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of complakion, 3 a; ek so Wk laj-wjl; <€ fr given €0
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Denition:  f(T) - HZL'O £1%e O[[T]] s sand to sehsfy Eisensteins conditien f
dyve T, uv+0 such that uv"k, e Z In.

Theorem $) (Eisenstein) i tet F=F(1je RILTT] and suppose that these ae q. rq (1) e ®(Cr]
. R ] ol
(nek all }c.m) such Uuat O"'E,T QJ- FJ =0 'Tb\w E— sakisfies Eisenstelns condition.
= 5
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Pk BT/ = wlt) + T"Moulri , whee ult)= Eor- s+ £, 1 ¢ @[7],
r: o 4+ sz'r +€m3 e e &I

It dw{—j suffices to show ~(T) sabisties Eisenstein's condibfon,

We have HEI= 0> Hlu+ T™) 2 HlW » T4, (w0 + & Ty 'rfJ-rqu*’,

where W H,,H_" e olr]
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P’\ww?(agivtg -E\/uowﬁ\mui by an Q«téﬂel" we WMay Qssume \'\, b,,. s
tel U= W(o), We lhase consbrucked w=ulT)= T, T so Hak £ has conctauk
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On waking wefficieats w (O we oagt ok Ly, s o sum of terws of the form
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3. Acchimed ean Naluwations,
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A \-"’JJ"GHO;*\ s seid 4o be Recdimedean e s ack  wen- archimedean.
We  wil ?mue Hee GoUpr.ngr

Tueorem {Oshowski)! Let R be & Feld aawFteJ:e wit o arde. valuakion 1.1, Thew Rz IR
or € auwd ([ s eecuiualuk do the oidinay absoluke valse.

STl e Frbued? later, Nole the c:;unwiuﬂ: char k=0 (b, cor (i to Lemma \-S, $1).
Se R2®R. Se e walwakon o duced by V1 eu & ust be awch. (Cor‘c(; of sauue.’}
S % e?’u_. velenk o Vg, Stnee ks muf(df it thepelore conkains $he CO\MP(L&W R of

I Q Wf‘t klnﬂ l§2,ﬂnn&.f-\r", Co:}

‘Su,Prbse fist ot R conbains ¢ with 22-1. Thew R2C, We hove dhew to sl
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lF R doeg y\o’t cpnld.'ﬂ\ fe Co[,‘.‘_-ion oF i,z-‘—"‘, then we dem‘_u\ one, are slice Heak

e voluadion 1V en R can be evteudod o R(d,
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Lemma 2.0° Any asrclimedean valuokion 11 on € is a%u.iunlenl: t tre obselute value Ll
Preof s Wlsg 1L sakisties the traugle Cme%ual-i{:g. By cemade above, the voluakiows (ndiuced
by \l awd lin en R axce letwiuqlul‘, sawy el = ial; Yae 112, some O <AL
let xza+ib obeR Then (aly, bin S lxln, so \wis lal +1cb = lal +ibj € 20

VL and Vhp wese bﬂet%w‘ualmub, s would coutrduck Thwm 2\ Uh.Z.

Lemmo 12 Let R be complete wet waluakion -1 Suppese T8 & Crveduecble on RITT, Then
there & A SO sedh thek ka™ rbzl 2 A mar§lalt IM’} J oabe k.
fl_ﬁ We wmay suppese (| sakisfies the brlangle unequalily, awd chow that B = :L\ will dy,
} %«j \M-Moguutﬂ we howe 4o show Mok (€ e s a Clc—k with e = =§, < D =iy
thew il 5 ceduedble. We  shall coustruck @ c¥ el with 24t 20 by successiie

afpmkfmal'fon
Bg (¥ and. e bﬂ-axgle me‘{,"‘“‘l"t‘jl we \ase \c‘} ) fl=if . Puk L c‘+|v\,, Some L(' ek,
Thea ciei = 4l 4 e, W, Cheose % = © ”'ﬂ,/ 2¢, o eliminake Lneos terws,
el it s
Thew, §, lsay) = Vet e = W, 11‘“ YR . jet € BE, , where we can tokee 9 ’\——"M\“_s.] <

| OCa r([pea,l-mg Hhe process we obtain a Sequeuce of eaa_.ucwb Co e R such Hhak

; Sa Gay) = (el € 86, ¢ 8"'S,, Rurther 1o, Gl =19+ 1 jeut = 5,4, ¢ B8,
This {Mfl;u ek §6f v o Fundowmedkal s uemee, se €. > el by (‘.&Mf(oxuw.
Now fe*iui| = Lﬁ;‘*lc: HAl #0. 5 s =0, ar wauired,

Lemma 237 Let R be c,.;,ufl.e):e wet  valuokon 11, Sg_,??ose TE 15 (rredueble tn RIT] . Then
, 3 am whemsion of V1 to R, where (25-1
Preefr Wlog, V1 sokiskies bhe triaugle tneguality.  Seb flawibl= \a?4b'™. 1b is @y to
Check 4ot dais coincides with || on kR, and dut pabs (i), (@ of the olofaibon of a
valuabion are sabished, it rewmauins to verify (wi)-
Su,ﬂwsc dak  fosibil € 1. Then fal ibi < A"", by lewwe 2.2
Heace | b (aeib)lt = lisa)r « b S |+ 1 2hal +lal*+ i € | 4 1‘2\\:)1"
wwich & whak wes retwiae&.

f2

2
x 2 2 € sy

2.3, Couplokion of fruef

IM Lek Rk be C'N“f’ut wrt e aschimedean valuwakion \\ aud suppese 3 telr volte (P=H,
' Ten R=C, and |1 s gquiselank v o,
S’ﬁ_ Wleg, \| wﬂscm the triamle thequalily. We Rrow R2R | aud so R =
By ama 2.1 the valuakion wduced by \1 en € is eguivalost 'Lo s
Suppore that R# € b xe RNC. Then l-al is a continuass funclion <f ae @, so
aBloins it lower heund, Say b be €. Rk Bz w-b. Then VBP0 stuee R0 awd
o< )i=, “‘“5 al. Now let ce@, Q<icl<Bl, and ne iN.
Thea, %™ = W (g-5¢) | amd I1B-tcl? (Bl, weuce 1<l = 1B - )

—_— §=(

B-c  fe \ i i

A
£y \C/;s\ —\las pan




| Tws “;-—d < IF‘, Se iF-c‘:{ﬁ’ fn ‘pa_u—{-icdaf, e oy Ea.»k? ({-¢ :p\s\‘eau' of
F awd Nfenk e process. Mence |B-mel = (Bl ¥ ~meN.
Ruk Hhew, Imlict € IQ « [B-mel € 2B s boundedd, # 4o 11 being ascluimedeon.
lef: 1.2, lowme \-0).

- L. Noa- aiduimedean valualions.

;‘*" Defnitions ond BRasics,

Let 1l be o new-avch valuakion Ye Celd R, The set o - foaitamert i G{Cﬂur('] & wng,
- called the wing of (valuokies) utegers. The seb P=fa: wl<f s o marimal ideal of -
| The quekient cing /P s M o Red - the residue closs Field.

‘\ﬁ Val =1 we gay et a s o [valuakon) ik

| L@L’ TZ be e C,nw\\;lekw of B w it it i Q.Md LC'.' ‘5"52 be Hae Correspcm&(mg ag op C.«':qgevl
: and  moximel ideal. C‘&u‘lﬂ T = ‘;nlz’ ?:gaﬂh_

}[Lzmu Li: The nakwal map v/sa "6/33 wduced by the wmdusien of v o F_ s an somesphinm,
Proof: We need ouly show (b is an epinorpWism. W «€ T ten by the defnibion of k,

J cek suck thot (-4l <| Thew ae® and w-ac # -

i The sek 554[: a ehuf is a subswu.f of R+, called the yeluakion g oup.
Cwe say Hab the valuakion s duscrebe § e valuakes greup s dusciete w the read
‘ {-o?o(oggl ie F 3 €50 scch Hak -8 €lay<1+S D ol =],

'Ldmnai.?.-' Twe valuabos s discrete [ # is fMufo.L
;‘?4‘009: [_<_‘) S'-Lﬂ:ose 30=(ﬂ). Tew 121l D ae D> a=T7b (be ] & \ai s (wi.
Similarly, Vai>1 2 vap % i,
(=>) gmﬂwse Wois iscrebe, Thew the seb [ laitiar i} aHains &s upper beund, say at a=7.

Then lalci D a=wh, Iui<| , le, be ¥,

ékF P:(WJ’ we  say et 1 5 a grime lement for e valuabion.

WF s discebe and beR' Bhen 3 ne 7 suh that bl M7 a0 die oder of b, 0 oid b
independent & choice of .

| The aviems of a  aon-awch. valuakien are ertuieulul’ ke

o:d (bie) 2 mun ford b, o:d cf

ocd (be) = eovdly + ordc.

|
|
j We sebk oid 0 = + o0,
|

n
'we shall Say ol e onfinite sum EQ,, a,ek Conv eges to the sum s NS
| ~

| $ > :;*:;S’“ where S, = g‘!.

| (leauly, Wie aow-avch. propety U nheribed by Uafinibe sans: | Z ) € MR 1A



Lemma (.3: SL,\.?PQJG R s com‘id-e. Then ZQ, Lonvery es N oa, = o,
P‘UOF: L-:s_] S%?fDSC i‘t,‘ Conveies . Then Lima Q, * Goan [iN-SN—-} = Waa SN - Lim Sﬂ,‘ *5-35= 0O,
M el 8 (NI W (9],

%= Swg‘wsf up 2C . MIN. Then \SM—SN‘; Vapttagl & Lo en

Hence {SNT 5 a fundamenkal Sequence S  converyes by comploteness,

{emma §.L: gu.\')?cse R 1S c.omfltz,}:e wit the discebe valwaken \ | qnd ek v be @ rime element.
Let Bbeew bew o sek of cepresenkabives of p. Them ewery ae s (s uniquely o
Hre foran a= ;qu‘rr“ (Q, GJ‘]
; Conversely | amy such sum ohways conveges o Glve am ae &
Crock ! Converse s vl vy lemma .3, a» \a, 7"l £ " se ae .
Now bt ae %, Sfrcc,;sej,j one a ef with \a-g <[, and ten a=a.+h,
Some b.oe ¥ E?reo;se!ﬂ one a e with Ib-al<l and then b= a +7b,, aud se en,
We gek, for enesy N, Q= q, ++ G, 7" - b,,,ﬂwm'H , with a, e A and b, e @
Bt b, T ' >0, 50 dene

Vh the care R= Rp, the ving of intayes (s dewsted Zp, the g of p-adic wbegers,
We can  toke =P and & < ;0,1,.., f-:}_

"

a,T" (a.edb q, +0)

™M

‘COWM: sufrose G‘I_{d OG‘A’ HNE B\Jlﬂy ae h.* s U-l\al-f{fuda.j & UAC CDrM Q
fory some NeZ.

