ELLIPTIC CURVES

Elliptic curve are algebraic curves that carry a group law. As such, they are
objects of algebraic geometry, but they are also of huge significance in number
theory; for example, Wiles’ proof of the Shimura-Taniyama conjecture for semi-
stable elliptic curves over Q has Fermat’s Last Theorem as a consequence. The aim
of this course is to introduce some of the basic ideas in this area, and to prove some
of the basic theorems.

Tentative list of contents:

Smooth curves in A? and P?. Cubic curves E and the group law (via Riemann-
Roch).

Over C, E = C/A; comparison of group laws. Abel-Jacobi map.

Morphisms and isogenies.

Elliptic curves over finite fields. The Weil conjectures.

Elliptic curves over number fields. Heights and the Mordell-Weil theorem.

The j-invariant.

The Weil pairing on torsion points. Tate modules and the action of Galois.

Good and bad reduction. The Néron model, and Grothendieck’s theorem on semi-

stable reduction.
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} ‘L'Upotmj:cai veasens.

1

| Oa €, hane a Fixed pouk ©, Tl0)z0. Llain: TR = wP + T(Q).

l Proof: a 3 o cchional fumckon F on €, wibh 2esees ot P OR owd poles

} ~2 ak o R Pea le (f,= Pe, Fly=o0 Poa.

| So, P+ Q= O+ (P& Q) in C/A’ by Residue Theovew wvesulh,

‘ te, TE)+wl@ =wio)+ w(Pea) * 7(fed).

| So @ on C is Ye same as + on /A aud so ® s a group law ™ pow K culos,
% associakivel.

' To prove et @ & osociehive over amy R, it {5 lwough to de it over R.

i Q{gm&-godﬁ Cog Qun d&'g{-\‘c cuwve C over E,So..ﬂs'- \f D= Z"‘FP € DN(C’, o{-eg D= Z-n‘p:o[,

then Am LO) =d, wheve LIB) = § cakionad Funchiows € i €t (B % Ofufof , a veckor
Space ever .

The Ricard Guvoup of ¢, Pic(e) = D80/ here a is Vnear 2quivalence.

Have a  wap P:C P.’.—."(ﬁl’ ?— [\r"—o], where [PY = D wod ~, O~v € D-Ee(f].

/

Clain: P (P@@ = Flr) +Pla)
Pocf: (P@®) + R+ O~ Pr@+R [ aa (v above puaﬂm]. Se [Pe@+o0~ P«+Q.
So (P@@) -0 ~ (P-0) 4 (Q-0). So F(P@0O)= @(P)+ Pla).

Cawwm: € s -l as o wmap of seks.
Procfi (i) Suppose PP)= FU@. Then P-0n @-0, so P~@ So F £ witk ()= P-a.
Get €:C—>®. As before, degf=1. Basic Fack (fo be elaborated): € has a \-Form
w with we zerces awd wo poles. w s wnique, wod ule scal aws
Bt on ® 1 such a w. Se () Wolds, ie @ is iajeckve
(1) Suppore (0] € Pec(c). [020 = Dase-poiat tn €= ovigin of @]. So deg (D+ ) = 1.
So by Riemamn-Roch, I € with (6)2 D+ 0. 5o 0+O ~ E, E=Za,R, allag2o0.
le, E%0. cleg E = oley (D+0) =1, 50 E=R Then [B]= PR} 5o P is sarjeckive.

| So, wia P, can idenbfy @ Wit +. So @ s assoclakve




Over €, opives C: Y 2= fixa, opet @ in C, grouplaw This reswlk Wolds  for cuy swcothn
cubie \p?‘ ovRI  Cuay -

COra Ukm " Quer €, tee Group of Pofwts of € v foudlg N s ‘SDM-J‘PL‘AIC do (#az)® (Z/, I}
Erquf G(‘vu_e [_Cu.y on C Wwaa b'QGM lldﬁwHF\:{d \ABC ‘uf\ + own “:Owu! G/l\ % g‘ X Sf/ Mﬂl Sn
gf; the p-tousion PaL.AkS Formn @ copy of Tam . le, S'= J2zeC : 13t=1f wnder

N%PUC«,@(OA‘" P S I - um.f{*cd.

So, f E= C/A, thew e growp 1x€€:axzof = (Zg) @ (T/g) | of order Wl

S We  kasw Wal /A T Riemawn Swiface of 4= FG), F o wbic.  Com  mabe \az‘—ﬂ’ﬂ’

viz: Fix @), Flx): FIX) , lo1,0)=0.

wbe @ \owogencous ubic |
\ Twis  cubic %&'ve,\“ e ocuve C C{P‘I , o oeC.

¥
Howe E—= YUr — l’{, O &= 0,

(]
Lewma: V¢ CS P s a smooth wbic and 0eC, O delned over R, then (provided

hrov RE 23) we Com choose \MJM.O%Q.\&OH! coordinakts i B° Suchh fhat Hee
e(v.gak\'au e @ ¥Y'E= Fix,2), F a \&omc(awum whic  w X T
| ProofF: An %ua}.‘(oa ‘j?—‘ Fx) ecibits bhe Covies Pc\nd.&uﬁ € w o 2-te-)

b eg chacdd wt(f?odwb, one  being ok wn. le, take Cc P given by y?z=FrK,EJ,
T C—a “" 3 (X,V,%Jr—) {xri, ¢« OF (%l‘ﬁ) = x,

Lover of Pi!

x= X2, 4= "z, Have.

| Cver C, Given K55S PR | \»otomerc Map of Cawyuok Riemomn Surfaces, degy =1,
Givew PeS, 3 2 ?ossfbib'{n‘fr for Hee struckuwe of T (n a nelghbouvhood of P.

) :jl :ﬁ" 3 Wu(j\l\'baw\aooc{ U of P iw S sude Wiat Tr—l[u‘)= U.,uuz’
lC;_:ZD UWnly = ¢, and T induces U,u, = U,
CEDucs <Dl = {P,’ Pf 7% P2
F'Q—)—b::ftdu's(

(i) ¥ 5 Dromched over P <= 7' P = ;P,} , owe ?m’wt wida w.ulkn\ouu(bg 2,

T\P\Gu\ 3 (.mCal COOv’d.'.\Aq_beS' T om S V\Qe..r? owad w oA R eaw ?U S’uCJA w I‘HI-

A Local  coordinate on S ok P is a Funchion T, G\Ma.).,;jh‘c o o V\doj\nbow\t\scd
U of P¢ sucdh Hhabt 2(P) =0 auwd (P %O0.

2
New Su«,‘:v?ose Cep ;, e , C s#ice i, ati’cl'.ned ‘o\ﬁ \AOmoge\.\uus " ewbie PwJeoL{on

P’ N Gom © 9ives T = [Wia" wlo): (To¢) n (fied ‘P‘)]-
NS

-

( \ ¢} T(—l(P):{Q, Q';. So OLQQTZ'Z
)
e/

Fronwe  Hae Alﬂebmic. G—eowekwj Cowse , gemus of C= 3(6} =1, g (P) =0. We e

the PLiewamn- Huvwitr Cormyla : 23(0 -2 = (deyw) [ 2g(F') -2) *"h::%-a‘d & . where
e sl Lor suchk x when dey T=2. R
$o ©= 2U-2 1 # {xeC: T is bruched over o .

= Figept 7 is bromchel over (.j}

§o 3 wb b Pei.\ks w \?I over Wlidh T is brauched.



Cleoose \A.ouoqsweour coovdivabes (XY on B suckh that one of e pelnks i

(Lo, Then in Eeews of x= ¥z, Hus peiut s x=:. Say olher Ywice poivts ave
x=a ¢, Thea T exWibibs C as the Riewann Swvface of j1= €lx) = (x-allx-bj)(x-c).
Aeg T=2 weans R(Y s a %uagl.,mi-\'c exbension of ROP) = R(x). So R{c)= kxw)

wis @Pn) = Pul/q,(xj. Same G» (W%Ja T pqg . Welte Y= wq,, Se ‘37—: Pq, .

