Finike Dimensional Lie A[eebras. K

|, Rasics,

1.1  Algebmas and Modules.

R - any Celd .

A R-—atgebra A s a R-vetor space with o k-bilinear muu:'ipla\'cai-{on AxQ - A,

Usually, assume w  addiHon Hhak Muvu::'?uca}ivn is assocative and wnital,

e 3 1a€A such that l,-a=a.laz=a.

An A-module s a R-vecter space M with a h-bilkinear Muw:‘,um,uo,\ AxM— M.

IF A s asseciakive, assume w addition Baak (abm = alb.m) VYV abeh, wme M

and lpm =m Y wme M.

G“""-“ﬁ on A-wmaedule M for A associakive s ectu.{ualeul: ko giving a e resenbation

3 a wmop 6 of ‘1“"9"0“{"’“8 afl‘ﬂ"'bmsl fi-q =2 E"‘Ak(ﬂ), He assecickive zlgeipm oF

al Unear moaps M= H. Lonvessely, glven ¢ A Endg M, we @n mehke Man A-medule

V.2 Lie Atge.bm,s.

A h—’a-[qe,bra L s a Lie Agebm W oHee b.‘L.‘«\ea,.- map [] LxL = L salisfies the
exbra  condibows: (L) ¢ [xa] = © J xel
; L) : [’([‘11]] + [lj[?.—x]] ¥ EQL"H]‘] =0 9 2y o el

(L2) s the Tacobr {denkty.

Lie algebros are wsually wokt associakive. They are nevesr wunital.

.EKUO‘JB'. Show LI = C’('j’]? —[:ljx] v L el.

A ‘Aowcamor?\n(sm 9:L->L between btwo Ue G_tgebmg L & o Belives map
such Haat 9[9( {d’] = [9,,_ 95] \f X,y el

Examples: (i) Let M be @ R-veckor space. Ewdy (M) (s an asseciakive algebea.
Deline a’Z(H) to be End, (M) as a R-space woith new wmulbyplication
T glim xglit) > gtir
[ 3] =AY -y x A Ay € g‘“ﬁ)
Exegeise: Check bais [T sakisfes Lt L2Z.

Liv) Sufpose M s Fincke dimensional over R, with basis €.,., €n.
So Ewoly (M) = all nxn wakrces witin enbries in R via  Hais clioce of basis.
So Lek gZ“ (R) = all nxn Ma,i:ﬂ'ces' with mulbplication: (M Nl= MN-N M,
This s 4he genevel Unear Lie aloyebaa.

Lid) Angy R-subspace L of g?.n(hJ is alse a Lie Qha-eibm' ?rouioted
(xy) el ¥ »xyel This is a Lie subalgebia of 3:7,“U2).




liw Given any associative ‘R-—algebm A: it becomes a Lie a.lgebm €
we dec(ne [1’. ‘j] T XYy ~yx Y xtje M.

Grven a Lie Q.Lgebm L, an bL-module is a l?-fpace M with a - bilinear way?
LxM-aM such that (xyJm = 2-(4-m ~ 4. (xm) Vw,geL,w\e:H.

Given an L-module M For the Lie abgebm L-’ we obtain g homomephism

e: L—> IZ (M) de Fined by ¢ (L)om=lm ¥ lelk, me M.

Any Lie Wowmomorphism L= g‘l(ﬁ) is called a vepresestation of L.

The twe MH:M!‘, “module oumd “fgl)reseu,f:ahbn“ e Easibj seen tv be equlvalent.

-2 \deals aund Homoworp\ai:ﬁl&

A howmomorphism O: L—> L' [qb.ucujs Lie) s \'\A_jeol-(uE/swjeot-iue/%' T
is SsSo as a Unear wap.

An aﬁouo;ElM’s\m D oF L & an iso moeplhism L el

Some (mpockank subalgebrms of L:
() Geiven oy  \owoworplism g:L-= L" w0 isa Lie subalgebre o L,
) The cenbre Z(L):= fxel: (xyl=0 VYyelf s a Lie subalgebe of L.
titi) Move gemerally, given any subalgebem K<L,
s @nbreliser ¢ G (K= § xels [x9]:0 Y ye kf  aud
its woemaliser is N (K):= {xel: agyleK Vye KE. Rl aie Su‘mlgelams.
Nobe C_(L)= Z(L).

Griven subsels M,N of L, Let [M,N] dencke die k-span of all producks
[mau] V meM, neN.

An idead TQAL is a 'R-Sub_\poce of L guch Haak [I,L]CI.

So am ideal is cexktu'nbj e} aubalﬂekm,

Grvenw T9L, the q’uo(:(mt L/t = {x+TI: xelf becomes a Lie aloebre w the
vnatwral  way.

The wmayp B-’L"L/I s a SWJ'-ech-(on with kRernet T,

| = 2 4+ 1

~ Conversely, givem 9:L-§L', ker D = §'xeL: 06)=0F (¢ am idead of L;
and  the wual Isomorphism thewvews Mold:

Theomewe: (8] Tl a 'houcmorplnism. Then “ieer ¥ ém . VB T s any vdleal of L
cowl:ameal wn Rer Y, then 3 a unique mop W: Y1 o U such ek
L =L’ Commutes.
Cqmb L/TI\',
(b) IF TcTclL awe bolls ideals ofF L, then /1 s anm idead of “/g
Lrt ek L
OM"l /J’/]'_ = /T,
fe) \E. TT ave ideals of b, thew 20/ & Tfg .y
k”aﬂe h'Sf’CXM oc §£‘+J’ ¢ LE I‘ J’e 3—}



Exeruse: Show, given Lie algebras K<L then K s an ideal of N_ (k).

The Lie a.Lgebva L «s Simg(.e € ) (& Was ne wen-Zego ?mim.r{clenis.
() it s nob abeliam (e Z(L) #L .

in this cowse wild w.Lj consider Fintke dimensional Lie o,’.gebms.
Fom seckion 2 owwosds R= C.
H(Q\Ags'hl:s:- we c’.ass‘{cj all (Crnibe Olimen;t'anaij s('mP(z Lie o.lgebrq; over €.
They Fall into Fawndlies: B, By, T, Bk = wfnibe Fonilies Yelaitical |
€6 E3, Es, Fu, Gy - “evcepkoual.
e Given any simplo L over €, we wild classcfy all ibs Backe dlimensional
stmple woduiles. Moreoves, we wild describe thedr stvuckuse cePbtciELo by
?,rouiwg \AJ@jL'r characker Formula,

- Example rvy: sb, (k) subspace of gt,, (R) consisting of mabrices of tmce O, Telayl= telxg-uyx) =0,

ik The Adjeint Represenkation and Devivakions.

C A \"efmey&aﬁo“ of L s a mepmm?wsm L— 9{,[\1} for some V. $a~) V s Catlfld oF
e Rernel of L — gl v/ & O. ln btiis case we can idwﬁ-{fg L withha subalgebve of 3(.(\1)
| A Unear Lie algebm is any Lie algebrm L wi¥ a Faillibd, Cincte- dimensional
| ceprosewkation V.
L Any ke algebia has an ad oink crepresentakion: ad:L =>gl(L),
| deFined by: For xel adwxeql(l) is the map ye>lxy) Y yel.
| Check: ad[xg]z = (adx ady) 3 - (ady adxl 2z ¥ g2 el
ie, [[xy]a] = [x0y21] - [ylx2]] - which is  just Uie Tocobi idenbity.

Lemma: Rer od = Z(L)
- Proof: Suppose x € Rer ad , ve adx y =0 ¥V yel
e (xy)=0 Yyel
e xe Z(L), and convesely,

Cin Pa.v{'t'a-lcu" F L is conbreless ve 2(L)20 then ad is Faibd, so Lis a Linenr Lie alyebra,
(in Fact, any Raibe- dimensional Lie clgebm is linear - Ada - lwasawa - see T TR, |

Take any k—algew A, with mwh'i:ucﬂb‘on wrtten as o, A dervabion of A is a k-lanear
Map 5: A3A such Hat Sla.b) = a.8(b) + Sla)-b vV oabed.
CLet Der(A) = §alk derivakions §: A2 AT

Exerise: Show Hak if S§'e Derd Hien [S5']= 88 85 ic ake o dervakion,

‘ He.uce Dev L becomes & Lee alcjelam vt [, _}
e very LM?ou-EQ,-J: source of evamples of Lie alogebvas.




Now take A-L, & Lie algel:vq_ Then Der (L) ¢ gLfL} is a Lie algebw .

Now, the Taccbi identiby implies that for amy xel, adwegllL) is n fact a

o[e.r{uq}:(on, Ce ad L c der L. So  the ddjaiwt u‘t’r\r-?l’{lul:ui-{ou i a map
ad: L = De-L. Cal amy dervation & of L of e form adx For some xel

an  wner deériv akon.

7. The Univessal Ewnveloping RAlgebra

Mobivabion: Pim te shew Gy Lie algebm L can be embedded inte cn asseciakive
al('j ebra UL v come “univessal Wiy . G
guf?ose G is a Gacke group - ﬂe?res@,toﬁon theory of G/R = rer)veﬁ-ewba)l'{OV\ theory

associative alqebra A and oy wap j!G-'—bﬂ‘ sucla ‘U/\aat' _‘j(“-\uﬁ): j[rjj 13)’ there

Cexists a4 wmique wap @ osudh ek G'-—‘-‘*!'C‘(p commules.

>

Bl Def-(m'L-t'on.

| Fix a fucte dimensioaal h‘s‘faace v, A V =n. Lek T(v) be e temser a[#d:m.

Se TV = @ ®" v, and  wadk h(‘a)nom {a T(V) is induced Gom O y4) > x®y
Recall T(V) lnas’ ﬂue Cou,owms wuueuml ?Mf!seuj Given auy associative algebw A

: andk any  wap J,V )A' then thee s @ t.uau.%.&e wap @ such Haak VvV —L‘»T(V) comwotes.

X

3 A\‘l
Griven T(V), the sgmmebvic algebre S(V) = T(U)/I' where T is the two-sided

ideal of T(W) 3eueyal:ed by §x@y- y®x : xye VF
Nobe the genevakors of I all Ue in @'V, bt V=@V, So We nakusel

. Map V""S(V)’:'s iv\jec{-\'ue, Se V s @ 5ubs?acc & S(v).

Let L be a Lie algebm. A univessal enveloping algebie ofL s a pair (W)
Cwhere U s an  asteciakive funital) k-a,lgebra andh f: La U 5 suck thak

C(Cauj']) = () ily) - f(‘j) () and e Cou.ol,.;'a.a MEUUS(J P'"’?*"{:‘j‘ OJ;'v&A oy other
such pair (V,J'). there evists a waique wap @ of associative algeb vas such

| Haak L L 9@ Commw{-eg.

: v

Sy
Glven existence Wniquenmess {5 easy and vowkine,
For existence consbouck (d.¢) o5 follows:

CStart with T Sek UML) = TIV/7 whee T s e bwo-sided  idead g enenabed

by {2y —yx-Lxy): xﬂ,)el-}_ Let T: T(L) > U(L) be bee %uo‘;xeuk map.
tek (= Trh_ . He cesbrichion of T = L. This oives a pedv (uiw, () such taak

d([xyg]) = 0 (ly) = ly) (G,

CExercger Show (UML), ) actually (s o univessal enveloping algebra,



Problew: The genecators oF T ave of wmixed degrees, |and Z. So wnliRe symmebric
nlqelom (mrbﬂtck{aul for w\,uc}» V=28V was obﬁ{ou;&j {vtj-eo‘ﬂ've’ Heis (s Fav fom
clear for L= UM We will prove tat it s so that L cawn be deuts Ged woith &

S‘vbﬂ‘)ac! oc ulL).
For wow, assume we Viave proved this Some applicakions...

1.2 Universal Euueta_pm} Al.gebms and Relpreseu\ka}\'w_l.

Let Lea UL be o Lie algeba embedded in /ts waivessal aloebia. Leb V be cn Lowedule,
Seo [x‘jlv T Xyv - Yr v v xyel, veV - ().

ﬁcj the wwiveisel preperty of the tensor algebe, V s 2 TV -module, s ou

associakive algebra. Now, by (%), the genesatess of U dead T of T(L act a5 zere

on V. So V is a TW/5 = Ul) -medule as an asseeiakive a.lg-ebm.

Conuersely, qiven a UL —medule V, as b Vs a subspace of ulL), restrickion of mulbiplication
Moveoves, os Y- yx - C=ug] 0 la WL Voay el,

qives a kR-bclinear Map LxV =V,
V is o L-wmodule.

(”(f-g—tjx-[m-j]).v;o YV veV , e E'xoﬂu: YV = YX v So
ln Pack | Heis s an  equivalence of cakegories:
{ Lol ] = [ Ml ~modlales.

2.3 Genevakess and Relokions.

Need to define a Fee Lie a.lﬂel)m. Lek L be a Lee alqebm gwurai‘eal by a seb
Xebl, Say L is bee on X if guven owy wap B X=>HM, Ma Lee aigel;m, theve
exists @ waigue Lee Womenmorphism Wil M evtending @

As  usual, Free Lie alaebras on X are wnique by the umivesed propety

Existence: Lek V be a k-space \aving X es basis. Then, T(V) is associaked aleebre,
S @ Lie Qlﬂebm bt.s [t’S] = tS'Sb. DPF{U\Q L e bf e Lie Subaiqejam

. of T(v) genevaked by X.
Exe-c(s'lf Usge “ t;njec{-l'.“'b; r-?yuAl' te s'ha..;l—{s cr-ce on X,

So we can delfine Lie algebros by guem,l‘ws anck velakous,

-

Lemma: The above L is free on X.
Proof: Take ang map X - M. it evtendr to @ Unear mq,?\J-aM-au(Hl.f’;;j wniversal Pmrubj of T(V),
T(v) = Ulm)

it evtends to a mop T(V) =» U(M)., Lek ¢ be the restckion of this L. 7 9
\& hes (mage Wyung wside M as L is generated by X and the (mage i —

of X Ues va M. - uses dmjeoﬁw'bg- Resk ic  wwukine.

 Now say L i geme,m)-ed by a set X ',;ui:_i.ec,@ to vesbeickions RcFE(x) F L is the
.%uo{-iu»l: of e free Lie algeb on X by the ideal of F(Y geneated by R.
Se we way define Lee oigehmr bﬂ C}mmiom and  velations.



1.4 The Poincare- BurkhofE- LWt Theovem.

Reminder: L s a Ealke dimensional Lee ‘aLaebm over R.
T(L) = f?«: i; @B @ L - tensov alad::m
S(y) = Tfu/]:’ ‘i_' cddeal aeme.mted by gx@‘j Y ©x ! x,;st}
uwy = T/ 5 , T ideal gemerajsed by {X@j -j:g)x-CXg]r 'x,rﬂeL}.
Lek S, = (mage of T, } i the quobients. et T T(U-UML) be He quobiedt.
U, = (mage of T,

Roth T(L) cmd S(L) ase greded algebias. le, T(L)=®T, | T,T, ¢ T
Sl =@S,, S5 ¢S,

Bk T s net « howegeneous idead so U[L) (s wnot @ gveded algebye.

lastead, UL (s a Glteved algeba, te U(L) has o Elbwbion. bLek PR ea u;

Thes O<UPCW UL~ is o Flbrkion such Hhat U@ o U™ 5

Let gr U be {i«e associaked ojvodeod algebia. By definition , gr (U = ; Ulw),
whece UlW = /(,{ - omd the mu_»lhphcal-wn Ule) x Us) > Ulras) is lnhen bed
r\oktu-n,ug from the mull-ip“caﬁon (VAR ut — U-ﬂs.

Deflne & map Pt T(L) > qc U as ollows. T:T)>U maps T, & U and so U
Now compose with the quetienk u'-> u/u‘"' Ulv). Glue all tuese together for
el v | to get a2 mop @ T — 3rfu).
Uoim: P(T) =0
Proof : (P[%®tj~3®x)t T”'H'pj‘tg@w} + u
Bk T[x®‘j_3®x) 5 Tiled). 5 @{x@.j‘g@x): T(a]) U’ ='= O & gr U.

Cﬂﬂ!ecLuM&Lg‘ P Tl = grU Fackoss to qive @ map S(L =2 gr(U). Tk is easy b
see tht b SumJeo{:g'ue,

Theorem (PRW) » B:S(L)—=grll | in_iev‘;:'ue.
‘?wooF-' Non - (Xa..m.ino.b{f - fee ho.md.ou}

COroM B-’ Lel: w be a S'u-bi\aace oc ®r[-': T,— w\M’o‘n s \rsaMW?\M‘c o g“L?Sr as

v

vector SPaces Then T[(W) s a o_p.MF(gwuk to U s LT

- Proof: ETau’
® L \u(r = u"'/ur_'
(0:-.“\3 S(L ‘/r::f:n'ckcm cc 9 - G “ng‘of?wM b'ﬂ u‘\e ?Bw &u‘.{“
Se W <L maps b U() along the bobtew Cwo waps . Using the bop
. two  wmaps, T (W {5 the féttu.u'.rec‘ Comptzmeul'.
|
COmM &‘, L= Uult) s LﬂJéG{'N(’

Proef : Apply Ccmuw A to W=L & deduce (L) s a e mplomenk  to ¥ Y u-
Now dim WIU® = dimm S'L = dim L using PRW Theorem, So dim ((L) = dim UZue = diml
So Aim (L) =diml, so ( (s injeckive.



