep: M, = ;(?h] alek:u\fé Sublablices L' of indes w.

CWhen de twe wmakrices qive same labhce L2 )

| Makeix b Rnowing L' and oviewted besis of L'

; C\ncwr_.]e of basis & L' can be described by a wmakeix of dekerminant Tl. Orientad basis o deb =41
This wwerfm&s to cjf\aang(ng (¢a) & (2% [: ZJ, where (gg) & the chonge F basis

| So lathices L' of indev n ¢ cosels SLIZ)\M,.

Now we wank to Gad coels  SL(Z)\Me [ Twis gives vouw opesakions ou Ma ).

Carn we turn [‘:ﬁ) info  some canonicak form using rew o?eu.l'ims?

 Flest, by row operakions make ¢ os small as ?ossibia. This means c=0. Otherwise chauge
108 B h) wi wlee thew e LG - R e iice

| Secondly wmulbply by - (f wnecessary) o make ado. S¢ hawne (23}' >, ad=n,

j Subtbreck mulbples of second vow Fom Hst » o€ p<d.

Summary: every cosek is vepraented by (at losH  one maknx (2 2) : 6%, ad=n, ©€b<d. - (%)
Sugpore tat (S8) 7 (8 B)(S 4 e abd albd! e above and (8) € SLuZ)

| (& &ida)

L D= Lo B 20,

Aa'za, a>0 » A>0. Ad-BC =\, p>0 c=z0 > A=D=|

ot el dsd’. HeBd=h B odulidd o e, |

- Sumwary: Sublethces L' of indev n {n L=<Cw,, w,> ave exacdkly the labhices <aw, + buw,, dusy ?
with adz=n, a>0  0<b<d.

We wnow use Ui to FHad the oruqiaw. A?f\;j o?e,m)cw o &

I un‘e Qk TG’H . ":"%n F(<t1'>) F [<w‘!w1)J = w;k- C (N'/WZJ.
= = -k +b . -+ ab
o el = 5 A% €[] L at es)

. The ik Wecke operakor T, (m) acking en forms of weght kK is defined & be Mm% times
\ ’ S 4
| the opevatos above:  (Ti(m) Flix) = m® T:ﬁ’q d F{“—%l)
i ad 2w 0<bed
i€ is obuvious From bhe above that if F  tramsfoms Uke a modulow Foem of weght R then so

| does kam\r,

. -R i az+b ™
- Whak is Feuner expausion of Typlwf iF Fix)= Temg” ¥ T(wm)fig = m® {fjd ng;cwg’ &2

| Leok ak sum over b: 03;‘, g iFudﬂgf_ This is tero wnless /ole T , bn which case & ir d.
So sum beceomes mh_"af:zm C‘._n 'ﬂgt d-((n) _el‘untw/d - MH-._ Z d‘u X C(ndl.e}"“mr
ad=m "

e din a>o W= q,qn

ool zan
aln

Z EoE:m [:Tn)n" clnd) 1_“ = ;‘L“' L a“"-ﬂ!”—‘g} tclmmje " to M),
a>»o

= = q«“'[ﬁlin.l Oh"' 5 w;‘-f)]
L Fourer coefRuenk of Th[m}F,



Whak is the elqenvalie of Tylw on Alo)?

Agebtajﬂm W& cla) =0 Cor w<O Hiew coeflcienks of c{:‘ for wee of Th(ulF ave alse O.
\6 f 'Lno{.amo-rp'm'c ak ' se s TemF . So Telw takes medulas forms o medular Forms,

Alse nobte Luak t'( cle) =0 (ie‘ F oounishes ot :‘.oo)"t’hu coelficient of q: n Tg ) F vaaishes
We say F is a cugp boim F b5 conskant coefficient vamishes.
Eg: Alx) = g = Zfﬂf‘ - S a  eusp form.

.Qn:’ Formn of weight & = const. x Ep (v) + cusp form.

The Funchion ALY & an -u}:j&uued'w of all Hecke oonJ-'ws-

feook: Hecke o‘:e.raipd ack en Hae space of cusp forms of weght 12. This s a | -duimensicnal

spoce spasnned by A,

Coetficienkt of q:‘ of Tialm) D s dIE.nJ dk'i-‘(%‘?}_ Pk w=t :d¥E,U ’ln-' c (M'a—:tj = c(m).

Se T.,(.\.)A: C(w)% : FANE: Zcfv\)%", Se sz,(M)A: C(M)A’ as D s an Uﬂi«ﬂ‘;m of Tiz(m).

- WUye Huis o pove ek coefficients of D ase Muﬂ:{?h‘m}iver Qt?.-t(v-)a"” , Tt = Tima) wiren (m, 1) =

Lemma: Tplm) Tpln) = Tplmn) whenever (mu)=1.

&E_Q_E'- Lao& ok o?erajrc-‘i on Fumdn'ovu of Lobhces,
So we want b pove TIWTW = Thuw),  Tlonlfe, Do FILY .

Mo oprime A this has waigue subgroup of evder m.

T(M)F=|,E-_-MHL'}, f o Funclion of labkices.

Look ok group LA of erder wan.
So  bhrere's om‘.j one wasy & Fnd o lobhce L" wiktlh L =, L“/L'
So Tlmn) = Tl Tlo) - take all  Labkices L" with L/L"=n

R e bake all sublabhices L' of LY wih L/L =m.

=N

CWe know: () Tr(w) Thla) = Te(ma) | whea (wn) =)
G Telw & = T A
LD Tlma) B = Tplmn) A = Te(a) Tl & = tmwa A,

LD wlmn) = UM T for Cwa) =l
Lock abk T, (D) on AlT = q- 1&1‘ +1252 1; - u‘.,qzt“ + 4830 .15 = 604%‘5 e S
v

*
. NOT (-2 e (-24) \-) S (-2 x(252)
y 2] -12 o
T alg= 27 (8w + Al%) 27 (27 A(Y Gt = (-1432) +2'x).
[ —

| Z.t:nhi'“ 27" Txizalg”.
| Tel2)06z) = L 2"t g® + Ztiza) g".
A q q’z $3 %q
- ale TG Tl T3 U
2" alzo) et 2"t/

i%!a[fj.—ﬁ[‘%‘]} e T TRl

TalDBle T Towek) Tie) 2'uryetle)
A

tomt. AlY)  ThnTl) Toyxty) TS Tl2) x Tl

| Tla). By



| Summany s v + 2 0. DT = tle) + 2 w2
Ty T2 = T2 e 2" (2]

: For obrer primes, we quess thek Tl Tlp") = T(p™) + p"‘t!p"‘"}.
s Follews o€ Talp) Tl = T (™)« 9" T (g™
| Guess - Telp-Te(p™) = Tolp™') + f""_ Ta ("™l Cor primes .
?We lock ak sublabhices of o (abhice L.
Pk Tlal(bd = I all (abbices L' with Lit'=wn.

topuahw acking on free abelion group cje.neratad by (abhices w C.
We showed Hiuak T(m Tlw) = Tlwn) f {mn) =1,

CLemma: T(e™) Tlp) = T(e™ ) + pT(p" " IRIp) | Rlp) takes a labice Lo pl.
Proof:  Consider any labhce L' of (nder ?“" in L. Have to show coefficienk of L' of both

sidkes s the same.

z, 2y
Case (): Suﬁause L'C?L {L/L_‘ = /P‘zz x /y""Zl i o:.cu.l‘

Thea the coefficient of L' ia T{P")T(‘,)L = pel as L' s contained va all the pri
7
lathices of Tiplk of index g inl. for: ad=p, o« bed
) ) 2 |;Jot:|'l,d:|,\aro
Oa the wght hand side ‘39(7 a Fador of | Gom T %] 48 aet, dlzp, @b
rjel’ a F!'-'th o€ i Fhsm R(pjT(f“-q "Tlgn") R(p) i= P“,
W, g gailey o™ i e\

Tokal is |+ pxd = pel

Cose tii): Su.n:ws( LI§FL~ (b7 ® z/‘:"zd ozjci.\‘c}.

Coeflicient coming from Rip) T(p) 50O, L' ok Rip)=pl (oef eat coming Fom
T s b (U wao inder o™ un L), Note thak L' is contoined n only one
sublathce of index p. | otherwise L' wowd be wpl, as unterseckion of fue dufferenk
sublabbices of inderp is oLl So  coeflicient oF T(pWT(pIL s just L.

SO w bola caset’ COE{I\:CA'Q_V& oc [-l ‘n LHS and RS s SM{’ u-l‘M:le\ Pyv\l!! tae (emmq.

:T(m), Rim) ack on lcl:h'ces, So on Funchionr on (ablices.
On Funmckions of lablices of degree &, Rlm) s jusk mulbiplication by M'h_
Se on Funchions of labkces of dleqree -k we owe T(p") T(p) = T(e"™) + P-H'Tfr’“"]‘

of labhices of degrce -k > modulay Form of weght k.
= m‘-h,‘r(m) (ﬂd‘iv\g on  funchous of (atHees).