Thes Q%uajl{on shows Hak 1 C3 R s bBrancked ok lpq = o). Buk we kuow where
T s branched, vt abcw. Seo pq = £,

Se ladeedd, omy Swmoolh wbic Ce l?zf with 0€C  can be wrilken as yi= Fb)  ta
cerbain inhowmog enecus eoosdiviake; se as ¥z s FlX 3 iw Momcojemeous coovdamales.
Oagr C, we started il ..ﬂ2= F("J’ 0\-&”3 923, omd  Htuew  construcked T/a by

g olx _ dx )
'v\feﬂfah'-\ﬂ g T T - So ouver €, Cumnyy Swmool Cu.hl'c in \Pz is  Gomovphic to /N,

Givew @ Swooths ?mjed:{ue wove O over R, Mie qenus ab €.t My, HC[J!L)/
where HOR!) (s the V¥-veckos space of I-forums on € with we poles, re whik
Qe re@mlou —Q.ue,wﬁw\l\‘l«r&

Basic Bocki V& Cel® is a swoolth wh‘c) Huen g(‘CJ =l. le, wp t= scadaws, 3 a

wimigue \-form w en C. b Cau{', w o o rewses  &idner,

Exgﬁgu! £ < i Ylvem bj YZE = fo,%), liew o= ql_;_( ; where 7‘:%, \j'—% .
WOl qiven by MY =0, dey H=3, Hew puk WX Y 7 HX YY),

g 3 * Ol
So 1w QCF(V\.Q b&rw\x, C v %Nw b‘ﬁ \nfﬂ,.g) e Thew  w = (ah:a,“ k

) (W;)"O. €, have {u\\newf)%e.meﬂ:uf coodlivake 2. Tey w= dx. This e we Wwes or
poles  on B'- (0], bt @®w Was o double pole ab w, (Calewhake (n tewms of o Locad
Coosdhivale ok w, €9 ‘).

g= C Cow(m&t 2 umana SwrFoce‘ T ovienked WM{Q& Sw(lcrc(—" so  \an Mty
Flel = dope logical  oyemus.

Families of EWiptic  Cuyves.

Al to provide geometric inbuiton de[‘dfﬂs Yae avithwekic case. Eq, visuelise veduckion
wmod P, aumd Yae ﬂ'eOM@kv(j of ceduckion wmod P

y?z- Et¥, %) = Ax’—glx 2t -9, 13',@3!\»&.\% Ce ﬂ’:} with 9, 9; e R. Hove a group
lops '@ B C’, wlh 0= (g,,0) ar ovigin, (xC L5 C, ha1m PR @ is a wophism
ok algebieic vaviekies. le, the \romogencous coovdinakes of POR  awe roa(,au.-ama:a/l
&M'\c,l:ious of  Hue \A.owwﬂuw coovdivakes of P,Q.

S‘-ﬁ-ﬂ’ose Y, 1 owe \Aowr.aojwe.ous soordiuiler ow L2 \?;_ Thew, LnC

is ¢ iven by G(f,ﬂ]’o, a \Aﬂm%%wt&s edsic. \E P=[Y=a,'7=b] P |
Q= (F=A%=8). Thew G= (bT~am )(BE~Aag) (B -wy) , 50 % ReR.




. Bk S= (f=°n 4{=@)- Cooccinakes of S ave Haem vakional, or waokeed Fa(.jm./w'al,
| funckions of Hie coeficieats of  Hue equakion delining €, omd the Wowoeeneous
Ooedinakes of P awd Q. :
Stanilarly, coorkinates of P@Q ave rakional Runckons of Hhose of Caud S,
amdk so of P auwd &

Now Suppose 91:91[{—!, 35"31({'), ethes \r\ouwrp\,qc ov Po\‘jvwawlnl qutio«s- oFE.
£ (s a coordivale ow S some Riemamn Surfece, of on Some smeda Rlﬂe(ﬂfw‘c
Cuvve | €, /A'.
Ecgtwc.-n WC € s somebuing Z-dimensional. Explicitly, EC—{‘CF i

ofx g7 =

€

< Ve defined by Hae given C(Du\cJ:(on. :
A € = lim S+ duiwn (Rbre) = 1 4]
Griven €5, Hee Ejhgg of £ over P s €7(0).

Pitzo

V.  alfftae  covndinabes e%uak\ou\ sz £ bg® m g, % -9, , oleﬁ‘m'uj € <= Al xS
(Asume S = A, Cou ;impuu'Lg}, So € A xA' = A’ , B €, open.

%) S (%9, t
Notakion: For ¢adh value E= b, lek €, be Hue corvespondiug cuwve, oyiven by
VIR = hx® g o2 - g 16) 2. This s alse e Fbee over M ponk Ebe onS.
Have aun origin O om each Eg,. Cousidesr 10t xS (23) <5 P*xS.
Every poink of  Jof xS sakisties He gien equakion @ (euwd of last Paqu
To prove Hais, set X=0=2 i @, You gek ©=0, Erue Ve, Soiof xS cE.
So  He Oviging  ou e Lbre, e ellipbic cuwves, €, hawe been Ftted too ebher
ko S0 xS, a Copy of S.

Also, e group laws Fit {'vcﬂekhear Fosr Cc IP: (fG’, Case whese 9,,9; € K)/ fea
s a vakiowal funclion of P R ln due casre whee 4, 9; owe Fomchions

of t 7 hWowe Yie same Forwwla for e coovdivates of PO@ Q@ v terms of He
cocedinakes of P @, Y Mis formula it doett wakbes of 9,, 9, Gwe Coutout

or vawiable.

Comsides Ex € = 3 (Rale Exg: FlE)=F (N < ExXE Thew litve Exge —»$
(0@) = FpI=€l@). N ceS, F ') = 'l xf'lc), e Lave Exg —>€
S
Fiowm &, tjei' wulbiplication weps C—E::-LC, P mP, w o Gxed inbeger.
gu_??ose ke €. We Wawe seen Yot Relw] = (Zn2) & [Tuz), so deglewd = wm'
Alss, [(wl:C > C i warambed. (_@J via Riewauu- Ruwwibz | 2¢(c) -2 = dey [w) (29(c) -2) +dey R,
R=0 & [m] is wncaaubied everywhere And, gl)=l, so ey R=0, seo R=0]).
Or h?cto%{ca%, C*s'xs'. Pickure of e By , m=2! @
e
- Deftion: F-'Aﬂ’@, o worplaisia of Swooth olgebm}_ vaviekies, s sunmaated i€ F ke
T.A -}'—?Tﬁﬁﬁ V xecA. [So Miew £ is Locally (in some seuse) amn iSowwrpWsn].



1

1

Nows Lp): R be some a.lo_;e‘wmkwu—‘) closed cl‘elcl, chark=0. Thew [ “Lef schneka priveple’),
6\/0_():% Saumng s brwe. Bub F k*E 5 Maen EW‘] is S{ﬂu WM@\»’&D{, sku of oll-e)r-ee MZ}
buk  tadividual poinks  of  kes Cw]  wiay Foil <o be debine eover k.

N ow pess e ow ‘Fn.wub:) ; F:E> S. Have € ‘£:J’ E ‘4’, e Mu%',)u(wl{c.u Lw]

4

on  edn Gbe Rt tog elres . Thew Rer [w] CE, ameal is om wmvemibad cover of
g GF d—ﬂ-@ffi’ Vnzv

Recald e lhad : ’f_f_f_—e The  group laws e sl Bhee £ £ tegother

Le \r,{P) as @ Qroup law  on e Gum\»:)

[

;?eaSo“,_ I»C K= P@Q’ len Hie worotvml'es ‘,@ R axve Pphjmma,l Fuw'e)n'aus of

i

the coordinater of P @ Theae Funckions will usvelie g, gy

‘Fn‘x Fes. The  condibon  Haak FJ(PJ is  swoetlh s Yk AlY:= '2}9:’6“52, ¥ 0

I Alp)=0 Hien delete B e, delete P € Hie 2quakion giving F'(P) deRnes
@ VlOVL-SMQO“" v ve,

So  wow, for exoumple, $= A - § fale sed, where A =of.