(
Lo i

Coro oy C* Let %, %, be any basis for b. Thea, f‘x:",-, %, ¢ B bRl i &
basis for UW(L). Eq{w(ua.tw&g, 5 Xj, o Ay Ley,s5,€ €5, $nl (s a Basis.
Procf: The second seb waps to the wwal basis of SML, <o by corelavy A, its imege
qives a basis for Ui complament Eo W s B by induckion on | the
sek of all mewwisli For oll wae s & bose oF U= un,

3 Soeluble awmd Mil?o{:eul: Lie Rlgebras.

f.S8 gohﬂbf{"‘:j.

Lak Ll=lhiL] = h-SPcw\ of all [x4) VYngel. L' (s the devived algebra.
L' /s an ideal of L, da fock (&5 the smallest (deal suchh tak “/U' (s abelian.

Examplo: {gl(n,h))l = s l(nk).

Mo‘-e 3@&4‘0}1‘9’ Le,l L‘°J= L’ L(” s [Lfv)’ Ln’w] = Ll _— L(l'): E L"-'"j‘ Lll‘-”] N (L(\‘-UJ"

1)

Gek a chatn L=L'% L™y« 31L™%.. . the desued sedes
Sy b 05 soluble f (" 26 for tome #»

Rasic Pregesties.

Lemm: le) lp L s sa(...d,te, 0 are all gubalgebms omd (v,wke»-& oF k-
(6) (F ToL amd T Y1 are soluble, thew so is L.
() \F T Tam soluble (cleals of L, so s T «T.

l?roo‘:: As Cof Sot.uul %reu.?)'

tn Pa.;r{-éc,ula.-r, (e) (mples that ang Lre algebe L (Faite dimensional) was o waique lowgest

soluble idetd’ called the reddleal , vadl. \f redlL =O’ Sauy L s swis{mgu_
Exmgu: ﬂmj Sn'MplZ L @ SWSL'MPLE‘ as there ave waoc voa- brviad ([ sobuble) (deals.

CLet Etlak) = ol upper  beiaugular nxw wmakeices wndar [, Vs a Lie subalgebe of gl (k).
Aa Rack, ik is soluble.  Lek nnk) be ol upper briamgular makeices with 2eroes on the

diagowak. Thew v (s am (deal of £ and H""h)/w(.,,h) * dlak) , where J(nh) s ald
ouﬁgvnai wxn makeices, This is abeliaw, so k) € alah), We wilskow Euakt alnk)
s soluble | n Fock m‘LPoEc«k. So twh) s soluble.

‘ %‘2 N[Lpol—encq i

Let U= (L] L¥=(L,L] Chek L'<aL Ve
| Taes  defines o chain of deals : L2L'S P> - Lower ctentral series

g% L s alpetest o Hais senes eventually veaches zew |, ie (F P20 For tomt wEL
W

B.,‘, indwckon on ¢ B s genwinely easy o show LSy . Sa o fF L"z0 Fee some ",



e L0 for sone n Se L i \nc:[.fo&ewl'. S L s soluble.

b (B) = wppes trianqular axn  wakrices

95 (R) = oh'aﬂenal avn  maknices.

na (k) = wpper - 2em 'En‘a.nsulm mabrcces.

tn B i % 2R Claimed n,(R) was wilpotest, hence proved En(k) was soluble.
iF k= C, n>l E.(R) s soluble buk wok V\-.‘chkewt:

Lemmar (@) \f L is nilpobent, 5o are all subalgebras amd quotients.
(B IF “/2(0 is nilpobent so is L
() \F L is nilpetent, Z(L # O.
(d) \F LT are btwo milyow ideals of L, 5o is T+T
Peoof: [b): (E Yy s n(l_ro!:u.t, bhen L"c Z(L) some w.
So ™ =(L"IcfL2y] =0. So L is wilpoteat.
() The losk nov-iem koo L' v Hie (ower conbval sevies sakbisfes [L"", L]-o0.

¢, 0% "' e 2L

Define e m'[ﬂ_potwl’ vodical of L to be dhe (v.m'cLue) La.vae:l‘: m'[,fmbu‘j: coleal oPL,
vad,, (L), SQ..j L s veduekive F vad,L=0

Recall: A Unear wap De Bad V s nilﬁo(:eu.f B D20 for some m.

Theoven: Lebt L be a Subol.gefam of 3‘.(\71, V. Rnlte A/(mﬂuct'ona.t, iF v vy xel
ir a -.n,g‘l_foteuk ud,ow.,,‘gm... of V, e there ewists OxtvueV sucdh Hat

Lv 20,
Proof: Use induckion on duiml.
Stepl: For envewy xel; adx is o wlpobenk endoworplism of ollv),
(Remewber: xel adxe End(L), adx.y= [x.y) ¥V gel].
Proof: As x is a wilpotent emdoworphism of V, I cuch that x"=0.
New, for y ¢ glly) (ad) ™, :n[xf-- [x[xy]] -~ ]
n Y ( ;ﬂ' A () 4+ (f«.-u)x-j-lﬂjm" 4—[%?,)9(-7()2“.
a+b = 2n. Heucz, ove of a er b2 n.

Eoclh term  (avolues xq.g.xb,

So xch x® = ©O. So e bLesrm vaurishes | aund (adx)b‘,_] =0,

Stepl: 1F O K*L s auy subalgebra, then N (k) + K.

Procf: By Skepl, for amy xeK,  adx isanclpobeal ewdowmorplisw of L hewe a
V\CLfow eaolomo:?\u'sw of “k. S. b«,‘) E«Jud-"ovg Hese s a vekor O#x +K €k

with ady (x+ K) =K V¥ ye K. This shows xel, X¢ K ond x nommalises W as
reiw‘.reol. So N (K) # K.

S_[-ﬂ,_'::. L has an ideal K of codimensionl.

Peoof : Let K be o wmarimal propes subaly el of L. 35 Step 2 aud maximaliby,
Nk =L, so KoL, Now, if cim "k DI tre pre-image of a I-dimeusional
subalgebe of Yk woud b€ a poper subalgebe ofL, conbvodicting Marimaliby,

o Kal ac codumension |,




5

‘3[73&,: @tj Sl'—cfgr L=+ <> fFor some 2 L\K, &j inoluckon W=JveV : Kv= o}
is wev-zew. As Kal, W s L-stable. Now, 3 s a wnilpebent

endomerplrism of W 50 Was ak (east ove non-2em E.ch.e,nued:ﬂr ve W
of edoyenvalue 0. So lvco.
Cﬂmu@ﬂ [E\f\qe{ff T‘Aemmli L s nflfob&ui‘ \FF adac is a a(Lpol’ewt eMdtow,vwfusm of L \Jx el.

Preokr [¢=): Twe algebia adl < glit) sahsCies the condibons of the tresrew. Sc JO2xel
Suckh tak [L.x] =0, S Z(L) 0. Now, by duckion en cim b, /ey is

VN‘.LFQ!‘.M Sa | \ﬂ\—l.?n&eut; \"j LQMMQ 1’) Ua)
(7_'*_ Scj Olec-\'w‘l-'av\ of mLPothk al(jebm’ El n guclh Wt adsx, - ed x, y =0 \J’l’(,ljél—.

\n ?M-Hu.la», Ha's slhoves ladx)"y =0 N el

2.3 Lées Theorem.

Theorew 3.2 shows F L <a_‘l,(\j) C.om[sl-t’uq of m'l.foteu.l: eU\d.OM-DV‘Fw’WS’ Hiew 3 @ commen

daseuuedcf velV fov ald of L

Frow  wous ow, R= C.

Thee rem: (Lt'e‘r T\Aeo&l_ i C-ﬁ(,f\.l) a Unear Lie a,lg-elxq, L soqu-e, Eaew V coutodus a
O wwmon eiqmued:or oty for al of L. \e v e <D W wel.
Proef:  Use tduckion on dimbl. 1F dim L =1 tien any Rigemveder I o cowwmon eve.

g&sel: L har oa (deal K of codimension |.
Peoof: /U0 s abelian and vow-zenm. Se any codimension | Su,bs’Pace of Ht is am

ideal. its pre-(mage in L is what we wakb.

g_t'e_ﬂ_‘- V conbains @  Commen e_,(‘.aw”ed:or for all xeK

Proof: K s soluble by lemma 31 Lb), S, by induckion, 3 veV such bt x v = AbJY
VW oxel, where A H =3k ¢ o Unear wmap.

Let U" - ﬂgwe.ralised“ e,camsPace, V,\: gvg Vi wv =y ¥ xe K}_ . V,\ t0 by, gl-ep?
S'_k‘:a_?: L stabilises V. Need to prove kak for any xel, weVy oy yekK

= A(g)-x.w - )\(D“j])w-

(d.'x,w :’x.(j_w - [2( g]m =

y-xow = Alg)ocw.
Fix weVy xel. Let ndo

So, we wneed o show Allxy]) 0o V xel, yeK

be winimal such thab W, xw, . x"w ave Unearly  dependedt.
Let V.= k—st,. of fuw,., 1wl Voz0, dim Vazn V,,: =V, , So 3 waps
V., te Va. As Wdal, each ye K stabi lises each V.

o S A 7 .. Yaim: -jx(lw = AMy) x'w wodule Vo = (nduckion exercise,

i::;:;ui:, ;::‘:iq;fﬁ”; Aaim shews Hak each yeK oo wpper  britwgular _"“‘“’{""‘"

Ve Vi Sace v VoV, tae dageual, when o is wattea vk the basis w xw, . 2w, of Uy

o il Consequently, trocey y) = wAly) ¥ ye K.
Now fx ocel, ye K, xy stabilire Va, so brece [mj] = brece (xy) - broce (yx) =O,

So. chav k=0 D Allxy]) =0.

but &oce [(xy] = w A ([X«jj) .
Steple: Waike Ls K+ 2> Coy some e LNK As € s algebaically closedd we can Find an

eigenvedos vo e Vy for 2. Now o is au clgenveder For K aud 2, heuce Cor L

b\l(‘uﬂ Algj Own



Example:  Comsider O (R), Enlk), m (k). we sHU Wave Lo show thakt n,[R) is nilpotent:

KG-ME :
Each »xe n,(R) & a mLpebm!: mabrix. Hence adx & a wlpetent endomepluism oF

o k). So w.(® is nilpebent, by Engel.
Eddr) = aa(R), so  in pavkicalor, €. (R) is soluble.

 Theorem (ako Lies T\ueo.rm)'- {s L<g[[\})’ vV Galbe dumensional , dimension=n, Huen L is soluble
WV WM e basis wet whid L We @ £, (k).
Prook: (¢2). We wawe just shown Hak £ lk) s soluble so amy subelgeba < b (k) s beo.
() Use induckion on dim V- 35 Lies Theorem, 3 veV sudh Hrak xv:z AlJv ¥ xel.
Se V> s L-stable and by @\Ay«c}uon’ V/ied Was a  basis v, + VD V)
ek which Bae watnix of the (mage of L in qUYw) is  wpper triangular,
. il ) - any el \Was wppes Ev-icu.\gmla.r wakrix  wvt  basis
(0 O\*( ) Vg v, e VU

b, Carban's Crlberon.

-eterion for Lt be soluble,

Linear Alacba Lemma (See Wumphreys, lewmma &e.3): Lot ACB be bwe subspaces of End V. for
some Hnite dimensional R-space V. Let M= §x e EndV: [x8]<A}.
Su.??a)e xe M sakishes Te, (ay) =0 v ye M. Theu, 2 s nf(.?abewb.

Theorem [ Cartan's Criberion): Lot L<aJ(.(\)J. gu{)i)ase tr (xy) =0 ¥ xeL',ﬂeL.

' Then L is soluble.
Procf: & suffices fo show bk L m’LPol-uJ: So, by Engel, € suffices to show Haat V wel'

ads s ni(_po[:-euf‘. To show adx s ninof:e»l( it suffices do show uak » s a
n(LPofeMt &m&omf?us:a of V. (—\pf)h, Unear algebm lmwa with A=l R=L

M= ?a(c‘: «3(.(\1): (,D(,L]C[L,L]}_ Note M conteuns L. 33 the (lamma, we just
need to show btk for xel’ ye M we have trixg):=0.

Take a genewter [xy] of L' and 2eM. brllnylz) = b (x[y2]) = br(ly2lx]
Now by deRaition en M, [y42] el' . So be ([y2]x) 20, by \aypothesss.

Corollawy [ Cartou's Cotedon): LetL be a Lie oiednm such Haakt b (edxady) =0 \J')(eLr’xj(-L.

Thew L i soluble, )
Peoot Apply theorem & adjoint cepresentaktion of V  to deduee adl = Y/ 2() s coluble.

So L is alse soluble.

. gg The K.leg Form.

Lek L be any Lie alﬂekm. Recall Hre adjoint rtfuse.ud'.ai'ion ad: L— DesL < gyllL]
adx.y = [xy). IF M<L is a subalgebra, we wll wwbte ady : M= Ve M | and

OJLL‘: M— Derl, to aveid mbt'gm'hj.



The K.‘H!‘ﬂa Form. K:LxL =R, is the Stjvnme/tn‘c bilinear Form on L defined by
Rxg) = be, [adx. ady).

Exercise: B is an assowahve bilinear Form. R(lxy] 2) = K(’f,[‘jl]’.

Recall Haat KR is now-odegenesale ¢ rod R= Ixel: Ry =0 V geL? = 0.
Recall that L is semisimple F codl [=lawgest soluble deal) =0.

Theorem: L s seamisimple FF the Killing Form R 15 non-degenesate.

Proof: D) Lek S=red K. By definion, T (adx. ady) = © Y xeS yel. Se by (astans
Cr{l:e.a’on' acd S is soluble. So S s soluble. A R s asroo.;a)h'ue' S s aun veleal
of L. Hence S s a sowble .deal so Scidl = 0. Heunce vedl=0 > wdR=0.

(=) Let S=rod v, Fist, withoul omy assumption enS, we chow tit every abelian
thead of L Wes v S. Let I be an abelian ideal of L, xe I, yel .
Then adu. adg waps L3t > I. So ladxody) maps L inke [3TT= T'z0,
So adi.acdly s o NLpef:ﬁw’: MMvFMSM of L. Se te ladx ady) = © = K (y),
So xeS! Fi E© 5.
Now assume S=0. Then L has ne non-baviel abelian deals. Henee vedl=0
s obrerwise Hae last lerm in Hie derived sevies of vedl would be & wen-ren

abeldun  (dleal.

 Fust applicakion.

- Lemma Let TalL | with K(Ud.nﬂ Forms Wy = bvp ladxedy), K = b (odnady) rchecJ::'ud-g.
Then Kp s %WJ to H_ vesbeicked o ITxT.

E‘.Pi" W W sa S’Wlnrpace of V, ownd P:Vaw s a Uneasr wap, HYren Er, @= L‘wwfﬁole

= just evtend o basis of WtV and leck ok mabnx of @ wet Hais basis (é]_::}

N ow aﬂab., Yis & oduady: L—T (9 A ye L. >

Theosem: Lek L be semisimple. Then 4 waique simple ideals L., Ly such that L= L & &L,
C—U@‘j “lMFu coleal of L Eftma.ls some L-L" ool  bthe Kiua'ngj Form of Lo s J'usl' the
vestrickion of the K(Ugag Forwmn of L o L..

Noke« The lmma  proves the Fnal statement,

Pro: Seph: Lot Tab. Lek T7= fxel: (%9)20 ¥ gye I} Ths is alo amideal of L, by the
associakivily of R. Moreover, Tn I“" which is an deal, s soluble by Gaans cmberion.
s Ial2 %o L+ TOTY
Stepl: Pk any ideal Tal, wal Lz T@ I Opsewe I, I* are seasimple as Lie
Alg ebras, So  resuldt  followr bﬂ tnduckion on olim L.



L, Qe?rescntah’om of Semisimple Lie Algebms T

[4'1 2 Gmaw{-h'?f-

Remember, given any Lie Algebra L, a rsg(esen.ba!.'l‘oﬂ s just @ Womomorphism L= gLV

We now always asume L is Haite dimensional .

E(v.uualmtb:), tank oF V as an L-wodde { bilinear map LxN > V, Cxylv = (xﬂ-gu)\l].

e, V s a WU ~module , where U(L) s e assocakive unital wnivesal euvelopig algebm.
Tust need to vemember that L — UML) and [xy] = 2y -yse.

A Womomorphism of L-modules @:U=>W is o k-linear map such ot Plv) = @), Vel veV.