So  we Find T“ {F“J TR(P) = TH [?‘A"] * f.‘k_ [Pﬁ-"ji_ Thlf'ﬂﬁj = Th [P"Hlj T rn-]_TR[f'\-I]_

- Note that T, ¢*) = Tk[‘,}z + constant.

]

Tk(éjj Thtp‘)T,,(Pj + C.«DV!StﬂMtTk[F)

Telp*) = Ta (¢)-Tnlp) + -

Telp) e all in algebva generaked by Tel) Te (g 8] Tl Telel) i g5 pene
Hecke algebea cjemexa}:ed by all Tpim's for w>0, Rk fixed, is 3@;,,3,[:&& by Telp) . P prime

we Raew Te (p). Talp,) = Telp) Telp) foc amy peimes ¢, p [ both siddes axve Tp(pp,) iF p#p,)

So  Heche alﬁehm is ﬁemem.l‘ed by Commul-iug elemenks Telp), se it isa commukotive algebra.



We want to study ackion of Mecle algelnm on  space of cusp forms of weight k.
Can we Find some eigenforms of algehm? (AU cigenforms have mulkiplicative coefficients )
(L modular Forms, eigenvector of all Wecke opecators]
Eg: R=12: Yes, A is eigemborm, as space of cusp forms of weight 12 has dumemsion =l.
R= |6, 8 20 L 22 , 16 - space of cusp Foems  lhas dumension |.

i 4 + + b ) ‘
AE, A& afg 0&c  ag, € all have mulbiplicakive coefRivients.

Lemma: St"‘ffc'se S is a commulakive sebt of D?Ua‘t"n acking o0 & Hoils ewensionnl. weeh Spme mite &
of imension 1. Then there is ok lst | elgenvector common to all Hre operaters.
Peook: S=5, S,,... Choose omg <igenvalue A, of Si. Look ab  eigenspace Vp, of A, Thew Vi, s Fixed
by all $i: IF veVa, Sv=AN. 55V =55V AV A5y, s sveVa.
Repeak this: Find an elgeavalue A, oF S, on V). Eigenspace Va,p,. Geb o decreasing sequence
of spaces: VA 2 Vaa, 2 Va2

As V o5 Rabe dimensienad and non-2em interseckion is non-tere and s common edgenvedor of all S

 Covollavy: For any R with noa-tere cusp forms we Can Find at Least one cigeaform of all Heke opecates.

Wote: We cannot always [ad a basis of a Faibe dimensional spoce wnich consists of  eigenvectors
for o commutabive olgebra acking on (t. Eg: aloebre gmefn.!:ed by (Sal.

Lemma: Suppose S is @ commubakive algebr ocking on a Haile dimensional complor vecker space V- Suppese
) V was hermibian aner ?rod.ud.'
W S closed wnder heswmiban ad_,'m(nt;
. Then V has o basis of eigenvectors.
Proof: Choose any common eigenveckor v Lby previous ewmal . Lock ak octhegenal complement vt
So V= <w> + v, Space vt is also Fixed by S:
W wevt and seS  then [sw,u) = (w, st = (w, onskv) 20 as lwyjzo
(L hermibian adjout]
By induckion, v* has a basis of elgenveckers so V clees.

- Hecke algebia: aisebm 9wua£¢d by Hecke opecakers acking on  space of cusp Forms of weight R,
U Telml Tyw = Telmal o (mal =l Te (e T (p) = Te (¢ op™ T (™).
A E P s oanm &ﬁwve&or of all Te(m) fle) = chn}z" , thew dﬂ%uafue is cw, Se

Clmicln) = Cmny, iF (ma) =1 c(e”) clpl = c(p™] + PR-‘leﬂd}_

¥

Recall the above lemma - we woamk 4o Rndl & hermibion b 0w the space of cusp Forms.
i Se we womk a form ’ta.kinﬁ Eg —-> (c,gj = qﬁ ; (F,F))O for E+0.
h‘nmﬁiﬂ f r\' a.nl-tia\do.r [n 5
i T»r\j to define “—.g] imij:é‘ﬁd“&’ﬁ ¥ {Fuﬂlge feckor of ‘C’.
! otdwtmn J ﬂ'z(w on H.
O‘N.'ousbé Wnear in E anbilinear o 9, [clg}z fﬂiH N ‘-u.dee Fﬂckw is yveal. SG-HS&'?; [C,H"o F
| Gudge &CM{ )O. \v’\kfﬁfcu{'(ﬂﬂ Samcﬂung oNer & Fwdme&t&l clomou;v\ o"\ nglE}, s‘oonlfj mahc.r
 Sewmse for Haings tavomiank  wnders SL:{E}, -



So Fld) glv dwdy x (Fudge Fackor) should be wavariant wades SL,( ).
Under St (T F(EE2) = (ctad)® Fly | weighk (ko)
9= = u"r"fon"';r?) weight (O
Say F Was weight (rk) f F(ED) - (cred)® (cEra™ Fly).
AF Eg have wegnbs (R, R) (i 2] | then Fg har weight (R+k,, R ey
dv = dx+ idy , dt dx-'c{g. dradt = -7-{.dx/~:15_

at+b ad-be

A(EZ2) = & dt = (coad)dr |, so dr Was weight (-2,0)

So Fé dradt has welght (R-2, R-2).
e want Fé’ dradit x(Fudge fockor) to be Unvariant - ie, Wave welght (co0). Se Fwﬂge
fockor showld have weight (-ke2, -R+2). Ty (R-Dth  power of a kunckion of welght (-1

So we wont a Funckion en H which s ceal, of Fosih’ue w2l (-1,-1).

1]

The Funchion lwit) lhas Hhese ?m?uﬁd.

Cineck Unak Vo (Z2] = (cosdl(cEsdi (e
+b T+b) (¢ T+d) = & 2
i'“[tt"‘) * e ::n-d:izzm) < teeed!™ \m (aTebdced) = \cosdl ™ fad-be) \mt = LeTedl gl o

. -— R-2
So we depfﬂ( Petesson unaer 'product 55.‘ ”,q) =5L;{£\N F[‘ch(c}. ImiTi dxdlj.

We now wank to show bhak Hre Hecke opuo.i:or: Te(w are self-adjoint wet ().

ln othec words, (T, if, ) = (F Telw gl

( This obvously fmplues ot Hecke algebia is closed wnder odjomh)_

We wouwld Uke te ci«ow\f:ose (say) T(2) os swm of 2 oPg,qa_b:-.-.(‘ Flor P2, fivim const. F(Tr),
ek, and work oul adjoinks of these taree opesators.

Problem: (29 not a modular orw (se SL, (T, so Fle) = F(20 ok an operator on space of
cusp Forms. We will enlarge e space of cusp forms, to W\cLuole unckions Lke F(z).

Note et (2e) skU dnvarviant wnder © > 522 G (8 3) g ML
Anterseckion of Wais group woith SLa(Z) contmins subgeenp T(2) 2 5(”0 eSL,‘ [:3}= (5°) mod 25

We define a wmodular form of v N 0 be @ “DLOMDI?\M-C Funckion on W such Yaat:
o FEEE) - tcuwd)® i for (25) e Tlws $(85): (28)= (50) med N},

2. Fourer u?a.ws{on of quﬂ shouwld be of ?omﬂ?z Efvdq,“ . with clwj=0 for a<0,

cord

for ol [:d} € Ska(z)
(AU conjugates of £ wnder S (7 are \olowospic ak {0).

€ &5 o modular fam of (el N then Flat) is & modular form of level wN. So waion of all
modular forms of all levels N2l s closed under (lr) = Hnt), moce qmuqﬂ.\.” closed  wunder
fley = Ff%ih} for omy abdeZ.

We evtend Pe‘:exxon waner \mobud:' to this larger space. Define:

.0) =t d., 69 90w dedy,

N chosen so tak g are wodular forms for MINL Have to check this does wob depend on N
. Su_f‘;au Eg ace wmodulas Coms for T(N) owd (T(M). We way assume MIN [olierwise compare
C Motk MN ond N Wit N F MIN dhen TIN) €T(M), Fiad domain for D(M)= wiicn of \%%EH
Fundamental domains for TMINJ, :

i Lo

1 ] p
— T — ¥ e
so Tt 4 % T e § * Semroomn TN .
PINIH PIMNH )



Now ook at action of wmatwices in GszﬂQ)* on this space. | + e det>ol.
J Riy
‘ SLL?Fch xe GL2(®)+, £ € modular Forme o some avel. Define Fl, by Fl, (D= ﬂ%%:] (cred) n. deb (:f 5
Gor wis Glutart, = {54, | B a8 e e 15 5).

Hy =F Goc all we SL(T just says £ is @ modulas form  fov SL, ([ Z),
- Similarly, Funckions Gixed by achon of (N are J'usE modulor forms of lewel N.