}M: For 11'-“6! € ¥ sowme N
Lemma l.§ Suﬂ;c’se R s wr{o_l.c wek @ duscrebe volumabion (1), and Hak the vesidue

| olass ¥/g is Facke  Thea ¥ 5 compack
Proof Civee |1 makes & o  mekric Spoce am(:qol-ness = se%ambial wmfacbae;s. So e have to shew

that  every sequenmce fqu'} ok elements of ¥ has o convergenk subsequence. Use the
F (“_jnGA}, an wn  Lemma |h,

v oo o ] )

duagonal process  on e ‘fff"“"h"!'“’“ a' < ? Aja ™
(32 v

For the a with

# Gate > 1 some af Wik oecers  as oy for inbnitey wangy .
For vabinitely weny j. For he a? with

ap = a‘ E| Sowme q* w\M'fJﬂ OCCuAS as a:
e v I
a; =a¥ . Aud ¢o on.

Je
e oy = a* i 3 sowme a': OteudTirg  ab @) oy \:npfm.tdlﬂ oy
Thee s Hhen a su,breiuwce tending o ¥ = Tak o™,

42 An Ppplicakion to Finlte Groups of Rakeowal Makeices.

CLemmo 2.1 Lek ?#'.7. and Ae GL,( ZP) A (¥rA=T (weel p) 2 ﬂ*Il Pren A is of whinite ceder.
 Prook: AE i 2neugh b0 shew avsx \J?r{mcsﬂt ond every A sokisFying %), Wike f- 148,
whesre B W elements bf‘-‘e Zf : (se,; sn). Thea Fuv o 0487 b )= M{T; LN Sf'"‘, by (¥),
where (1=1f,. We Brow At (T - To (YBe (YR +(J18Y
L) qtp. AU elements of the watwces \Y)B (220 have value ok most §°. Aiso,
(V8 contmins the elomenk @by, with value §. femce, p'- T80
) qzp The Sinomiak coefficients (£) 1255 €p1) are all disisMe by p ) 5o the elements oF
(00 (245 p-) atl bave volue € 8% Elements of (0BT Wave volue € §7¢8° (peal
pse, (F18 containe the elemenk obiy wite volue ¢"8, Bk €07, 5o 5> maw (' €6

Heunce AY. 710, as \pech.




Lemma 12: ek 42 aud leb G be a Finite subgrewp of GL, (Tl Thew 161 divides
L™= " Mg ") lg"-1l -
Fro__uf- The gesidue class map E‘,ﬂ \FF induces a  gvowp \;wmmp‘rfumﬂGL“lEf)"CrL,\fﬁl.
Leb el beinper.Then AZT (medp), bk A is of Faite order; 56 8= T by lemma 20
So <t gives an isowiorpUdsm fow G = o Su))gmu{, of QL“(FPJ , and (%) s Hae
; ecder of Gl (F,),

Thessem LU Lek G GLy (B wove Buike oder 9, Toen g divides gz, T ¢")
whese Bl = na 2141 + LMl + L3 4

i ?{1, B L""m-u.l + l“/q,l'qmj + L“/q"fq,'u-\ i !t’“'

?_ro_i\- Stace G is @{nitc, Yrese i onbj a Haite sek S of primes whaddh  cccuar {(n the
Aenominators of elements of the makeices of G. For p ¢S, we have G < Gl (T
By Lemma 22, F o42, péS then g clivides (0 in 2.2.
We use Divchiel's Theorem on prmes (n  amHamekie pregression , e, (ol =l
then a+bw s pame for wmbndtely ~awy me 2.
Lek CL#'Z be prame. B.j D\‘r{dnle,l.‘, 3 uk?m,l.kelg Moy fnfme_s P waich aue Frimil:fve
rooks medulo gl So 3 peS. e kmow tak p is o pamibive reet wedilo qf Y >0
16 s thew easy to see thak #"U is  the vk powes of q dividuieg (%),
Foc =2, tahe p&S, pz¥(med®), audk ogain 257 s the precise poves of 2 lividig (.
This  completes the ?.‘u\:.

L.2 . Mensels Lemma,

.Lexvuma 231 (“Mensel's Lewma'|: Lek R be CoM{.x(d-? wek \\’ and let F(x) e ox],
Lek a, e sokisfy [(F@ <{fleoll® | where €'0) is dhe (Formal) decvative, = (1)
; Then I ae 7 such that Fla)= 0O
TM. Let £ (x) (j=2.7 bde defined by +  F(X+¥)z COd s EixY A€ () 724, —(2)
fou mdefeunlul: indeterminakes X Y. Thew, £ i(x)= Flx).
By (1), 3 bo¢ ¥ such thak Flasj+ bfla) =0 = (3
T\'\u\, baj 1'2,, we Wawe . \“%+B.)‘ S :’-;’q; ]ijQ.:b:]. Hu\oz \Cj{nvj\sl s fuce
Cix)e 2[xX) and ageD. Rence \Flagih)) < |B0] = "““"‘i/lp'la.,u’ < \flea)l | by 1),
Sim'lalhj) L€ (aotb,) - Fla)] € Vb,| < 1F (ay), and se | Filag+ba) | = (€, (e[,
Now put @ = a +b, and sepank,
Gek o sequence of anza, +b,, suh tak (Fla)|=(F (2] (oln), and
|€(a,, )} € "p"""‘ﬂ)l?'/\ﬁlo(..llz = lF("""“l/IF,Mz..JlQ' , So Fla) = 0.
' Further, 10, =2ul= Ibal = (Flalrp g ) = R0 /pe ) 20, 5o o is a
é Fundamentad s equence. 53 aam?ukoaesg’ it was o lmit o, and Fla) =0.

/

! {Fla,))

Comui.._;! 10 We howe: |a-a.f € m\ =L}, AUQ 3 p.d;j one selubon of Fla)=0 Swl'!'gprdfdg (%)
| Proof: ime Wamse a- a, = Z-b..,} so () Follows Trowm (3) aboue

. s e

Suppese Ja* %o with €(a) 0 \a¥-q,< 0 it anl, Puk a¥= a b*

Then O Flatb*l —fla) b Fla) + b F la) s Hece 1bY S }f%f’;’i < Rleos| A (a)l, by

! lemma -1 . Siﬂca \Cj(a}lfi r-\'-!r)'),z, lb'F.fﬂJl> Value of the obhes krms. - # to non-aich.




Corollasyl: Lek fix) e 2[X] have ddscriminant P and (eb a, € Sa.lns@ {Fla.)) -<U)I
Then E(X) has 2 ot wn P
Pk Recall Uik D is a pelgnemial ia dre coelficients of f with cofficeds W Z, s Dew,
Further 3 ulX), vix) € 7(x] sudh baak w(x)F060 + v(E'x) = D = ()
Now fulaaf €1, v(e)| §1, and Kol € 1017 € 18] | by hypothesis. Hence () wibh Xisa,
Qm?[.(cs [Filal 2 (0. Hence the conditions of the lemma are sakished,

Exanele: F00= 6+ Ex + Fz,)(?, D- (:,?' —L»F,,CI = -4E 0 + (C,«-?.(—’lx}(:ffk).

Lemma 3.2: F#Z. Let be Zf , bzl | and suppese there is an a. € Zp such thak {a? -bl <l
Then b=a? for some ae ZP‘

 Proof: Felows fom lemma 3.1 with F(x)= x> b, sonce (€'au)] = 12a,l =)

(0 use corollomy 2, an 1DI = |-tbl =4).

X
ic°“°S!E!ﬁ° The group @t’/@‘:" hasr order & and Q)?Pcvncw‘: 2. Cogehs refrzse»l’d-iuts ave
Lp epe, wth o any c{lupo\xdrm wow -residue .

Lemma 330 (p=2) ¢ be Z,, bzi(med ® , then b=a' for some ae %,
Prosk: In lewme 3.0, take FOKJ = XP-b | 5o WUI<27, \€C0] =

Corollany: ‘m;‘/(;p_:'2 has owler 3 and oponcat 2. Represad:al-{uu ofa seb £ caenuwl:eu ase -1, 2

‘Lewna'i-lr‘ P-VS’ be ZP) Ihi=l. gu.PPose b= C; (Mndto’, some C€ -Zp. Then b=a’ (o some @ Lnaf,
Proofi Apply lemma 34 & X' b,

Lemma 350 (p=3), Z-adic wnlt b s a cube fF bz Fl (med )
£ 3 ee’g'o,ti} Lotk bsi[u%ef (med 27)  Now QW(,.:, leama 3.1 Lo ¥k u.&hq‘:-(l-}%e}

4. 3" Replicakion 4o Diophankine Eg:_,m.h’ov\s.

A dicphantine auckion is owe n waich the  anlencwons  are rquired o lie N some sPeciFied
 Red or  rlag.

n ™M
We witk comsider dhe quodvakc forn - F(X,Y) = FlXy %N, W) e B GX 4 2 pw 0, (X0

.l J= c= L

where e aj and b-" oue ?-QOL{C wauks.

Lemma R4 et ?:2 and F as wn (¥i), where a5z i =1 Yy {  Then,
3 o Mo Bes s, & @f (net ol zem) such twak Ff"‘.‘,‘g) e WF either of
0 3 c,,c.e T (ack alb divisible by p) sudn tnot Zajc}- Z0 (wed p) , or
‘ (i T, dy e (act all divisible by o) such tuak Zb;d] 20 (medp) - holds
Prock: () Suppese 3 suwch %y, By m,.,u,;?b,u'.n_g Yreoughout by o  suibable powes of p e way
assume ol pex § 15 Ly i =1 Either max b=l | whidh case we choose oy
£ F [Mpdf») and %v.t ). Or warix)€p™ mex ly-y =1, and c&bf (i) with awy d; 2y, (-Mm'f)
(<=) S&ﬂ;o;e (0 Wolds. Wy €30 (medp). Hemsel on Glx= a, x? ., Za (} H dx, with o :( =0
and %= ¢ (550, Similody (or (a)




; Com%g!: for ?:1‘ the Lemma conbinues o be true, i;muided thak (i, (() are ceplaced by
() Fe, ,cneZ (not ol aven and d,,.. due Z such thak quc} +2 Z-b,_-ol:EO (mecd €)
ey 3 a,. duel (nok ol wen) amd’ e,,., CeZ such that Z'b;df +2 ‘feggz 20 (medg)

- Defaibions: R s an Uq_,mr[e of a gbbd fHeld  The @\, (@'\CXMMOJ Qp= R age the
corvesponding locol (elds,  We shall say trak o ddophantine equakion has a
sdubion globally € it was o golubon da ® | ound thet & has 0 solikdon
werywheie locally § it har o selubion n all Locolisakions @p.

Clearly » 3 g(.o‘nai Solwkon 3 selubion everyuwhere (ocally. s bthe convesse true

;Eigﬂ\e 32 The e%uc&tou (k% 21 M (xL 3% =0 hos o selikion evenywhere  Locally
L buk ok globally,

| Peoal: No %Lo\go} sdukion - cleos. There ase cbulously solubions R, Furbher,

| 2e (®%) and 1F€ (QF)F Wpt21hw then %17, 3 are p-odic wnibs, and
i ak (eost one of them u o .v.mcbd.-{c vesidue medp. This gives @ ol i R by (eowma 3.2,

;Exo.mgle ’S¥.3'. Thece are qakionad solukiong of X¥-i3F = 2v? e»usw‘nue Locally bk not 3(obc\1l5,
ifi‘f‘ There are  cleady ceak seludions. For R, khere v o solubion with Y70, and e
i Q.3 there (s one wikh X2, For e*i.l'*, W, the theowy o e&tuaﬁbm ovesr  Finite
Relds shows ok there are @b e Z such Hot a“- (32 b? (medp) , and Huis gives

a solukon vn @y by Hensels Lemma.