An (somovphism of L-modules s jut o howmowmosphim taat (s an itomophism as a Linear wap.

An L-module s (weducble or simple £ it has ne wnon-zere preper Lesubwedales.

For examply & tself is an iveducible L-module called the bwivial module, with Lacking

as O,

Vo CoMfLEt&Q‘j redwoible or seaisimple iF V can be wrtten as a diceck sum of (neduicible L~ modules

Schour's Lemma: IF V s an jreducible L-mod.MLP.’ ien the owlg L—\q_mmv?bu;sms [AERVEE 2V
ore Hae scalass.

Proof: Res 8 s either O of V , and  the umage s eher V o O

S-[n(e L"modg{-ﬂs are also UfL,"ModuLul all Hae wsual vesuwlds - eg) Jovdon - Hélder - Wolal

Fw L‘Madu{ﬂ, s {iﬂ.-&j \w‘.d {ou’ wodles of ass'ocmﬁc{ue algt.i’ms.

New \-wmodules Frowm old.
\. Direct sums. VO W s an L-Mool.ut!‘ with ackion x(v,w] = (v, xw).
2. Submodules, quobieats
3. Dudls. \F V is o Lomodule, V™ = Howy (V) becomes an Lomodule  (F we define e
ackion fo be s (x.F)(v) = -Flxs) V¥ xel FeV® veV.
Check: (D293 F)() = = F(Exg) %) = - Flxgu - yxu) = Flyxo) = Flugo) = -(400x) + (Hlyo)
= 4 (gb)w) = (yxb)lo) , so Taglfs (ay)f - (y0f | as  required

b Tansor Croduets. V, W ase L-modules. Make VO W iate an L-wodule by olepfwcu..) ackion
of xel on a t.ﬁn'ad amem.hw Vvewe Vol bij A (V@) T (XV)@ W + V@ (xw)

Clheck ok [ay] - (xy-yx) acks as 1ew.

5. Hom (VW) for  L-woddes Vi, Hom VW) = v¥iew. (Exlpl‘(cél—l..,, a typical genecator
fowe Viow maps  to (v Fvw) )

So we can define L-ackion on Howm (VW) via Hais identificakicn woith Vel
Exfh’di:bj{ For xel, B:V>W ' (-3 3) = x(8(w) = B(wu) W veV.

{n ?a.rl-{cnlm/ this makes End V= Mom (V, V) inbe an L-module




: Tc- Pmue ot

Back to usual assumpbions. L (s a semisimple Ue Glgdom over €. We Rnow the Killig Form
('r(g)-‘= Ee [ actx ady) s mn—dege.u@roi‘e. This s a s(jmmd:.-cc, dinoipkive [ve (Cxql,2) = (x, [‘,{)]
bilinear Foom, '

Lemma: Leb <> be any olher wnon-dlegenerhe, symmebn, associabive, bilinear fom on L, Likla
L simple. Then, 3 ae R® such Haat  <%x,4> = alny VY ayel.

E_@E" The two forws <> amd () set up twe vector space  vsomovplbims L= ¥
Associakiviby of the fovms enmsuves that these ase L-module wapr. Now Cowmpee oue
with the wveise of  the other, to get on L-module (somorphism L L. L simple so &
s an veduuble L-wedde. So by Schus's bewmwa His isowmonpisw bow Lo b i just
0 aom-erm scalav a. This gives vesulk Hwak <,>:-a(,).

&L.2. The Casimic opuator.

Let L be a SL'.MF{E Lie algeiam over h"wug Form , ). Leb n,., % be sy basis R L.
Lf/k ‘dh“‘f 5“ be d-UQA bﬂst'! W-"‘: (t j’ so (7(:1 tjj’ = Sl‘J"

Definibion: The Casimiv opesaker C.= l‘g Ay, e UlL).
Exercise: Show Hak bie definibion of Cp s imdefwdeu-l: of Hre choice of bass.

Lemma: (. Wes ta the wubre of U(L).
Peoof: As UML) is generaled as am asocahve algebea byl , we weed to show Hat
(2 e )= > -¢x =0 VYxel Since %,.,x, and 4,.,y, osre bases for b we way
webe [xx.] = Faga; , x93 Teyy;
Ak = (Coex(], Yl = = (Cx5], gp) = -(x, Drgg)l = - (=, szgj 9j = = b Seay: by
Need to show [x ¢ ]=o0.
[x%c.] = %['x, x:9;] = %_[bm&] yo + x[x gi]) = ‘Zj— ag a5y, + "'?;13 bic y, =E (;; 4 b5 )29, =0

4% Weyl's Theotewm on Complete Recu eibility

Theovew (Weyl): Let L be a sewmisiuple Lie alqebm over @ Every Gaite imemsionad L-woddle
vV ois wwpte,teﬂj ved.u eible,

, we just need to show every shert 2vack seguence O W-byU-= s O
SFL{{:}‘ Cor \),W F{nf{‘t O{imwsﬁoag}( L-v\od...{.u, (E%MVM 'Lo S'l:ug;’uﬂ e.ue»y L'Su.[omod&l.e w
CofF Ve am L-stable c.ow-f(:mM)_

_ lemma |- Let L be rme(.z_ Aﬂﬂ shevk evock reg uemce O~ w_-.u...V/w -0 Sf[‘\e‘ wohere W s

an  iecedmedble L-module omd olim Vw=l. [Assume Wik 55 Locks on V  FaithFully)
?iof We Fst claim Hak ¢ acks on W s a aon-rem scalar. To pove bhais, nobe thol the
map W—=W  wesw s aw L ~meodule howmePL{Sm a ¢ commubes with the
aclion of L. So by Schuss lwmma, ¢ acks by some scalar ceR. We need tosbow c+0.




To compubec, wobe be, lc ) = hwmV. ¢ = ko, (Txgy) S0 we just veed o show
ok b (T2:9:)20. Defne a o <> en L by  <%yd>= by, lxy).

This (s an assocakive symmebric bilinear Form ov L. As W 15 Putiibul , Cavbow's
Criberion impla'-es vad ¢, > [whick 5 an (doal ofL by associakiviby) s soluble, heuce
Zew a» L s SL'MP{R. 5o D s a non - deg enesale foram onl, hewew o wnou-22e
scelar wulkiple of  the Hilliag Form by wwma &l

Se (& nﬁs to show ;fﬁtigﬁﬂi(}? This (s cleas, provivg e clocm.

So ¢ ocks on W as o ven-2em scadow , amd ow YAu (ER) an O. Sokerig i VaV

's a \~diwmensionad L-stable subwodule oFU, givivg Hee .re%w'wecl wwiyl.emewb to Ld.

Lemmal: Lebk L be sewdst’mrlc. Auy shoot evact reguence O3 (PP e, splits,
whee W s auy  Paite dimensional L-wedule and oim Y/w =1.
Preck: M: Suﬂw;e Heak L s S('w:lo(p and use Gduckion ow dim V.
W W ois itreduelble, dome by lmwmal. So we can pick a wou-ten W FW
and obbain o ses 0= WAL = iy SV 20 Llich splits by teduckion
So Huere 5 aum L-subueduls WY'<CV such that V/Lq' & u/wl @ “‘-,/w‘
Now we howe veduced to the ses. O - W = W' w"/(:u, -0,
By mduckon again, Hais splibs o prove skepl. le. 3 30w sfd"&:— o dw &’»453:9‘\“’ N
&:P_'l., S"“PF’O;e L % fcwisfmpte aud W (s (evedielble. S ol Wl el RS ;;‘
We way assume Huk W s Faidnfd . Let L= L,@L,I with b, @ siwple
ideal. Then by step |, we can wetle Uz We W' for some Li~stable subwodule Lo
| Su,{;‘pore W' s wobt L-stakle. Thew we can Fud xel, we W' such thakt rw v’
Since W' g\ -d owd  So ww=z wav, Some uwe W, veW', utO. Then take yel,. yuw=xyw:= O
is L, -stable gwze  So ylusy = O, So yu=z O, Heuce fuew: Luzof £0 Buk Huis ¢ an
L-submodule of L. Hemce W= Aue:Lu=0F a5 W & tweduelble.
Hemee Ly ocks  brvially on el of W, coubrodickivg failiPuluess.
5_(3?};' Now f L is ;em{s[wpb,w a»b('ﬁfmy/ r-e_le: axﬁmew& of sbzpmc’ us (g
S(‘ep two o start dhe (uduckion

,L-ENMQSﬂ k SQMSCNP(‘- Auﬂ 5.8, O—= W—> Vﬁu/‘w'—"o' o Ha Vow CU'(O&W‘j L-‘vu'ee
. dimeusiowal L~ modules splits.

¥y
.EWOF': QQCQLL ‘-{ODM (Ufw) s aun L_W\Ddh'(ﬂ L\’D{ {{J} - Subsfmce oﬂ ROW-(V{W) aU op

whose elomeuts act as {::t:‘sf on  resticdion te W, Now, {/,'CJ are L-<ubmodules

of  How (VW) owd OUMW/N) =], Swce eoch Pe & dobermined (msdule W) by the seaosr £,
So howe ses. 0o W — € » Yy -0 , whach spils by (wmwa 2

S we cam ‘G.'.A.d FE VNt such Het <E> & L’Yecbuf conptlm-ewk ts € 14 2
So sfz0 V xel. So O= (xf)ts) = 2flu)~Fls) ¥V veV. e {is an L-homouoiphusm
Then ResF <V L-stabe aud Gives He recbmred QO\M.P(QW'G.»L' te W W V.

 Thais preves wa:,l's Theovem .



be e . Qe?fcgenta,{-(cmf of S[g (C]

Let L= sl, () where k= € L has standoid bass e:=(Ss), F=(75), Le(o5
with [ef]= h [he] = 2e, [we]= -2F. By erample sheet |, Lt a simple Lie algebea.
So bdajL‘: Theorem applies- Cncle dimensional L-wmodules ave wmplei'dg vedueble.
So suffices 4o describe all the jeceducible Fudbe cdimeusional L-meclules.

' Problem: Let O L-"g(-(\ll be a hnite dimensional vepresenkation. We weed to Ruow Haak
Blh s a ddagevalisable waakeix ua allv) . Acsume Huis wnbl laker

ASS(LMQ Hacs, take Quny Finite dimensional treducible L-wodule V. 91 L-gl(y),  h s
Gb'agoua.usuuf, se MV d{’o.oMPos*er as a oiveck sum of l/(-—e,(g.g,ugPace{’ v = %\J}  wheve
VA = {\0 & Ve \ﬂ\l= )\0}‘ Whwenevers \)‘\ tO, call X a wg'g\»(? OF v, o V,\ a ‘wﬁr Wt spoce.

Lemma: F we V) : bien eve Uy, | Fue \/,\_-1
| _?mop hewu= [ke]v + ehv = 2ev + Nev = (A+Yev. Lu St'NAI‘M'lAj,

; Since V s Falte ol.ime.nsioml-, Hhere axe ov-Lj f-iuii:elﬂ w0y we.-igtd: spaces . So there is o warimal
weight A such thak V)20 V=0 V u= Axz, 1e Ry,
Pick suck o A call A a high weigut of V. Pickouy Ot veeVy. Leb v, =0 wv;- 5 F v,

Lemmar (0 wu; = (A-2Jup (@ Wops 4 W= 30PNy e L1070 ) = 4 (E0WE 200 FIWDET, - 2659
m) Fup = Civg vy, (o) definibion. el LT .

© ev = (A-cet)vg, le)  lev;= e(iui s {ef]ui_, +Fev¢,, = WV, -'«Fevc,,

Procf: (al, (b} ore easy. =2l ve, + G-talboi,  lby (e) awd induckion)

"

) lnduckion evercise. (}\-'Z_Cd—uv(,, + f(‘»]}{,\-i‘.lluﬁ_! I ) W S ) VR

Guj la), each veon-zeo v; lLes (n o different Ugenspace, So the von-tem V.5 oave linearly irdependenk
So as V is Fate dimensional, 3 wm minimal such ok Vo %0, vy, =0, They the lLmma (mplies
Vo . vy is am L-submodule of V. But V is {\’TEC&MOL-w‘ so V= <vp . vu> and we hoane consbrucked

a basis of V. Moreover, by(c), @Vmy =0 = (A-m)y, ond vy 20, s0 wm=X

S m owmd bthe module sbruckure of V aie  wmiquely debermined by e highest weighb A.

a parbelar, A is @ ?as;l-iue integer. Finally noke thak m V= mal= A+l

Theorem: Led V be an ireduable sl, ( €)-module of dimension m+t (m20). Then, the wnique
amax imal wacaht of V sw | tae weagWt spaces of V ave echh l-dimeasional w it
wg&jhtr ™ m-?—,-, “[m-2) =-wm, Y ois u-vl{%uzlg Gle/&EIMA'ned bvﬂ m, cmed the wodule

sbeuckure s givem by a) - (o

Let yim be the breduche sl,- module of dimenston mud. Egr Vio) = teivial vepresentakion €.

V[" E na.Ewral §{_1—mo¢£u.t€ oF au 2!' CO{AAMU\ \!Zdﬂfﬁ.

L v(2) = QalJ omk ret;resev\.tajr{an of GL-; on itself , basis k L!, e
o, 1

ok -!2

]



CExample: V(3)@VB3) is a \6-dimensional sly ( €©) - module,

By Weyls Theorew, € splibs as o cdiveck sum of irveducibles. Whak are ey ?

VI3)  was  weiglts ;5 ,Jl, :\, ':3 , €ach cigenvalue Wowing mulHplicily L.
| So VR® V(3] basis Jvipu,; occ,; €3t s weiglts: 3 v -y -3

36 '

The lghest weght is € 5o by Theorem, V(3 @ v(3) (i

tontains a copy of V(6). tn what s LfE \ighest -2

wedlght s b, so must have a V(W)  Nect qet (2, 5 | ©

Learw ing Jufl’. Vie). Seo V(3)@ V(3] - V)@ U(2) @ V(e V(6).

4.5 The Jordon Dewmposil—:vn.

| Need 4o oveicome the P;o’bl.ew- m b - show teat W is diagenalisable n auny
- cepresestakion. New, L s auy sewdsimple Lie algebe ever €.

- Recal: B e Enad (W s senusimple £ 9 s duagenalisable. E%u;uakeukbj' roots of  Hre winimed
?c(.jmmq.l are ol dustinct.
e End (V) s m’.[_pgl:eml: it 0"20 [or sowme a.

Resulk fvom Linear cttgebmr Lek V be a F—{MR’_OUMe,nsimal k-SPace, Qe End V. T\nm' Yrere exisk

Cunigue 958, € End () suck thak (0 8= 9«8,
(W B s semisimple, B, is nilpekent
iy B amd 9, commute.

Moveover, B 9, com be webten as gdymemials v 9 willoul coustant term.

1:_%__ F Hie Jordan wermal Fovan of O s \l\-:’:\i,' @) ; Hoean
)
O \3_:]

]:"?\ 2 ond 9, = }m

. 3
a7 <)

- The dec.omfos((-{w 0=0,+0, is called the Tordaw dewmﬂpas(kou of 9. We womt b show
Cthat F L ois o sewmdisimple Lie algebm | tien bor every xel I waique x x, €l such Yk

| 1€ = = 9 & %,
C i) For oy Finte dmensionad J‘?Pfﬂ'twtcd:{w e: L-= 3l’[“) , ?b(’): Plx)  aud (J(-.("j : ey,

' () Lxs Xu] =0,
i wwm’ng: This (s fadse if L s uwot S'ewisimfatl or ks d.

CLemma: Lek L<gl(Vv) be a semisimple Lie algebea, V Faite dimensional. Foromy xel,
Leb 5~ x; +x, be the Towvdou deram‘:os:’{-{o“ of x as cauwn elemenk of End (v,

So - I tg(.{\l)- ln Fack, 3 x, ove elements of L.



Pecefr As L s SeﬂM:SL'MFLQ’ ez OV xeb | seo Eey (%) = O = beylx,).
For owy submodule W of V. et L= §yeqlW: W cw ond kg, lyl,) =of.
So L Ly, anmd a5,x, ave elements of L for escln W.
Leb N = Nguw“') : {xeq([\l}-‘ UL]CL}. Then LN so xeN.
Now, x, x, are polynomials (n x withok cowtodk team o x5,x. e N.
teb L =-NAa (NOULNJ ) Se Xy X, € T. i Nobe sk
Sulfices to show L:C‘ ke Weak mow el Th Weyls Theorem, LB H e some
L-wodule M. Since [L,L) cL, (LM]=0. So elomedds of M commuks with L.
Take ye M. So y commubes wibh L and stabilises every L-submodle W of V as yely,.
Vo ospllts a5 a ddrect sum of {reeducible L-submodiles W. To show 4:=0 we need to show
y eds as o on eda sudh {sveducible W.
ku-i?uchiom by y 5 om L -wodule wmap W= W Scharls Lemme (mplies g acks on
W w a scalasr. Buk t‘ul‘ﬁlw) =0 a» U_)eLw’ so  Hals scadar is e,
So yW =0, o r-e%wirwl.