Theorem: The aclon of Gl (@) on space of wsp Forms of ol \awels is wnitary -te (Fly, gi.) = (£ gl
Leok ak (fg) = JF(D gD imo ™ dxdy. > Floe ATy = Fler) gy fewedl ™ (et o)®
ook ok edkon of xe€ Gl, (@) on this
Hy @ - Flat) Ceod)™ . (detn)™ ¢
Mo - 9@y . (cosd)™ (deta) ™ 5 => d1rdE = (cred) lerad) . (deda)? Atot) adtot)
dlgr) = (crsd)™ . ldeba)dr . dl«il= compler conjugate.
Fld g0 (o™ olxdy  tnvariant wnder ackion of Gy (@)%, For: Flugly (Inn)*" dt adk

Tis appeass to mflg W’,Q): [Hq,%h{) ¥ F{““S—r;t). “M&T)R'ch{o!t)-"d[&]

The adjoint of (2 9)e Gty (ot s (4 ) ae(Rl 12 %"
 froof \?\w.gl = Ik ‘Big-') las & v wnitawy).
-ch,eldd,_‘-uJ fos debw acks brivially).
vl dibstiate LD & we i al.

Cove Uawy: §u.pFose fg lwel | medulas Forms of SL(Z). Thew (Fly g depends ouly on double Cosel
; Pal™, wheee T =S, (T),
Peoof: BeSti(2). Sappose (Flg,, o) = (Flgiy, o) = (Flaig) , ar Flg=F.

(Flyg, g) = (B glupy-l = (F, gis-nl,—r) = (£ gl = [Fla, gl

Summan:  Hecke o?(,(al‘ou acking on space & cusp forms.
- Pekesson uaner ?NM-' “«‘jl E‘hl;‘;)\“ F(tlﬂ_l;j "Im[t]k_z dxo?-ﬂ

Wank 4o prove Tpln) self- adyoint. Enl.a:ﬂe Space o cusp forms to oo -umensional space of cusp
forms For some sbogamg (= 1(3%) 2 (L) madN (Ve dehined ockion of GLy( @)% on thir

[L72)

~ space by F‘xlt} - Flut) (cr-tdf"z.(deirwf
Main resulb: Hermian odJ'uC.J: ofF o is o' (So we have a unitavy rc_f«reseul:nkfo“ of GL,(@)*|.

(omuﬂmﬂ‘ goljo.;\,t of g 3 is ‘df f:J = de’&(?g)" [?B)‘i
- Covollany- F.q cusp forms For SL,(Z) | then ‘Cl«,gl de‘wnols only en coset Mol (M=si,(z))
const. lp+1) (F, g1,

)
o“
tonst. “: :

"

: [TF[F}C.’Q) = cownst, [ug"\ﬂr ﬂd,@) = conskt (M)‘(F[(L’,FJ , ‘3)
' Z al,) = (F Trpg

acérifp

w

. Se T\atPJ \s Se‘.f-'aatja(ak for P fr{Mt.
- Telp Cjwed‘a)ce ajgdam of ol Tg(ul's' so Tplm) is se(F-edjc:mE for all m.

 Applcakion [ Hecke a.lgebm qeme,.ra}:ed by all Tpm's s commutakve and closed wnder baking
:aoljag.m{s' se  its acHon ow cusp Corms 3% d,;qamqhsable. We com Fnad o canomical bass for
S?ar_e oF cusp Fww\s CJEum 59 et'geﬂ\)edﬁn of F:N‘m 1.‘» O(‘f’}

Laomalic so ok coefliaenk of q &l

/ imlot) = \mio, dek (@) x fered) . Dlmc= fooar.idete)”. jerd !t



We check Haak eigenspace of Wecke algebra s one- dimensional.
Sg,,ﬂme we have btwo @L’gm?wm: . Fle) = Zc(nht“ , qle) = Zdn)'q"‘_
TR[M)F = /\MC’ Telwg = A, for all m. Usdag fack et CO)Ap = Clm) €)' Ay ctm)’,

we se¢ Ea axe FmPou—l-bnaL SG a.u Q(gw"?aces e oae-dt'mths{oﬂal.

wWe cam alse Fad Skruckure of Hecke algebia fooec Cf = alyebra over € generaked
by ackon of Hecke o?aaiws on  cusp forms [of  weight R

\f any algeba A acks on a Finite- dimensional  veckor space V, so Hat V o the diveck
Sum of one - dimensional eigenspaces then A= Cx.x € (one copy for each &‘genuer):orl.

3 L lSOMDfP\Ais.m: A= Cx-xd

ai—= (eua,l.aFv‘ ) eval. of \&,J LYy, a loanis of V counsishing of &?jrzmucchw:} ]

So  Hecke alg ebea = EBC’ aumber of Copies = dumension of Space of  cusp forms.

Waining: 1a higher Levels (<g. cusp Forms for some Qrowp obher thaw SL,(Z), say r'w}l,
Hecke operakors are ot always selF-adjoint.

For O(M) we Fad Wecke cperakors Tolm) orve seF-adjot oaly fv  (m¥) =l

‘f-\lzae'\ord (ﬂemem.kdi by Tpim) For MMzl ove commubakive, Stw—ﬂﬂeﬂ'o(wb’ buk LUgenspaces are

not always one -duimensional.

Remark: Wiles' Pmo(: of Fermals Losk Theocem wan lamely abeuk sbruckuse of some Hecke
a'gebm: Lok ok cusp forms of wda\.d: 2.’ of some (awel N3l Leok «k Olgehm over Z
ajmemked by (some) Vecke operators amd o few other o‘:ua)cws.

Need to Raow struckure of tais algebra, alter completing and (ocalising it
By Tayler - W les ?mved Hais algefom was @ C.owngteh' interseckion,

Summary: of all useful propes bies of Mecke Opudofs [ < ST . weighk il
T f e Wb T RG] sz T ()M (R

“(4%) av al{mu)
adzm, Ogbed
L 1w Tla) = Tlow F (w21, } > Wecke algebra (s commukakive.

TN Tip) = T(p""'j + ph" T [?“—’]

3 (hg) P J“ flo) ae) . fmm ™ dudy.  Tem self- adjoiat: (Tumb,g)= (£ Tmg)
L Z)\

.A" CusP Coems Vawe bosis of &‘qemCozﬂ; of Hecke a.lgebu\

.S' ‘F ‘Ff't)‘-’— Z(fnj%“ w:uﬂ c{y=1 s uaaﬂw/ dqmgmm of Th[m] ave ((wm),
(Se, o clar= clomn i€ (mmlel , (%) clp) = C(p™) +¢™ e(pm)]

;Reclee o?em.kws acking on medular Funchens,

Recalk T@)5) = const. (i2o + ) (W) +5 (5] = polynomiad o }iu.

Itwe cannct  Fad e.iqanuqla-w of Wecke OFQMJ:W': on modulow Funcken. 16 Fle) = q,'"+- .
thew Tyl Elx)e g™ ¢, )




Problem: We  wank o weite  eoch Tolw 00 explictly @ o pdgnomial b o
| Look ok ,‘5:. £ Tole), (j)- Fle) = "ojemexah-y funckion For T, fad
-eosier do study < To(w) s tegebher Heanm o study just eme.
Gl - Fe = {C(wiq/“, q* g,
oL Toln) (o) " = T Tood (Femgtl g™ = L 5 & 2 <) pm g
s E n{_t 2 L clma) 9" " (eepeving Mo by wa, nal

3 = [log N~ Pq’]).(‘(m\n)

e ntI
((mn))-l

21—

= lﬁg l:sgz {\ p
L we wil cal culake Hais Pmotuc)c epUcitly,

;we now Show C(U 27 f ,.,1:; ::z “‘rmqv"‘)um, = o -3iw p=czm'r, T
Peopecties of Flov):
It tle,¢) = - Fle, o)

ﬂc',t)r | P, % B M:'; ll—p"cb“l(m“] (Dv\(g non-beiuiad teem lor w<o Vs s -l m=l, ct-i) =i .

= (? -cb') [S(ﬂmm{k\r\'( in p(q{).

2 F(VTJ = Z? x [ medular (:‘umcl'\O\n of 1.'.')
?woF F(U’t]-f'. u?(z g x‘Tlm) [ medular Funckion of 1:})

3 Ffa'-;—) 3 Cb-' 4M£,:o alm,n) ?mq’n . alop)=0
?«ooF HQM‘?{" m.J.' C.cd' Few  beoms.

JT\«ese aree ?m?u{a’d chaveckerise Flo ¢,

Proof: Su.ﬂwse f-‘,'ﬁ are bwo Funchions with these fmpa—#iei.
Then g(ov) = Elox)- Flo g has  same propecies | expb Wak glou = zc almaip™q" .
For eochh Fixed m, “1: almm ¢" q' is a wodular Fundkion by propedtyl. e
So E; almm) g 15 consbank [as omey wodulas Funckion with wo peles s T )
Se almw) O >0,
Using ?mf.e,rl-g |, Flog): -Flte), we see almun) =0 F m>0
we krow 6(00):20, so almw) =0  for all mn. “ €:6,.