Cxescise: Show J cst.o\va)- soluckions.

éL\v.Le, Elementary Analysis.

lek R be a Geld compleke wit o non-asch. valuakion | |

|

Lemmalel: beb b ek (4j=000. ). Suppee Wab for every £50, I T(9 such hat
lb‘i1‘£ wheneves MQ}‘(:’J]"— Tig). Then the seites: z(th,.)’ ?[%b‘;)

' R A

: Yot convesqe and  thewr sums ase equal .

 Procf:  Cleasly f-_b;j conveges for every L, andt (T b | < («‘233'(15), by nen-avch.
Hence e Chst dowble geam conveveyes. ik s earihj seen that: \E {ﬁo“fj}";i(ﬁa b“j]\ L
Similardy e geb s wth () wtescharged, Hence the twe wfinite double scms
Aiffer by ot west € 0 value, As 2 U arbitiasy, they musk be G‘(y.al.

The aokion of redius of conversenmee of @ power secies (X =F 4 £X +F.¢X21---- aﬂiuef wr Hais
Conbect amd s sx'ufl,q thom for R er €.

{
Pk Rz

Se O <R S, willh the ohuiews convenhions.

1
|

i
i
|
|
|
i
|
!
|



Lemmo L.2: Lok D be the seb of aek for which the sewes F(/:- G+ C,x»«Plx‘*u Converges.

Then: (o if R = O then D consists of © alone
W) if R=o0 then D consists of oMk of R
) i OCR<® and (IR >0 then D: faek: tal¢R}
‘ (i obhesrwize D= [aek: iat <R}
Proof: By lemma 1.3 D is precisely the sek of ack for (ohich Fna"» O, Proof it acw {mmediake.

Nete: W& R & nek un tne volue group of &, opbions (i) and (i) colncide. Vb is useful,

howenes, to  wairtoin the disbinckion, say when comsidering felds K conkaining R.

Lemma 6.3 Lek FOX, D be os ca lomma &2 and b ce D For OSm<w  ouk th)}: [ ™"
Then the seres qlx = Egm X" was domain of Convergence .’D, ond Elbic) =glb) Fbe D

Broof: Note Gt that the senes for o, cleosly Converaes. Lek be D,
Then Flbic) = E Rlbtc)" = EMZ“ ‘;“:... BN,
It is to easy khot Lemma L Oﬂ;kes’ and we obtain -~ =4g(h) on wbterchauying the
oder of Summakion, Hemce the domain of Cons egence ef ng) Conkains  tuak of (i,
Thakt (€ cannck be larges ollows o reversing the «&les of F and 4.
Cm&h: A Funchion ((x) defined 'ng a power Sexies (s contimuous within its dlowain of Conv @ug an e,
- Proof: For glb) above s cectoinly  Conbinusus at b=0,

' Theovem L.\ (3£¢assmcu;}‘ Let & be ComrLeJ:e web  the  non-axch. waluakion V1, and Lok
E0x) = ;Z- £a X", Su.wose Yrat C“ 20 (g% f(x Conveiges wn =) i but that net ol £,
of be T Such Haak Flb) = O

ose O. Then +4here s ak moskt a finite vuumber
whese N is defined by \figl=z "2 VRl

Merce Preo:sd‘.,, there ave ab most N sudh b,
and B\ < IF) Y nONL ¥
Precf: Use tnduckion on N, Sugpore fist ek N=0 bk €(b) =0 for seme be .
Ten 6 =T Eb" #- sicee [T E B S TSR s AR <Vl

"2
New Suppese that NS0 omd Elbi=0 (be v) Leb ce w.
-}

Then, €lo)= (la-fto) = Z £, (-7 = (e-b). T T &, b7
By Lemma Ll we wmoy veaivange wn powess of ¢, so flc)= (c-b) gle), whece
oty P, s T

€ (s easy Yo se€ bhalt condibions (% iM?b, taak: 1g;1 € (g1 (M) Va1 = V6l

lg; 1 <16l (>N,

Hemee  gx) sakisties the \ypebheses of the Theorem, buk with Nt Gasteed of N By the

(MdA.Lc)t-ion_hg?oHlK{Y, gx) e ot Mest N zeqces cew Bk flo) =0 QM?L‘WS e ther

c=b or glo)=0. Hence Flx) \as ok mest N emes an veguiced.

- CoroMaiy | Sugpese  that bothh €(X), g k) conerge tn & and ek Ploj= oyl For wnbinitely many
bez. Thea BN, ojfk) Wase the same Coefficiedks,

fP‘i‘voF-‘ For F(MJ—ﬂ[X} \han (m{:‘inikdaj Mmany 2eioes be .



Comu_ﬁa 2: Su.ﬂwse chac k=0, Let () be power sexies C.oum(’,vﬂ;.uj w v,
Su{afq-e flxxd)= ((0 FCor some de v. Then Flx) is consbant.
Proof: F(x)-Flo) an unFinitely momy 2ewes md (meZ) n .

4.5 0 Usebud Expansion

Thece ot analogues ‘A nen-aich. volued (ields of most of the standard Punckions of cmalysi,
They shase many propeshes wih their analogues tn R or €, buk Hrese ase alre chffevences
(cf cor? abeve). Here wa shall prove the evistence of a  webul evposnsion.
Lemma S.0¢ |m‘-lr,'—p-H, where M= L™l v L™pd + L) voo
Procks For (20 leb s(j) of the nbegers 1. m be diviside by p* bub nob by e

Thien Hg?‘:jsq; = zl'tm’ where  Ho) =z sl + sléed v s(fe -0

Here, El) s the nwmber of the tabegess \,; wm  whidh are diviscble by ?C.

Hence i) Lm/ptl.

Corolavy: im![ > f‘ﬂﬂruu
Brock M < Mg +™g b = g,
Lemmo 5.2: Lek be @ and suppose thak W,{ b€ 27 fpaa } Il the p-odic saluakion
Lol € o™ (obhersise)
Thea there is a  power series g, (x)= gyn X" ohere ¥, € G , Xu—20,
| such et (1+b)" >3 (0 VY vez.
Pk Suppese Fisk Uaak 20, Then (n+b)’;,,§(:,\ b Here (5520 Gor c>r, buk we
‘quese  Hais, amd  vewsbe oo (Ier':hz; cle-t)e Co-se) (P /0) =}
Now I"f"s‘.t““o! by (9 aud the above cworllary. By [€M:\ﬁ Lil, we may
thecebore  ceawvange (1) in powess of « o obtain: (\rb)° =ag° %, v -(2),
where Y€ O wndependedk of ¢ amd %+ 0. So done fer v 0.
Note now thak en publing ¢= p lwel 2, ia (1) thek S l'l:i:)fM L2 R
Let v40, sc p"er>0 for lage encuah m, so (2) D [en)® 7 = gx,tp"“")"‘-m
Now lek maw, so pM=0 LU = (14h)7 by (3). Rus 5 T ¥uv" s a pouer

seies in ks domain of Lonvergence “99 Lemmou~g, Cor.). So [2) helds alte for <O

Noke: The lemma evbends to any  complebe Feld R > ®p with valuakion estencling dae
f"&ouc voluakion. & s then Q{Pv’bfnak'f to f{f[oce_ L) by \b'l.t.v‘”(?'u faﬂf')

le6.  Ba A??Liqai'ion to Recwirent Seguences.

1LEdeC-1 {Nagbu]" Define U, \35 Uz O, Uz, and u, =, -2u, . (w22) Then 4, =% enly
for n=1,23,% and 8.

Al 2 3 & s & % 89
Proof: The Hot Few ::J:fs are : dale + 1 o 3 1 ¥ 3w
e 30&' U, = -;(Tg—’

where v R are the wobs of F(x) = X'-x42,



[T"u's hoa vools o= lz“ﬁf‘_';‘l, = %[l-iﬁ'” We com work w any @-adi

fetd ®p (0 wwich Fix) splibs. This &5 the cose for ®, | by Hensd (3.) Corn2,

a D=-F and F(S) 72120 (med 11). Working bhrough Wewel, we gebt oot weZ,:

X2 V6 [wed W, B2 - 2 (66 (med V).

We would Uke o apaud «, s o power sewes w w and apply Stvessmans Theortm,

This does aet wodk du‘e&(ﬁ because ¥f do wok sabisfy (emme s. 1.

Bock by Fermal's Little Theorem: R = %'® 21 (mod 1) } so lemma 2 applies to 4,8
B= g 21 (med W)

Wyte a:= 4105, 0€¢<9 ) Wi ® 3—‘%5&"_3.5 . Note Yok Weyriag F Yr { madt 1),
So we wneed only considler vz ), 23S,
s o{( el \Iq' _@r med “2
! \6 Vo6
2 " \ oG
3 163 13
s b 7
|0 )00 IR

We wow wabe «'=zA=1t+a [SW:BZ V+b So az89 (wmed it b2 FF (med W,

We  deselop (V-B) Uy T Z «(14a)® -F¢(l+b)s (- a» a pewer Sevies

Cot €8 4 5 4.+ using Lemma $.2,
Wece, the upper sigm s cotgeck Cor ¢2 1,2 omd bhe (ower for ¢=3S.

\n eadh cone ¢ =0, EBasy that ¢ 2O [aed W, (ds522

For  ¢2), ?.,s"ﬂu koble shioves tHeok e = u'a—[;r\)'éo (med 112)  Heuce the

Powes series has ak  wost one e e ¥ . Scwe w eoch cane, s=0 is a soluddeon,
trece ase wo othes

For =3 howener, we hawe ¢ =0 L.md\i"'J, se we wusk esbimale Hre ¢, morc

precisely, We  wase: 2.0 e, 2 (V) - (PA) 26 (mod W), g0 ;% O Cmad 1))
Sivce ;20 (mod W (23, Streassman D the serles cam vanich {for ok most +twe

valuer of 5. Simee uq = uy =-1 there com be e obhes,

‘ Cchaiﬁ: Tihe cm.(lj solubions  of w4 F = 2™ (X,me Z), hoawe m=3 LS, 318

Peoof: cumuj w5 edd say  x= 24l lye T Thew: y-y+l <2 The dag Z[x] whese
wiwt? = O war o Euclidean alcienthm and so o UFD. On constdleving Fadm-lsaliow
of bpot des we ok g,ret=totm-z [ some cloie of SL%M.S& Then 42 F’+F _f:or
Hre miuga»te vect . Hence (w-f)= 2 (&g 2} ) which s lamme 6.1 it a= m-2

ngmGZ LHcsncth: Vefine up by U=, 70, w, * | amd  Upug = ey ~leuy, + &y, (w30).
Then w, = O  precisely for nz O 1,4 € 1352,

frcoc (S‘lddal The mmhﬂmj ?D‘-jwomd is: Fpo = - WL X~ . The smallest prime B ohuek

| b st cowpletely is 6F, S0 we wok W Buq Rooks of Flx) awe: vz (396, B9850 ¥2 U3 (meds?’)
We howe w, z Au’+BE 4+ CY" (alln), where Az 319 B=z53C, €2 1M (med 477,
Alse of 46 = i+a ?“: L+, }f‘*‘:l'tc’ whece 6 16T =367 bz 131622843, 36322947 (wed 4677
Put n= v+ lbs, One checks Hak u,z0 (wed 43) precisely whan v2 01,66 or 13 (med L),
Then similar to Lenwma 610 For 7= 61, L13 the Stresmon bound &1, aud dee u o selution
wikh §20. For v=26 the Strassman bound s 2, and  Heese ave solubeas with =01,



6. Tionscendentak € xtensiont and Fackevisakion.

Ealys '\nh-odud-ion.