We  wake take Gor qra.vv&ed Yk e Formda for R=P®A doer wob fnvole
terws LRe /o,

So we o have & grouop lw en “Hie whele Faumly

Conversely , 9 iven PeS, rewver am @u.t’,‘;{—fr_ awve FHUPI  wilig ovigin owol growp

Law.
| Aim: Ao the sawme sect of Hm'mb ff':ln-u'mj S by fue : of el vaic
’ \‘_,\B%ﬂ n e a_,lge]vm’g Aumbes  Reld.
T
v — K {1
K & -
gu.f?ose we  have (®.  Hou ZC‘_—_;C;; we  \ad ? -

Cousidder S= Spec @, T=Spec Z. Poinks ave Ye won-ievo prime (deals, aad (o).

S EnaZ-= [p), £le. =
e : e el j“swc@,(

LL’H!PJ

DUy

tp “ Spee T

\F F 5 a prime dead  fa COK, Huean fnz & o prime .otea,)l o L,
4

Eo‘_m(ﬁ'c«}:(an: [p] Ok = _f_’.el" f,,.er‘ wanique fockorisation iwke prime ioleals.
Thea p vomubies in Ok €2 sowe € >l <D n the loal ving (@"JE;;
P genesaks e wnmique wavimed ideal fed,, .
=D the I -veckor space (¢)/1p)2 qenesakes e R (P) ~veckos space ?_5/[33,
tue cotauq ent spece to Spec @ ok . (wher R (p)= Z/(p, 5 IF‘.,/ ound
k(%) = cpf-c/.zg * o , sowme Ml.



There {s aun  obuleus way, (P}/(pﬁ — & /f.;g induced by [p) < B T indues

a Unear wop of R (Er:}'uea!b.r s{mtﬂ,v {PJ/(p)‘ ®IFF R(E) — EL/E: .

Dually, Hais gives !ﬂ'/gflv = ("2 @ kp). Tws is: (tawgenk spece ok Po)
—% (b.uﬂemf: space at (o).

- Cy: R(P) = Fp. Tust geb Fp- Linear wiaps (P//p) = E‘/e}
- Twis nduced  wop  in ta,uquul' Spaces {5 our  iSoworpluism & Ly =

el v
oumd (pJ‘/[sz — (& /p_;}

g?“- Z, Spec T ave [ctimensional in Hue seuse Hat & @k ove [-dimensional.

e uery Now- Tewe  prime ideal s moaimad .

Su,ﬂ:wre E s an el,uf(.-t‘c Cuve oOves @, Yz-f'= F(K,?J’ toefficienks (n R. E lhas «

pent O (<s, (o,0l) , defined over &, Ctéan'uj denoninators, we way asiwme Haak
w’

E Wwasr Z- coefficients. Can reduce woduleo p.  Geb a cuwe Ep , cubic v e |
di’ﬁwé’o‘ oves fF‘;

3
Ec)! 122' = L!—Y.g -0_’2(11"@3?. 3 o, 9, & Z,
Suppae Altuis) 0. A= -2%) - 99 .
Thew, dhe bad p ave 123, Lin}

| Fact: -orcerf Coe Ft'm'keﬂ;j wMasy P, Ep is swmeoth,
EP CothOc.im O. ga 6‘; s a ijﬂuf loun.

(:-e,‘: E < fzz ; Le,b = S?ec Z - 5 bad ?\({M{Si s Eq, NS {2,3,‘75 Gye bnd,
AN | Ueew S= Spec T[4, 3, &1
Spec T

Stact  wotn R Thew A‘R-;Sf{c RIH], Cwuuseba, kU] s cecovered as  Hee ving
of P"(‘J““M’La’l Funckions  on Alh-

Stuvt il 2. Cowstruck Spec z: "2 s e ving of  Buackions own Spec z

&® -
P(g&we or € — § : /O’ﬁf‘ﬁ Ha.uc gyrowp (es EXE ——-’t, w'lMoL\
T redduces wod eveny p to e guowp
P e Lo on EP‘
}\bodhnﬂ')_

Recall: we %ok R, a womber fietd , owd Tn ¢ R te wing of inbeyers.

Suppose (= Cp <> By, YT = FIXE) i aw elliphc cuve with coeficieds in
B, Thew we mouy chear dencamnaters o geb au et‘..m)cio.ﬂ Wik coeflecients
iv Tk, Then, fof almesf:c all  prime ideals P, of C'/'},, redaicingg wed P Gyives
smooth  cubic cusve [g'ue.' feld R(P) = @n/p. Thece oave the  pyimes of

a

ocod  yeduickion,
R, >R h} obtained by dezlbl-'ug bad  pvimes. The prime s cleals

3 riwa
of R ave the geed pmes. K s Fl'uu‘bd.aj gemeaked as om G- algebwe.
L L
3.3,

Example: B= &, say 2,307 ove ud primes. Then K= ZC%,,



*

|
= -0
===t

Twis ts a LBl wmere complicated if @ is ack a PID. We may ok tmes
alse delel:e a QV\EE{’ S€1: OF gcod PrCMQS.

2
Get C, <> P,
ngi‘ck ¢« Po[v\b’ ave e Caoool fflm-es, plus Le),

Reducing wod (o) weoms  possiug bock te R Howe ©. Twis O sibs (nside (p as
¢ copy of Spe R

The greup loass  cm Ch, Cﬂlf} fe ‘Locﬁvunu' ke © Yrowp lows on Cp. "

Fix wme N, Thew e wap “mulbipUicakion by " gives o wevphism Ce T Cr.
We hﬂ.ou-l, over k, [w] s Su-v_j€ol'l'v€, owd Rer (m] han oviler -

CR is Prcjed{ue over Spec K, e |t Liver in ‘P;, cleFned by waguaLy

\Aoma QAL OWS PQKQMWC‘GJS-

TL‘\QQLQEM: \f Xg’ Yo aue ij ec,l:n'ovz oy SP@C R, amdd 9 XR - ‘1',: s G vvto\rplm'sr\n’
Hoeon  Hee {Maﬂ( oF ‘3 (G\fﬂj 18 a/lSo prcjec.l'fvf over %DCCR b

| Nole: False for affine vowielies. Foo evample, toke X =[xy =1) <> Aak , (%9

Py

Thew, iwf ’#\L‘ fof. F\—* AJ: ¥
What does [w] de b Cp[f) } f*fﬂ)?

Ewgcsihom: [W‘] i< iwjed;{ee o €u ey Ch[g;.

Proof« Suppcrse wob, Hhew [wm]  toUapres Cpipy B 0 Fo(.d:,( fae owly proper subvanely
o@ ] u,wvel. So.‘j DR = imoye of Ca  wmoles [v). Howe D\zuiﬂ
O is chosed, by Theorew, Over P, Do) o 8 poink. TS ek
Oues R, Dy 45 & poik o (o We kacw ek over b, D= G
(Thisk of R R. D weans: Haumk of Dy as giving sowething clefined over k).
So Dp=G. So T SpecR \was Flore Dy of Aimeusionl, omd Fle Dy,
of Aimemsion 0. This 18 oesund, ‘J‘:\ e (—cmow(u_, Yieovew. 3JSo. weye deue.

Theorem: 6 we redace S oweMaing ijedn‘ue modulo T, dhen e dimeusion com

(1)

owh.j Qe wp. ”Tb\a uppey S et — cow{twtqﬂ ofF Ebee . olimession *

Mv’ Define ker{w]l= wi'lo) <> Cp. Let S 6’7,? (>R > S — [2’ T e
by delebing oMl primes P it chow R(P) | i, | Twie is & Bnite set].
Thew Huere «‘((ku\;ﬁcdﬁ"uﬂa[a}e_bmc aawber Geld L2 iz . ewad N ch’uc)mw\.
?L; t...-aj‘ﬁc—-bl}- suckh ek T U5 e fg. S-wodle sill B ewscibed s 5
Go —5 —h amd L Spec T;=ker Wl n &g,
Eq. one of Haere Lok, say Lo, cwd Hoew SpecT.> O

¢ bits. LT g |
i
s

SP’rﬁ




Shall  acdiieve Hais aim by S\«.owiaﬂ; (i) over eacke geed (p) , chav RI(R)Tw.
keg [w] n Colpy s cleg vee w’, ool woreover, kerlwl A Clii_E) Cousists of it
il b Fcchﬁ, (i) Dedumer thak over SpecS, ker (W) is uumvomibed.