 Nobe ek Glay)= jia) - )ix) ‘war same dacee propesies. [ Teiviad 4o check).

ol c(mn) ] y
Se ¢ 0 L) = oo o,

neZ

On modular fooms | e can fad <cigenveckor for the tecke oeefadzws. On medular Funchons u’guueckm

de net eist | buk uastead we can say drak  Tmlljo) = polynomiad w T

£ vt jIR - el = Tamq?. 2 g7 4 196%4q +-

Leok ak Z PMT(M)(thJ ly) = -Loglw‘!;r: (1-p™g

| Wwe alse Fou-nol P n:w h___Pm wy S(wmad £ Jur'j-_,('c) ' ebze'lm't ?_'ehiu-‘.
5 Botlh sides sabishy: ) Foxl = -Flr, o)

4

) £ wmodular Fundkon unt nigue Funckion it these ?mpq_.-l,-its.
(H F[V,r]- f"-ci'l ¥ (non-simjuh-)



» /,=p"'+--
Pubhivg  these éecae,l'inu we gek: “E e T(m).{im-%—b} = —leog [p!jm-jm]}

| = - log (1~ p!jtd-’ﬂbtﬁ-) ~ chm +.P2¢(?) - P“’C(”"“‘ )
CSo Tl (j-Fau) = coefheient of p™ in (plj-ua) —pleld —gPe(d-o ) Lo 4 L) -

Ex‘amée. Take m=2. (De must obtain bthe e Rcienk ofF lﬁl w  bhe above

)
Thuis coefficient is: -c (1) + “J_;_‘_M = polynomial it

Clwn)

lzemark: Look at Ewo Formulas : j[r} -yl = P_'MT.% (\" ‘L)
ne il .

Kuc-wc{jt denominater For sdmrte Hee- Meody quehm:we{' det( ) e ¢l = eP.J; (1-e*l

- Aeaomindor formula for a Lie olgebra called the Monster Lie algebra.

?roverHCS: L) Menster Lie a[q,ebnz space of states of clivel str{.ng on ovbitals of 26-d tewus.

i6) Monstes simple geoup acks “nicely” on Memster Lie algebrm.

ulbia)

G\af in theory ofF wmodular forms - Pelesson inner ?md.ud:

Pebedon onner ‘wodyck only werks (or cusp Focms:  Leok ok (fg) = A {t Fiv glw ‘Mrﬂk-zdkag,
Why deoes ais c.on\;g;sg?

Only fucu.i.wl is when yorm gy im (1), .gk"g-wu th cetainly bounded an g 0.

\3 flo) = C(I'CL+-— is O Lusp foem then Flo)- O[‘t) = O[E—Qm‘) an YN, So J Converges.

- Modulas Forms and Dicicllet Sevies.

! n)

' A Diridalet Series is one of the form ngo (:‘7‘“ L sed.

Z cw .

j Suﬂ;ose ) = On?) | bren o Consb s, So convergent (F REls1>a+) [T} conveges i€ Rels>)) .

Sunpl.ui: erample: Ss)= T v\’) converys for Rets) >l Tis) erbends ko a memnmorphic Fumal-on for ol s¢ C.
Reoperbies « 1) Euler Product: “S65) = 1T,,,r.,] = (nz e a--)[h s Y T T T |
S I 2 s T 0 fundamenkal Hreorem of asitinmebc
(it Funchional Equakion: Puk $*6)= T 2 F(%4).$(s). Then, S/1-s)= Sh). [ Proof later)
Cish= {Tee>'de | Rew>0. sTls) = Cls+il,
tit) Riewmans hypothesis: AU 2eves of Sis)  [obher Uaan s+ -20) hawe cead pant 2.
Tfl-p")-' Conueiges for Rels) > . 15 Sls) Whas wo zews for Rels) .
Using 5% (1=s) 2 3*[5) Hnis shows that Sls) was wo ems For Rels) <O except For L

o Rals)=)

Retszo03

No e No 3eros
hese

2emes coming brom pole of Tls)
de la Valleé Poussia, Madowmad | proved
; no ecos wibth ReG) > Prime Number Theowem.
| Compuker colculabions awe swoms ok Fiest 3% 10% 2ews of i) nave Rels) =

Rueskon: How cam Com?uku calewlobion show daak Une veal pourk of a 2em is evatly 3 !
Paswer: \nstead of looking ak S(s) (oot ak Sl (same 2ewms for Rels) 3o).
S0 - S 33) 2 S Sls) for veal s,
RAfTIOE (10 5 so S(1+:E)is ceal.

LS - di) = $¥(3-at)
: So i T(4ein)>0 ,‘S*[%ﬂ":ﬂ(o , thece is a %o of S(5) it Rels) ‘{, t, <lmis) < &g,



(n
Suppese T ftrj s amy Dirichlet series. When does thir have Eules produck of Form

pl;l:: (?"—‘hjw.em.ia.l W ?“5, constank berm :I)'I ?
e T5= mll s equivalent to ‘(P L) = elp™letgr

" F’
ln other words c(ma) = clm)cin £ (mn) =

. : )
7— Sufpos( 1) c_(é_P‘_‘J = [l ah}.;’f s atJ‘“,'j‘] '
ln other womls, c(‘p‘"J raldc [F“"J x al2) e (p"” e = @

This s e%m.aaleu—‘: o (fa!uvqnz ) ns) =

Recall that (F Alt)= T tg" we showed tnak
4 Tlma) = Tt F (M) =L

Lot = wpelp™Y) - ' Tl

- equivaleat to saying & ‘:“’ Tr [1- Ttpp™s " 2™

9 7/
o ¢

" "I =i
Stmilarly (F T q" (s any eigenfom of weighb R For Hecke opesakovs then T q-“— lT (1-cprp™ & 11""""] ,
; ((ﬂeck fo see where T i—(’f’ wnv'«ges)- we neeo' some bound cla) - 0fn¥)

- EBasy t© show cw ¢ i ustng the Fock Haak this (s true for Ep vz ) v const. (Ecrh_‘rn)q’"j | T, = Oln

We will Qrove a skroagu bownd : ¢(n) = OInwl} (_g <ln) € const. v\‘}-
Peoof: 1P Fldd = Z (i €™ then  cla) =’£’ TNt ide  for any ceal o >0

I ol

-1 +F,

Lemma: l”t’@“m(ﬂk‘ is bouwnded for Imm>0 F F is o cusp forwm of weight k.
.?rooc-' ) This is bounded on Cumdo.me_nka.l domain for St (T) a» \Flx)\=»0 ra.fn'd.h, ar \mmom =R,
1 Tl Funckion s wvawiank wnder SL, (7)) -so Pouwnded on H.

i CoroSJ._n._ﬁ: \Elx)] € consk.x lmtt)"m, F o cusp fovw of weight R

" % : ~R/
Su\os{-itz.J;e Bais boumd w -Cx'pféﬂ't'oe\ ‘(-ar cla) : Ft'nd cln) ¢ S Ty e’t’.-rnm\ el 2
e‘Zwal a-RM‘ is close to a=Ya,

Coe oy a>0.

Choose a  to gjive best boumd : minimum of

2 -Riz (L7
Cln) & consk x e o’ '[#) = Consk. n l, so ctw = O[a™?)

Remark: Rmmjm Cachd:u.le (f’mucd by DeUg\nej: <(n) = O(nW"l '”)_

 (Gramma Funckion: (' (s), .
| Defined For Rets>0 by iz L e e de (Euder)

L Clseil = s0s), P02t so M{iam] = m!

s "
| (sl = I@e_&tsu‘u: N [‘_z_e g]“ % j:ne'b- §&= ;._g gl - I "g‘\ﬁfﬂ*lj,

"5 ‘b

:Oe&ne (s) for Rels)>-1 bcj Cls) = CL?—*“_ Sanﬂe as or!gll‘\ax defnitton for R{fs’)50 \)Aj Funckiongd %UQ.HM
.""{s) hobouwpw‘ for Rete) >-i olcegb for a ?o\.ea}- s20. Defne For Re(s)>~2 by [(s)= I"[swi

- Continue URe Hnis: Ms) holowoeplic for all ge C, ucef(: For Pd.es #5400, 4220
? 2wt ( s 5 (b
. (Zwa) . E. -

sy = !ﬁe'&.&‘. [%2, swariant unodler tiakb, Cina.uge jo 2mab: Mish= § e

: = T f——\_ & B
2y s ). Z_cf;':) £ ;fn :Z(c(nie = ) et df power sesies a g = e 2rt
Dir(chlzz— ~oider of sum and w\tégrwl caun be mtefrbwaed for Relsida F claj= (a2

Seéries



o

| "
Ii?emamb: The Funckion 3[;)= r Flo. ' At s called e Mellin Erausform ok €(4),

i PLLE cln) = Tn). Sq ZC(n} e—?—"”t = X‘D(nl %“ = Afd:}

Put Lals)z Z % Thea (2007 Plsh Lyls) = f AUH €Al e This intagual convenes for all 3¢ €
° ¢ o L¥Is) olomorphic For all 3¢ d.
Ll

What does the funckonal equakion B0%) = £2A (M wnply abeut Lylsi ?
L) - { Aled 75 gy
| Chage btot = STALEL L4 = " ay.e® « % 2 =iy
i Thus, L (125} = (*fs)
Pw?er{'tej of Llg)= I—} = Tr( \’41'(1”*' ?“‘z‘J"
infincte  produck convesyes for Rew>7 as T(p = O
, So Lls) Was no zems for Rets) >3, (Use Delignes estimake:

No 2eses of Lis) heve

Yy Funckional “{U"H""

‘13(?’ £ 2?’“’2- See that brere ave po reves For Rels) > 6-},)
o ¥

except ak v T (R
‘Joi.-ﬂ oFI"'IL !‘f; [ I l e pesoes \nere \?3 W ?W*
6.1 -,

L¥(s) = (2n)", Lis).PLs).

i f‘\\o(gmw\pwc, so i ) has a pele, Lis)z0. Se Lish=C ak ©,-,-2,. So all won-keivial 2eres
L oF Ll wawe 3¢ Ree 65 LIS is ceal (or Rets) =6 o5 U3 - '1'_7(;')' amd U¥ [ = 710,

| 0 §® [60ikl = % (o),

Riemamn hypothesis for Ly (s): all zeros of L,is) hawe §2 04, - . oc Rels)=6.