L Lek |l be o won-asch. valuakion en o Reld k. We (wtrediee g (‘M\g of evtensieus

éli i of VI to RN, where X i @ tramscendenkal over k. R wlld be complete.

!We show  Haak the gsek of values IFJ] of the coefficients of Ffx) = €4 . +Fn ¥" e kLx]
qive o greak deal of informakion ahbouk the fackocsakion of €00 i kDX,

éL—CN\Ma Li: Lek \l be a wown-arch. voluokion on tre Feld R and leb d>o. Fer fix) e k(x]
pok IR = IiFh = M )Rl For wix = ;—‘;—j) eROS, puk lh= Mgy,

i Trew BH is a valuabion on ROV wwch coincdes wih ) on R

M Let P00 g (x) e RUx] Cleady 1iE+q( < A FNEH, g} -C e WEgll € BRI gl ~(2)

| e must show atuoﬂ{:g w(2), A TelZ with %N = WEl, 0E ) < wfll (i< T)

WP gz g 44 g, X", we dekne Ty tgo x7U- lighl, g, XN < lgl (5 <7

| The coefficient of XT*7 ia Gg “".\,‘E,, Rig;. Theee cases: A _

; (0 c<T. Then NROXUHCUE e (8] < UG Furlber, Ng; x W€ Mg, ve lq;1 ¢ Mgl
i Hence V€ a.1 < < 7 7 hElLigil

: iy ;<7 —csek Same resull.

| wir (=T, ;= T. tece gl = ¢"TURN, g
| Hence ‘isz}rd €igpt = ¢ TR0 g b,
So, by the definition of N1l have WEgll 2 WM. So by (20, WFgl = BEllugl, -(2%)

1= ¢ Tilgll, amd 1Fpazl= ¢ iRl ol

T

as f«tu.;:to\.
4 Sl = F_(_Kj P ELK—, {: \ G =

Now et WX € R(X), Saq W= IO 7 G . hoFGe RIX]. Thew FXIG(X) =Fixg(x),
Se WG = WFIl.xgil . Yence Wwll s Cmfcre.aulu.k of choice of Q‘_’)

!
i Se, by () ewed (29, W s a (eon-auch) vakuation en R(X).
;

EC'ocoumaz et X, ., Xa be dnclei)mdenk tanscendentals oo R and lek ¢, ,c, >o.
Foe PUX,., %) = TG, )X x™  (Flo,., tyek), puk \\Fn=1l£l|("_)(q=muct'-lfﬁ“\ﬁc,,..,inll
| Thea Wb evtends wniguely o RIX, ., %) and W a voluakion.
| Proof: Since tlX, . ¥Xa) 7 RIX,., X, ) (%), tis FlUows by wduckion.
|
% 6.2: Goauss' Lemmo oand Eilsentbein (rreduncihiliby.
| |
ELWQ 21 (Gouss): Suf»pose C(x,, %) e ox,., %] s the ?mduek of fwe wnon-consbonk
lemanks of l‘«’t)(h_"x,,], Thea ik is the ?mcbud.' of two won- wnstank eemeats of
! o [x,,., L
|M Use Mne valuakion Wi on RIX, %] Gow the abose coolary with ¢=-=C, =l
t Thew BLX,. Xa] 5 just the set of elemenks of RIX,., X.] wich ase valuakion wkeges.
‘ Furbher 11 amd )i \hase the Same volue Qproup,
t Su..rFose thak F:g\n, q,b\é Rlx,. X.]. 3bek «ith \bl= iq il Reploce g by b"'g
ond W by bh, so thak ligii 21, Thea A2 HEH = ligil itk = D
Heace o he Z[X,. Xa), o vequired.




- Covolany, F F is irredueble & o(x,., X,] ten t is so ia iR xal

 Lemma 2.2{ Gauss): Suppose teak FlX, ., X,) € Z(X, ,Xu] is the preduct of two won-comsbauk elements of

RLX,, . %], Then & ic the ?rocl.ud: of two nown-constank elements of Tlx,. , x.].
wl]  Then g,he ZP[X,,., Py acepl: For the pames

Poof: Suppese ok €qh, o We ®Lx,. X
p i o Faite set S. \f S= ¢ we are done. Otherwise for each pef there s by the

?mof of  the ?réced(v-j- Le.mw\a/ a power ?”t?) Such Wak ?“(?,9 P'"lrj\né zf’ L‘X,,‘, K,J,
Pkk \’591'; f"‘(fl. Then fa‘ f'"‘ﬂe ZF[-KH-, xu] ﬁ ?nmi P “MQ? ‘-97 ‘IIL‘ . ZD‘""K“]'

Theorem 2.1 [Eiseastrin')® Lek the valuoken V1 en R be dusuebe wih prime elomunk W
Suppese that €002 f +- £ X7 Waa ML=l W<l (jen), ARl =iml Then FOJ s

rceduasble tn vRIXD,
Peoofr By lemma 24, € (00 (s cedmedble Un R then (b 05 redwcile i BIX) | cay =g 900

where q(x)= g +.- 19 K'} Wix) = ‘no+-+\-\,)(’, omd x5 =0,

Denste by o bor 7 e mop Bowm ¥ onbo the cesidue class Reld, "/p, and also
he cnduced map fom 207 to 7plx] Then §00= E X" and 5o §(x) =3, X7 Wik X,
v particedar V9 ) <l thed<l | 5o 18,0 € UM fhgl € M Thus, Aol = Vg heb ¢ [ -

i 7 )
Corellosy \* The ?abjmm-‘.al $(x) = X'H+ x‘,‘t‘-. il = ',;_.'( S (ereduenble wn @?D‘J.

Prool: &(¥at) = ¥YP7' 4 [',’J‘f?ﬂv-’é (P)v+ (P) ic an Eisemstein polynomial.

' (%™ 1) g5 -
'Com\la.aﬂ 2: For owmy wY) | bhe ?o‘.ﬁmm(nl Fix) = /f‘.lf' -1) = & (x? ') “{%) s \rceduce

‘ un Q?[X].

Poot: Aqawn we puk X:, Y41, <oy ‘Y[V'Hj: Ofv) By (¥ e wane
Fux ther, § (ve)® 1] 90w = §vanf S mappusg  the coeflcients mi:v\:'ne rc;«d.uz
doss Held, as w\ l:lne ?mop of the Uhreorem, the Lwe ‘eems o 7 wap te ‘f? Mol ‘f?

Hewnce §(‘ll- Y" . .‘ se O is an Eisemstein ?olvmamal.

9(0]: () = p.

| 6.3, WNeuwten ?ob\%w\.

RIS complete wik AL
Let €0z 6 ++ £,X%e RIXT, 20 € 0 [€e %XE, d’q?:n], Te obtain the

Wewton Polygen T of F we plot in R e gats Plj) = (§, bog i651) (6 #0).
C Thes T ¢ most ’§uﬂ?\3 dESCﬂ-\Wd oy the wppes baunola.nj of the Convex cover of the P(j).

(£ s onsisks of o ceb of Ure cegmenks o for V€s¢r lsay) | wheve G yeurn Plmg ), Plm,

omd  Ozmg<m ¢ <m zn. The sbope of o (s % = hj\i"“ﬁ:(“)w’““'\ Jomdl N> 3%,
s = Wig—y

- Euey P(5) Ues edher on or below T

|
i Exe..mée: o
: - - I\

We shall say b F s of bgpe (LL¥, o Lo, %), where Lizwmy, Loz mgomg (s>1) - (%)
[Nek standasd i:&wu‘p.a\j]

:\F 1‘:“| we Say thak Fois pure.



Theorem 20 ((Newton ) Suppose that R {s Complebe and that Fix)e ®IX] is of kype ().
Thea F(X:= ‘-jl()()--g_f (X}' wnere q, (% s puse of t;AFe (Ls“Gs) (1ss¢e).

Noke: The Newton polyqen s ou.,ogeb_-, relaked 4o Ure woems Wil Gom §6.1
6 lege= =¥, then \\?—_;X“'lc =WEl [J= me, me), and 1F(x) - ?" ::'xi\i < Qe

W6 lege s diskinck Brom bhe %, | then W X"\\'—'\\@“ for piects ely ene value ofF .

| Lemma 3¢ SufPose Hnak ?{Xﬁ,q’(k)e‘e[,ﬂ ave pwe wibh the same slope . Then o (x)

‘ is alse pure of slope ¥,

Proof: Lok loge = -%. Then WEI = WEI = B, X", and Vgii= Ng il = Wg, XOW  (Nadey o).
Hence Weqll= JiPoa fi= WE, g, XMN\\, so kg s puce of s:(.o‘:t Y.

[ Lemma 3.2¢ Su.ﬂ;o;e £t is ofF ’cx_—we 1% omd thak 9 is puse of  type (N,%) , where Y<¥,
| Then bq is of bgpe (U, %, - . Ur, ¥e; N ¥).
Prock: Lek loge= =% Then g (X -4,i, < Ngll, since ¥ <Y, Heuce, and by
shove note, WFiXg(x) -a,- Z ;XN < Wl
Mg SyEmg
Similady, f we puk oz -Y, we Vave WE(x)g (9 -E, X"q0l, < Whyli
Thege &v\e%uau\n'csi boq eber wibh okt amd pronty e@s Fully debesmine thie N ewbou
?CW ok by, owd  conbirm it (s of e staked Eype.

Lemma 38 Lek fij= il for some c. Let R(X)ek[X] and Sugpose bt G(x)= Gof--*G~XN ek(x]
haa  BGu X l= NGl Define LM byt RODZ LI)G) + H(x) | dey M0 <N.
Thew WLl iigll € KRN, M < RN,
‘?mc Lek degR=w, so degl= n-N. The coeflicients of &, e L, Loy, -, Le are
dekeymined h order by e thuazHOr\S: _Gu L“"“‘i « Gy, Ln_M_j,ﬂ ok s bpy = B
whese Ry is the coefficienk of X7 w R(X). Using Neux™il= W&il, & followss by
wduckien on ek ML, X"TINNGH € MRI L This opives the Bt pact, awd
Hee S€cond follows ok eonce.