Now affbj tuis to the adyeint v-e?uwmkwl"m of L. For any wel, the lmma  (mplies
3 wnique X 7, €b such dak (edxs) = (adx);, (adx,) = (adx), | omd 27 %ex, b xJ=0
Call dae dewM?w{Hon W= wg+x, the q\)}‘:rao’: Tordorn dtccwlpas.'uuu.

ik x=Ay Sy A %2 §ewisimg‘-l {H’, adx s oliagowa—UsmL{l)
B oxea, sy > U5 ailptenk e adw & vi(pebend).

Theorem ( Tordoun decowmpesition) t The abstvock Tocdan decompesibion x = % +x,, Just dekined sakisfies

U} o= Ay
& For amy finite dlimensional reme,ulnl-\‘on L= gllv)  plx) = plos, flxa) = POY.
_ tey [ 2] =0.
Proof: Tust need ‘o check W), By Hee alef:{m'{:{on’ fie) = Px) 4+ PO) , amd Hais oyives the
abstract Tovdous decomposition of Hhe eloment pHo € pft) = L'. We need boshow it ogrees
with e  wuad Tordan Aecomposibion of et € End (v).
Well, Bars (s 6 = plrgt POy, o)y is semasimple Gmplies ad flug is seamisingle;
Elxdy s n{l,faf:ewb (mfbﬂ ad plx), 15 ailpotent. Se by e lemwa, Pl € L" FO) el',
omd  now wumigueness  fn the abstreck Toodoum d.ec.omfos:{»wu Mflt’fs e0) = fls  Plag) = Plea,

Reburn +o hi. bs ('ocL). adh s diagomal.isda‘l, So W is cmswvh.
So  theorem D plh) = €l 02 W,=0. So plh) is diagonalisable.

i;_ The Struckwwre COF a Seamiscmple Lie N-qebﬂl-

\ngredaents: 1. The existence of non-degenemke Killing Forw  oul.
2. Weyls treorew, ond e casscheakion of levedueible sy (€) -modilas,

3. The definction (fow Hue Tordoun Olft;amposil:{onj of o semnisimple edement of L. Recald wel
N s‘em;implf of ad sk s daio?’mm-limb{t. Tlhe fma.ﬂe n oy rePwse,..d;a..l-mu of o
SP.M;.SLM?b o s al,wo.,.j; an%onthSth-



Lo o(wa.‘js o Sewasimpe Lie aigelw oves (.

G.i. Twe Cartan decowmpesition.

Call o subalgebms T of L toral F every elament of T is sewcisimple.

Lemma: Every toval subalgebra Tof L is abelian.

Pkt Take xeT. We weed to show odp x=0. Eq{u‘iudeukhi as odp % is ddiagonadisable e
need to show every  edgenvalue of x s 26w Take an eqqenveder yeT, eigenvalue a.
So ad %y = (xy] = ay. Now, 4 s semsimple, So we  Cam wake x as Ty with ;e T
such  Haak the x; are Unearly mdependent eigeuvedton For y, of egenvalue &
l‘(fred{udﬂ- [U“] = adpy-x = Za;x; =-ay. - (%) llnohj adry again to
deduce Talx; =0, The o'c are Unearly ndependent | S0 ;=20 Yy,
and (%) (mplis ay =0, 06 a=0 as rcequired.

CAs Lois semisimple not every elament of L is nilpobenk {Eqa{’;'ﬂneo“...), Se ak last one
- seamisimple element  e¢ists (v Lo (Tordon oler.cwpoxil:'{on}. Se torad subalgeles of L evish

CSe ek H be amy wavimal toved subalgebra of L (e Hep' with @ toredl  Wiem W= ')
Se ¥ is abelian.

Example: sl (0 | e Ffh. Mere <D=H s o waximol towal subalgebra.

| Define a w g Wt to be auy element Ae "N , @@ Pumction H—=>R. A vedsr v in an L-wodule V
| S of weight Aoy = AWy Y weH

Now, For auy represeutakion Ve (mage of W s agonalisable ¥ Wed. Moceouer, W is
abelion <o we cam "simultoneowly  diogevalise V For all of W ak euce. v cther wevds
Ve o besis Y, v. such Meak Wvis Ai(k) v; Y weH
| That (s, V= )\e@n" Vi where Vy= {ue Vi W = Alk)y ¥ weH],

This (s caMed the wd&q\d: spece deoo-m?osﬁuou ofF V. The A for which V)y 40 ave called the

Wy whs of V.

CPpply Hais b od. Geb L= L, ® % JLa where @ is dee seb of ol won-zem wedginds
wePey

- For Hae ad joint r<Presewba,l.-{cm. This (s called the Covton decowposition. @ s called tae

i i‘oot'- fjs‘:em, cun.o! Hae ?J.ﬂ.muh faF ¥ owe cqﬂed wo@i-

Nole Lo= fxel:adwx=0 Vv heH} = C_(n). So HEC (H].

jb\)owm'!._gr all of s clf,fwd; on our intkial fixed choice of H.

Lemma: For o ,ge T ) L Lp] C L,qﬁ_
Pusof: Take xely, yelg. (b)) - ([wdy) « [xfhg]] = wltl[xg] + B [xy) = (a+p)lhylny]
Se [xﬂJE Ld—kﬁ

One c.anseq'uwu-;F e by and 40 then od x s vaiLPobe.d:. For, theve ave o»Lg f—f.\.w.j any
‘mohl ound [udl__x)“ Lﬁ c stw 50 is Ay Bou La.amjc muﬂ‘n ".



Lemma: IF «f € i* ssd wtR $0  then Lu s oru«naanal to bg wet the Rilling form.
Pecck: As 0(+$ *0, TheH sucdh thek (e+8)(h) % O. Take xe L,(’ YE L3' T\am/
o () (:r,g) = l[inxj.,g) = - ([?‘i"].(j) 2 - (’f,[in.g:” < "(s’(l\) (x.y). So fnﬂ+ﬁ}(h”x‘cﬂ)=()' so (xy)=0.

We wawe L= (. (H) & ® La, as befoce

aefcu®
W b
-al elements of all elements here
Hase seamdsimple. ave vl potent.

Wet  Hre K.’Wug {-‘o.w' CL[H] and ol [Ld +L,¢j Cc‘.f e ¥ ase Pa,{fw:u Dr%ocjonwl. I ,‘acu—kcdm-'
tre vestrickion of the Killing fom *o (L (W) and each (Ly+Ll_y) s ton - d¢g enevake.

5.2 Aa l’mpo.-{'a.uk Example.

= sl (€) -all vgn Eroce 2ew wmakeices.

Lemma: L is seamisimple
?.]’G_gf'l Lek U be the nabuwral wn-dumensional L-wmodule. Nebe V s an iveducible L-medide an L acks
Erowmsibively en  L-dlimeusional S‘ubclpaces of V. Let S= vad L. \33 Lie's Theorem, S Was o tommen
Lganvedor o Vv, e sv = Ay WV seS, At S €.
For xel [sx]eS, so sav = Misad)v & Ashxv  —(xl. Pk @ basis oV

Moo, H
{ NN g cevrboun o € L} . Then fer se 5 ks waakeix  Looks (ke Als) * - x ; b..’(f),
Als) O )
O Ay

So bels) =0 = (mai) Als) . So ALS)=0 M se’, 5o A=O.
So (#) shows sw=0 VY we V. So $=0 g S=O.

Whak does e (arbon decomposibion of L= sl (€ look Uke ?
Lek M= idiaqona,l wmknicesf. For Cky, lek X be e wakrix wth a | as @)t entvy amd
. O elsewhere. So L= M & c(?,ﬁh',')
)
H o toead - te ad W is ddagevalisable Y wed (80:»3 everie .

CGMP{J:G adh. x; & see adh otz (hi-hj) ¥y, where h = diag Lh,., W)
Lek £ e Y be e map hi> W, So Ay i a waakk vecdkor For L of weight €€
G«‘nf} L= Yl e @q’ L«‘ LAJ\!\C(? CP: % El\-ij: \Sl'(jfnhd l';j} G.ud Lsi‘tj 3 (’(.nj),

xe

This shows : (9 ¥ is a wmavimal dored subalgebra.
() Tais is Wee Cavton  decompesition.
i G () = W
g Each Ly e § i \ —dimensional, wnd e @ FF -xe @

Finally cam also show (evample sheet 2) Haak:  (xy) = 2a.bey[xy) For xgel.  Can cheh Wk
e cestrickion of the Rilling o H aud each (Lu+l_y) is aon -degenerate - rvi



Theofew\: W= CL (HJ

PrcoF5 et C~- CL(H]
S{:eel: € conktaing lhre semisimple and vdpobeak parks of al of its elements and all the

Sewu';(mple ones ave a H.
i ade H=0, Wrte xe € as x4x, wibhn, x,eb. adx
H zadx, U =0,

s, ad’(, ase

Prook Note xe(
Po\.jmwu'alg o adx  witheut copstont teom. adsx-H20 > adx,.
So indleed % %, e C Take xeC semisimple. 1E cenbalises H, so <H 2> s ¢ bigger

torok a(cyabm So weH oan H s mamal.
Step2: The resbeickion of Hhe Killing foom an L & H i mndegeuu“h
froof guﬂ'.losc (WH =0 for some WeH. We Rwow (b, ()= Okas Hre cestrickion to €
is won-degenecake. Any elimenkof Cisof form xtx,  with 3 €C somsingle,
x, ¢S, allpebent. So suffices & show Lhxl=0, (hx,)=0

so (W,%5)=0 oa [ H)=0. Se  cousidesr “n,at“J )
Se brl_ [adh Qd!(“) =Q “:o.lﬂ.inaj simuwlbaneus Tovdan oler,gm?c;{‘:{ou),

"seH, adlh  and od x, commuke

and  adx, i adpebent,
e (W) =0, a s:atwifed

gbeg%.’ C i o nil_Pokeu}: l_,l'e alge.bm.

Proof: By E.Agel_‘s theorem , we need 4 show aclcx is niLch&d: Cor oM el \F x i
niLPawa': (e adya is ni(pd:ed:) Hais i obviows. So we My consider % as sewmdisimple
fl:.gj Skepl). So xeH. Thew ad x s ackually e as € centwlges W 5o { obueuly
.rulfo&:&l.f

Steple: T s abelian.

Proof Suﬂmsg web. $o [CC] £0.
C s ﬂfLP*"*“*-‘, so Ev\gef'r Theorem > 3 2€ K such tuak [x2] =0 ¥ xe C.

Se 1 ofz2e [CC]n?(C} §u,f?os< Fueskt dak = s semisimple 5o R € Halced,
Halcedd s em as #ee Killing fovan 15

A¢ w:=[cc] s an ideal of €, K is a C-medule (via ud),

Bt (W [ccT) = (K] <) =©0. Hemce

wm—a‘-eﬁuua}c on H. So Hais comnob \mﬂ;m
S0 2 s 0 wvon-ree wilpebenkt pact 0+2, € C hence € 2(¢) (oa adz, is a
?ohjwow\;a.l n odz withouk coustaut tecm, as cns'tqall. Rk Hhen 2, commutes
with ok ceC and s wilpetenk  Se (3, €)= 0. This conkvodicks the fack tat
Hae K(Wwﬂ Cormn &5 non~d€9€ne‘ra}f on (.

i?;i‘_ C =4,

frod © Obreswise 3 O% xe (\H  taok is ailpebenk,  adx s nitrc&ew’:, andd  tommubes
with ode ¥ ceC D (re) 20 YeeC conkradichug the von-cleganeracy of e

K:Uiuﬁ forw  on C.

‘;[r GMR Peopq,.»{-\'escr Roaf: gq:&% (P

The vesteiclion of the KIU‘(@ Coran o H (s \Aou-deguua.ﬁe. So have [, )-’ Hxd—= € ¢

_ mu\—deﬁ%e{&et Srjmmet\r-q,‘c belineay COM So we way .‘c[eu}n% H c,uJ H{. in other wavds,
for a0 NeH™ 3 o unique By et such tak (g, 10) =2 Y Wel.
So we o LIt the form (, ) on H o u b(j olep\'s\lng U,/,.] & (l;,\’t’,] (o '1¢" e H”'.

o Jel{‘.ridﬂ’v.n oF
K(Wﬂ.ﬁ forme e .



Note wert that FC u* spows \4 [-‘:or f nol: J OtheH suchh tak x(h)z=0 Voe®,

Buk then, (W Llu)z0 ¥ we® s5o(Wl):0 so e 2L -],

Take e @ The resbrickion of the Willing form to L, +L_, 15 won-dégenesals, bub its vesteakon
b Ly is qe0. So L_, %0, 5 -we @.

Moreover, given amy €, ely, we can ?{c‘! £ e Loy such Mok leg, €,) 40,

Lewma : (¢ [e,'f,]: (ey Fu) by £0.
e [&, tx) 0 so we wmay rescale € necessary  such thak (ew, Fx)= (:'2;}_
Ll Mawing ol.one bus, lek h, = ﬁsztj Thea , Pew BT = Yu ; [hy, ] ey, [, £)= -2,
So ey, Wy Ld Spam @ 2 - ddmensional Su\no.lgebt« of L sowmecplic to sl, (€). Call & Sx
Proof: 1) We Rvow (g, by) £ 0. Toke heH avbibwmry, Then, (W, (exfy]) * (fkcd]_ Fi) = o () (e, £y)
= (by Wl leg Fy) = (lefr)ty W] - So (Legl]-(eqfulta, W :O YWeH
Seo [eq Cd] leg Fo) by , es re%mred
gi;g::;t% (i) §u.ﬂ,ogg (b, )0 . Then ad Eylg = (wp)lp which s tevo wnless B=2u, and (4 2)
‘ '. O by assumpbion, So [ky L] O . So tye 'im - B -
(i) Now have €, L«, he , wheve ‘e¢,p¢l=m , owd e T (b ).
e [ea’, cofj’ (e E) ty = by , cleowly.

“( o ]
[[’ld, ed] = (&)[l‘d:eﬂf‘] = ?t- : |‘f°‘ 2 &. Stmtﬂxk‘j [ng( Fd] - ‘2‘0(.
We \awe SLLOM':..’\, For Qanty O feqely ) Heece exist F.( el _« : he = [eﬂ’. Cn(] suchh teak
(e¢‘ Wy, e 2%, & «fi, (€) Buk & is wet yeb lewr thak S 18 fndef:e.«du& of e clhoice

c)p o,

CFor s, (€), we way checie o= &~ Coc 1€l jgn , ) e, o((ang(\n‘,..,l\,,)) = h -k

J
And we showed Ly = Cagd  where X is the w\d:n’x Wil G50 He enkiy V) cud O elsewshere.
Jta
LBy = x“j' Cd”‘ji, \"d:[' _] d&ﬁg( L_ -j‘__O) D G
o ¥
.\-G« (&

Lemma: Griven we €, dae only other mulbples of « v ¥ are to, and dimly= |

Proof: Censider bhae representation ady: S, = gllL). Look ab the Sy- module of L spaaned by H
and all oot spaces Loy (ce€). Call & M<L. Comider weights of hy on M.
By represeatakion theory of sL,/ they ave all inbegers. The weight of Ley fr b, s 2c
Se & s A {,mtepja.,.— mulbiple of V2. Now S acks em;au,j on keco [or: o @), This s <
codimension | Su‘os'fuace of H. The only obher O weight space Comes Rom <$hed> which
Ues v Sy Se el zem weight Spaces £ hy bUe wn R ®S, .
Now, by representabion theosy ok sl  the ouly even weights in Mowe O T2,
Se bwice a reot is ack a veob. So (H’fegl-mg Gigumenk with Lo inrkeod) 3 o ook is et o et
ether. So | s ot @ welght M, So ne odd weilts occr w M, This shows M= H &S,
Hewce dana Ld =l an rotw«'nd 3 and owbj +ue P

L= H @dg-% La(, Hlan Lot =i, The Lie Suba[,&l:m cjemefq_l:ed b.-j Lo

Semisimple

L-.x , :Su( & SL:..
Alse prow P Spous H", so chim W= dimW® s debermined by ¢
Call dim ¥ the roumk of L. 56 ddmls comkl &+ V¥

ne




Lemma: Leb o fe @, B+ to Leb vq cespckively  be the lampest inbegers such Ahak
ﬁ—roteqi fifctd_e @, Thew all B+im (~r<icq) oue voobs wn P , and [Blby)=vq.

ln pavkicadar, Blhy) e Z  and B-plhxe?
L called o Cavton inkeger.
=

Proof: Second statement follows sy New cousider how Sy acks en K= =
The weight of Lgoo, For Wy is Blhy) + 2¢ Se alk tie weght spaces of K for by,
ase \—d&mensiomi)- the bu’chest is (A(M‘Jr 'th the smallest is Blh,) -2r.