Uii) Deduee ok wa by Sowme Communtakiye a.Lge\am.

i Prook of (i)! Kaow []: e~ G K Surjeckive on eocds CGbre. Pk prime £, Gud
% € Com . Tlhen (w7 () Sy s hosed [ (n Zowiski semse, ‘e defaed by
pelymonsial %u.ed:{nugj, so it b5 eifker fnite or dhe  wWhelr wwve, (o
gwjfc}t‘\a(l—j of [n) = L’wr]vr (%) 45 Fwite.
sinii,o.;rbj for xe &g * ['MT| ()  cownsists of w ?o(-&.k‘f.
So \ave [wl: (g = (o, awmd G ol “eyeomekc Pocdts“ 1, e debined

over R o over 1-2{_9), EW]H("’ is Fadte.

i o \Mo.vp'\u{sw cwel 'Lor

X Theoremw: if Xr, Yo Qe Pmied,—{ve ovel ‘§Pe(_{2, if F: XEA\{R
>

eVery cjumekﬂ‘t ?oi-\k - 3 F‘I("‘J E3 Fl'vu'@, Haen F is F'l'»u'l-{.

) oke - "c is c{vu't.q“ Was o SENJ;L% tecknical waRoung) -
Haen c-'(zp,) = Spec A, e ke e

If ERC-J) VR, 2o — SpecR  oun Esomorp\avi;w\,
A is @ wlug w\M'dn s F*g o G Q*mco’wb‘

S, in owr situckien, we ane C?< c G s a {'Hu&cf?emug“ of ©0eC,
4

A
= Spec |

[w] Falle 5 W1 (0s) = SpecT, ST, Ta fgq. S-wedule,
Al&o’ fm]“ {D‘) N Ckff) = ; M- h:rs(en Fo‘:.\,bs @n Ch—ff)} ]{, 'Hﬂf WA - ‘EO\”[-QV\ PcEw&S S
e wnokividual Rbres Rt togather iwko SpecT.

B‘j C.omatlvc,{:l'a% S 5 a %ﬁgm end  all CHEJ e Swmookh  Cwwrves,
DV prme todeals P30, Sp s o« PID.

X is o wwve over o Fdd R, then X i3 smoold ¢ @x,p": ife R(x)+ F reﬁu.fw ok P
isa PID.
- Thesr @ € i & regil oy scheme
x €Cs, O = LFERIG): £ is ceqular ob 2f , where kics):= RIC,) .
= tis is a  vegular Loead viag , 0N o commutabive algebva

This s the algebioic analogue o€  Smcolluess a geomebry,

Have [w]: G — C Gatte anat surjeckwe.  Becawse € is regulos, £ Pollows Heak
- fee oM ?o(a)lts xXe C;‘ [m]"{x) has Hae Soume “awmbe of ?uéa}:s“, ouwn bl A
D owedbpluiby e, [w] was  wousbawk chegree. e, (b bebowes evackly cw  «
of ?mjec,l:iue Ccunves  or  compack Riemana Suyfaces,

v\om—wuska.u}-' Map
pllw{ fes S CU"’ Chrm o~ Cp, foe SfeCS/, [m] (e @ C has Same oLzﬂ.rce.
t

o We  Rueew Haak f—w T = sPecK’ rW] thaeo dﬂﬁr-ez wa o,
: ('oaoug.g‘- [w] Yoo degree W on 2ty Ck(f)-



| This is bue even € char R(P) ¥
Alse, Spect las Cowtaut degree wi  over SpecS. So T is puely |-dimensional.

New, assuwe Haak ?:c’w:.rh[f)‘{'w\, VP e ["‘"F."'Chtf; - Ck(fj hea olgiee
’ prime te p, od so it s SQFCLJLLLQ. (‘l‘{’ [w] induces R((mh]‘__ k(Cth

& :mﬁu“li'%’ L & sponie }
}
|
|
|

aleﬁ (p.i) = pz, so B purely ;nS{PMWLLz conkribions.

Riemann- Huro! br apphis to  separable worpdsms.
| 9= 9§ (Cup) =l S0, 22 = wmil(24-2) + P9l B milading
CSe B3 s wnomified, i€ over RB. [w1700) e comsists of ' clistinck poinks.

Covollawy Spec T — Spec § s wivamifred, of olfgre.e ~

SpeeT
% v fe';,?ecg, Me EFbre over ¥ in Spec T never coalesces.

! Mals ¢ wra..m‘-\'ecl Sa T= T Do XT,, c Froo‘{-u('/t of  Dadekind
e
2 Specs GLOMIM:V\S, cachn uumeunbed ouer S.

| Theocew:(V) Suppose x €€y,  x alse odebmed over k. Thew, 2utry poink 4y such thakt
my=x i defined over e Retd L 2K, e [L:KISwm' |, aud Y s
waronibied  oubsiote | primes tn K whee G Man bed veduckionf v primes
n K tuak Aok N} = s
(12 [L:K] aud “coamification daka’ of L/K owe inolepenchenk ,c‘dl_
fl‘i}a.ﬁw(\-e’ L/ sucha Uaak Voxy on wm (4, “ i« olefined over L'

S o Dedebivel clowain, P20 a prime haal. Than Sp Moo o wuique
aeromad  velasd EB {=t], Su{)?os’e §<_'7T" T awcter Decj.fltww’ olonein
Take Q a privae of T, @i P, Sa...a Qg = (v . Thew S_E > Tg.

bela), Say t:uV, v oo wedt w To, eIV, Ranificakionn <=> e>l.

Rl £ Tweowew: (1 For %20 s 15 Yhe stakewmend ek SeT i wwsamaticd
| over SPccg- For ailodvay x, ctruwn Mg same lscussion, ceplocug

Os b‘j 7(5 3—7 Spec,;- T'—' Eﬂﬂ}-' ('XSJ.

1
ELC&_M" We fixed w272 The \Jw\ promes oluole Heose iriching W O“—*C\;Q“E \?i
Hawe [w]: G = 5, mprUm;L’om b‘J ™, B \Sp{es
Proved - [M]“l(os.l s facke of otﬁj\ree wuz, dadl  Gamstunatied B uEs S‘,ec S.
So (Wl = SpecT, whave T=Tix- 5T, To a Dedekind olowmatn, Frnte
fos & owocdule) Guer S,




Unramfied <> ¥ B e SgecS, P40, T/_I?T‘: (T/p7 )% = (Tr/pT.)
| Vo produck of Puite Kelds.
 lvomibed over P <> Tler s von - vedu ced ,ie ] £0 n{lfokul‘ MIJ
CT/pr s Bk over /e k(p) . Se T/PT s fwk so Aebinias
Mﬁq snonatted €& T &% iz_:‘) ¥ a fmd»o’.’ oF W\? C,o'm’es of h[f}
Neow fehuw Evf

WMM [ 4 F\fntk C\.dd {yteu\sa.’on Lin suchh Haak ‘J ®= "k € Ch de(:md ovev h’
vy femk 9elp  Juh Huat My =i, s Aefined oves L.
Procf: The same argument as belore shows Yok [w1' () is Caite of oeg ree m,i

G

oud  wnavoumied over SpecS. ,: . o{f-f::’eﬁ

[wf () = SpecR, R= Z,x- xR, K a Dedeleind GO "
ol.owa.:.}n, Finibe overS. s,o:n ""'"'E—'_&_SP.,!;
Then YV oy with wy =x, e Feld of clefinitton >p = Op woclule P

of Y (te wly) = K{i, %) f y = (x V:2) e P the feld of Frockious of some R:.
rGrek Frow 2 ~dimenslonal g{c/\:wre over S‘r{cs back o \-d pickuie over

Spec K by — &K, Go wn  other duredhion by g iven  sowmelliiag on C 192’
Mar  devominakors b 3»21: e cowesponding objeck W (o B3

‘ E%MQM%, take Zowishl closwre, 2 ¢ Spec K< SpecS. ks Fawishe chosue
15 SPec 4 P: > H’; ik doswwe = lP:. O, — €, HéP; } tahe Tawiski cfoswre,
Oy = ¢ o
- So [hl*j)“‘] ', gud Rl s wnamified oukside Yz Fixed Finite sek of  bad

pn‘mes,

C Theosem [H@rwuk, Mluh@w!h’)‘. G"l‘ce.v\ algdomu‘c, Vi bes Pld,d K’ de N, ek ey'm
o fadle sek & of primes in G»”k, 3 onLj GM% MOy g‘dds bl cacla
et [L KT €d and L s wammified over K oubicle Z.