Lemma 3-67 Lek Wiz lllc Cor some ¢ amd )= G+ + E.%x" ¢ RDD. Swﬁmﬂ there s some 0<Nin
sach  thak W XME = HEN NG XPH <IN (>0) Ten Fegh , whece g, he R[] hawe
cLQaree: N n- N PesPechueLJ

?mG AACT such Wnak M{x) - ZC X3 = DIF. We  comider G HERD) such drak

deqG=N, deg ¥ < and WE-GI € DIED WA -

Define & by 1E- Gun- SUEN, se S B

One such choice s &' = Zc O o gD We shall skew ca the spint of

Hewsel's Lemma Uk F G M ase given and £30, then woe can fd &% w* sakishying

(% oud For wick $% S AS,

we Wawve il & Sw!'t'sgcr bhe condibion w lemwa 23 We a-{'F(Aj it warth R’F'GH

aud obkala LM €R[X] suchh Bk F-GH=LG+H, degl Sn-N, deg M <N ILiI<S iitdly < SHEN

Puk G™ = GeM, w¥=Hel. Thew, 5 NN = NE- G705 = W (R-OM+MLY € oo § Ww-ilLimi, rbpein} € A8 UEIL
Clearly &, B sakishy (%). 1§ $¥>0 we can sepmb. Uaasly the sequence G H of polynonnials
twd  do pelymosials . such tuat Frgh.



o,

| Cemu_a._xvjlr WP Flx) e RIX) s ieredurcibie | Hhen (b s pusce.
Pk \F P is met pure, we canm Had ¢, N sakisCying tee conditions of the lowma, For evample,
one cam take -loge to be e slope of e Une segment jeiniug P, and f..

;Com'_\.lﬁgd'l: We  can suppose wl»g Yaak \.,{0}?—‘/ w-tl <} .
| Pmob: Fer we can reF[ace Wix) \>3 {h[o)}_‘h(xj_

?mg of Theorew 31 Lot F00= TN ha0 be an expression of F(x) (n crpeduebles. By ComUam |,
e \alxl are pure. iF were Yhan one of the Wn (0 have the same slope §, then their
?rod»d: s also pure of sLope £ 0 this way we ge,t awr expression of f(x) as He
?moh»& of ?ebdwwsiah, jﬂbd (1 €M), where 9}; is puse of tg;)é (qw,s,,) , Sy
and §> > 8y. 8y lmma 32 aud ladudbion, the type of To 00 is (4,8, . g Sul.
This Mmusk be e of F(k) so M=¢ and ":Ls ) =4 (s€v). So we awe dong,

pe , %k, b

3. Q(gekmﬁc Extensions, COM?[@’-'G Felds.

T \nteoduckion,

. Lel Re® be Felds. Sa—&j W is a Ealke algebraic  ertension f the vrelakive deﬂree [w: k] o5 Gacke
We shall shew drak F B (s complete ot valuakon VI, dhere 5 predsely ene extension of i1
ke (1 1 s axeh., we caw (n Chopter 3 Uk the oaly case with K4k i k-R, K=C)

;'bde Buerclose suppose b is pen-arch.
| “? [K‘k]{w ound AGK' we A-QMLQ ‘)9 Nqu [ﬂ) the qu}l—\ﬂ_w_ GCQ, :'C' the detecmainant

}

S of the wap ¢ B > AD fﬁék], of K=K, whee K s viewed an a R-vedkor space. Then Ny,
qives @ Hommq:lu's.u K*¥s R". Fusthes NK!)@ {a) = a" (aek i whese a= [K:Rr]

Theorem L1 Lek kR be Complete wek 1) and (b K be an erknsion with [w:r]=n.
. Then 3 ?reu'sel, one edtension W1 & |1 o K. \E b given by: iiAl= {kam”un {hek).
‘ Furbhee K s Cpm‘o‘.wl:e wh I

L F L Unlqueness.

For Wis seckion we allow |} 4o ke avchmidean, f € Feels Like (.

iDcF{m‘Hon’Z.if Lek V be a vedor space over the Geld R, and 1 o veluakion onk saks‘:ﬂ[dﬂ
e teiangle (requokty. A real-valued funcken Wil onV s called o mom iF:
i Hany0o ¥V 2eV  with egualkby F 2-0.
iy Pa+bil € falls Wb ¥ &b eV
ti) Weap = \el.hal for cek ae V.

|Ocﬁmkou22 Twe weems W W, are gaid 4o be Qwualuk il Mere ave C.C,e R sack Haak
Naii, ¢ Cohatl, |, Yay,  Cal,  YaeV



Note: (n an obuious wky & Nerm ondaces o mekec and hence a Goro(.g.-j‘j on V.
| Equivalent norms wndiuce the same tepelogy .

:Lemma iz Su_ﬂ‘zase R i complete w . Then any b weeme on the some Cimlbe- dimensional

‘ B-vedor space V aie equivaleat. Furkher, NV is complebe under the (nduced mekrics,
froof: Lek €, en be anyg R-bhasis for V. Tk a2z ae4saue, (a;eR) , and ligli,= maciaji - (4,
| Cleasly Wlly s & worm and \ i complebe wit it

it is emeugh to show  Haak amy werm Wil eaV i3 e%uiualub to ihllg.

One way is easy : Wal=liZaje;l ¢ Zlaji ey ¢ (oo, | vhee (o= Z e,

b remains o show that T C such Yabt fiall, € Chall YaeV. (0

If not, bhrew for every €20, 3 p:-b(BeV with Nkl <libl,.  ~(2)

On  vcecalling (%) omd permubing the ¢ of necessary, we way suppose wlog that Ib:b(o
sakisfying (2) and Wby = \byl. Oa replacing b by b'b we Wae b=c+e,,

where ¢ eW:=<e,. >  So if () s fale we can fnd @ sequence _E"“’ (=l 2.0

of elements of LW such that W™+ el 5 O (wan)

Ry i of Hue defiatkion & o womn , we have “SIU I 30 ((wm->wn)

Wwe use wnduckion on AimV=n. Since W aa oume,mg&or‘ n-l, {E s comploke wades i il
o e such et WM -Fll 20 [m-wi.

Now Wcveall = Yo 0™ e 0 - % b () of definbion 2.

‘ So () ‘helds, amd NI and I, ore equivalent,

(wm)

j@muﬁ;\'(\kw{%uweﬂ in Theorem Lil¢ Lek R be Comp eke wek 11 and (b ¢ be o Guite
| algebraic exbension of R. There A ak mesk one evbension WU of )l ¢ K.
ifr_'i@* The Cunckicn NIl on K, rgasded a1 a Finite-dimensional k- veckor space, sakisfies

| Defiaikion 2.1, omd so is a veem. By the lemma, any btwo valuakions i1, iy
&’benouwa \Woare e%.u.ualewlf as worwms, amd so (nduce the Same ‘bo?ol.ngnj on K.

&% Lemma 5.2 of r‘)ﬁa.ebu 2, l—,‘h&j are daus e:iuiualul'cu J&LAG«HOMI’ and  giace

they coivdde on R, they wust be identical,

Corollory?: Lek R be complebe wek V1 and Suppose thak Wil is am evbengion 4o the Haite
alqe,%mr. evbension W of R Then K i QOW.PMC u_mk (\
Wmo?‘ The last sewbence of tie stakemenk of the (omma.

i 3.3 Existence.

i-\_o C.owf.h,l:e Bue fmogloc Theorem .|, we wusk show thmak i1l as debined is o valuation
L en K evbending \l,

Let aek. Then ka!aha". Heuce ilall = \al

Let ABeK. Then Nig (AB) = Ny [A) Nigye [8) , se KABI= a1l . Vo parkicuor, F A0
Cwe hase  BAN AT < HAN = so A > o

b cemains fo show Wk AN €1 lwplies 124A0 €€ some C.

; Lek Folr) = Flr)= T4 F 7" '+ 4 F, ¢R[T] be the chovackenshic ?atgwmd of A.

t Thew (Fol = \E Ny () & 1. -0



Now  Flr)= {F(Tlsf , some 20, where 1) s the admmal polynemial for A over k.
CSimce F(x) s irredmcible | (b s pure [ Ch &, v 3.0, Cov 1) ond 20 P & Fueﬁtl«..&.kwm 2.1),
e packcadar, F(D € 407 by (60, '

CNow, Ny (@) = FOMF-) ) so Waral = V60" 41 | as reguired.

C Thais concludes Theorew LI, Sitwce WH  1¢ u-vu'.cL-..:e, we w.l -.-ts'uqll..j jusE weke 11,

Ce o Vol (EeTheorew L) 1 3 a mcLue extemsion of Ll o e algdwmt't, clogure B of k.
. Prab: Use Forn's Lemwa,

Corollasy 2t Lek A, ale K e ca«jwsd:e cuer B. Twea fall = Za'll.

Preok They owe the saume wuiwimal ?nh,mw;al , So  the same norw.
Alkernakively, we Com  guppese Hak W s wormal over k. Then A'= A, seme e Gad(/r).
Vebinve Wlg on K by R, = Weldll. Then Wy s an eckomsion of W\, seiiig =W I,

Comlasg 3 Lek A oand A'£A be Conjugake over R and Lk ae R Then \la-All > Ha-A'l
Pool: Fer otrerwise, || a-A) = A -Afl >HG~NL ConJ:ma o Co«-an,uj 7T (it a-A Cer A).

L Rescdue Lass Felds

Cln M seckion, RCK are Welds, (w:RI=n, and 11 s @ valuakion en X wek which
R flamd se K s compleke. The g ok  wtegers amd wmegimal dad Cr R are ¥, p , and
D s K awe O, P. We demske dne residue closs Relds bys p="p, P-= e/‘{?

. Lemma bl There is o nabwral \:njedriou ¢ P Fucther, F:= [Prej N ’L-K-' k].

Rmof: Ay chment be o s wn Y it is {n . Hemce Ure nclusion T O wnduces g P.
Lteb A, R, c 0. We shall shew Wak He residue classes A, Apu € P ave Laeady
defwdent oves @, Since [K:g) zn, 3 @, ag, (ot all 3em) , such trat Zajp; =0
We  woy suppose, wl.»g’ ok wex\ajl =1, Then a;e? (155¢nei) | amd neb enven
vesidume  clasy Ejef s ©. So Z.‘l_jpj =0 | aud we have choun f<a,

%DCF{AI‘.HO!I L '\pr\t we Soy Huak the 2rkewsion K/ s uncambed .

Vebinikion £.2° \§ €21 wesay Hat Kk s couplkely commbied.

CLemma 62 L oa (wetd kRclek,  Then C[K/r) = EIKAIE(LYR).

| Pret ©  Ulear.

ek pobe a hetd | AT € (Tl a pelynosial cn He undebermisake T, We say tak F(T) i
wnsepasable f F(m o (e, Py = TP-b, where bep and p:char Q)_ WP wmt insepavable
Baen it {5 stpacable. An element o of Sowme Feld dgebmic ever ¢ s seqavable by debinkion
ks minimed pelynomialis sepasable.  Clearly then P} 0. A Fndle algebmic evbension

| P/'e is Se.emmbie by defincbton wery oe P s sepom)o\c. It con then be shown Huak



- P=e(p) for some E Finally e (etd e s I;qr_&c_t_ i every Gindke daehmlc T
of p s sepasable.
e is perfect FF edher w charg=o, o ) Charg:p ond eweny dement (< a
(:vﬁ« prwer, lndeed, F ®m = }qu LT insepasable sl a; = bj." B
@rr= (To;7)7 s reducible. 10 parkicular, any finite eld s pecbect.
‘ tais sags Bat RO is cncomified.
Tweorem Lei: KR, P g as before (ak stack)/ Lek ote P be cepasable over p. Thew I Aex
| such Mnak (8(0): 0] = [ptar: p17 Forbher, R(A depends ouly on o.
‘M\ Let @veelT] be e winimum ‘JoL.jMM.g,l for & ouer e, so P'la) 40 by g pe e
Let BUme ol1] be amy UH of B : o (0 P and & have Hre same degree, and
G the coefficients of @ are vesidue clagses of Huese of B, et ALe O e auy
element  of the residue class w. Then, VR(R) <1, | 3R} = L.
By Mensels Lemma, with R(A) as qrouwndfield, 3 some AceRlf) €K sucdh thak
()20, \A-AI<l. Thea Ae x ond (kla): R): (e ]
qu&u}{l: we  Suppese ook [H%]"h]:[ﬂdi: f}‘ then Pe R(A) K ._j....‘-,ueg R(A): r(As).