Qefresewtah'cm Ureory for sl, & K is an  reducble Sy —wedule [ weiguts @) eacls

LB*L‘« -

occuw ok wost euce ; but nok \:o{‘{AJ.
The wedgts of K must be oll Blhy) + 2i fov ol -csigq. So Riixe P for

all ‘-\rSi.(cL. Moveover, B[h¢)+21=-{g(h‘}—zr]‘ Sa (5[(..@,) =vqe Z.

5.5 Root Systems.

Now wout to show @ s an abstreck vost system,  Now lebk E be o Euclidean space
{6 Ble-d gl R-space, with an ines preduck ()], Gieen e E, sy E2E€ given
by vefleckion (n  tie hyperplane rqudAculat to . le: 5, ()= B~ %Jx

Abbeeiieke: 118 by <B,x> -nobe Huis (s ot  Uineawr in Yre second variable.

()

ga..:) a subsek @ oF E is an absbrack roobt sys bem iE:

i U?._\)" @ is (:iai\rff spaws E’ ond O & Q.
‘[R_Z)_-'\FH’E‘P, the ouly mul,l:iftuoc:finqaxe T,
R3): \F we® then s, (9=

R € e ? <pa>EZ

We woank o wake bhe oot systean @ oFL iate an abstrack ook system.

Qeoblew: @ Ues tn \4*, which is a C-space ; the bilinas fom () o 1" is o

‘ (o\w\?(ﬂx c:vrm
Let E be the veckor subspace o over R spanned by Fc u*

Lemmor MmgE T dim 0 cvankl. (% W'm E@p € amd E isan R-lablice o WF)

Ei'iﬂ(:_' Lek o, o be o bests for i* e €, ;e P Thew «,, v are Uneady wdependent
ower R, e weed to show o, o Span € over IR.
So  take auy fe ¥, and lek B =¢:Zl'c;a<; for cceC.
Now, 222 = Zop FEB g0 ping) = Teoxi ).

So we Vave @ system of Unear &tuu}ims G wnbnowns €; with wnbgger coelicients.
‘ﬂ,mj Vawe a u.m;%ue solukion oues € , So in Cock sdukion {5 over ®, so eact ;e ®eR.

Must show each [ e R

j So we'ue wnow Consteucked ‘PCE{ € a veal wveclor Space of dimension wvank L.
CSEHU wneed o vead  (nner produck oa E.

Lemma: The restriclion of the [ow () on M ¥ gives a ceal | symmebvic, non-dagenecals,
?csil-.i'ce deC(m'l:e' biunar Fowm ExE-IR. 1¢ € s a Euclidean space.



12,

Proof: We need to show [a(,(;)elR V vfe @, and Huak for Ae ENToE (A M) >0,
- (1.

CSo we've wad e

tR3)-

Given Dpen™, O =l6y ) - 5 v Blualbl) = 2 (4 A (4
Now take e @ Then ((;g) Z (qq(S) Divide by (B R)*.

(.45) R \(21’-'(3)) T n(“ﬂFJ € @ w u(lapjéz'

Se fFeF) : oeq (Eg): )
z(f) "

So bor wfe @ (ﬁp‘f €Z, (fpe @ . This skows (w, g€ RCIR.

Now take Ae ENjof. (3 shows (AN =

P’ into b subset of o Euckideaun space, €
we showed - Bl Jue® Fufe @,

(Ru) <B, 2> = g{hdj e Z - the C(avtowu hd:egex

3 semisimple o P § abstmct oot ﬁjsbams}

We

(2) Shew ke semus tmple b is debermined wp te isomorphism by ?ce

13 For every FCE there is o scemusimplel hawing FcE as

( C'lasncij abstrack ook systems Pee.

mosk  one semgcmi;(nl-.

will  show Haak @an  absbrack ek sﬂs&m ¥ a sum of (vreducble

| ecedmable oot Sss":e:mf ove cdassifed b3 ng&{m d&g.gfamr.

The Vynkin  diograns ave:
B gl e e
8 (o — e L nodes in ol
(33 —— et
Dy, (124): - ]
& Ay =
Fo —
Gy =
6. A Surven of Abstroct Rook Systems.

 Recall E &5 a Eucidean space  unner producck ().

w, )
<"’;3> 2( F"f ﬂ(ﬁée

¢

6

]

c€ walld a[,wa..jr be an abstoct ook sysbem Sah's‘:"mg (R0 - {Ra).

Fisk Pm?ah'?ﬁ_.

e B- <Goad>xes, (f) P

ks vock system.

Lemma: Take o, 8e ¥, o #7F. \F («,B) {3} 0 [ie the angle betwean ,f i {<}O
o 2> | M@ . <§.,>(wﬁ> siticexll & T,

Proof: Second follows frowm fest, Now <B Tw,a) P

Sebhcos® € 10 115 6f There are very Few possible :

(assume V<Ba>l 2

wtzt; (u(,/\)1>0 (non e o () & won-degeneratel.

(R1), (R2) - frow  eavlies lewma,

€ evevy Pce al'gef at

reot 93:&”_

s, = cefleckion in hyperplane feffmo{.{mlar o o, s, (B) = B- < gdex.
rombk €= dimE (: rank L),

H'\CM «{'}{Ze g

> | <o, 851).



[Kwg>| <gax| o "™

i 0 o) A T

[ i T \

2 = - L \ 5

| \ 2 A 1 i
-1 -1 v, |

AR 3 "% 2

: ~1 -3 g"/g i 3 _j

So if (0, )50 < f>>0 and table shows eae of <ugd aud <gad is equal to \.
Suppore B> =\ Splal = w- < pdfs o
S‘*{’Fc" Bad=l . Se(f) = B- <Bad>%: f-a. Sox-fe®

Take nfl(ge@, o # tg. Let “q \-esPeoHue!q be Hae Ltugesk integess such Haak ﬁ—rw,ﬁq«cq?

CLemma: i For ol —v$dsq  Rilxe @
] W <Bad = rq . So lrql s elbther 01,2 o3 (bhy tablel
Prosk: (i1 Sugpese Bria € ¥ or some —c<i<q  buk Bat-due € By lemme, (g+ t-nw ) 20
We can Rad j%i such thatb B+ ¢ @, bk R+Gixe® Lemma (Beijron,of €0
(-1 < 4l and [€a)>0  so this s a contredickion,
() S, (Reia) = Boiw - LPacaudec whith (s of the (om B-jor For some j.
In Fect, s, must Crverk e choun ﬁ'”‘bf Bequ , e, sy (fequ) = B-va.
S0 <fa> = -9, aa fﬂtc.u'u‘(d.

- Call e “ connected  chain B-ecx,., Brqx the -ochovin bthrowgh B The lumma shows  Chat
¥- chacins \rave length ok mest L.

6.2 Rases.

A subsek D of € s called a base if:
(Bi) A s a basis Cor E.
(82): Whenever REeP s weiblen an “5 Ca ™ dhen either a2l ¢u20 or all ¢, €O

Theorem: Any abosteack  vook sy skem D@ has o base A
Prock: See Caster "Simpﬁl Groups of Lie '\'u_a,peil

| Roughly speaking, the proof depends on  the i ceiabise
Given e @ Lot Mu> JAcE (Va) =0f - hypevplame perpenciodar o w. Then U He cuts €
Cinbo Rnikely many comnecked  componets. Call the comnecked components of EN O H,  chambers
Ghiven o cdromber C  define ALz {dﬁ‘P‘ Hy bownds €, the angle bekween o aumd any
vedkor ‘o C is < T2 §.
| Then A¢ is @ bage C«‘F” and all bases lor § avise un Huis way.



Griven o Fixed base B call elements of B simfe voots. Noke 1A1 = vank @
waitten ag wgc Ceo . F el 20, sauy U5 posibive.
\€ all’ Cx $C Sy F Ny nsgak{de.

Let @f = ;Pm-i[-(qe mtsf} @ - -@F- {negw&(ue ;co*:s;f_ Then ©- qﬁé e

Ray (e ¥ can be

= the € points »

Exameles: Ay
Hy = -7 = \Wyperganes.
6 chawbess C.
A= ga’.ﬁ}_ or?

AU oot chains wave longth 1. AU rooks Vawe same lenghh. g2~

o e
¢- ® roots,
; , \F\"I _
rqe 2 differenkt vook lngls. o= =, =) el
A‘ = {T,B}_

Claasins rowe Levgllh 2 o¢ N

I?ul;lp D= 12 soots. 12 chambers C.

A‘_ = qu[}f

Clhains  rave \Lw‘}{’* 2 o be-

2
PA8F ergat voot longbas, :E:‘; =) or 3, =

6.3 The Weyl Group.

Lek LO be the Suhgmu.{: of GLiE) 3wua.t"d by the reflechions s, (e ®).

\23 lRS)‘ W acks on (P’ which (s Faite and spaus. E by (R Se W aeks Gu{rlnCwLba on E, so we may
Cau (= Hae fFC{OCHOﬂ rfpres’gu,tal‘l’.ou of W),

embed W <3 Sym [P). So W is Raike.

A, W= Sl of ordesb.
\'Sz: PR Dg of crc!.e.r g {scjmeh{a oF DI
Gl; Wx Dy of ovder 12 [rcjmmd:rit: of O)

| Ea’

| Two basic facks about W, [See Covber or Hm?\,.mjsj
e W s Coxeler qroup, gmera.t’ec‘ ba {Sd.‘ o € A} for oy base A of @
Lo W oacks Pallafully and tromsibively on the seb of all chamber of €. So W e> §chambers inE]

- Recall thaak ey chawber C debermines o base Ac, ond all bases awrise (n Hthis woy.

{ hhambers | «—> { bases of ¥F
( «— &

L Se W acks quapull-, and Lremsitively on {qu hases of ‘Pf- So Oiven ousy boses A A ) J weW such

‘

Uik wbza
Se it deoesn't maolter (MLP to fsamd-‘g) wimcda bhase A we wode with. Fix some D Frows Nnow oa,

 Heawr we've also Gxed €7, 97, and %wua}on 50 e A Rr W,



i\-cmma-' For cacdh we @ 3 we W suelh ok waed.
I'Proap: 3 o cliamber € suchh Haak xe Ac. No—..af AN “’Ac G somie weW So wwe

. El  lrreducible Rook ;‘JS&"MS

Lemma: The Cvu.owin.q ave e%wiuale-\j?-‘
() @ comnok be ?a..r\-il-(oned ar P-Fu® with € @, ¢4 and (F9,)=0
(i A camnot be gadkbioned as A= Do, wHe A A, 2¢ and (B, A, =0.
by E Vs anm irveduable represeubakion of W.

; Call ® irreduswible € G- o) \dde

Ero_a?i (i) D¢ gwrf?of? ¢- qp‘quz‘ (%, 9, 1=0. Lek A =DaP; So A=DB,vD, (B, 8,)-=0,
So one of N, N,=¢ Assume A,=% thea A =ACP,
Then (B @,) (@) =0. So ®,=¢ ar () s non-degenerake.
Lt D L) guﬂaose A ﬁ.uﬁ% (D, 0,)=D . Vote BDaldy=¢ an () s non- degenerate.
tek E;= <A, 50 E-E®E,, (E,E)=-0. ‘
Suffeces to show each E; s W-stable a0 € is (evedacible. WO (s qmuaked by Sy, wedd
¥ we B, then Sy Fixes all of B, as (0, By)= 0. 50 54 Gxes ;.
\Fwe By, consider 5,(8) For fe By, =B-<Badu €6 Se & i« W-stahle.
Sinlady Cor €.
(5w Suppese € has o W-submodite €, Lek €= €1, 5o E-E@E,
Must show: For e P, either xeE, o A€ Eq. Suﬂme & E. 5, stablies €, 5o for
oy BeE,, B2s,(p = B- <padxeE,. So €6a>=0 so aeE,.
Now et F: En @ P Fu®,, (?,9,)=0. So, weg, P =0. 56 E,=0 .

e
Ey: AA : ?- f2afo §tf3},. s a ?o.a»{-i{-fovi.
g B L -Se Hais s wek am (ereducible voobt system.
-8

Lek @CE be arbibary, Let A= B0 o B¢ be te wnique parkbion of B tnto mubually obisgonal
scbreks. Lek Eo= <B>. E: E @ @ B, ovthegonal duveck sum.

éLek @iz PaE:. Then as v () DWW in the tmma PP v o F.

WFwe Ay s, Fines eoch E) j4& So s 5p commube For de D ge By (i)

Bachh €. CE is am abstrock reot systew se W = <5rxeD D> s (ts Wey L oyvoup, omd

W r W, xeox W We've shown:

| ngcs(Hov\‘. q’ dtc::mlwser M‘q’ud\j ae @ = fP‘u, - (P& : {‘P.:' 17_1-) = 0, Eoch CP,: is l;rrfcﬂ.ug:[g(&.
Moreover, H= Do v E-E @ ©F W= e, x x W

CCald the  components @ CEl  the crreducible Com?ov:e.wfs of @




Lemma: Let @ be wreducble. There are ak most twe distinck voot Leagths in ®. AU rocts of the
same lougts i @ are W- conjugake.

Prock: 1F wREP  the wa (wewl spam E. So wsk all the wr (wew) are orthogonal o g
So ceplacing o by wa (wWichh bas the sawe Luﬁ‘rh]‘ we wmay aguwme [(«,f)+0.
Then by Hie table v Lemma 6.1, Hae ?cssr'bie cabos of ((Lua.rcal veob  leughhs Ml/,mt Gure
L LEL 3. Suﬂ?cse weve v two cork leuglles occwr, o hawe all of 4. 2,Y for Haese
Sctuq,.zecﬂ vaby Then ole owe % @ o Squaved vekio - H.
Now lebk ¥ B \wave Hie saume Lvgth, We way asume («,p) £0. The teble dn lewma 6.1
agomn shows that <og> =) or o> =l Replocing B by Se(B)=-f Fonecessany, we way
asswme Lo, @> = (B o> = L. Then (5y 5550 ) (@) = GuSplB-u) = Su (- - o+ g) = =
Se “,p wre W- conjugate.

6.5 ClasdicalHon.

Lek D be o base for €, A= 50(“,’ ax,‘}} wibh avhitesy but Fved ordeding, Lz dimE = vank ¢
S The Cxb mabeix | <ogu;>) is called te Carkan wakeix. s entres ove tre Guvkon integes.

€6 ¢4

i\t s o wnon- ‘ir\gvdo.r wmabrix | and w Jmale.?wo!b«k (u{)":o reovolering of &) of #he choice of base .

C Twe  rest sqsbems €O un EE respeckively ave isomorphic f lhere evists o vedder space
- isemerphism B: e=¢E mndMg a Yijeckon “— @ such Haat <Ofw] alﬁb = <o/ B> v wfe ¢

- Lemma: \F two weob systems Fc€ @' ce’ \awe Hhe same Cavtam maknx Mhey arve  isomorpluc,
frocb: Lot o, w, and o). a be simple reots such baak <ov o> = ol > My
DeCine 9 € »E' b, Ow;) = v, S 9 is a veter space isemprplmsm gE-g'
Need to show <O(wl, P> = Cupg> V 0 fe @ and that 9 induces o bijockion - ¢
Nole Sy, (9(8) = B(B) = <0lg, 9> Oa) =9 - <a>x) ¥ o Ped
= 8(s.(p)) .
Since 52’? is a |basis for f&f ownd {::SZ is qemexaked by the s, (YZ:,’;})}
this shows dae wap W —W' aduced by S, &3 Sg, (Ve B s an isomoplim of Weyl gpoups.
Eodh (;e‘? s wjuﬁnﬁ & a simple oot (864) , <o B=ww, some x€ .
Thea Olg) = (9-w-9")(9w) | So O(g) e Wa'c @'
W
So 8 maps F ol ¥ , e s oa bijecjriou @@
| Finally, Sl (@) = 9(B) - B.ad> Oa) =54, (88)  So <G> <O, 80> | so 9 coes
5 wdeed  preserve all  Gavtan cabeyers.

Now, we Rrow < gd<fa> s  ether 9L 2 3.

i 'Deﬂ'.ne the Dc,}n'giw'\ diaqfemn a? q"" Eﬂ be ‘u»\e Sra.f\n ..JNA u&r‘:{cef l_m‘:d,lcd hg A, o..ud

Ko > <y, > edges bekween verter v and vertber Wy W i lowger Wan o puk
L@ > Sr.'gm oa e ﬂ:’ﬁtf o —)‘—‘O(J'.

EExexo'ue-' Siow Hiak bhe Cartan wakeix com be recovered from the Dynkin diagrem.




‘ Sd’ voot S“-js!:w ase debermned g,g?'-\:o lsom.awfwsw\ ‘03 Hrelr Dgnb-l'u ddagmm

~ The oot systews @ (5 (ereduwble s Dguhi-\ diagrum is  conneckedl

Theoream: W @ is an (weducible voof sysbem  of canle L , ts Dynkin ddagram s oue of

the Counw;«\q:
8, (Ex): — s
B (L1 b e Clasieal:
CL(L>’I}.— L—E— o " 3
v 2 b2 ket
Dty = 7(,’

t:}, 7 I:

€e N Excephional.