Stmilarly F T cla) g s ey a.’ﬁmfom anel cusp form of Hecke operakon of weddut k.
Then ful: lfsl = & c:(;ﬁ . Then Lis)= Vf\-C(pif‘s + ,z"""""l"

L ik-s)= L), L0 > 207 (oLl Deligne - ctwz Ofa
' Riemann Wype thesis - all aeves Le on Relsi=®Aa.

(R-lih.} D all 2er05 have [Rets) - R ) <h,

| Look ab Ffunchion Div) = “"'L:r:;_m‘/"z = |+ 2«1""; 21«1 + 2;’1+..,

| Recall  thak we've proved D(4) = (r,t.,:l_ i, .

|Look ok Mellin bransfom of 906, { (1425 " 216" db 40

2 L 2rw. 2m”, F

: g, Mellin transform of BiLit]  appeass +o be
2LV (2w 5 20 - 2T S = 27 2s)

Funckional eq’uahbn 01%) = t"Sw should imply T¥(2(1-5) = 3712 | ce TF01-25) = Tl29)

- When des f Ol "' ke ca.wugf

| Fer € lacge O () 21 + small tems Jmix(:’"au: Converges fer Rets) <o.

(Fec b osmall, S(wsE ot e ] Blo et dk 2Ll comveryer for Ret) >,

i The (;nttgn‘u{ Cony erges for no values of !

-Iwk

‘r
}

|

| 23%(2) is ack the Mellin transfonn of BLE buk BLH -

| CT ey

| tends to O rapidly asEaw, o for
Rels) Lmrgc (en Fack RE(SS'>-£)



‘DCCI\M Fley = fs{;u -1 for 20 Fled=> O capidly e tsw o O,
Dictl €™ For kel

‘ 5 {y Elet) £ b Converg es Gé all se€ % a holowmorplaic Funchion,

| Noke S;H\‘H £ b (s hslomerphic for alls F B is onbinucus, and nds o e capidly
e, m.‘:a—(:dgmulﬁl art—sw, E2 0.

P %) = L,

] - - ‘
i 2%%2) - ;E (96t -1) &> o%. = % Flog ¢’ é’: * f.‘ e qf_l- Cor Rein >
— i

—_—
Wolome nphit. Vsed S dE 2T o7 for Rew > .
Vavaricwk wades s §-5 -extends bo a wmemworpiic Funckion
: muamank wnder s 7 -5,
' So Hais shows: (i (%) cam be erbended & o meromorphic funckion of all se €, whose ouly
PoLes ase ak =0 | szi s Dict) wnet o cusp form ok E=0.
| L 96y not a wsp form ak b= oo
o Y26 =S s Te9) = 3, X = T ) Sl

Hecke Converse Theorem.
A is o cusp fom baen L:fﬂ \s capidly decreasing in verkical strlps. e, € a<b  abeR,
e L?; (2tii9) 4™ is  boumded for a€xsb.
Iz, et W s At o,
aT ]b
Theorem: lmage ok cusp forms of weight R wader Zc(n)%“ af‘:ﬂ_{? 1S Space ok Wclomevpic
Cunckions on C, Lis) with Fou.nwmg propevkies:
W Lis) is a Puidhlelt Series For Re)» 0.
G 16 L5 = am )Ll brew LY (R-s)= L°G)

tiy L*s) decreases vapidly o verkical strips. .
Proof : Recall thaak € gis) = J;w o’ db is Melin brumdom | then Flb = z—l-m S glst £ 3 ds
—_— a-doe
s wnverse Mellin transform, under suctable condabions on F and g
(iF we puk t=e™ then Hhese are formally Fourier trumsform and (& urverse)
Qi -
Condikion abouk L*(s) decreasing wpidly un sbrips imphies we can debine  Hz) "aj:m Lo 5% 49,

(o« any ved a,

Then itz Tct q" (by taking o lome and calculaking using L¥0) = (207" M. 5 45
So Flv)= Flew). Lis) s a Diridalek secies,

¥ lRres) = L¥s) = H';'_.J= <R Llt) [Revewe of previous uqmuﬂ

So F[%): (ct‘+d]hfl1:}) for (¢ 3] €St (Z) as T T4 vV qeunecake SL, ().

A fFew voukine eskimakes [ee):ﬁr.l-eo s \mig > w| wply  Haak Flo is a cusp (orm of weight R,

' Lanalonds’ Cowjectuse (vastiy s(mpb;(:{gd Uf-\m'on)_
Lwe have seen thek a Dicidhlel cemes il vawious nice propertes  Comes from o medulasr Form.
Lang lands = Any “teasonable Dirichlek seres in  makremakics comes Fom om awksmorphic Form

(= gemerdisabion of moduday foem) i a similar way.




Example: W V is an al%ekmic vorieky over R then it has a zefa funckion N(s) = ‘; Sot3).
So15) < S-Funckion of V reduced mod p. Coelcienk of Bpls) counts number of points of V
over Faite Gelds of order ™. '
We expect thak taic zeba funckion (s a Hellin trousform of some aubomorpluic Form.
S?ea‘al case: V= elliphic curve, $(s) shoutd be Mellin bransborm of @ modular form of weigt?

level 1. Twis is To'higa.wa—ghimm— Wet Comje(kw(' erHg fmucd by Wiles.
Example: We will "P«me“ that LA ixl ‘as uin(;in,itelg many Teroes with Re)= €6 [ewmbead Une).
Remark:  similas ?mog shows Tis) wias unfnitely many zeos s with Rels)=V2.
?wo(‘* Look ok L, (v for T e walk civele close to \ er -l o
-1 © |

1 if 1=\, itl=l then Al 20 very vapidly. We know BDlct 2 0rapidy an tmim = w0,
Blg) = 12 Alt) | s0o BlI=0 as ©>0, providid T in a sechor,

M/ note f t=0 alowg a skmqe ?a,kh then Al 40O,

l

Stmllaxhﬂ Algy=0 ro.*vdbﬂ as T > any usp w a SWLHf woy  [ve T i some seckor).

a+im

L* [s“eth Ss (inverse Mellia),

We also know Al = 5 J
n wu?t corde
iu =
- |-

Iy » a
B Edvt s fcoﬂsé»]}n L'{5ﬁﬂ e utah:,

Lig L& N
Take 0:64 u -rfql‘ “zeudz . ou—>-3 D e

Put 52 6 4it. We qet (comt)] L*[64i8) (&)

Vow suppose Li6+i0 has ouly Raitely wany zews, LF[6+:0) 15 ceal so (E looks Lke

evenkualy
(us‘huq -ub
_/\ [\ We ase M:Lu.iplﬂ{ng by e
\V u cdoge o 2

-
tdk ol."ue/rges' (ou\e{w.‘se AlY s bouwnded for tmim>0 - Cov\tmd.&d-\'onj'

F ¥ 8ettl 2 ®
Se ar u= "2 SL¥16ei0e % db 20 if LP[6+H 30 for £330, So Unis woud

;M?L‘j A[ \‘Qm) - A Qb eh‘——? b |

Remark: Su.ﬂ)ose we Choose ® so Yk space & cusp forms har dimension 22, Chose two cusp
Fﬂrms‘ F F 4 v)&g\tt R. ?rev;oq!' Q,d‘gumewt C\&OM ch*bp [S) hao W\(’U‘\.ltdd’ moauy Terot o

: crikical Line, Buk for switable ab Lag i, Can be givea a 2en ak auy se €

€yt a= LE-:{"’), b:-LE(Sa') , Mo alg B+ blp sl W o ke ok sos.

Riemann Wypolnesis is False (or  suchh Fumchions.

Riemann Wypothess seems to held when LI also has an Eulee product.
1 L 1
Values of ytu Cos special values of T. lo; whey (s jt"’ Lol = ] an wnteger q)

‘ Recal jto= Ea (o) /A('\:) Ee ( i.hd) = (cred) R E lt). Take = 14 J;% ¢ (= cube oot o i,

I l
\T'V\e,m T is fixed by element of order T is SszZZJ' which mebu EQ_("%* ‘E:'-')—‘O»

(-4 ‘E‘) =0

i J' 2 z - 5 L 2 < 2
Eg (e~ Eglo) ) Eeltl

We tan evaluake ju) in e similasr maner Al = %~ , Se ylt)= \F28 + el

! (& X2




\4.