ComMaryl: Suppose Huak Y/ s sepasable. Then I a bijeckion bebwen the (relds HeK whwich
are vnwmbied ever R and the elds ) with pcucP. The Fetdl )A:/,-(M}

i Cﬂwcsfo«\din.g o M is (Ma©) wmed P

Precf: By the earlies facks about sepacabiliby, eveny u s of the foom u= pra), some e P,

| Corolbt______nf 2 &wﬂpox ok Pre & sepasable, 3 o feld g LcK such thet YR (s vnramilied
and sudh Haak ewery tle Wik is wwomilied ouver R (s conbained n L.
Furbhes K/L s completely ramibed.

Pk c.owe‘:fcm:ls o P i~ c,omU.o.ﬂ\.

o laey Su.f?ase ot ¢ is pefeck. Thew thre esidue class fetd o Hhe alr-}domic
Aosuce R of B i Phe aﬂgebce.ic closue of @, There is a sublield R, of R
: such Yaak a Giacke a-lSJ:nmC ecbemsion K/g s wnremibed ‘:rec.c;ebj when Kk, .
Proof - Lek ®UTIe p[1] be reducdle and E(V any WE & kO] Then R conkains all the
wots of §.(‘r)f so ks residue class Feld contains all Hie roots of P(T). Hewce the
cesidue closs Fetd of k{5 the a.ﬁ:ad»rair. closcue o(:e_ Tue test (o (Rows Fowm CO-.roLlaw.) y:

and Zomse Lewwma,

3.5 Rambcakien.

e pow copsider te  relobion belween the value groups GE and G Gor a Gaite al:*dym:ﬁ
ex bension K'/k‘ w hen Gh is duscrelbe.

| Lemma S §u.ﬂoose Hot 11 s Riscrebe e k. Then ik is disciebe on K.
‘?W'?F" Folloyos F\'ﬂw« alef—{m'l-{a.n oF H” W Theerem i

 Definibion S1: The wdex e:[&k:GrR] s called Hhe ramificabion ndex.
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lemma §5.2: Let L be o keld, Re¢lcK. Then e(w/k)= el(r/i)e(lir)

Prool :  (Cleas,

Kecall : An abelian group M s an B-module iF For avery aed, Ae TN there & given an elomest

afeMh Sal-ts%;ﬂg the aviowms: 14-=a

alA+B) = af 40l

(avp)p = af +bA

fabl @ = albp).
It is tecion-free i€ afl =0 me\ies ot ether az20 o A=0. The wedule M 5
Fackely %r_muo..:'&?d € 3 E,., E.eTD such thak every A€M can be wabkn aa
aE, v+ auE, (a_-,e‘d,. Twe sek ie,,,,e,,} of %u.ugulors is talled @ pasic of
@€ + +a, €, =0 implies a=- za,:0 (Here, 3 is amy g wethoa 1l

LemmaS5.3:Let » be e ving of wkagers of a luet necessanly cowpleke) eld, k, wek @ valuakien

e TThen eneny tossion - Free fx’.nitdﬂ—%mugl'ed F-wodule M Was o basdis,

Poof: Lek FE,. €E.f be o set of generatess.  \f they are act o hass, daq,. 0,¢€%, actald

reo, such thak Q€ + +f:0. Wiy , \Qulzwmanaji ;= a, b bet

Hemce a, (b E ++ bo B, ¢ €, )=0. Since ™ s toion-Free, E = -b E -~ -b..¢,,
and se {fl,.,e,\_,} s o sek of %uwl:on. W ks aek o basis, repecd the avgument.

Lemma S.b: Lel Rek be C\'der il o voluakion on K. gu..‘-;i:osc aak:

(0 kR is (‘»wal,d:e wek (.

ty \\ s HMscrele on botk Ramd K. Define = [Gy: Gid

W The residue class Feld evlension P/p i of Cinke cedakive degree [Pe¢]=F
Then +the evbension K/R (s o Haille celative oleaﬂe [r:r)= <F

Moceover: Lebk T be o prime elamenk of K and leb 8. 8 be any W & © Fa
basis of Pp. Then B= §8 T3: (si¢f O€jce~f s an ¥-basis of 0.

CPoof: By the defiaition of € we have \TF = imi | Uhere W is @  peme element of k.

We show fst et B & Unearly dndependent over . VE adk , e \ase F-Qt‘j 6C“j=of “im,
e8|

where @ ek ack ol 2ew. Wlog |, wav lag) =), and so 3T, T such Mk \agszi=l,

lagl cfmi  {1scs€, ¢ Tl Thew, [Ta;; B =1, by e definkon of the §;.

Hence, € Im=ITE (5e7)
[ZagB, T - amd (j=73) - % o (¥
£ m™ (>7)

Heuce B s UM&:\;J Cndﬂfuolenl’ over R, omd so over ®,

We wew show that B s a sek of gemecators of O Ll A O By the olekinition of
the B; 6 there are ag, € 7 suh dat Q—?%E; =R, € TO, some A, ¢ O
wee'fet;eo.l: e prcess with A, and so on, wikil we obtai ag e ¥ such tak

A-Z TagBT - TeA, ¢ TEO. Stace W% Iml, we have WA, = RAY, come A€ O
We now start again, with A (nsteadd of A. We ‘32* Unear tombinakeons C, of & il
corflicients Un ® such Hat A- Co-wCi-- - w6 € O, for cseny s On lobhing 500
omdl using the Complekeness of R we evpress A as a Unear condenabion of & with coefficients
wo, w fatuuured. So B s an Y-basis for © awd a Fobicnd a k-lasts Cor K. So done



C Theoream S0 Lok R be complebe ik the dusceete valuwakion (1 and b K be an ecbeacion
: with Facke celakive degree n=[K:r] Then as el
:?reol:l Follsus ek ouce Bow VLeowme Gk and aesoea V.V
EC"WU%? ¥/k (s wnramiked ?red;el-j when e=l, amdk ic complebely v Fed precisely .

|
w\nu\ €=wn.

3.6 D {s¢ edominants.

Clet Kok obe Retds with [KRI=n<®  Recall thak e bmee Sgp(h o an elmenr AeK
| s defined to be the brace of the R-linear mag B> AR (Be) of K inbo ibsetf. The tmce
| & a R-Uneas map of K uate R,

Lek A, An be any R-basis of K Wale DR, A,) = det [SCAR;), .,
| Puy obner bass B B, ir of fem 8= Tk Ay, where by ek Ti: detlty) 2o
| Clearly D8, 8. = T2Q(A,., Ad, by bt k-lrarly of the trce  —(%

whece S= SKIM z

| Now suppese  K/k s s‘e‘mmble and bt N Ve o Rallt nomal ertension of R whick cenkains
| K. Then there are o embeddings 7 KN [1€0¢n] of K unbe N wiwich are the denlily
Eo.n R. € K= RO, these asre given by (> Al S where (2 ¢ (™ (Y are the conjugakes of C
Cover k. For any bass A, A, of Kk we b D[R, A, = dek (o By, , defred wp

| siqu, siwe He erdensy of the 0y s arbibmey.

Now, §B(8,, A} = dek (Tapagl,; = deb(stan;), = O, A

in ?ukiu‘.lcu-, we hawe DL C..e™] = ,*Ir- {0, C-T C) %0,

| tewce and by ¥ o&rwe’ DA, An) £0  Fer oMl bases A, Aa of K/k. Ecj Huls and (#):

| #
;LCMMQ G.i'- \—@lf K/k bC f‘?a.-‘a):[{. T\n&n H&t dﬂSS o‘: R/{h*}i ﬂi\rw bi_-s D(a‘,.,nnJ

i is the same for ol K/k - bares A, . Aa.

i *
Debnibion 6:ic The element of R/(g*)? jus[: defined s the Geld - dicoriminant.
i
jNow suppese R s C.owgld:e wik & dluscrete valualion (1. Then we can consider - bages
| B, Ba of ©. ¢ 6, 8. s omcthes such basy thew we hose (bylew omd so Tew
JT\/\E Lv\uwe EfwcvrnoHOn 4o Hus han debterminont T ; se T—‘E 3 | se AT =l} or  a other
lv’““% Te - where U is dhe greup of walr un B Hewe e \owe:
|
Lemma 6.2 Su{foﬁ‘e Yok R is complele wit e discrele valuakion (| and Hiaak Y/e s sepasable.
Twen DA, Ax) For all  2-bases A, B, of O Ues i the same non-2ere class of
7 wmoduls ul.

Delinibion 6.2: Twis class of 5 wedilo T just defined s Mre ddscriminank of K/, omd s
C'Leﬂun‘:ed bk/&-
bn pavkicdos, \D(A,., Al s Hhe same for all o -hases A . Al We shall

|
j
|

|



Theorewm 6-): ‘;u..??ose ks (‘.om‘:i'\bté wirbt e diswele valuabion \1, Suﬁ?cxe ot ¥/R (s sepaseble
and thek Hre corvespending residue  clows Ple s cepasable.  Thew \Desplz) (fF ¥/
s wnvemifed. '
R (D) Suppese  Huak K/k is camidbed | o we wave o basks 8 - fBL“j:\scsP, o4 se-}
f D with e>l. The voluakon \\ evtends o tre nomal exbemion Nof R coukainiag K
and i owr earier wotokion, we wowe Lo (B TOV] = 18;TW) = 1TH, by Tum), Cor 2.
Hewnce ¢ whole column of e wakmx olect'.u‘mg AR Wwasr value <f, Thus
| DRIl < and (D, | = (BB <[
&) su.ﬂ)cse ot ¥/ (s umramibied. Dencle e wap Frow 0 o p- Orp by a bar .
We shall show bolow (Lemmo €.3) tuak S (A) = Sp o (@), for sl RO, Using a sufhix
Kik oc Plp to damcle He Geld evtension wader comsidecakion (b Folews [ow DeRndior 6.2
ot Dyplh, B = Dy (B, ,B). R¥S40, by Lemme 61 agplied to Pre.
Bul tien we geb  [Dgy (B, 8=, o cequired.
" (e—IJF
- CogeMany @ \Dype| € iml
‘\?m_cﬂ:-' Since \o'blGLTPIH-'\ELTT’\lr {'Fl'lj‘ t of  Hre coluumns Olet(m'\ng AlR) ave divisible by
T for §212., e, Hence, 1D(@)] = \OLRI® ¢ qultsr o 2enf o et et
Lemwma 6.3: Suppose Wk is wnomifed and Plp is separable. For any A€ O, the charackenskic
ecttua.l:ion of Ae P is obtained Gowm Hrat of A by opplying the wap 5 - %p to the
| coe ff cieads.
Preck: Since B,. 8. s a basi fer K/k, the chacackerstic e%ua,l;{oﬂ of A is ebtained by euw;ui'{ﬂs
B, B, Fom the e;cuo,l:io.u Ag, = I.-ch By la;ek) Sence By, Ba & an B-bess for O
we have @ € ¥, amd can wop inbe the vesidue closs Relds: AR, =A}-EIJ- B_‘-\,
Bk B, B is o basis of Pp ad the resulk follows