F.:‘. 2 — &b
M 2
C_L ==

66 The C(losicad Roob Sgsl:ems.

 There s alse an  existence Hreorem showing Hat Cor each Dynkin dicgemum un $GS, taere
Cetish o seob systew @ aving that dicgram. The prodk of this s just to conskvuck
e aplictly We Wl do s for bypes AL D

| Work ia R” wilh ovlhowormal bass £, 8 , (E:.6)= SgJ-_

AL Let E be the L-dimensional Subspece oFlRL*IWM%OAd o e vedder L4 4F .
Lek 9= fec-g - €0 jclel, 5] 190 = Clew).,
X: i8-8 ... Sb»icﬂ} - a basis fbr €
Now € is Raibe, spaws € 0&@ - (R) Wolds. (RY s cleas. (RL) -casy to check.

Fou [Rg) SF'—E‘ (ik) = g - 7:_‘?';:_&-5.} = SE - Sc‘h [&_{“ + Sﬁj ( EC'EJ).
= tr Riierj : 0 )
So SE; -5 (fp) = E;, ::LJ ) S sta—f,- ?e.d‘v\nw':-ts ; i“,_’ s 2 an tMM"Posﬂnen (e, ij)

Now (RY s {a.u;tp chedk.
Se RCE is @ oot syskem. (n fack, we've shasa that the Weyl group, W= Syme,,.

Net wobe D is a bwe bor @ The reflchons s, (xe D) arce just  brwspesibions

(v 2), (23 ., (Lest). ¢
‘ L £,-6 L-f v by, . £-6  Ea-fy E T 1N O
Carboun  waakwix: . < 8 Gret dagram: S - - s - bype A,

= z

o

ES
<i-%,,5-5> =1

B RSP g vscqge il P iscald,
((“E\“‘)‘tz = ”Lmﬁ" {Nﬁ{L:I- ".\hbt('.

n ] - A
A= SE.'ﬁ, E},'g\.«‘ é ‘L—I_sb, Er_’i- (“l'-t’de El'h_‘.l"" Eﬁ ‘%‘j?e 8\’-
R e S A B
EL.|'{|-
Dyt =R, ®= T2leee)eijenl, B=Fe-n,., 5, ,-1, 1,465 —- L, = upe B
sb-l*ffr



EF G: ook drem “«p - See Hwhv@sohﬂtc‘éd{on G"Uu,?f and Coxeler G-mu.f;_"

I 3. Cossificedion of Sew.és{mPLe Lie Algeb s,

L Lek L obe a semi-simple Lie algebre over €, H fixed macimal toval subalgebva. L= W @ D’Eebq, Loy

; - Carkoun deCaOMFos(HOﬂ‘ Pc Hx toot Scds&e.m.

Lek € = R-spam of @, Urew @ CE is am abstrock vook syskem.  vamk @< dimgE = dim MW" = rank L.

I S(mpl_e Lie Algebras.

Lemma: (o I L is simple thea @ is irveducible
i) COﬂUUTd‘j , £ L= L, <: @Lt is aok SI.’M?lﬂ . eackn L SLMF\.e- Lek
and W¥= " g @-'(BH:- Lk @- CP(\H\: . Thea P= @ u. 0 F is the decompes ko of @ wk

HL'= ”fl Li_' so Hr H®-- QHE

‘ ks (sreduable compeneats.
Proof: (9 Suppese L is smple, P Fo® whee (€,@):0. $u19?ose ¢ + ¢
} i we® Be® bhren (d4f0) €0 50 waR ¢ P, and (asf f)+0 s0 «+f&F,.
Se ¥+ & P, so is nek @ voot: [Ld Lp] =0, So the subalgebmiof L qenesaked by all
Ly [we @) is ceatrolised by all Lg (pe @) So K is an ideal of L, 50 an K70,
L osimple o K=L. So alh Lg (ﬁé P,) Le in ZlLlzo. 5o @, =¢
iy Note each W {s ¢ wmarimal toral subalgebve of L and M, s eclcgonal Lo M), c4j
For we €, suppose Ly €Ly, Hhren by e[-l.q., L,] alre Lies in Ly heace in M.
But Hre W' span W, 50 H=¥W® - @MW, Hence u*- Ht*o.et{: and so > Fo- o G,
and (9, @ )-0. Eaks €i is We oot segtew of Li) se eocha ¥ 05 toreducihle, by @

F.7. Genesatorg Fo. L.

| Fix new @ base B of T hence a sek QT of ?on'@r'or rools and @7z -@' of neacd-iue ioots.
' Se @ P*v P For coch wE (P*' fix Ot € cla. Thais dekermines wnique elem ewks 0*(,(61—_“’
g e osucde Mok (e, €]k, Doy ] = T2a, 1

| So ey, b, W= 5, 3 sl (€

Lot NT = <2 ye CP+>’ N = (pq! e ¢
So L= H@NY® N~ - Ue briangular oecomposition of L.

; Lemma: Kt Tewsd N7 s w'\\fc.(:mt Lie q(%elam_

i HelN® [qnd HiNT) i5 o soluble Lie anebm.
Poof: The fust is immediate From Eugel's Theorem.

g For the second powk, vobe NT g N*au NaHer & Wiy B, wlidh & abelian.
| So N* 2 (NTp). NT g allpetent | <o N U s soluble

Now B is o asis o MY 5o Tbue: we Bf i a bosis Fu M. So Thar we DF is o basic (o H.
.Sl" s,'h“: we D} © s(?,g.'me Pt o 16:we T is a basis Forl . Swch is called he stamdard basis Forl.

2 (N NT




| Lemma:r L is generated [as « Lie alqe,lom) by {eﬁ_ﬁd" we A}~
PiocE: WU shew Haak NT s genevaked by § e e BF  Simlarly , N7 by § fu: we DY
Se L ¥ €t N> i o enevated by ca{.:’e.u seb.
Take Be P'NO We need do show € Wes in bthe subolgebro gemerakal by feq:xe AT
Cloum: There evists w e D such ot B-o, ¢ P
Peoof : SM.P?OS? (B w) €0 Voae D Then the seb AGIRY is o sek of vedows ol Uying
on Une same side of o wyperplane n €, such b Ure angle bebwesn auy peciv
of the veckors is obture. Hemce Do 3pf s o Uineowly undependenk set — #.
Se F e D suchy Yat (B, a)>0. Lemmo 61 shows B-x, € @.
Now weite B 7 Z Rax 30 . Then B-o, =“Z;m‘2,°f + (R-)w, €9
Now B&D, 50 one of tese welficients is Do, Heme all ave pesibive | aund f-v ¢ @
| Repeaking cloim , 3 o, o5 € D such trak €ach padkial sum wi4- v € @7 Y T€iss
I and W+ 1% =R Now we prove g lies i subalgebee generated by fey: we A}
j by wnduckion on 5. By unduckon €_u, Lies a Hhis subalgebea, as does e, .
| So  suffices o show [€n, @50, ]#0 | since tnem i€ spauws Ly 3 €.
Cloum: Whenever g, e @, wife P, then (Ly, LE]ELWS-
foof: Leb M= (lgipu t Re Z>. We showed in S Uk M was o stmple Sy wedile.

| So adeylg =lg,u \79 Npreswni{m Hoeovyy of sl

F.3  Relakions for L.

|

Fix A’qp' L. H and a standad basis Shd cae BYeo i ey fy: we @*} as wsual.
i\—d N = ;"'t(--.'ic.}. Let € = €y, Fe- fﬂ(g. Wes b'ﬂ(( Foc 1¢0€L
|
;Lemmq: The Coupw;,.q ["fe.'w") velabions Whold un L:

! (s [hid=o ¥ 1si5ct,

(s2): Le: (] =y [ﬁ'fj]r O Fisy.

Ug){, Ch; €;]= e wed £y Chif;] =~ <o, a0 €.

(&))" Ladey) ¥ % ey = 0 } (osj).

(Sg}}i tadﬁ;)-as'daﬂffﬂ &6

| Proof: (51, (53 oloviows. (<o u> = ;). Lefd=hi in (s2) is defnckion.

' Congides EQ;CJ]' %y, Ne-ofj o ack a a-ou{:, <o Lg‘c-dj = 10f aumd cowledws [(irll
Look ak Chal Semce %], « - ®y, i ok o vook . So the wi-chain HWreugl ; Lecks

|
1
i
|
.
|
i
.
|

| Lke: aj, o «v;,., o +qu; , whee -q= Coja> So d;+ gl ¢ @
| ' - : -

. So lade;) T '(ej) = 0.

|
é-n’\eor{m [SEN‘E.]’ Fix a oot System @ with base b = SWI,‘-,WLE. et ch be the Lie mtgdom

f qeue;aked by %EJ,C:, b 1€0sLy Sub}'eol' to Sere rcelakions. Then Lo is o semisimple
Lie algebm, wibh mavimal toral subalgebra He genecakal by the hi's, and the

| cocrespending root systew is Q.



F b - pr{a\'cak\‘our of Sewe's Theorem.

Cocollawy | (The existence dneorem): Given am  absbroct vock systew @ there etists o semdisimple

Lie a(ﬁeio-ro ot veok system @ ( celabive to some pmarimal toval W)

ch(“"- L‘P; HQ in Serre's _“A-eov-ew- de.

: Corpllasry 2 [ The winiguenes Unea.rewjz

Proof: Lek D= Jw,. wf and Fxstandavd generators feCow) fort
v Serre's Theorem. 55 Lmma 3 e € and h; sakisty e Serre relakions

Let L be a semisimple Lie algebre wits o Lixed waimal toval H,

and (uonrefpo\.r\d.;ng root sxjs[:m @ Then L s debesmined “p o {somr\o\m's'v\ by the Semorplisa

E\Jf;c o P

L?J: Q;,C;’ ,L‘i‘ l?e HAC'

O_’e.maaioﬁ o« Lo
So Hhaere is a hewowmerplusm O Lq> — L e e
€ —F
hEHh;, by Serces Theorem.

9 is onbe O the 2, F.-.

5. ®

is am

somorplsme,

3%::«}:9 L.
i Lq,: vank @+ 1@ = diml . (‘TL\'@S howe e same Covtan olzmpm{:{w),

Lemma: ek CF:@' be bwo non - isomo rplu ¢ ebstrock veok seystems. Thea, Lo qu,:.

ik Suﬁ:l'{.ef {“ Pmue dais when Q?r ase LN‘G&UUAHQ roct sﬁs&m, ov G%u;\)aleb«&bj’

ook By T,
whew Lg Lo are simple. gu,ﬂoost Le=Lgt | both simple. S dimbl g = dimb g
Se vank P+ 19l = cank @' + \ Pl
P | ocank @ +19 dim (%)
a, e 2L Ll
8, N2+l Wl
G 2L+ 2
D, WL 2
E, Is 13
£, {33 56
£ iz 2us
£ | o 2%
G s * .
Urok Hie dimension o e

We  will show in the wet chapler (independenk of this lemmal,

smallest Fahful fvreducibe Lg- wodule dq:eudf GNJ.B on ¥, aud ave un  column (%]
observe Huak Hhese bwe Ure same bor Lo aund Loi . Moreoves, by tee

.F 'Hn( v\mh{d e -e;tluall UV\-EM\ CP"E ?J B Hewee an #LQ' an mq,w'red.

Now v\m‘om owe

Eable

Cv.«o(lo.mz(The Coujugacy Yheorem): Let L be a semisimple Lie algebom and let B H' be two
w.axtma.l- *Lov-ai cubalgdhra; Thew 3 a.dpmwpbum- 9 L= Su.o!n -L-hr.\k BfH—’ H‘
cjih?w T P oF L celakive o H W Nrpecbue% owe isowmorplic.

3 tionPLusws LQ — L S&vldauﬂg Pf? onko H

ProoF Lemma shows root s

i
i

\
i go’ b‘d CO‘OU“"j 7-'

T\nﬂ« 92 * 9:‘

, and

ol 9, - Lq’ -5 L Su-ol-w.s He oude H'
s sends W— Mg =Her — W'



Coﬂ.u.a,., 3 shows Huak (u,,r o {Scmvv\;.{tm) Ure coct systew @ ML s l.;\oltfwel.uut of the
cheice of H. S ly covellary 1, L s deberuined taniq ueley (up to isemovplaisn] by s ook
i system, Mereover, by covelowy |, for weny ¢, 3 anm L howing @ @s ot veob systen . S

‘ (egs & calion Theorem: The wep L—s @ s an  lsemovplisw From:
{ {50 monplsm classes of } > { ESOW.-PKASW. tgf« op}
Sedw'sim'ie Lie a.lﬁelom eveds € absteack root syskews

- The (avesse (s the wap P DLg.
L s G Siw\f\e Lee alg?)om .ﬂ: @ is an iveducible ook syskem.

Kemarks: () This theorem is due o Dyakin.
1 The ?.'oop of de lmma Pefore corollamy? is o bit Wopeless! There is a wuch
better way of Proving Hais : it's om eany corellom, of e Conjugacy dheovem.

- To piove Comuwz di.reol:l..js

A Coavtan Subﬂlqe\om of an arbtrwy Lie algebre L s auy nilpokenk, self -noewmalising

 subalgebra of L (e, ¢ = N_(c))

W case L ois semisimple, Cavbow subalgebre T wavivad borald subalgebia.

| One caun prove:

Theorem: W L is an avhitiny (nok necesranily seaisinple) Lie algebre over € Y all Cavkan
subalgebres of L ave conjugake wnder (ianer) a.w':om.oq\ais-m of L.

15 The (lassical Lie Algebeas.

AL D Wil gie eyplict  comstruckions of Lie algebrus of classical type.
- We already Rirow whak thelir reot systewms Llook Uke. ($6.6).

i: This s ju}'t sl, (@) , n= el
Welve alseady shown (357 Hat s(, (€] is @ semusimple Lie algebre with warmal
tovad W= foltagoml trace O waknces] We cosstivebed die  Cartan decompesition, amd
saw thok P E-g5 0 1€ O -‘-vm}/ where €& €H' Las e Funchon sendling

! dieg (b, .., W) vV by,

g The kan’aj form an sl (€ s ofuen by &v‘_ (actx ady J= 2a tr (xy) (&auph sheet 7).
Ustug Hats, & is easy to check b < -€), € -6, = 8y +80- &, - S
Hemce @ is dhe reobt sysbew of bype A

B Tws s SO, (€)= af{_) (2+)x(2041) wakeices o  such Uuak Sac= —aTs where
e i O

: is the wakrix (o I‘,)

. o1, | o

ib"‘ is 302(_((’ = () () wabces % Suchh Huak S2= -ls  where s = (O"‘I‘-)
:_ IL o



: .(_L is Sp € = (2U0% () wakeces »¢ such thak  ¢x = 'S ; where s = (34}'1&)
-1, O

| One o ek {as for type A) ot e duiagonal makvices wr each ase (s o marimal Eord
: Subolg?.lma' hence by coustvucking the (arton decomposiion eplutly dat e root systews
ayre &L, Di,‘ CL as CLQA.'MQd.

F.6. Some woker on e proof of Servér Theorem. (see Wamdoud).

The west  impectant idea o e Prooc is He fmvc of (laiml. = coustrucking om ackion of e
- Weyl growyp W ek L on (e set of w&'c‘)hk s paces ofF L wrk W usiug .e.vaedtiai ermhcs.

8. Representabion Theory of Semisimple Lie Plgebras T .

o all Catte-dimencional L-medules splt as a direct sum of  teralucbles (Negl‘s T‘neare.-ul.
o sl - Bheosy: irreducible, Einite dimensional sty-modddes are pasnmekrised by Hheir "woj\.g(: wu’qu-"
-we worked ouk Hne M—agws‘;ace, all we»g\»k‘ wete on L.

: Frowe wow e f'x wotaton: L - Sem,\'gim?Le Lie dtjdom oves (’ Hz wmarimal {oeal su’nn‘qebm,
Fen® % ik Scﬂsbcau/ E= ﬂ?-s?a.u (‘?}' Bz 5«.,. "lfq,f he bare For ‘P’ W be Hhe Weyl Groaf,
W= <S“;' isi €L

g1, W ey Wts.

L Puk @ fa.ri—\‘al odes on H“; called the dominance ondier: Say A $m (f\,)ueﬂﬂ i M-A isa

Unear  combinakion of posibive roots wn @ with codlicients wn Zy,.