\¢, Gfivem A, T, caw %ouud the Sree of WU ollrw{m'w, and  apply e wore

wiuad  versou of Wi dewem,
Rk 1)) ghove (‘ou.o-.os ol ouce.

Rl Prove e Morded - el Theoveim: Given € oleflined over ¥, Hee grovp Elx)
of ?m'wts of E debpel over K s Crm% DJWJ&{

Theorenm: [wga,k Moqcldl-we{q_: Fix w22, Assuume that ald poiuks of C*]"[o}
are defned over K. (wic « finile evbeusion of ). Then E / cu) s o
F‘im\le %{OU.P. .
Peoof: We kaow I Facke bik sudh Yok YV xe B oamd ¢ with wy=x, 4 i
defined sver L. Wiy Vik ¢ Galois. E. = [m]7 (o) eowsists of wm? poiwks,



Al delived suer 1 Stall wombuat F%/ieng o uoufaa['»/»r),e,,),

ol wilk prove Yhe Hrsovewm,

Pick xe E(r), Let Te Gal (Lin), and pick ye E(L) withh wy=x

G'!ﬂj € E("J/ becawse T Oloes wot e Hie coefficeats of Hae Po(.,ov\.owhl
Aepl'w{ug Eo R, Also, (WhE=E s olefined over K. So Tlwy) = wmlriy).

§ o maly) = X alse. So wm(T(y)-y)=o0.
DNefine ¢ E(k) — How (Gd“’”ﬁ, ﬁn_) ‘03
Thes s wéu“d{c-'nevl-' Su.Woje ‘IM; =%, ‘.:) e E(L).
ol§-9) =g -9.
is  defned over K, so cowmntes w\'Jdn]

Plx) = (v giy) ~y),

N3: xe g , 50wl -g)=0.
Ie, g"'j €€m, so Lhy assuwpHon),
Have A ExE = E, (y,23) = Y-
[er So Tly=~3) = Tly) -~ T(2).
So T(G-y)= TlF)-0ly), so T Is weld-olefined.

Suppose Plx) =0 e given 4y vt wyzx, Mave VT, Tly) -y =0.
\e, ye E(K) s Yk is Golois. So ker ¥= wElK],

Couvessely, f x=my , yeElk), Y Plwl=0.

Se P induces E®/mepa = Yowm (Gal [Yix), EM).

!

guf'FoM we  \awe an a.!.taehfcdc ramber Feld K with (k:@]=cl, £ o Prime

idead of @K' flp i ped. DeCine v‘,:e(“-e Z Yee valuabion cowespouding 'bfl
\:3 \Jg x) = wm ¢ w15 e powes of _E a,rfem{uﬂlfwc prime Gac,twfsa)\rfow QF fx]_

‘E_hq_f K = ({J, VP[?} L 1
vewsd Ryy . W o K2R o gk €, defne Wnlly = Lot .

ideal or an embedding T: K= R, .
talincke  prme /ploce.

Define Wxlly = (W2)

A ?la;e (o peime) ofF K is a  peime
Crime idead = Falle prime fploce, ewmbeddivg <> R, € =

Exevuser Wxeo+xnlly € osap Il
Woe v gl € liNlg. Splingly .

Welke v = a place, Finike or whmbk,
= a Gaile plack.
v = an inhnile plece.
M, = b places of KJ.

CExtewsions: Given /K, Fix ove My Thew 3 Ruwibely mawy ploces we My witiwly,
: e
aund Jrh tally, = N, ool T o eet® S e me®® » JT Nl = il

'?rod!!ck Formulo: ¥V xe K*’ "21; Hselly, = 1. Twis s in Cack a Giaite Pmol,uul?, almos E
ol Nsell, = 1.



Weio nts: gu.F‘:oSe P={x,. x.)e€ R°, all X1 €K, e P is defned over K.
Then H(p= T o@lrin >0, e (P2 Log Mg (), the (oga viltamic Wnecylub

j _E_'%.: ?: (?l%’ € IPl ’ P,% ffl:me in 2 TL\QM \na (P’ T wax [Loa)',‘ (‘094,)

. Sappore Ae KX Tnen v Whwelly = Wiy, ™8 Wrdly | Sewce TN =1, oyt
H “"fo,--, /\Xv): HK (’la.— s«.,). Se “K and H, awe well-cefned .,
a8 ¢

1 Suppese WAL, Then HlP) = We(?)  [2o5y clueck)
. So, awe u: IP'(&®) = R,, . P(@) = set of all peiwks u P olefined over @-
= U P (k).

e bes

\“:: Loq) H- Feds K

5. W20 So uweed HRI. (Uoose Pe Pﬂ(’ﬁj,y( depwdul' ou P
H{P) = ;rr w:"-l" “K"Hu 7, “f‘r Irukl.'uu ;I-

+

Theorew(NoMeft]t Fix (20 deN, The g?e Pl P s Al over some K
weth [w: @] ¢ aud WMP)SC ﬁ
Prock: Fiskt assume w=l. P=(,u) : P {s AAtlned over K <> veK - i Facee
Assume  C% H(D) = Taae(Llaly) . So Wall, €C Vo
g“‘:) W o, W i€  Conjugakes fv. (ecd). FI(T) 2T -a) = Te’?.T""* ~r-nes,_‘
5. . e: [# @) @]
Define (d'J‘)v T wow “, “{?)]\\,J_ hsJ'Hv € }-t,::‘j “cx‘-‘ - q""hv £ f:u'm{teJ

“[f“\v war ooy owily (o !nﬂ,‘m'l-«J}
tiuce 5, ° .,‘_?. LU
Fix a Flnlce Tu of RN, TS . The nuwber of v owith viw
(s <d= [k @)
Now, W®q o wvolly= Dagll, - llwgll,- For ack v, Yre wnumbes o)y, el
awe Yre Same as Mally ., lallyy | whee Hre v ave ne conjugakes oF v,
W6 w s e place of B Wik vik, Hew e seb of ald P(aces of K dividiug
w, s v, wg (€<e) |
we deduce Neell, € € Vi, Vv, Solisilly $ (), €7 Fixploceu of ®, 3¢ vlu,
So Ml € T (dg), (€)% So Bl o5 bounded indepemclently of  Yuu.
Qj/")} ; O'J‘,'bj'ézf Copeime, Fix p, Say vr_,[bJ-j = n, e F"‘" by
Thew lslly =p® Se by w boumcld  independent s, of «.
Also, U'SJ'NW '1‘s boumeled . o  Hie wnumber of cAroices of 55 3 b oumeled,
iaolafwd@kbj of w. S0 Me nwmbes F pessible FIT) (s boumoled | s dae
ity ol &% b5 Bowwelad, Go dove Toe wel.

st-l-j $:=

J

Gemeral v Sam 0= (1, w,.., ). Fix Cd. L= Rld,. w.) & Ra,)sL.
By Wgpobests, [Le @) €A and WO)€C. S5 O T #ae (1 hgiy) > T wae (1, 0w, ).
CG?[«,)‘. @) (ﬂl,;o #‘Poggi‘akz o, s Eile (omfﬂtl). Yllm‘taof(ﬂ’ ﬁ'pas;:‘\:t,z ¥y, & s Braib

lo,



| Cogellavy. Crven €A, Yie seb §ee P (@) wipyec, (@) @1 €dT s Guite
; PmaF‘ \n=(,.;3H awd W20,

ln fock, Given amy swmoobl projeckive vaﬂol«j X odelined ouer W ff"“@]foﬂ]

aud given e Unzan 2q wa'vohke 2 class [0 of divisors £ tw X, elall wois Barck

Ca Mgut funcken Wyt X( @)= R

; 0, M’M, we S\na/u Coistﬁu(k Qin ext-.....’uaitz»cz cAass of Sueha LM()L[O\M"
where buwo funchions are eczw'uaw f Fr—g i Bowwdded. Wa'te Frg +0 ).