_L&mua 6.0 Lel R be @ C{nil-c exbensien of &, . Then Dhlﬂ.,; \ v © (wed L),

Noke: '33 d-?&ﬂt'{'t'ow’ Opsp, & an element of Z, moduls Utz, whee U s the gruwp of 2-adic
wnilt, Stee W' & ?teo&x@ld the ek of ve Z, Sa.‘{rﬁ‘j{,ug (VL (mdg)’ Hais Congruemce wakes seuse.

t_’r.;o@: Su.f?cu‘e Host Yt B/ Qr  ic comified. Then D“"'ﬂf. 20 (wed &) by Cerellary ahbove, ercept
poss {oly when 222 F=|. Then R 5 a q’uodxa}n‘-c exbension of @,. Stwce (& s voumibred
‘b owt be one of @, (4F7), @, ({F6), @ ({-1], ®,({T), by Chi, tmma’3 Cor,
£ can be venRed (see evample §) tuet there sakisfy tHae Congyruence .
Su..ﬂ?&se nowe ok R/@, is wnromibed, ond Lt & be o Z, -basis of the wtegen of k.
Thew D(B)= AMB? 21 (med 2), hee D(B®ek. Hence edther DB € Ry or @, (D(R)
is an wnroafied quodsakic evbansion. \n  the Fist case we wave O[R) =i (med®),
and n the second we howe Qo (A(R) = @, (45), and s D[B) =5 (med ¥



1.3 Cﬁwudﬂ RamiFed Ertensions.

Recall Hpak an Eisensbein polywemdal is  ewe éahs%iag the cendibiovgef Theorew .1, Ch.€.

Theorem 305 Lek |l be duscrebe on k. A finite algebmic etension K/k Vs complobely
i vamilied fF K= R(8), where R s @ wet of am Eiseusbeln pelynomial.
| Procf: (<2) Su.fpo_re ik & (¢ the oot of an Eisensteln ?o%mmd, Soy APy - Bn’o,

whee 16,021 161<t (Gen) [0 w. Then 181° = Wl Yence e(RB/R)2n.

(¥ Suppore that H/k i cempletely wamified and (K:kl=n, and lt T be a prime
element of K. Then |\ T, T are Unearly undopenclent over R, because their
values are tn diskinek cosels of the volue greup Gy wedile G, Therr want
be anm e%um{-{m i k™ F,..ﬁ‘Trn‘|+-~+p\= =0 (F;e k).

Here, (61 <( because two of the summands wust have e same value

and \GJ = (T = x|

3. -adic Fields,

- R \nkrodueken

jDeCiml:-'o.«l.i! Lek Hre [eld kB be @.M?Lzh’ wet the (non-arch.] valuakoa \l toe say thak R is
& Sp-adic Ereld €
() g has Mavackedske O.
o U s dlisereke
(e the cesidue clags feld ¢ is fnte.

‘Lemai.i-‘ The volued feld B s a ¢ -addic Seld iF t & o Bade evbewsion of ‘EP

i for some P

P (2] Suppose that R ir a Gnle eckension of Rp. Then & is o g-adic Reld by Lewmmes Lo
omd S of Cko.flq-?.

= Lek kR be a ?—adx( Feld. Then B2 @ by () of the defintion. Since e resicue

class Wetd ¢ s Caike [ta) & woa clovackeristic P for sowme prime p. Heuee the
voliokion ea & (nduces a veluakon e:tuxuaienl’ to tee p-odic valuation.
Hence @F CE' since R IS oomeeJ:c. e are pow un the situakion olescmlbed by
Lemma S& of qu_‘;kr 7, ond conchude Huak [R: &)< 2.

|

Lemmal2: A Getd g of charackerstic © complebe wik a

1 Geld JF i fing B of Cn\:ejm is compack.

ff’go_& Lemma 15 of Chapler k.

aon-asrch . valuakien v o Ppradie

Pebiackion 1q: Lek 3, Ve the casdinakiby of Hie residue class Geld ofF Hee - ki Geld k.

The femocmalised veluabion Wiy on k is debermined by Wrli, = 1") where
s a prime element.  (Wheu k- @y, tais colncides wibth ||\,)



L.

%Lemma f.3+ Su.ﬂ;vsc ekt LCk: 9\;] =, Then  flally = 1al”?, whee Vs Hhe voluakion wwieh eolncides
i with 1lp on Ry

i?";"c-’ it 5 enough to show Uuis for sune wow-uwnt 0, and we choese asp. We Yowe

| el = UEIE |, where e i the sambicakon of W@ Furbher, q=¢f, uhere Fois the dagece
; of We residue class Reld evbemsion Hence, [pil, = ol ?"F ="

: Corllasy |1 Wally, = ‘Ni‘f@f(‘}lf
_?ﬁwcgl (f: Theorem VA of Chcfkr?-

Corollary 2¢ Lek ack ¢K. Then Hal = fatil™?
_fmoF= Clear,

S We will  cownsides ‘Dn’eﬁj e Q{Fw?n'ake rensmalizabion of the Ovdinary absolule walue Vg
The  omly comp Lete Qelds to consider cwe W omd €.
 Definition 1.2 Hall, = tal, | Walg = faff, .

Lemma V& (0 HIAlg = ) N aill, e Re
w  Wallg = N2 & aeiRe C.

;M: Cleor,

% 9 Unramified Extensions,

- Lemma 2i: For each n=12. there s frcasd.‘, one wunramified evtensicn kR of Rp wth
| Tk: @) =a. 1E i te splithing Fietd of XV-X | g=p" over Rp.
Proof: The cesidue class Feld of ®p s e Eaibe kad of P elements, By the Heosy

of Faite felds Cor every n Uiese is ?reo;wlg one  exbensien ¢ of “-:1’ of deqree «.
16 has g elements, and the wulkiplicakive group e¥ of new-2em lemenks s cyck,
So wl=u for all e p and g is e Sfu% fedd of X¥-Xx over F?.

‘ By Ch3, Thwbd, Cord Hrere s precisely ene uniamibied Reld evkension R of & where

| cesidue  class Reld i p. Wk E(X) =x"—><, so ('[x1=¢x"' | omd \f) =1 ¥ aew.

| Hemce by Heusel's Lemma, for every oep=B/p Hwere s some Xewes sub tak ((2)=0,

L Henee XY -X is split by R, The Sfuu‘l'vlﬁ feld of xV-%X over Qp canct be smaller than
R because ibs residue clasy Feld must conkain ot lest g elements The concludes the peosf.

:Qg(‘—_".«iﬂm 24 The o ew defined obove s Hie TeichwmlUes representakive o o.

{Co.o i- Let k be o p-adic feld and lek the cardinalily of (b residue class field be %
: For wery wm=l 2. thee s Pfecisd‘j one  waramdied evbemsion K of R of celakive
dea.rgg a b s the sr(;u-{,\g feld suer R of X&-X, Q= o"“,
| The ertension ¥k is wormal wih cycic Gealois growp. There is a qenerades T of Hus
! group whidh nduces e aukomorpliism [Snfsq’ of Yue vesidue cdlass edd P of .

DeGnitvon 2.2 The o« J'uJE defined (s the Fobenius cud:owl“‘sm of Kir.




; Proof: The cesidue class Feld P wust be We Feld of Cardinalily Q. Heuce K wusk contain

| Hee Feld L given by Lewmwa 2.1 buk with @  insteed of 9 - Hewce K (¢ tue Composite of
L and k. The Getd L s e splibking freld of X %-X oves Qp , se K is the splithng
F\dd over R.
Every splibhiug feld (s woemal. 8y the theory & Galte Gelds Plp is oyelic and @
3&\&@1‘14@ ﬂ-u'tumf?bvlsm is (2\,-) F", Since Kl s MMG’{J' s Gales Group s et of P/f

Cerellary?: The wnvamifed dosure R, of he p-adic feeld R s obtained by adjeiniag

' the whh coots of Lty For all wm prame to the residue class feld charedteriske p-

| Procf: @3 Corollasy ), By s obtained by adjoining e (q‘"-llﬂn oots  of ity For nxl, 2.
For every ™ pame to p, there s an w such thak cf-‘ is divisible by w,

;Lemma 2.2 Let R be a @p-adic Feld, tek q be Yee cardinalily ope ound Lt be B
Then 5z Un W erishs. Fusbhes B ic He Teichmiles representakive of (tne
_ vesidue class) of b
Proof: \F b <l then J\;‘—‘O, and we are done. Olierwise | By = bic  where e <l
Thewm, bq'z = lbse)t - &Y +cqrbq'_'+-' e Heuce lbal—bq't € NU{\%LIC!,\H‘} < \e).
Conbinwing on Unis woy, we Uab W Unit eeisls, Clearly B¥ =V, s T i e
Teichwiles fepresml‘ai-iue.

q. Myebroic Extensions “u'\compld:z F\'e’d:].

40 inbrduckion.

;\.aL— K/k ve o Gaite clgebauic evkemsion and leb V1l be o valuakion on k. We do act

| suppere thak R is cowplebe, and  anle what ectensions there are of 11 o K. e w.U

| often  consider  arch. and nen-awch. veluakions tegether.

Suppose thak the valuakion U, on K etends (I and bk K be He complekion of K woikit.
| Twen K, conkains dhe mMpWon B of R wd LI. A oagis §8:F oF Wk dem—hj ﬂuuﬂj:es K, o
| o R-vedor space. There (s Wowaves, ne reason to opeck Hab e B | comsidered as elomends

| of K§, will be Uncarly independest ouver R, and we Conclude owly tat [K:R] < [x:g]

| Mkiplicakion qives K, & naburad sbruchure @ a K-module.

- We  chall also requare e  tensor preducct, I—z@)hK, This com be descnbed as (o llows:
iLek B, B, be a lasis fer K/, Thmof<!cj¢,ek such #at 8; 8 = LZC.'J'L B, -w
i Thean .ﬁﬁth 5 an a-dimensional R -veckar space with o baris wWidh we Mﬁj witla
| e B R K= {ab e raB o, 0, ki
€ han o ving shruckure mubkipicabion being defined by (), and by R - linearity.

| We  ideabfy « i R@K with the Unear combinabions of He B¢ with weligedds n k.



i Theorem |.I: Lek K/k be « Sc‘Fa.mJau evbension wida LK?-R]rn <o, avd lek \\ be Gy valuakien
on h.- Then Hiece ase Jusi: G\'m'i:dg womj exkensions \\J [lstT} of \V & K,
Lek kR be We compebion of & wet VI, aud K the complebon of K wikb \(;.
Them E®hK= ?KJ‘. -
{n ?a,rhr.ulm: ?[KS:E].: [‘K:h], -(2)

,@‘.3 lJ we wean Hult every (e EQ’\;K can he expresed uwniquely as C—'%(J— [(J-c_i(J-j.
CAf D= TO; Heew C4D= T(GHD;), Cb= Toip; |, wkere (4D, (D€ K,

| Furdher | oC-‘t}—aC)f" RC - :&,—3(5 for ac—E,gGK' where  a(; RC; ek

R.2. Pkl of Theorem and Corelanes.