_Eﬁ_:%t amy oot xe€ ‘?t o~0 s o Uinesr combingbion of P! with won-neyabive coeflicinids,
Se w20 in dominomee order.

lek X be the sek of all e MY suchh that <A ade @ N oe @ [ equivalently, <Aw>eZ ¥ st )

- Call elemenks of X dnbegrod weighks,
Let X" bhe Ure set of ol he X Such Haak <A > 20 Ve @ lor <Aw>30 V¥ i€t

| Calt elamenks of X' dominank untegral weigML

W A= 5&.",,,«;}‘ let Yoo, w.} be e news bosis for € sakishying <oe, o> =8, M s sl
j‘T'V\Q w;  ase called Fundamenkal Olaommaw.k Wﬁig\ﬂb.

| ke
| New, any Ae H* can be waltten ;'_Z‘ Afws Dwd>e Z [resP. Z;o) FF Xie Z (resp. Zz‘,).
3 go X 2 g ZA; ba; - /\‘_' [ Zi, x+ ¥ i ZA(""C : ’l{ € 2);0}-



;&xmo{ﬂ: P=f,. SoP= §xf A=fe) Then w = +o.

2lw,w) - 2.2% o

(le , Wr) )

(o, ,ut,) 2
Lo il
¥, LG
@- g / o A= Jo  a b oz 2 ELE -8 ~y)
__"L'// o B i UGS

' % €-6,  £,-& w, =1 (&5, -25]
\/ N/ Mece, X= lofhice poinks.

Xt lathce poiats L!-juu.a o B 2 MEALE,
tn Fock Unis = bue cje,uaaij X*=Xn C. On one of the handouks: Usts all w; (A1) ia berms of w;.

J Recall that the W eyl group W is the subgreup of GL(E) generq}:eé by f5u: xeA}

‘iﬂg 5;"":[‘ 5“:5.:‘ S0 amy word welW canm be wabten w= g, -+ Sg. g;eA.

‘ Call Hre woinimak m lor wiich sudh a werd existe the lugllaof w, oamd un that cose
the evpression 1= S8, SBeo s called a reduced ugreg&m-ﬂw w. Let Llwl = m be lngth.
Define ‘e Sigin r(?resewbak{ou £l — ittf

|

1 S e

\ This  is 0 homemovphism of W onlo ing, )

i[l\)o(e eacdh S e GL(E) is a velleckon of E, so Wan wakrix [o"-? w a suitable basis.

i So debs = - 5o dek w= 4" Now deb: GLE)> R s a homewmorphism, and & is

| jut the cobridion of deb Lo W< GLLe) |
t

,E_%,: if @- A ) W= ng £ = s'ir:;naiwre of S‘gmme*:n‘c qroup:

[
i
éThe W—ual group W adks ow ¢ and Prﬁ"?ﬂ““ [r) Se W ack on X.

|

fEU&'g e Ay m}uquce wnder W o a g ue elemenk of Xt 2 X .

[ .2 W edght g?m_es.

Let V be a Cinite dimensional L-module. 33 Ure Jovdan olecomfen'ln'on‘ each heH is

cb'ogonchiah(e o V. K s GIMJL'OJA’ SO we faun SL‘Mu.lta.u'Eaus\y al.g'a%cv\q,u;{: V= A?H, VA'
wheee V= §ve Ve oz Ay V\neH}_ Se V s a direck sum of br wdg\d: spaces.

Call e A For which Vy £0 the _\,ndg\&*’—i on V.

Whak f Y s alinite dimensional | Thes V weed wno lowger be a direck sum of (b5
5 w edglk spaces, We can skl defne Vy - fvev: huz Alh)e W he H}. Let Vk!)\%w* Vy
This s a subspace of Y, buk need ot be c‘iud Lo V wn qmuni

Lemma: L, loe @ waps V) to Vyw
Procf: ve V_)L, he H, xel Then bh-xv= % hu + [\A'n]v = AMw)xv+ o(ﬂn)xv s ffl+n()“n)x;" 5o
PN \)a\+o£-

So’ Hae L{zwwq’ each Lo stabiUses V'. Se V<NV s av L-submedule of V.

by




a highet weight veckor is a veder O #ve Vy Cor some A€ M such ek
Lyvz0 V xe ¢* Call A tre wighest weight of v

i Kﬂ Dect'niHon:

1 Vs (aBaite dmensional | highest weaghk veclos weed wot exist, Buk F V s Late

dimemsional | dhere are Fnitely momy non-2e weighk spaces. So we can  pick one seck
V) such thak Asx s wot o weight of V Frowy xe Pt SoleW:=0 Vwe®"
So amy O#veVy 0 a highest N-u'gbk veckor un V of wejg\d:—)«_

Say V is a \\Eg‘nest welght wodule €k s ciwemked @ an L-module by a Single g hest
w@:'su: vecdor Ve V,\_

jNokr ang (incke dimensional (rreducibie L-module s o UO.MP[: of a \n:’g'héftweia\dk wodule.

Keminder: L a Lie alqehm, UlY s s wnversal envelopung algebm.

_ L-wmodulzs <> UL - modules.

Voo eample, saying V i guueabed by the veckor v as om L-module is the same a5 saying
V= fuvivcui=uly.v

 Theorem: Lek Vo be a ighest weight module o-‘we,m.l’w’ by a \n('o_\‘\aes‘: weight (Wiwl vector 02ve V,

Lek §¢4C coe @lo i 1scsif be a standard basis for L. Thea

(@) N s S?a.mud by {F;:-- F;:' e ?f’iﬂ(,‘,ﬁm}’ \d»'jlo}.
Hence V is the direck sum of b5 weight speces.

(¥ AU we;(q\d:x of V are €N wn the dominance ovdesr. Eacl welght space s Cinibe
Aimensional and dim Vj =1

) Eadw subomodade W of V s also the diveck sumw of b5 weighk spaces.

{d V has a wnigue wiewimal ff.mpea—j sumodule.

‘k’maF (o Let L= N % H ® N* be e \:v-mmsdax' A&zovv\?on'ﬁon of L.
basds bas(s

L9 F!, 5 h"i 1%,..%.3 ’ Lo
By Theorem 2-2 Com\lﬂmj €, U.(L} L\M basis Epp ,c . by ep - e L N ‘%.’O?
N-sa’ §F3 Fﬁu j z' } ase bases Cor U, ufh'} (Nt .re;Peckud‘j

So ) = Un). Ul umﬂ l” uouGo (k) @, u(n")).
Se as V= W), $mu: Y wonomials m in basis Ce.-u[b;} s A sguming sebk Gor v
Buk W UND ve <D, So V= ULw = WN)N
So  ackually ’ff-‘;.'{. FB':': ] c”_,:ﬂ),o} iS G Spamning seb For V-
And ead g Fao v e V' se V=V and 0 oo diceck sum of b5 weght spoces.
b wER ) = A58 Dy lea 82
! /\ in domivance ovdes.
Each weglut space s funibe dumeusional a5 owly Fnibely waumy tuples. £ . &l
Qal-?S[:sj Az A= I-‘J-{%J-. We  can cjd: Azp enly F eack (=0, seo precisely one
buple (¢, G)=(0 ., 0) spams Vx50 i Ny =M.
() Take amy WLV and some wew. We can wbe w:}“zu“ W for wnique w.e Wy,
Must show: each w, Ues ua L. Nok ouly Cwl:e% WMowy W, Qe won-tem ' dus sum.

Pove Hais bto onduckion on e wwmber of won-tew wu's w the sum.



! SL(Pqu W, 0 Wy Cor}(#v Thew we can Fud heH suck Hak um (h) +v ().

Consider "—"—"’(ﬂ- we W. Buk (h-vu).w, = O while (,uu.u-vtm,"“ : .
i) Alig)~»(h)
Sojuuq I Can be written as AZ‘: w/“. , with each w, € VU, and w it sbrickly

! Fewer non-2em  tecms wn Htae swmmakion, aud wu = wy,.
Se by Mdudl'w«, w e W So  each w, € W vludh (s what we wanked.
(d) As diw Vy =i aud aumy wvou-em v'eVy %ene,rq}:és all of V. Every proper subumedule
W - whwich s o diveck sum of weight spaces by lc) - camct have A as a weight
So Hue sum of all proper submodules of V - wlvids & a diveck suw of wdgu.'
spaces by (o) - does wob Vave X ar a weighb. So e sum of all poper subsodular
s o preper submodule heme e wnique maximal proper  sulamedule of V.

: CONUL:H: Let NV be am ivreducible Wiw wodule . Suﬂpo;e )\,x\l are bwo weigWhs such
| Yok V s %e,muq_l:ed by OfveVy and by O#veVy = Lhee vu' are
; Wiw veckors. Twew A=)' and v v' are scadar wmulkiples

Proof s i Vy = 1= dim Vs - A€ N } D Az Al by pack (b) aboue

| AN

2. 3. Verma Modules.

- Problem: Which AeH' have Wfo wodules of Whe A .

(Fix Ne B Let L:=N @WUeN' aud let &= HONT (& s called a Bovel subalgebvel
As NT< G, we tan define a \-dimensional B-module A by A= <L> and

:L\.i,\: AW .1y e 1y=0 YeeN”

Now, UML) ZE UN) @ UWEB) by Corelamy 2-2(c). Se UL) is a wghk U(B) ~medule,
land A s o left UIB)-modle.

| Seb M(A) = UL @y, A - call Wis the Verma module of Whs A

;QQMQ,—_b W H<G aretbwo groups amd M v an W-medule  Hien dnd&H from group theory
: is )'uS'E the module RG D M. - (rduced module.
i
:Qeca»-’ Frobenius Reciprocity. W& B<A are two associakive algebras  then
\'LOMB(N‘ fes:M) z “WA(AQS N, M) N A-smodules M, B-modules N.
e ;
o = l:mds H

Precf s deshical \mrbc’F por Gncte Groups.

|
|

| Theorem: The Vesrma wmodule MIA) isa Ww module of Wlw )\, omd omy other Wiw module
of Wi N is o quebek of MIA). [Note! some hesks wiite Z(A) for MIA)].
?_E M(A) = U@y, &. 101, is a highest weigt vedor of weiglt A. [l owly
depends on ackiow of Bl) More U(L) @y A = UNIUB @y 4 = UNIL @, A
So MI(A) s gwemied w o UIN)-module by the veder L @14
Se it is o W wodule of Wi A,
Now, ek UV ve amny other W/n module of Wlw N, Take C#veV).

ulL)
\'{owu“') (quJ ®Ufﬁ) é . \]) . Hmu(g] [é y rcruts’ \J)
S~

=M(A)



New UMB ads on v just as it ocks on dye A Se the map A -V qives a
L
Womcwmevpluisn on the RUS  as UL8) - weo dadas. Bg Frebewius v’eci?ma‘t»), c!e): o wap of
UL ~modules ow LHS MY =V | This (s owbe an v (;a,gMuaJ:es V.
1@l —=v
So V is o ci(wh'eul' of M(A)

L We  constiucked twe Verma moduale, M{A). For each AG—H*, YHrece evists & wmodnle M(A)
gw\m'c,\:\ is a Wlw wodule of Wfw ,\’ suckh. Yok all other Ulw wodules of Wi A
| axe q/u.o‘n‘ub of M.

Corolasy: For eackh Ae M, 3 o wmigue (wp % isomorphitn) icveducible Walw wodule <f

: Wi A

Poesf: M(A) is a  hlw module oF W ). By Theorem €2, MA har c  unique propes
waximal  tubmodule - call € ved M{A). ek NVIA) = M(’U/mo‘rt(,\)‘ Thew VA i€ an
ievedinccble Wi module of W A.
GHven Quny tereducble Ww wodule W of Wfw /\, w» s a cb\,wh(y.l: of IV\(/\), \)9
the wniversal ?m?e,..-h, of Verma wodules. So W T IMM)/N, Cor  some submodale N.
W (eredueible > N= vad M4 | o W 2 VA = " Wadmin,

; L4 Fote dimencional \rreduedble L-modules

‘ % For oo A€ Hk, Ja u-v\.iq(ue. lereducible  Who mocl»tz V(A) of i A,
| We've showan <

| 8.2 iF Vs o Ratte dimensiongl {credueidle L‘mer;lulel thew V s a Wle medule
‘ WQ‘HP & CA..IM'(LL\( \n{o-l )\ So U; u{/\}_

; o 3\1{,\}: A(—H*' dinn  Va) cw} s a complebe ceb of mon-iscwmovpluc, Jereducibly,
| Fake Admensional L-medules. Whick V() sakis€y din V(4) <o ?

Lemma: gu{yofe dim VA) €9, Then <Au;> € Z,, Ve D, ve N s ¢ dowminank

fnbegeal weigWk £ WNE XY aud all olher ueigWhts in ‘J{U ae wk welglhls (a X,
g g ] i 5 q

Reocf: <A x> 2 Al . We vieed to show Al)e Z,, N 1€l
Fix ¢ leb S¢ = <€¢rcc'k;§ = s{,z((j. Lek Ut be a W wveded it WA) of Whe A,
vt Ues in a Finibe dimensional S - submodle of V(L) and (ks gu S;o- Wi vedor.
@9 slz-u«u“ﬂ’ Al ) e Zaa- True ‘Jt(_ ¢o done.

| For  cowvemience, Fix xe X' Lok Nz V@), ek TA) = seb of weiglks of V= Sue .V, #0f

jﬂ
CAm st show NVois findte didmensional.

‘ Theovem: W Ae Y\+’ then V= N s Raite Rimensioned , and  te chjL Growp W - wheed
} acks on X - ctabilies () , and Rim YV, = dim V“# Ve, we W
The ?moC is séwdlor a Sfl’n‘ﬁ' to Hae ?gooF of  Semes thesrem



Proof: Fix (3e.mua.{-on fq' G gl L L (Scd—ispﬂing Serve velakions).
So e C, gme;obe UL a»r an asssciakive algebre, by induckion, check e

cOU;ow\.'vg clekbie w Wwii):
[Ti)s [EJJC-“"]'-‘O when (25 R2o0.

L

(z2): [y €] == tiw <ue ;36T R0,
de J 8 ’

(13): Leg €77 = - (Red & (R-W;) , R>o.

Let vt be bhe Wl vedor wn Vb Wi A Let @ L2gl(v) be e vepresentakion.

Let wme= <A,ud € ‘230' by astumplion,
Lemmal: Fix 1€¢ L. Thea VN is the sum of all s Facte dimensional S - submedules,

M+
F{OQF: \.e,t w = F\-’ \""‘_ @9 LII)‘ \F ‘_‘t-’” f‘.w el v 18

:Q
¢ M =0 M"_
“u‘ = C-LM ;‘_f;ﬁ - (™ ) p‘: {'7;/"“«') vt =8,

Alse ¢ = r;C:“ -
So w5 @ Whe veckor of wdc_v,\d‘ £ X % w=0.
So Ut ' EMa> i R —stable.

its alse e;-stable by (FU-T), o we have
S ~subwmedule of V.

vel U's sua of all Gaite Aimensiomal g;*sdouoo!uw of V. Welve gliowa v'to.
Toke amy Fincte dimemsional ;- submedule Wof V. Thew the spam of el

?e,‘u, B U+ ae @*} s Caile ddmensional, V& is eosily seen do be 5;-stable,

So L (s SE-SEQL\L&. Se LUCU'_ So V' (s L-stable WV s "Hqﬂpc{l;(l’ so vV

construcked @ Lincke dimeusional

E«j ewama & \, Fdw g VE U( I Bule dimensional g{'Su‘DW\odulA u kan.m(ug v,
New ®le)l, and CPfC;Hu ave m'LyotQMl' eudom«ph’sm Ftl, Se V s awlulobed

by sufficenkly lasge powes of Fe) P(R), V& This wmeons baak
2 .
acp (@leg) = 1+ Fleg)+ rp% +o acks i a well-defined way ow any veder ve V.

So  ewp (Plee) , exp (P(R) owe endomerplisus V>N

Lemma 20 tek s; = evp [ Pler) eplP(-F)) ep [@le)) : N2V, Then 50 s aw o we plism

of Y and  for e TN, 3¢ (Vo) = V.S,L,u-

Proof: S (s am auicwcwf'w{sm as evp [Plef) s nverkble, willh wvesse expl®l~esl);
\'hg formal ?m?&fjﬂfﬁ of exp.

So e ju:E need to swow Liak s semds V/‘ to US«;_)A-

Vi Ue w a Hale dimensional S;- submedule of V. So it subfces o show Hab

)A
5. acks ow bhe weighk spaces of & Faile dimensional icvedueihble 3¢ - subuwdule

of U wmeeking Vi a» sy does

: The welghks of such oam (weducible S;-wmodule will be wevwy . urguw
€ - chadn theoughu. S, acks on thee LelgWhs be revesslng  the chadn.
So we weed to show thak Given aw (redueible Se-medule V' owit weighls

e thom\ry'u’sw $; ads by veversing tae weight spaces.

- Hae

M~ + 2, ML wm

 Evercise: Show 5 Plig) s; = F( exp od(®) exp ad(-6:) expadler) . )
;———_W\__*_,‘_,-’
L Qan quLowwvrfusm cc

|
[

So ‘P“\,:)$‘- v §t-(Sc_| ?“\c)s")u =95 'Eﬁu;_}\l.
=tlhy)



20.

CEverdse Compuke  wey): <K, () =-er ko) = -he.

! lbqr}tto{kuua]'- Se CP“A{,S‘_"J % By (P{"’th,"
So 5. dwes indeed veverse he weght chadn.