B l)=0 as we Rnow El2) = ¢ E [0, amd pubkng t=i gives E li)= EE lils €5 Ll

(S jlo= 13

We Rnow any  peimt of H.fixed by some elemenk of SL,LZ) is conjugake & either { or g+ g
S iFtois Fixed by a2x2 wakvix of deb i, then (id I Gm wieges.

‘ W T is bixed by o 2x2 untegral Ma):h’x, hen jed ir an  algebai wmbteger.

‘Proper':tes of _iltl-’ Any  meodular funclion with we ?clts on M s a polyremal w 0. \F the coeffcients
of flx)= I ctn %ﬂ ave L-M&«jw, then Fl s a Qolﬂv\om&aj N g with takegral coelficienks
(Preef by wdichion on somebhing.)  They are awhul uibegers though.

Recald : jtenl jl?’ 29 are permuked by S ()
| Pogund? o DT et

&)
.. T Pt oes TV

So s (T72) +J{%") 3 (2 = modulas Funchion [ = comst.x T;j(c))

Move generally oamy symmebric function of (%), j1%)  jl2d 8 also a weddar Funckion.

| tn parkicalar, (%R + jUE) ¥ jl2c)
s 1Y+ 51 (2« ji2a; ()
j U () 120 are wediler Bunbions

. Take x= J'(a-), Now Lok ok IJ'(TJ- ] ftﬂ” {J(a’} - Jf%’” (J(O”)‘jmﬂ}

:PWQEJEESC @ This s a rc\ﬂv\m{al w el
() Coeffivients ore modular Funckions (a T with wo geler en M| heace polymemials in ).
Co it is a ?ol‘jn,mﬁal F[J‘(u—J’ j(UJ w1 vouiables ocver €. This ¢ is called the

wmodulos  polynomial,

Now puk o=t ¢ (o= )l - 5 (3N o - )
Ci gt e gt g e g e =g
- ,%'" + ligher berms wn g with wbeger coefficients
= ?abjuwmioj w )=
= mjia% ra®ji’ + 6l j' val) jlv + alo)  alive T, possibly very pig.

L This polymemial vanshes & jio = jl2e), i), j(F)

Je= 517y <D T and Ty are conjugele wnder Sy (Z).
axcte

< aea
_E;g_f T= \E’i . Then --L—: ‘:;f. = By %, o d layy fobjn.omcd wouniiher oF T= 2L

Se jIMTi) is the toot of a polynemiak of degree L with unteger coeflicients amd  landang
coeflicienk *|.

:'sz_

‘{A)Ork ouk J[ﬁc) Using pProgram op { PAB on unix 7).
| ?

! 3.3 3
| ()= 2914859994 .. = 23496 = 2.3 11
Why is T of degre b cakher Mham clagree | 7




Tﬁj o Bind  obher vsobs of medulas ?ubjmmial.
W 2o wy oy, wid (2 8) e sz

ﬂoo':f asre ?oinh T with ct+d -+
fm;nl'! wikla S.%‘~t Ber (28 hawing de&Z’_ abrd e Z.

1 M]
[(29), (43, 184) are cosk copresentakiver b Aok T mabmces

(So ceds ase poids T owdhi by (@)t -bs0, ad-be-Z cbcdeZ
i a g C

éDiscrdMinaME is  (d-a)*+tbe (- B'- whAC)

| = (d4a)* - Llod-be) = (d+a)* -8 2 -8,

Diseriminank <O as T wnot real.

Sa dicriaianak = ~%, S8:-3, o8- =4 3=

.NoEE-' (\ﬁ’l}l“' 1=0 , So discriminant = ~8  in this cose

go.wcse v is a vect of Al Bt +C=0 |, ABC €T cwprme, ADO.

Define discriminant of T 4o be Diz B'-4AC. Note D<o if TeHd  aud D201 wmed b,
So D= -3~ =7, -8 -1l
Problowm: for fixed D, Fad all teM of disciminant O.

WE 1% B S00m), Bes BB % e e dloliiak
 Proof: Su..wose Act+ BcaC=0  (8,8C)=|-
Thea A- BlT)< C{'".l‘:)?':al\na.a same duserminant.
Alrr) r Blea) +€ = At ¢ (204B) T+ (A€ +C) - same duscriminaut.

Se we by & Fad ol Te Fundamenkal domain of SL LT of disceiminank D.
Whwak aie cendibions on A B C For Te Pundamenkal clowain | '

oo BIEET o iR 5 <A (Recal A¥O)
$ .

-
eT =i se (tl>1 2 A

i
=

i
1
IL
T2 !

P sl for a ook T of Ax+ Bt +C 4 be ur Fundamenkal domain is: V81 €A £C

- Theorem: Fundamenkal Domain conbnins only o finibe number of T with cusciminant O
Precf: (1) 1BISASC
() R LAC= D~ Fixed.
i A,BCeZ, p>o.
These et{ua.Horu have owly o HFaike number of  sclukions:
BV €A c3A H B -tphc ¢ -3a%. S, 2T € ~(B-Lac) = -D.
€ 7% S < values for A,
8 $A > <n values for B T < solbens,
L %)Q <W values for C.
= <p wnwmber of T e Fundamenkal Homadin.



Example: Find oMl 1eH of disciminank O with WDI€20 (5 A

¢ (% <3

dise -3 case.

ov Ultrel2z=o D L (o e

2 T=

We gystemitically wate ok values of g%-4ac.
A = i 1 3
B = o i o,ra,;z‘ CEIRERS
C= -z e _— e
2 83 16,08 11 .
3 (L n e, 2, 20 3% 2%, 3k W4
b 1615 M 2% A
S 1219 - P '
Oz =3 %<1 #l =0 D %= '%ﬂc
L tz +1 =0 = T =
=t T= "(Hﬁ
-8 t=Jle
=iy T=401+ 54 1)
-t T2470 oc 2¢l 4+ 274120 - e
- t= 3 (14 45 ;)
-6 T=28 o 1 |discrl)
-1q: =114 na'y)
-10 T45¢ ov T is o ek of 2t* 211 430

L)

Se ?g(ajuwuwfai as cocks ak
s om wnkeger,

2
\G xg-v ax +bx +¢

.
JNL)‘ )

= (Dt—od{flc-(sl2

L (3067 5

%[hﬁzJ), HE.

b, cel, then @ be Z,

| Fackor of I e tbwre) and b5 dervakive

Memte (), J(E(+B) are wbegers

| Lemmac Su_??ese Flx) i< a falﬁmmiaf« voith \lni:eﬁu coefFicients, fx) = (x-x ) (x o) (2-B,)

-3, -k

‘go owr wodulas ?objmyw{a,t \Wwao ceots a.k v of discriminank -% :
n t
Zo, 10+80) L

{ dewdale voct)

Since

2o,

(s +35)

M—ﬁ 4 \m’g\nes{' wm

then T has dseriminant 2% L fc,

| Summary:
V. (Fted | A+ Bc+C:0, P RCeZ (AB)=l
) discto = dise (22 (£ 2)e Sl (2)
B for Gixed D(D’ only o Fate number of 1 in Fundamental domaun wi e disc(x) =D, aund these ane
easy to Find. permaked by SLa@__
| Modudlar ?G(ﬁmm;ei- (oo 12el) (oo - 5l joa - 5 (2
: = modular Funckion = polgnomial n jru = jt0+ ald) gt v+ alo)  ali) e Z.
Qoots of meduler polynomial : ?amh ob U with 2::5 L dek (¢ ) =
ctts (d-ale = b=0. Disc. = (d-a)> «&be = (dta) -4&0&(?‘&) : (dta)*-R = -8 -3 —&.
),

oy B dastinct | then (%-o) (x-am) and (o=, ) (o B also have integes coeflicients

Frocf.

(x-B,) [x-Ba) = Wcf of fo}', fi(x)/ both of whidh \ave wteger coelfiwents



21718

Modulas golynomial is: - N'Z “_jft)- J.‘ {hj) ( jig- J(IJ)
| Ja;r A.sr -7 dide= -t
Eg: lock ot isc=-7F td+a) - 9= =% (dsa) =1
T 15 a rook of x*+x+21=0 c=l, d-a=l, b= ’7-, so c¢=l,b=-2 d=l, a=0
=ct?s(d-a)T - b or d= @ a-=-\.

Seo J\E'-:_—*L] occurs  bwice,

TyFC : i A )
JET1F28 | we have ek (- JIT O e - ji'—z‘f& )i e polynemial ia jiz) wide
wheger coefRcients.
APfL‘j Lemma: J[ru},J[“Lé}L) are botha (Al’.teju*s., We tan calwlate y L) etackly by caJc:JaJ-'l-;‘g

B wpto an eror <f . This dekermines i, a¢ we Brow (B s an integer,

i Stace

N=3 Nz det(25)

. . 5 . 4 ] a\:+b aby _
. Leok ok g3 J{tli)’ Jlt-%‘)) )'1:_;_1,, j ttfd) Ae—ti(dJ‘
! M odedas golynomial:  Ljtd - 1030) (jeg - 3(Tm)) -
-6 =
=5 1'
= -%“6 §oF 2 thl + a(';)_,h;; + 1 alo). N

- Teros ak iy o S—:%dbﬂ, deb [258)#8 D T wikh discriminant (asd)? —a-:'S = AL =i % =3,

‘
(asd)?= o 7 mﬂ{t‘r‘.a A tard) = 22
u_-t-d =0 otd = 2 =N muléz 2

Dwots mulk.2i 5 muli=2

We  Rknow values of jit) for discenz -8,-3, are wnbegers. Se we Find
T (v-jew) x T (x=jee)  han integer coeficients.