\ aséc A ebraic ae

| K a Qdd, X a swoot prej ective \)vate{-.vj over K,
! A lviser in X is a formadl sum & a; D, nel, aud Ue D ace
| rpedeenible Subonieks of  cadlingote b (% peme divisor).

CDE divisoss. They are lineady  equivalat  (DwE] € 3 Fe KX) " oiba (F) 20-8

| where (0 = Tarf: , wheie  n o owder f e (or pole) of € alouy A

ED]'-‘ éq/u;valzuce Aess  ofF D.

D = Tad; i effeckve € all w; %0, Wk 020.

| t, tet (Dl = ; effective ivisors Eow)(fe”oj. (_aucolbaf‘zc_tj |Df=}‘Fék(XJ*~'(F} *'D?oi/f?k'
| (Givew € ¢ DI, Lowe (A= E-D, 5o (F)+0=€%0).

! ¢

Neber  Givew Og e RUOT Lave (€)= (g) ¢ (fg) 20, <> 5 /2 awe rayulas

i EH&c.jth in X,

| ,

i%usia fock  akout fm)'-eo\:iuz vaichiest  every oé(,o‘acv{ Puunckion is (a b*,

. Se qu Mad k*. CDUI\JE,U’dhb CZAM fe hrk}f i rf‘JH))O, ta.&e

L E= (P40, 50 E-D =(H 50 E~D.

?.. G‘I‘U’{‘ﬁﬁ o Mu‘P{AA‘Sm ?: X — W;\ ¥ eiw\rai@w& ‘&p OAA,U{‘U{) 7] ou-u{sw D ) ,(,
amol ~C.,-,, t, & h(ﬁj-‘ such HMJ:' r‘.‘) +D >,O ; aud *Wurul{'l'&g rcu) +D :ei ’ V"G'J(/
1;( delined overs k’ since E; dwes act  coubaon x. X

Given &, B\, define 9l - (fr), ., ). @

| Basic Gak: X s Proj.co',-iu{’ so Fix) s a ?mjeo':iue‘fta,&ekj of F:.

i Dm?gfus Ve aboue \uypotlussis bebwen Moo asterisls meanws Yok ‘?‘, Ae fiwed
by @, may il bo be defined wveruwhiere 18, T woudd  be owdy a vakiouwal
WP, ey than o WWSM.

CDﬂJ-US-dAj, S'(Ttur-t' wra ‘? X-aif’;_ 'ﬂ«.w, Cor Ky MPMP(OMQ HCF‘R wa'Ha
-K!? ?U‘J, 3)\:0_} Can elleab'we A vsor o--\)(’ na»-wfrj ' (Pixin HJ

(er'ueu\ waddr plicitiea affm,anwwfg)




Ciace N oxX 3 WP Phd W € (Plx)anldx,
SCug “.e, Cétlvw bg [”-.-0, Hz, %\fﬁu ‘05 Lz'—o, Ln,[z ql'vw btj Lneos Wqui
polyuoncals B, 2, e  Wowwopmesus oordivater of [ Lﬁl e Rip*).
So L%cq)é hEXJ
= 'n trr
\F Dy = P (F00 aH,) thew H-H.: l6) owel O -0y = ((; .+ @)
4 ab.n'ous(-) ebfelive.

_(:Lg_.‘ Yz e/{,{.lg{-m cve  over (. G—l'v-(’.v\ P&)(’ h?/c' CPJ be P Considoved ws o
OL';U‘ESH. So CP] “'[aj - [P@W] + Eo]
Asy, [p3 =[@] <> P= @.

Considec D= 2.[o].

deCine @:x = Pg , @lai=[1: g2, Wyperplave H= posut.

P (o01) = 200) =D @7Uu) =[] + [-P]  For the varous poinks PewX.
This i true becawe P30 = ply

e buew ey @2, so FTUHW Y [P] +[-P) Sowmel awd Sice botl sioles bane
cflzgfeaz, ¢. G'4) = [P)+[-P]

Coﬂu'&riej-'ﬁ, 3N€M PGX, have [P] ‘}[‘PJ: ‘P-ff(,gfl’))_ (!ﬂ notation OF@ &:l’ fl:s’J

cokar £y~ Qf'n’]_

Sunn..r_o b S afl: | S

| i T30 CPotpTre—Gbe

B Lo
Ter e

A —

L

X SMDo'un’ ?mjeo{:'qe over K, D a Ainisor, ‘aen iFE K{XJ*’ (F) +1) 20} U?"}
is ¢ K-veder space, of  Guite olimeusion.

1€ X s an e/u,;f;{-{c v, aund 0(&.)030, KRew Hus olimemsion =ongD.
[Qn‘QW-roL- (:or wﬂ?{-ic &uve;). '

| New assume X 0 an e,wpi-{(_ Uarve, D=2[e]. S ai.z.)D‘:'l. wWe have a
2 dimensional veckar space, witlh bases S\,F},

Get @ X >0, @)= (1, Eel.

Foir auy \Mj(}(d'flwe Lie poiak) W o \?', @7 (n) = (p] + [- PJ, Some P.

[lF X » Y'1= FIX?, the @l (x,%/.]

X shU eliphi, D=500] we geb T x> B | sa, @0: (BL.2,.2)
Evu‘j (fwe L i IPE oy es a divier @7 (P aL) ~ 3.[e].
(1a Cock, vy efleckiye Mviser E ~ 3[0] anmises on Hus Loty J.

So F(o) =0. Twen 3 line b ctuwbhng ¥ precisely m 3.[0] N

)

Tie  toq elaer \M/ig\.dj axd  mevplisws b B

SQ,?PO:‘E X s smootlh  awd pmjeoﬁve over K= N ber f—i&!ﬁl.c‘guﬁoose gt ven
Fex— 1P, €: X=0iP"  comesponeding Yo Huo Stume Advisor cLass‘(DwX‘,




Lo )~ YT, M, kgperplane 1 BT, R R PO Wy i iP”, MR P,

! { Assume all dais).
Define  Wp ()= W(@i), W, (P) = W(tCp)

Thes e \"?E ""-r mod O(4).

2, e ’\n‘, 5 eboundled an @ pwo‘{'t’av X'(I;.} — R _
T ;0{' OF ?o,'J:s ou X olepn'v\.eo’ over k.

|

Ruook: Sy ¥: (b, Cal, #a, L9, ) with Fyg.e V3 ekm® [h)rdo].

| Debne w: (K. fu, g, . 9,)

Now &5 2eugh 4o pove e dheoron whew P=00 Q) ¥ . Fa,q) geV.

L X, swmooth aud  projeckive over K. [‘)1 Aivisor class.

' Assume we  have  morphisms F:x—-?lﬁ’!" L K -)I'P;, C,g boll. esoccaked to [P].

e, given @ Wyperplaves HCP™ aud n'clP” | % € (XAFO) |, counkad il

i Mulali‘a(.&c;h'{r_ is Unearly .e:zu,;\,algui o g*l-{’.

| [@«aﬂ dat ¥ FR) = (1) xmlf)], Yeew =-F RN oud [F-6) 4022 z
A De EO] ! g

CLook ab F hawe £, e PerBg* (@) +020] aud
eos= [Glo), buto) = (1, & 1oy, &0

Lask of A \Wave L T PR SSMef, 9 o[eﬁ{nea' S('m(co.;l»j.
by, Ve - X(R) > R W ip)= \ulfir).