By lmma 2, as each s, i 1€i¢t gemerkes W, and s; cPuk (V) permubes e weiguds of TTTAL

as 5. does we obkain an ackion of W on T(A) sucdh daak im Vo = dim Vosu-

Now we can show duat V is Baite dimessional. Sufficieat bo chow Huat W has Faitely wony
, se sufficient to show thak

odbits on TIA), Bach W-ocblt un X contains o  wnique element of X7

TUA) n X* is Gaike, & TpeXtiucal | So ndeed the seb is Fiaite proving the treovem.

| 86 s

We  \ave shown Hrak ;Vfr\)7 XeX*Y k& complete sek of nen~isomenplade Fiate olimensional irvedue ble
Aay Fiaite dimensional L-module splits as a direck sum of lereducibles.

L - medules.
We Raocw V(A is o ek sum of &5 weiguk spaces  where
(1) ddm \)(/\?ﬂ +C o /VS’\ in  Yre dominance ordes.
iz dim \JU\},\ ={.
V owe W,

. (3 W acks on the weaghts of VA, and dum V(AL = Jlim VlA}hy

AU weights Ue i X<E<H® ook, X = §Tapw, . ace Z¢ 2 Z,

C%e X is an abekan growp of vank L.
We  write gqrouwp malkglicakion @ X addisivdy, e wank & work Un dhe group ving of X ZL].
Z0X witd be  free Z-module wibhh bosis §eld): Ae X[ and wulkiplicakion unduiced by eld/eu = e(Acul

CGiven an L-medale VU whidh () equals the diveck sum of b weigb sgeces,
(i) every weigwk space Vo is Faibe dimeasioual

! li) every weiqhk of VU Uer n X,

defive chV = T dimVu elw € ZLx]

MEX

| Call chV the feemal chasacker.
S Se ZDd is just o teol for Reeping EweR of dim Yo W Note we've defined bV even if
V. was JmF{m’te).y My wei.g\r«i:s.' Showld be wovriad abouk suck waFinibe sums. To cjef vound

Hais regaxd elemenks of Z[X] as funckions X =» Z where e(u) is the funclion sending

L AeX to Sy, Z.
| ZLx] = “Gabinite S‘umn“ over Z ofF basis {-Cgu}-'_,pe X},

; The M%L oy veup W ads on X’ so & ocks on Z[X] by w.glu] = E[w/.d \J‘).(e-x’ we W,

| ek Z[X]w-’ ;Fe Z[x]): wF-F ¥ wEWI 2 § WO- dnvarauk daa.a-aw‘:us},

W6V is Rade ckmwsfonal' bew chV is a wice fnibe sum, and (& gplitc es a diveck sum of
1 VNS for he XT by Weyls Theorem. Moreover (%) abeve says e V(A € Z[X]w v Ae X,

Se alse chVe Z[ij,

% Lemma: 3 CMU(M )\G X4} s @« ‘ow:u‘s Lnf I[k]w ) (lv\ ?cu-l«w]_amr Z[k’]u is Frev.).
has a “ndque elamenk

Bk ZDY cleay bas bosis 15 wen: Ae XS ac enck Ae X




of XV in ks W-orhit. Now, chV(A) =u§uwc(4} +,u<z,\ %lw{wwfﬁal) Co.—,\es(',

by ), (@) rext
Now use wnduckion on the dominance order.
| Com‘lﬁdl iF \VJ is a Finite dimensional L- module, Hthen V is deteimined up to isomevphism by

1 itr  charackes.

frocf: By Weyls Theovew, V gag* MV Se v = B ny VA

| Bok e chVil]l ose o basis for ZIXT™ audt hV & z[x-]w. so Unese coefhcents vy
| ase wniquely debermined by chV.

Cangecbuuthg,{;v wnderstand  Gnite dimensional L-modules (t suffices to huow chV(A) for AeX?,
T ?a..-l-(cula:l Hais will tell us what dim V() is.

B Weyl's (hasactes Formula !

Now, compbe chMIA) for NeX*.
| Comsider FI[%])3 1 & el-a) +el-24} +¢(Bu)ro~ for e ®”

= |+ el-w) + €(-q{}2 + e[_d"‘l -
i

i T i-el-a)
| | elA1p]
3 b4 = = 7 ) I =4 X of
Lemma: For Ae ’ el M(2) u-thF' (- efoai) w;f;?(ef;""ef.‘stﬂ g RS e za'equ

so elg) =y;f£‘ e(fal.
[Fof fows  wate «>0 (nstead of «e‘Pg.
Proof: Recall MUA)= UL @y 2 . _
< ' + v R Ron g
NOL» Ufl—) ‘V\M bQ'MES {F‘!' Fﬂ:“ LI' = 'M‘:' eF.‘ " (5' £ '] J‘,
L pars for U(R).

k> o, where © 16,81,

l while UB) Vasr ‘vasis fl‘l- C} ) )
1} Se MM oo basis j F;: o F&:"gi’\:i.,:,‘f,” koi. wk “}5" % (:5: GDlA } ¥ A= Z‘ljg
| So the dimension of MU, s ¥ TG, weZyc A-Top =uf

o : ) elA)
This s Ffea's?ﬂj the e(n“)' coeffiuient of wl;'n“-e(-«;l'

J

< 3. L oeqlis Chacacker Formula.

‘ , elAr+e) | & ( )
| We \ave shaon ak Cor Ae X, ch M) AT It By F %

N
Now cecall Mie Casimic c;.‘)g;'-a,.fw.w'J c € u(u from S0-2. This was L_ﬁZX.‘_LjL where  of y. oae
any  bwo pases Cor L osuch ek (3 y;): 8§ o Les o ElU], & acks en any Wi
L-wodule asa scaler  because & acks as @ scalar ean Qe L -module eae_me.rqhol by o single
veckos

Lemma: ¢, acks en M(A) by the scalor (Ate, ’\*fJ' lf’,f] - "
Prodf: Lot § ey Cu - we®tlo hi 12l be a stamdad lasis oFL. Let §6,F, e PF o dheicosid
be Hae GbAaJ basis. So < = Z [C.cf:; b F_,F:‘ )%» Zk;i\-‘- = Z+ [C:e‘ 4&5‘ L{:“! + ?h;b‘t

& xeq + e




-

Let vt be o wlw veder ta M. Then cLlv? - lf‘;w Ea 4 .Z"!.‘Lt; \UJ" since €, Fu € poscbive
i vest space

Se  Hie scadar s Z Alte) + ZA(HA(m Z () + T <Xa>(A ), -

as ht<—->{3:, a.uol\qt-—aw wndar H«-—)\J

Wake A= Za;u:.

Then L) = 2[)"?} 4+ '{:q;[,\'w;) = 2“!?’ *K,JZ.'Q;G,'!“,-,w;? = LA p) «(A,A) = (heg, Asp) - (e ¢,

‘\;ro osikton: Let VYV e any Wle wedule of hls de X. Then V Wan o Ganite Comfa:t'{:{ow semes

w cta Comfosd-wn COd‘.ﬂ#S' of {he Fovnn \J{/t, /ue)( ""n“e“-'/-""\ and ()‘*fuu*f)‘“‘?r A"(’J-

?moF { pe X Qusp, urp) = (Ave, Atpl] is o Fale sek an X s diseebe, So ouly Gantely wany
e X SOJ."LSL(j st e, patp) = (’\-*f; Asp) . Se d: -aﬂé;‘wdo{m \H).J s Rwndke.
We wilk prove bae res b \mj onduckion ond.

.

itV i levedui cide, we axe done. So Suppese Vs ceduedle 16 han o propes Wie subacelule

W of \I!lw ME X 'FCH’ Sowe Mo }t l/\if’, )\+f)-—(f(f’-‘ (/"Hfa}**r} '{f.fj {\n‘a Cplwf
Se [Atg, Asp) = {/"*F:/'“?J-
New use trduckion for W awd Ao bell of which hase smaller d.

By e propesition, we can weite: WM+ Ex G <hlV) | some o, € Zy, whese oaly
‘Fiv\'tEd;j many of the Qup Qe aon-2eo,
| Mereouul GaA =lJ and R),A =0 wnless _)JS .\ and (}“f,}**ei = (A4 £ /\+(’J_

~ Se, the wmakwix (Gﬂ,\lu”\é“ s wnbriangular [ when rows amd Coluwmus ave erdesed refining 5)_,

Cand each coluwmn han owly Raitdy wany nen-ewm enbres. So la ) s wnierkible over Z.
So for fixed Ae X' e can webe: chV(A) = Z;Cj_, chMlul, where ¢, € Z, c,=|
‘ PP

i

(g, pheg) =(Aee, M)

Recall: (0 cwVIA) is W-steble a5 Ae X,

@ (i)
g ch Ml s — 22
| (w ¢ ,/“J w-g;[e(!)-e{.g))
!
:Lel' X= T {E{%)—E[—‘g”. Sc’ X VA = ,Ms)u G lusp) — (%),
oo

i Lasg uae) = (A4, Asp)

;T\nearew\ (Weyl's Characker Foemula): Fix Ae xt

chvly = Z, trelwinmel-pl = T Elw elwlrel
aT‘,-Z [{-et-a) w%_w tlw) elwe)
where §: W 151 is e sign fePrcu.uka.l'l , €(sy) = -~ For we &,

?reof' Second foenm s Qttwdaleuk o Hhe Hesk as X = 1T [ffv)’e(—;}} 2 Zw tlwjelwe) . [Es(.shee&ﬁ—].
we

This  alse tmphes. wX = glwy X lwe W)
Apply wetw + b:»{:b\ sides of (%) 4o deduce

£ X chtN) = 2 Celwiusel) 3 £lw) T < e(ure).

L, pnve) »lhsg, Aive)

Hemce by e%uo.l‘mg coefficenks, g}MF £0§ is W-stable amd Hie cockficients Ex
wiblain an evolt of W on Mais sek okffe.( owly by £lwj.

Rewdile the equakion 1) @5 @ suwm over W-odits and use Une fack that ¢, =1 4o deduce:
XchVin :wz-_:w £lw) elw(Ave)) + S, St sum over ol edails wek conkainivg ’\+l°-



So 4o prove the theovem, just need to show S=0.
It S%¥0, 3 ) , Mape Xr [J’“’f,/“*F): (Ate, Aspl. S0 Au=T is a
won-neqakive  sum of ?OSCHUE rookts 7 40.
Thew, O = (}mﬁ a\(-f)—(j,_+g‘)up)-.- (Avp, Axp) - (,\+f-1r/ f\a»f-‘rr}
= ()H-f(-n-] v luse, )
= (A« len) + lure,w) 2 O+ (e, )
Rk tex) = “‘{ (¢w) >0 - %, So S=o0.

!Exaw\pla: Le sb, (€], Leb A= %o(,} be a baae. Ld:, W,z La, be coresponding Fundawmeuntal
| donminank welght. Se Kt - jcw.: Ce 2>,af- Weke Vlie) For \J[Cw,).

We alreadsy kaow tak chVie) = e(cw) +ellc-Dw) +- - 4 el-cw,).
Here W= Eili of erdes 2, P=ow,

 ellesu,) - el-tcawy . €Lew) - €l-lcerwy
Weyl > ch V(cw,) = e luw,) - €(-wmy) \- e (-2w,)

= [C(Cwi) -e(—(cy;)w')) X ('H-c(-Zw.) +e (-bw) +-- '
= (C(Cwl) + e((c-z)w‘) ff[(c-u!wl\ 4 ) --[e[l(anw,] +e(-fcru)w,) +- J

= eltw) + e[(c-Uw‘) ol 2 - ™
g L

Nole: ¢= 1 QZ;G X = g e ixE,xj D (Rus)
So meed to check: < Zw, o> 2 (LHS)

Rpp(ﬂ Sq. ; which preserves < 3> (-Zg(j 4;);; « ‘ﬂ'j) 4 i
Example - (of a?rlgfmg Weyl's chasackes Formula).

@2'5'&:#:?: qo+= ;E‘—EL’ €‘+€}-ﬂ E"E‘} I'~Jl= EI ’ vh = ’;,(Sl"fl’ ¥ <W.,°‘.\.>: S‘J
« oy e: wl*wl:if,*-;.fl_

chPu\‘e chV(w,) using Weyl's chavackes formda.
We Rnow W s of order 8. Explicitly itc ol permukokions of € and £, | ound
all sign changes  le, all permubakions:
§1, (85,), (§,-8), (5, -6), (L6)(E-L), (LE)(E -6), (L-8)(5, §,) | 165,005 -4 (T4

T slw elwl(fe §t,)-%q,l}&

Then ch Vi) = 2ew

T (- £(-o))

-]
= felf) - el-kt))(1-e(-5,) * [e(-£,-35,) - e(-§, <24, (1-et-£,)
(1-e(-£))(1-el-5)| (1~ e(-£-5))(1 - (-5 +£,))

* elf,) + e(f) «elo) + e(-£) + e(-§,;)

Q.7 Weyls Dimension Formula,

| (A+¢ ) CAf 0D
; e el o it bl
Theocem:  clim VA= w;o (e, a) ".,IC e, ad>
‘?qu: VEoela Vi) = ?-'cﬂe[)u} Hienw dim V() = ZC)., We woank 4o Camful*f the (mege oF
ehul)) e Z[S(] wnder Hie \rmmmu-?\niswx ?D(] = L whidn sends each 9_04) te |

ch VA = 5, W elwalAsel)

w%—w tlw) efwe)




Problem: Each wgw g @lwpm) waps ke O wnder this Wemomovpiisu, S0 we have to be mere
Cuaning,
Fader  the hcmm.-fhzm quu%\a e f[:utj' ([[t]] of Fo.-ma.l powes senes.

Z—[ x] ‘i) CU:{:T] *‘F—3 C; where F“ﬂ‘:O‘ so F J'u:f.' pt'ck.s‘ ouk the constaukt tem
omd ¥ elw) e(f,«}i:.

| Cireck: FYW(cbV(A) = T = dum V(A).
So we v\eed 4;0 Cow\?uJ:e he quesb o«der i:uwur aF ‘f’(wzew it'uictw)ujjr w\ncﬂ#:,\q or p.
dimm VA will be HYhreir c(fu.pln‘ud:.
S Hie Hreovem will pou.or.» Arom: -
Uaim: ¥ (E,, £l elug) = [“T:c (/u,.c)]t + higher eovder terms.
Preck - Welke Y. lor the oy elu) —> e(’“"}b.
w =) (w r)lJ'&
Thea W(E,, £t etupa) = 5 sl I . T et S o F g™
) - (p,00) ¥ - (p )&/
= W/‘(uzc-w £lwi {fu.\?)} = q:u(«-l;'; [c(’f)‘ef{l)) ='1’;[€ z—e ‘ 2)

;ﬂ; [(\ + (,u,«)g + higher | - f\—!,.;’d;?b_ + higher )] :d]; ( (et + luglnu)
g |
- (L] ' o wgher.

- More  evaumples.

oLs A, = sl (0. w0, fudamedtal dominant weights, pzw tw, P72 ix, 0, v

P2 b \J[“"."".*M:_“z_} . "Il; <imeri) v, + (wagaiduw, oD = () m, o) [+ m, 4 2)
€ Dag ulj; <w, tw, e 2

Similar Cormelas for ¥ G,

1 f= A = sb. (@), Leb v,

ki Cwy, be e fundamentol dominant weighbs, Pz w 4. 5w
(Let n= L+l) Lek o, o, be e Corespending  Simple rocts. ["(c‘ fa‘fcﬂ)
o= § €00 Smingnf = fq’;ﬂg:\s['{st}
Compute dism Vlw,|
T €2, tut T, of D
At Wik = 0 o e r s - becms camcel, waless o= o +-tay ¥ V€<l
L f| 2 13 L
o i (- "

So Vlw) is just the wakwrdd n-dimensional wodule for L= sty (€).
The same calewlabion shows Viw,) has dimenmsion .

tn fock, Vlw,) % Vfw,)x_
For 1€v€L, Lok ok A"V SV Uhere V= Viw ).

The Wghest weiglks of lthese medules are . and vw, respeckively.

Se ANV conkains Viw.) a» GSubmdMLe,_ and SV coukadns Vf’rw‘),

Neow (’/\Aick Ms(u\g w&dl‘r dat'me_ms‘l‘on Ccmmlq UAQ,E Aru = Vl'w,..]

€Y » Virw,)
¥
Sc‘.u;lm—h)f S?V*-‘- \J[TW(,)’ L= V(w.q—w‘.' s vev /(a l-SFace>.



3. Olher classical Lie algebras.

' Bie Sop,, 1T , &4 = Sf‘zb((), Dy, = g0, (€.

| tn each case, Viw,) s the wnabural wedule

i Fer @ruucamal 0y reps, Ar\anw,): Viwe) | 5o A's are (medmeble. Bk STV are wet
{reeduccbie Gor oI

Fer sp (€, STV(W) = VUlew), so S's are iovedueible, buk AV are met iveducible for oL