-d.n'stlﬂ:ll -dn's({ﬂ:h

| . 5 Py
R??Lj lemma ::; _'(: ite) '&E;,:-(:‘&‘t)) Wawe unteger coefhicients s‘)(x—_j(\ﬁ.‘l}, (- J'f I-*-;"' ”;

T

$
1 m =
e xt‘m COM?‘A.CO.HOV\ CO\I' N = b Lﬂok Cbt “‘"t}; § %:’s i 7.'l:+‘j ‘t/h-‘j N (C{—f, J ‘1’,‘!‘2} [1‘_13)
& g
E Ju:f ()0 T <

Miss ok Eerm Jlo- J[z';_'t] (Note Haak all the values olher Hran o=y (¥) ave permutad
. oumongst each other by St (Z)).
Second  problem: Lock ak teem: v - ) [71?”\—) Jleed)= -q + Fuu
= (g ) = [~ et = 2g7
U Leading coelficiek % 1.

Co efficwent of q’“ ist comst. ¥ (- -0%] =comst. x 2-0.
%o oM wefficents are divisible by 2. So we can toke ouk a fodker of L 4o make leading
coelicent | So we canm shll find a plunesiad (n jig , wbteger coeficients (cadking coefioient |,
Reots ase jru: Miscro = -6 (wulky

-1 (wmulez)

N2 (matk?)  Lcta2os2:0, D 242200 T veally disc :

-F (k2

=3

<1z
T 55,



Al.

Theoiem: \f T is an Gmaginary quedebic {rrotional of clisc=~t) thew () is an algebraic integer
i and @-L_,wjaker of Jlo for other T withh disctr) = - .
?rooF induckion on -D. We checked For D=-3-k. Suppow teue for D=3 -k . -Lv-y,
frove (& Simwlbanecusly for Nz LN [=4N.
pockt ek all velues of JEFE ad=N, oca, 8 Easel, and Boon T, (Goerof (] = poliymmmietin o,
€ N=d” for d>0 | modify dais, as for case NG [miss ok jiv) - jldtm), Feckers of
(3“-‘}/(‘5—” for 3 a reot of I}, and we get a pelgnemied U o il .'Mtaay coe FRuients,
leeding coefficient 1.
As pefore we Fad vools: skl ddsetm = -k (mu ki)
i~ LN (mulk 2)

b= N (muikl) b‘j \f.nclMcHM, we Cam
LN davide ouk all these terms.
™ s T it C 7 . e
So PR JmJ‘;u“Lj:'_i):) )t has iabeger coeficients
1 - it ™ (- : »
e Az -t L g Aiscalobw " -j) hase  unbeges coe fEicients.

Examle: Caleulate j(§Fi).  Disc (Fo): ok of t2es:0, 50 D--120.

Find all te Fundamenkal Demain wih D= -0, 1 go[.w{:(ons:_ t+€=0 . T= 45

1 , 1+85¢
It «We3 =0 T —

So by the theorem (x- ;%) [x- j( L3 A (¢ SRS E ) x e 1R EY
Yo u\n‘:@au’ coefRicients.
Weork  out J-r.ﬁ.-cj = 126443%-9094%-- }an power sewmes {or ytu.,
J-(H_{_f:f) = -$3%.909% -
Saum: |L6lo0oo-p00 [ervor € e.5)

= 264000
Product = - 63k 2000.
! So y (3%, j[ﬁ__ﬁ‘j sakisfy 2 - 1266000y ~E216F000 <O
Roots awe: ¢32000 22288008 - values of (&) j(HE)

‘ T

Explanakion: of €' 7 26253312640762943-994944 494999

! i —-n‘_' .

 Look ok J(‘;)’ T= -L_{.L Roct of Tr+T+ & =o Aisctx) = -163.
i I = Ty 3 0 Ji63

g™t e Se Jm = e T 4 He b 1q6824 g v

w

-12

T very smell, < le
S we must show lt) is an iteyer. T (x-jm) has ukeger coefficients.

| cisclr) =67

| So we woat o Fad oll T€ Fundomental domain of dMsc= -163 . Axt+ Br+C =0

B-4AC = -163 IBISASC. We Raow AS{T - {'Z <2 s sist

RT3 LACHD B edd:  \P 4163 = hLxl) B AC =G
¥ citl s wadd =43 primes, so A=l as ASC.
Sle 163 = axib? L} 6. B= %l as VER.

! I 16) = Lx$3 =61

R Tyt

!So =3 (s ealy point of discr -3 (n Pundamestol domain. So “"““ 1R Y an itegen




Remarks: Proved by [Heequor) Stack Baker thak 163 s largest Unteger -D such Huak caly
one wumber of Aiseriminank D Ues wn Pundamental domain.

Schnecder ?wued et € T s alq:brm‘.c’ and T is algebraic, daen Acti+ Bc+C= 0O for
some ABCeZ. -see BaRer: Trnscendenbal Number Theory,

| J'(tj Gdtac\orm‘,c Cr ;5 \‘,Ma.gbnw %md:aﬁf—

|
meginary  guadikic & o elliphic curves with
RCMS C@MPW mu,ui,-ru( 10 m

lmacaimcuy ct[uad.ml—ic Geld @{J;JJ N<e N St‘ua,rc(:ree. Q(ﬂg of alge\:mk mtlgus Q.

O= ZIR) € NF) modbe Discriminant : &N for Z[§N]
L ZLEP] I N med N G z[5]

The ideal @ s a Subgrou.? dosed wndes mullipli cakion b‘ﬂO. Fraokiona) (dea) of @
Cis an ideal mulkiplied by some elemenk & the Reld R

Evample: N = -l k= R(d) , D= -k

T /4 o c«@ ‘?r{,\ﬁ?ck (deal domain, so all ideals are generaked by one eement .

ol

®
Ol i O So idedt ) is “same shape as Z0id Frockional ideals ace
o - { . . ® Laices unvariant under mulkiplicakion by elements of O.

i
;Lcwh ab Z[{). D=-20. Not a UFD, 2 23 (1« 45)(1-75¢)

1 \deals \nave wnigue Fockovigabion :  (6) = (2)[3) = (1) li-v5c).  (2)= (2 v445¢)
l(z, \-'r«f';'}?' Cienernl'ed by 1[\+JSTL") fl+v’§i}1 e+ '?-E‘C, 2r2fs: = (dead @eaerdhd by A
‘ If I, T are ideals TT is (deal generaked by cb, ae I be7.

(3= (350 (30-5¢ , (wdsd) = (203 wis )

k2

AL}

Y]

i

| ZL45'i]): Any princpal ideal is same shape as ceckomgulasr Labhice.
\deat 12, \+{5{) is differeat shage -so nck principal.
Wiak ase ?essc'oiz s\nafcs of Frackonal deals of o7
\F we Viawe o Frackional ideal, mulbiply it By a consbaak
se (bt comkains 1. We can assume Haak it is generabed by \, T as a Z-wmedule
seme Te U Suppese O is qameraked w» o Z-module by \ A, (e, A/5: for 2l :])
Z- medule <1,v> closed wader mubkiplicakion by A.
So Tx)= atib abcdeZ.
1xx = cr4d

!
}E(«(mind:c A Tlet+d) zateh D tt® sld-a)t =% <O, Distwiminant:: [d-a)" + e,

%Eumiw\ah Tt T= )\-;-d = (é;_'d,r\ =@ ({;_dl . SR = Gud) X + :‘i’fy\tﬁc same
hedd Discriminant: (atd)® —dead + bbe = (a-d)* + fibe Number !

_;\M.mce (o) s a Fockonad ideal of ZLX) ((F (check obher way) T is an imeginary
| quedrakic Gormbioval of dliscriminank D (D= disc. of Z(A]) .
By A=, De-lo ¢ of discriminank 20 in fundamedal domain o i, 7 .
> frodhonad  dedsi (1, T — ()

(1, L*l—ﬁ-‘J =5 (g, vwif5i)

"




53 mary: Feadk ol (deals [ mulkiplicakion ks ta ® 2 seb of ¢ of dise.D fackion o SL(T) on H.
| WM sackon eals { mulbiplic by coms s t of dise.D fa A (2)
\dleal class group cF [ (I“c’ e N I Halte

sek of values of jrry winch ave all voots
i of some F°t‘j”‘“’u with iﬁkﬂju coeficents.
| The teots of this polyasmial (= values jix), discyz -D) genmerake an LJ::UM wnramified extension L of
| quedrakic Fed R. Gal(eirn) abelian.
 Background: (lass Field Theory = study of abelian evtensions of algebrevc wumber Reld R .
By W R=®; if Tis a veot of |, T'=1, thew RII] &5 an chelion edtemsion of @, Gol (@L3]1/ @)
. qemented by ST ac (Zhnz)
- Convesse (Kronecker- Weber) : 1F L is a Fnte abellon evtension of @, Haen L ¢ @ (3) For some ¥,
L T™2l. \n other wovds, maximok abellan extension qenerabed by values of X e xe @,
- Abelian  extensions of rakionel numbers are generaked by pecial volues of o Cedmin Ermmscendental
;&u\d-(ou [ez“"‘).
 Some abelian extensions of Q{WN) are Gemeraked by special values of elliptic fumekion jiy.
| froneckes "ngenalbwu: cju\uoked all abelion ectemsions of c}nog&\mg ({uadm}\'c Relds wsivg
- special values of dl,if;{a'( Funckions (j{-d for discey = O acnera.l'eol by Wilbek class Feld of ol.