CLemma 2.0t Lek K= R(A) be a sepasable ectension and ek F(XI e RIx] be the minimum polynomaal
GrA. Lek & b e complobion of B wit amy voluakion 11, Lek Flx)= R0 0 be
the oleconpestkion of Fixl into iveducbles (v R{X]. Then bthe 9@ ore diskinck.

Leb i) = RI(B)), where B is o mob of €00, Then dhee & an  (njeckion

K=Rl(A) <2 K = R(B;) erbending R R wndes which A= By Dewle by 1)) He

valakion on K iaduced by the injeckon amd the uwnique valuakion on K avtendiag L

Then  Hhe \; are ?rco.'seLj the evbemsions of (V& K.  Fucther, K; {5 the completion
| of K oweb

(Proc: Lok K be owy valuakim of K ertending | and Lk K be We complebion wok it

Then RcK omd Aek CK. Fucdher ®(A) s compleke, by Thuld of ChF € \1is ner-arch,
and by Tamll of Ch3 it 1\ is arch Hemce K = R(A. Lek e kD] be e winimun

polgrorial for A over k. Strce FlA)O oo have POINFN, and so @ is oae of te ¥
ond  we lowe Hhe situakien descnbed a the lomwma.

We  new 9° w Y o‘:fos('eﬂ dureckion, Let B, be ar staked. Then FIB;) =0 and 5o the
ecbersions RIA) =K  and RI(B) CRIB) = K are lomepue. We cn (denkily K
with o subfdd of K; , omd \we the sttuakion already duscussed.

b remains to show the € are diskact. 1F adk F(X) omd F/(¥X  wodd have o comwen
fackor wa RIX]. Siwe & could be determined by Ure Eucliduan algorihm, there woudd bea
common Facddor Un ROX] and Hus s upossole siace Fois ireducibie and sepavahly, by \ugpothess.

Proof of Theorew 11 \n dhe above wotakion, we have the Flowig ebuiows nug isomorplisms:
ROD/Fo = Rk | RDXJ/®m0 = K;,
where i hoth eases X B, Afer Lemma le we age d.nnE, -c::hbw(ug e &um.M) ?g_muu,l

cesllt of  commukokve algebra:

Lewma 2.2 Leb ® be (-\eldl FiX- 9 q’,{kj, vackh  Uae ‘Pj(xieh[x] Coprime wn pass.

| Thea RO/E = @ ’D1/¢; 0.

Peof: The two sides wave the Same dimension as R-veckor spoces. Let 9 be We wmap LHS—> RHS
indusced by Hre idewkily wap en RIX] and leb FOO med T be un the keael.
Then £(x) =0 wed (X 9. Yewee £(X) 20 med Fl e 9 a P el
Recawse of e eQua.LL'j of Aamensions, B & an ‘i,S'oMu-ruSm’ on req(u.{.:ed.



- Corolaml: Let Rek. Then W trae and wom are gisen by Sw/ml(M = Z5.. (4)

and N (4 = T Nusrg V.

Proefs By definibion, Sy and Ny

are \fESM\)OlAj the hece and the delerminant of the
R-Uinear map wdaiced on K by Mu.u:ul‘:lical{on with B Se done, s ?2®h K= ?K_",

Comlary 20 T 10 = INg, )], where ni)= (K e k]
ENOQ-’ \mmedioke From Cor. | and O"'?J-“‘*‘l"'

Comu_s..:jie Suﬂmye ok ether E 4 ?—nouc or 15 Rer €. Let Ul be te repormaelisabion
of 1l on B cnboduced wn Ch.8,§1,o.ml (ek I\Uj be Yae renvemalisabion of ”_j oa KJ"

Then “:‘Tllnl\j = 1IN, ()l
Podk: Lemma 1.3 Cpr'z, of LMM&I"*, Ch. g,

P28 \v\tﬂ?ﬁﬁ and Diseriainants.

Lek {1 be n_on-a_rch.’ We shall call Aer o (semi- Locad) u}‘:éga o M, &i \'l_j'.

The q1.¢|_5 cF such A will he densted bj 0. Cl&uln,) V= ? {Kﬂ'ojf o where 'OJ’ s the
g of tabegess of the Complote field K. Densle the g of inbegen of Rk by 3, 5.

Lemma 31 ©®, 5 = (‘§9 ;.
Proof: We use Me ideukficakion in Thell , vn whidh we idekifly AeK with 18R € R®, K.

in terms of Huese ;dui-fc.‘m,km, V= K ng?‘q:”

Let By (1€0€0;) be an B-basis of O (15€ 7). By Thw3), G2, we com chosse
C-:_,‘EK such tak  1C5-8) <1 ‘C°31L(1 [.Lt-j/ g it % 7]

Then C; € GJ? ®; . \ndeed, the makrix TN represenking bhe C wn beams of the By o
oagruent to the idenhty wodulo the mavimal ideal § of %F.

16 Glowes ot e (f are an B-bass of @O Bk (el so ke C ore

G B-lpasts of V. B we are deune

i Deﬁ‘m"s_\‘on i ek Qt’_.‘ A, be an ¥ -bhasis o(-‘ O, Twen bhe element of w/u? aium lo5

| bewma 3.2¢ DKlk s FDKJ-/E under  Hhe homenmoplusm sful = T/G2 undwced by Rexk,

\a parkicadar, Wl = T 1D, 21

| Proof: We ase wnkesested ouly wp to abacker tn U omd so may take (o A, A, aw
B-hasis of 5@, 0. As o e ?MF of lemma 3.1, we teke Cor §A, Af He wuien
of % -bases {&gﬂ' (“Liiﬂj) of ﬂJ Then @{_;'S.N 20 for jev and by 2 tor I
e wabrix ([ Syyp AcBj) becomes o chain of submatrices along the diagenal.
The deberminankt of tae J@\ suhmakrix s d‘e’k[gp{j/k‘ Buif’vj)u,u ) whidh waps  inte

3
T
DKJIE 6 B

CoroMawy - AU Hee 1 oxe wneomidied £F \Ogpel =1
Pk Foe (D zl €1, with equalily euly when /R is waamibicd, by Twwb, Ch3,



_ Lemma .3 Leb K=R(B) be an etension of degree n and Suppose Mgk B s a seobt of F(k)}

where Fx € 30 oo top coefficient | Suppose bustlier tuak (F'(BI =l For oll
extensions V| of VWl & k. Then alk the ||; ave wnrambed and 1,8, ., 8" s an
| ¥-base of O 9 O
Prodf: \b follows ab ouce bow Flx)e vlx] Wat Be ©.let GOd ek[X] be the amimmum polynomial
Cor B (witln top coeleent 1], so F(X = GO WK Fec some W(x) e (<. &j LBy P Z| (Che),
we \owe G049 U e 3[x]. Now, F'B)= G'(8) H(B), where \W@I $1 ¥, (arBeD, G He 50A).
Hence, VG'®)|; =) Ffoc allj. Thus the conilibons of the theorem are sabisbied will, G
wistead o F. (£ is theelore emough to prove the lemma under Yee addibional asseumption dak
Fois dhe waiwmum polytownal of B, which we wow suppere.
Let N be e splbhing Field of F over &, Lot B, B e be te sosts, and (et Ii Ul be
omy evtemion of \\ b H.
The discriminant of tie set LB, 8% of eemenks of O s D(18,. 8" =T (B.-g)"=2 TF(g)
Now, (F@ = IF (B, For te valuahon Ll with U= L) dnducedt by 1K on R(B) by the
o eckion B8 Hence, IDCLB. 8 = ioh e, , &l =1, =%
Now (eb A, An be o B-bass of O, say Bz T e A (145¢n), with e,
Then, \D(,8,, 8% = (T DA, Al = 1T 1Dy ), where T= deklty).
ﬁ‘j (#¥), we ‘ave [T1=1 Dyl =1 Heuce 1,8,., 8" is a basis, auwd Hhe \ij ave
v asmded b_.j Lewma 3.2, C:;,,ua,ﬂ‘

Qte. Applicakion to (yclobomic Frelds

We dewske by @ the splbhivng Getd of XM over ® Stace  obrouly R*™ - 0" b
m o odd | e shall csume Hal either 2¥m o im. - (%)

- The  joobs of wmily of ocdec ?;ee{sely m ose e roobs of e ?ebj-wmd

B R 7)

. w\ne,ccf s the Mébuwo Funchkion, and @ is Eules's tobient Funchion.

- Hewce Uuese ave ®(w) tooks of waily M of owdes precisely w aund clearly o QM)
Y andq ewe £ tem The won-brvial Fack whichh we ghall vequire s Hat F, (X s

- drreducible e fk]’w, what s the sawe Rauing, tak R™“/& \as degfee Plwm)

Lewme Lol o @7/@ W dagree PUu
‘ W A prime g andiod & G ?redselg when g fm (vt convenbion (0 {-‘orq‘:zj
Proof: Suppose qAw Then Wue gq-odic valuakion is uncambied a @™ by lemma 33, ede F0 X7
aud 8= M. Now suppese Hiak M=cb°‘ (withh w22 %=ZJ. Then the oligree of @™ s
g a7 "7 P and g U complobely ramdbedpy  Cors L2 to w20, L6, aud ThmF1, A3
Finally,  suppose Haak wm=gq¥ L, where ¥l Cleacly @™ is the composite & the tue
(retds R snd B Caluck gives ) For g lw) F
tet T= @a @Y. Taen g is cowplebely wmmibied on T loice T¢ ) bukis
alse  wmvamified (since T € Q(U}. The @nhj ‘)oﬁflﬂ’lﬂ:«-_\ s teat I= @
Stwe @™ is o vermal (Golots) ertemsion of ® € (ollows Huat He olagree of Q@™
Hee rmohcﬁ of He degrees of Q(%ﬂ aud @m.
This proves (0 by wduckion on He wuwbes of primes Aividivg  pa.



iDOe

| gl

now conscder the sewi-local sicbuakion when k= ®, 1= e and K= R™ G- tome m

some prime ¢.

Lemma b.2: Lot © be bhe set of clements of ®™ Lich are ubegual for alk valuakions

?moF

ecbending the p-odic valwekion. Then a Zp-basis of O is gden by LM, m¥

whete ™M @5 oy pibive mbh foet of  wunly and @ Pl

fs we saw (a the fm.:(l of lenma bl | fhis bollows ummediakely frow lmma 3.3 when pym.
New suppose ik w=p L, pfl amd Lt L""N‘Fw come  primibive p¥Hhe vook of wabyN
Then auy Re @™ is uniquely o We form A =.Z L'Rj -0, vhere 1= R(p%) =9~ p",
and Ay e RY. Further Ae O precisely whew all the Aj are v ©a @'
&5 e wnromibied case @ bosis ©Va @Y i ivem by e pow ess of & prwtive (4 vook
of wnity. The result vow Flows en ?u.bh'.»a L= \=N o (#). (More ?,emej_.j’ FE e —"
ok ‘OCZP[H], So t”lp[ﬂj and Bals as bosts M., N9 cince M s t’vttegmi).