 Teeovew labeve) s be - Wy is owwoled.

; Proof: We  wmay essume f: el 'k (&, €., 5,) - Vmpo rbant Fock aboeuk

pro jeckive X-cf(x),cjti mcswfaqo_ﬂ'eﬁ« Kk Pe; v, Yy ove olehual by

j Q@ \omal.a o Neuajs § o e erte wh o v..omml!

| R iy Py - s i

1 F\ irr = PmJeo‘,-fo,,. from [0‘..,0‘1) = Q. E‘j assw‘kou, F s e

'R{“ M—rf?‘n‘f:w. Ss Q€ gfx), Los € gf’f) R Moo L woddd be

‘ We \wave \,_owwa,u, cwogolivales W, ., Iuw on ﬂ)nﬂ_ﬂ'l%..’?“n/:t-&,,.,?w)
Q & 9lx)  means ad some Wowwo g eueous  poly mouial vouishiwg  en gy
e of form %_\2‘ + R, %2:4.. ¥ Qg to nzve Qo € K['-b,,) :.\]’ meww:

g |

; Pk  Pe X(K). Tuew PeX(L), some [mbte L. @

3 e 3 [P) , % T s, (D). Have }co"' Ay, ar e o

£ xamrun € P‘.Gu.u g ablk ewelﬂ 4

we @ Fulte . San (x): q.¢2. {\i?lﬂﬂ Fov pf»ZZ‘r.r{w.g].

Vo 5, ) =%, wolgpeudank of P.



So vela ¥ "t [ Momt mg . e mag) > Mm (g, 4 - wyn (4]

Fiow @ v?[yoj > ) (“o-J L0-3), Some |, 5o DvP (x) 3 vp (a,) + (D~j)Vp (3

So J"f (xl 2 Vo [a j ), Mn(\(‘fw‘)) + WJ n-;:m{‘b,,_]
So Vo x>, 'M"" 0,(1,,) -+ (wnivessal  eowstout).

~velx) /L1 @] [‘ wie ¥ (xp) - wnis. et ) /lLa]

So xll, = (nP) ° € (—ij

= [ Lawiv. / :
< w{,, Nell, (NP) (wniv. skl L @]

-®
Pk war (NP) 7% s cp

N ow Jc:\:bu Ajm =0 or thee are ewb:’ 'Ct'.u'tebj sy P oW

-

\J? [)\ w) 40 lUP 10] = -¥, 5o IIDHP % ) 5’0 Cor a/lm;l: a,/u f( C? 2l voO.

Bt Cp =0 enly F all A} m =o. Twis (mples x=0, IF =2, ()20,
g o ke = by and  Marels wolde gy o olo.
P 'lmwe aduwost ol Cp = |

ﬂ[.w, ‘ﬂ«H n’(J"f < C_P ) ;:‘: "’(J"f' by @' -(:w all f

Neow talee v= v, Y T _
Frow @; el ¢ WDhy - ™ Ml - Hxb) . The wumber of  possible  neowosials
Wy = Ma

T T of degeee Do ie ("WY) = A can
So Najlly € WA le  Bwadllhy diy Hxt2 wnns} ) heeve Zm; = D=

¢ Wl . %0 BApwd k‘* o)l o |
Cloose = |, wm‘im-{smg W Ml - lindy - 8 3
So Unlg < WDllg W85 [l - "W WA ey - i WAlly ™ e

D-j L
So 3 cCowtawt G sudd Hat HD Yo g G0, H:;ellr”’ e sl $ G et Nieyy

55 N r[aces, ﬁiw’k ar WL.,.;&, I coustank Gy sucl ik
"’!“V = (v‘ ';:: "’lkuﬂ" ‘ awd ‘7-/!"‘“»‘t ﬂ-ru (’u =4,

go I!t::, "xk”v < Cv N E&‘? "7('2”" . Wk C '[T ( TL% ‘lT "x H ¢C. Trwuq “xk”v-
So Mlglo) £C ulftp). Obeiously ¥ (€lp)) € Higlr)).
So WF(PY € Wigle) € Wif(P) +og (.

Se, G awy Aivtser  Aags L0} on X associadedd do o waevp hisw X = Ip
we \ane an e?},,.,mﬂb.q dass  of l'\-v:az(.J: p—wac/tln Dewotz Qhany Sucha FMMJM-W
by heyye (el TF Wl bowdted/

Wepy B8 bownded below. Pud f (0] i ossovatea & anm m!aedtﬂ-'«q X‘-—-NP;

oo V C and Vb, SPeXIR) * by lp) € C & Pis defimed over o Feld L widda
(,L"K:? 50!3 s cl'w({rf

2.



Lot bwe we showed: X over K ijec&'wﬁ, eoiveu Qivitor class (DT X,

tocrespendang b2 ok  Gast one morpluise ¥ X 2P, have gy 2 X (R) =R,

defied  wp Lo sddikiow of o bowroled Punclion , owd bowdlid fuudiow,

- Meeoer  F @ s Bute [ca"we Hak X s ?fo_')eo{w've( B €D vavesse g€

of every Poiﬁt o PE) s fule , an as‘bf’)ﬂ Hew by Nowtl o ttis T‘AF—OM/
Vood, ¥Tpex(@: Wy (2 SCL R s defiad over some L witt L) sdf s Buile,

& X o owrve P pon- covstant P @ s p‘lw-{-(, o eveny ) ¢ X.
So Gdher dim U@ =1 on wach care P is cousbauk o~ diw P& z0)
Wher @@ s fulle amd won-emply. [or dum FTHO =0 e @) = ¢ )

Goven olwisov classes [D] [E] on X, awe [o+€). (lc DxTwmids, €= Tu; e Meew DrE “’["‘*«'M'b‘;)

'Liﬂﬁo‘ 13 Co) '[E] COMJfou.J Yo WT‘PL‘AISMS ?v')(—b‘?:’ Y X~ ff;:\’ ‘H/\b-
[oe E:I w:refpa.wlf 2 o waWSw w P X~ P:‘MM p qr'a‘w as Lo ows :
i€ @)= (Mool , x'.'zwl. (p) omd ¥(p)= {g“l"/‘ﬂu !,u,- & o Ie) : e
W[PJ = (xa)‘;j,l--, D"w:.j_a)
Proof: aeed do bacs € all b %420 siwalloveswsly of PeX, Thewall %, y; =0 af P,

T & obeious, By osumwption dad X & awr wospWisms, et codvedichion,

izggos[{—l’ow : \n[pwj = \‘Cn) +h Cel -

Procf: Wy (P) = T "B, . My ()= T4 Mg epaiy. (= Loy ¥)
So Him (P)H[LQ‘P) s ‘q‘ n:‘:,’f ix, 95 (Pl (w way, M:‘ﬂ\‘ B u:j‘: = H&)*E) ip).
Take Logys.

- Now Suppese x [B=€] % du e,unfrhc cowve over K. e shall need Yo conpore
ey P and by (mP)- e, lnuz (P+@) ond \nu}[PJ,LJR)fo)

Recall - qiven o worplisu F: VoW of swmoolta ?re)‘eol-be varieties owd o Jiviser
closs [0T ow W , Wwawe £¥([0)- [F*D] a duvisoc dlass ou Vi F D= T A
Hreew D = T FPA. where F*A; =FUAY |, cownted wila Mul‘i'iloi-k;{—:'es.
1F V, W ave cwves, Q€W say £ (a) =3i7,,-~,, P,% as sels,
Nwose o amifermikioyg ?M&rk oald o ® (((f %wuwl'w o worimal
ideal mg of DVR O, 4 = Tderiw): @ requlow ok CQ?, wg=3@eq, Plaf=0) J
F(P;): @ <> (‘2,.,.'@ ¢ &“fv"'( , Mg c Wp. Se &= uscm SV € Oue noe IN.
(*lo)- Z-v\;.PC,' N O e € & umranulied ovesr @.