Example: Whak is Wilbek class Reld of &f43)?
- I is geneaked by valer 0, Msctz) = -20, = (), )-("i"z[—;i
So Wibek closs fed is QISE, {1 = QT ] « Adegree L.
Q[J?( o ’Ef degrﬁ: 7= %71 of disc = =20 &n  fundamenkal domain
O[J%!‘J = oidesr of ideal class g roup.

O

a

) = 632000 £ 22283043,

LEUJ?HL aurves  with 'éoww Muz‘-’ciptcah'onl.‘
. Such is just an endlowmes rpluism of anm eﬁLFI:m curve ey gz=x;+q, This has  aubeacorpWdsm

oV YRy, X S wx (w’S:i)

' 'j_b-‘dr Las F
; gu.ﬂ)cre ML—-‘Q Culfve s (/L. L= Lt When s MHJHPUCaJ:i'on by ANe € an Qy-d-om‘.fw&m?
"N s an endomerpluism of €/L ifF AL L, Axl:zarsb fabcdeZ.

A= C'\:+d

| Same as tondibions for L to be a heckienal ideal of an umoginary ctluuc'-ro;tl‘t Fetd,
L[V Lis cdeat of quadrakic Geld ZLA], then T/ s elliphc curve with Z[A] acking as wng of exdlowes cplaisws)

.E’xa.mgle;: (&7 1[)\]'—‘ ELL] Find oll eﬂivkc cives wth TZE] ar  Ting of eqndaMr?Wsm_
Solukion: These corferfev\d to €/t where L= (deal of Z[i] So only ene (over c)
wp to Gsomophism, 4= 3’ v, Avkomorplusm: 6 x> -, Y=oy , ot=|

Ly Fand all eu.ip\:{c curves wikh g of emdowuﬁ-rfusv\t! ZI4T] | © with diseriminank © = -20
ase t=45i, !17‘_'5-5_ So elliphic cusves are (/{1_45—"0 o d:/[?., 1+45:)
kkwo id eal da:sf.'f of ZL[VF]



| Jocobl Triple Produck \dexkiby.
| .

| ggeo;o.l Cases:
|1 Buler (-glli-q*)(1-g}) = i-gq -4t b {ﬂ 1‘ ‘1'2 " ‘Llf o
mio s q™ (-g)li-gt) = T =07 " e LU sUigt modificakion o I q
nip* = Al Alg)= Ble).c”
1(7) = cont. J?qm. T=i D const. =l

£

So "1('.:'-1 : J?qh:)

‘ % e = ehqm- M tx).

! So "[(% (cred)™ x (ZuY oot of 1) x4 (x).

! ’t-‘na.ni t describe a?u.;;tu_,, - 2k 48 a \}—&muswnq,l chavacker
of o double cover of SL.(7ZJ.

W

il. Gauss - Blw) E cL“i & {1+¢{,)1 [Fof) “Hf)l “_q:r]_,,

. Cowllary: 9i0) Was wne tewes for TEH as unfinite Preal.uol: Conuery es.
| -
| Jaceb( : ';f; U—q}"”i-q?""é“l—q‘z"h' ) = f{ (1) q""z.z“_

Speciad cases: () = -l Grauss’ (dentity

- i 5 3

| () 2= g% > Eues ideabity (chamge ¢ & )
| L) 2= const. x’qjF 5 osther idenhitnes.

i'\"nere are lots of differeuk of Tecobis (denkby.

i?mof: of  Tocdbi using {osen- Fermien CONESPON:IMGZ.
i 3 Ln-l e g
i . ; , 5 w3 n - ‘ e _‘J ( i fl)
I Weake (& un dhe form: 29 2 = T I+ 4 .1”[4»@ a 2B, gog
H nso

. (1-9")
We vl show thak coefficienk of cf 2" = # ctakes of a ectaia physical system.
Very  simple  wedel for (say) eleckron. Sugpose tat encmy o ‘elechon can be --%,3.4.3,-
Dicec: Psume mest negakive energy stakes ase FUed
Pauli: Cammol have two eleckiows Gn same stake, (e, same enemy,
i f"ajitema,lﬁcal dnte-rfcehx}:im: A stake s a subsel of _Z"'%'= ---,'ri’ ’%—, 2, %' . Sucls Heat
| () AU buk o Finibe number of wegakive elements aie wn S (Dicec)
' i) Only a  Rabe number of positive elements ave n S
C= seb of occupied  eneigy lewels.

1 = -

| Erergy §5,5,.. 1 = saspe -w ¢

e T+ve clements n § - Z —ve elemenks ot (nS

! > o.

"

! % S:{§ g =% =% ]:) catiig: vl~{d)- %

i s i B Ea gy= 3 2

l h .

; ‘/2 ® /— \Ja(\_um = g'%_’ ,_2' -g,""} = ene’qu :O’ btj d.ecu’\l.t“lm-
ir "/z 9

; -311 ® °

|
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¥ packicles of S= §s,.5,. ¢
Dh elewd® of S= w?
1= ¥ (positive elements of S) - # (negakive elements ok w S)
“eleckrons” ”?csftmﬂx“
How wany stobes are e of energy €, paticle nuwmber at Coll M owwwoes R

We wank = Gand peoer senes I ¢g r{ft“.

Lok b elechon with enegy: (a(l'st‘sf (Aoes i\p(: ewist)
Lol o+ )
32 h:!.r, il + ‘)
-5 (1 + qu_‘)
_3 [‘ n —'}
2 + g 2
' $n 5 - - £ w
Form emclpld‘ [%’-.1 -rl)(q' 2 +t) e x (\1%% )[l#ql 2 ] = Icimq,t ,

We  count stakes of pasticle number O v dufferent way.

3/ ']

Y, o W S: 551,52,---} has parkicle aumbes 0O, then (& can be wntken

Yy ._,.N‘ Mf‘{,‘*d‘j as (—%+n,‘-:§-*n;, "-;3:*"3 e ] { s

. /2../4'\-;:\ W N30, > sek of ?\Mb"’ wWilh oneayes 0y, fy, iy
¥/ x g wny=o s Mo Note Hhak we cam Viane At tae came
~5?;"°’:m-'o () energy = A, +y +Agees ‘€ tmamy ghotons hane same enesmy (Reson .
=%y o Mes0

So ¥ Stﬂh‘, eneigy £, ?axﬁcie numbes o,
= 4 90(».}:16#\3 of NNy 4. =€
B iy, 3 qu Fole, Gz b, Bt 247 2aiwd, Laian 4

= # POJ’E'{'\FONU o{\ < so C‘tﬂ :g,

Eules: ;P(M %n & ﬂI’; l'l—‘—:;"‘l = (14 ql‘i(tli—-—-]“"%z*“rk"'l “*qf+ q’6+- )
walfy -1 j
")

i
So  wefficient of 2° i TF(H,%N'I})(!‘L% is W )

What abeuk coefficient of 2" !
o w . cle nuwm N s
Awsmmk similar, except we use lowest enemy ckake o powticle ber N, (nstend zo‘

vocuum, bowesk stale with Hacee Pa,.—kdei: S= 5%, %, é —2'4---3 , emergy = -}_* %3* ?_i = %:
/-
So  viuumlbser of stokes of ?mvkc[e aumber 3 emergy € = coelicient of CL“ {a ﬂ__—-—-—‘q; 2 &
i “,o "1

‘Jimto.u-(‘jl nwmber of stakes of enemsy £, padkicle number N
= coeciank of qf 5" & win {"'U’eﬂw q:“l’l 2"

= cocfhcient of %i of _q;li-{}-
wii-q"
| V'z "
; Se Tr[,+%a4'fzi_“‘+q’m’zi—|) - g 2 - (4
i ‘ . Tli-¢) %
I stakes  of " feimions ctokes of “bosons



- See Kac, "Verter alqebus“ , 995,
| There are amded vector  spaces , = t(? \JSV\

da\'w\ \Jf‘ﬂ = Ci‘ﬂ-
-V \ay Sl:rudluc oc a werbtex algdom

z

¥ Cawes‘!?onds to an (somesphinm From ”ferm'am‘c“ vertex algdwe. ‘cnﬁboso..u verber algeben.