€

|Ee - F=(w] : 6=E. ¥ Coj:o’ dhew €D Yar watorsion ro.',.,h. (w] v fiecl
everguhere 5o all wmudbpledies Were ane [.
fn Wal,wt wauk <o compare [m]“[[)] st CHT



u

- Basic dwol s e ‘rﬁﬁbﬁﬂ of de whe ' (ousides ExEXC (¢ elliphe e oves
uwbes ked K), with  waps S, Sy, Sz, Sy 51,50, ¢ ExExEDE | byt
S (Par)=P10pR, Sa(Panr) =0 Q, ek--

- Thew for 2veny duviser closs ) e €, S:; (p) +S'[n] +57 [0} +§: (o] ﬂs‘f_

?wapf Vauoke basic ?mf»osiﬁom e a.l(ae‘:feu'( cru;.mbtn, .' %Jdeu a Smoola Pm)'ed-fue
vmd-j 1 ower K, sl Aaw Ao olicey ) 18] dw T, hawe [Fals)

oves K ¢ [F1~[6) ows o heid L2k,
le, 3 PEK) wwith (@)=F-& DD Yelx il (¥ =F-G.

So it s edougl do  prove theorew for £ oves €.

Aisuwe [rst ot [0)- (3] g
: {2,420 42, - P)T(2-P)O(g-p) T -P

Covsider (2.2 = rrty
’ FiFy %2, 2l T2, 42 -0) o (2,435 -0) vl 22433 = 0)

E=CA, A= TZA0Z)r,. a(21)d,) = evp Liw+ 2, (2- ".;)) alzy , (4, el
Chech ‘Pf%,-ﬂ\“r‘ﬁ,‘h): Pl2, 2+ ha, 3) = Pla, 3, 2—;1—.«\“) = ?(‘1,1”13}

[6)+ 5%, (3 45 03

So @ is o cako of two erphn‘c fuwclions of T, f, 3, 0md Fo s Were worp iz

i B Susnsauk ik MEASASA £ Lo e = €3,

So @ i jmeowmerpic  ia €N = Sxe’ue’.

Mo, (@], = S.:; Rl P & P4 S0 awd (P = 530+ 52§ b *5:;0
[?t‘ca/U" o, s Fundiom ov € has wwes owlsy Py Fo(ui‘f of A Simple m.:edj

Now, iF [0)= Zwlk] , cook wp @ @ ¥P0 quol thew bake T 957 o prove dree vem.

.

D&r—{a}fw: ¥ aume ["]-‘E—-bt‘, P =P, A diviser cles [0 on € is sywmwmednc
(rwpecr{‘ivezlg ke symmwetvic )  iF ["]*D"‘D (Mfeu{-é,,d.: [-f]*Dw—D).

% i [y = [P] +C-F) (note: dagr):’l) , s [OT scjwwd:wt.
VoY s (p) = (-0)  Hee £0] is auisgmutni.

?mgosf fows W€ D sg\uw.d:vx‘c, Heo Lwd Do utD
E&QE" \V\OLMJLM HA WA Obuivus fov m=1. Se assuwme Cvl]* D~ ath.
Hae € ExExE, P> (nP, P-P).

a5y s
E

b ()= WP . €, (P) = (as)P, ek

Ea
So [e]*D + (ad™D +0 4 (-G*D ~[aed* 0 « (a-1” D 40,
Ceck [Y D ~O an oJuvisos,
ELhe, i (6] wlapses B 4o 197,
Stug V= T ) , o0, Thww [o1¥D = TafflodP)) Buk o Pro, Uee
(oY'@ =¢. S, (WD =0 = {om_

\f some ©=0 rewcle D as DAf-& F=Twga, G-=T¢, l w Qr:0.

(u.bwcujs ?ass(\uleJ_ Tt [€TX0 = [V F e =0
More  gensiodly & @ X7 collapser X b o poink  Huw ¢*(0) =0 for ol

diylsov Aasses Cﬂj ow Y.

tas > (o], t, aed o, tuzo, 4 =[v] ot =[1]).= vel, Ey~ ["J



A by cnduclion sa n. 030D sisee 0] @ idendity .
Bssume w2l aud [N =020, So 2:2D +20=[ae]*D *Cn—d?‘D} amd

stuce 2ol *2 =)t = La? 41 ut «2a -1 T (ney? | s we are done,

|
|
| ,
l

| Exesuse: \F (%02 -0 teew (ol D =D (Check D +nd = Casd* D < w0 d).
|

éCt‘x D= 1200). This is dewmﬂ»{vﬁa awd uhru-%\ooudr o o M.O-IPLMSW E'—T—r-bl?‘,
r of ey ree. Cif E is gl=Fbd (v alfie bevws, Hom Tlwg) =],

} Cousi'den \A=\AC,) tdﬁ.fa’vwof wp do a  bownaleg Punclion Ve kucw W hasea Fulessenr
| ?w?&’%‘j (Nosllicott), and Mok Vgpy+ Uter * Vrorey. So L\nl[ﬂ] = nth ¥ oaezZ.

D Ruk Wt(0) = (W3 D

D Se WbP) = Vg P by )= b [Recall ok L o weoplusm @it
 awd  distser class D e ‘f} 'hquo (p = L\D[CP(PI} ]

le, Cor aiven n, I coustantc such ot |hinp) ~wth(P|<c ¥ Pe E(R)

So W 5 a %unddqi-fc F‘mcxwv, bt o o LBl ‘“woise’

Get i of wolse: fix wH2.

fmgosi\n*om 3 wiique W E(R) @ R suck Yok [a) Ti-b &5 bouncled,
Lh) Tiwp) = W %lp) VY PEEIR).
?ﬂﬁ 3 ¢ il Walwp] - wtls (P” Ze VP
| So ([ (wP) = wihlw* 0l < ¥P, 9 Wil 5o | m W (wP) -2 hlwte)| < s
Sa lw:_:,. Wlm*p) - m—z:‘_‘:' Wi W“‘TPJ ‘ < C(WT'- *'"4“_;(;__,,_",)

C i
M1 (a=e+1)

<
‘ < wln-ray T Pl -
$30 I-w:" ’

i SO 'U‘l'e Qﬂtuw (;“Lz'n t\lwn" P))\ﬂ}o fg G Ca,u% ge%u.e”\q / S (ﬁ is
(—ovweugul' - call s it Wip) s olefines T E(R) =R,
Now | Fwlw® ()] € €I 0= = s WP is bownded, inclpendetly of P

€ la) \/w(clj

~ - . ~ ~
Fu ()5 T (wP) ® &:: :‘-"‘ "‘{*‘““P) & "“2 E:: ,..:tm":‘ b (w""'p) = Wk lp)
Su [b) ‘-Mlﬂlf

M.-V,\cness: suppose  awe W E(R) =R ~L'-Lu bowuoled ond LU wPl= w' ' 1A
Tz b'-h 5 Bowmoed aud W (mP) —h(wP) = (W00 - Rip).
16 Wl %0, got coubvedictin b bowndidies by w— s
Debine B g () xE(R) =R by BOR@ = [T -0 -01P) - Tca].
% prove | N Z'bl'unea.r'wrt ctruckure of ELR) as aun akelian greup.
| Backe 4o romeein of cobee. S D% SF 0%~ 550 e e
5o Wgx, + bhgry ++ = Mgay # ke Old: wi s g, (PR = by lP i/, ck. .
Se W (PtQ+R) + WiP) +h(@) +wlR) = WIP+@ + L(P<R) +h(@1¥) , woeqwdmf of
P aR. e e(x)
S, T (p<@ur)alicel +T70) «Ttr) =T tp<0) + L Pvr) + G [@+p).




) B sywmmednic, C"'}*D= D So =) = ulx) + 001 , 50 T =Tlw).
R=-Q : 2TP) v 20t = h(P-0 « W iPe0) D> B s bilinean

Recall: we Fixed w2, Wiy, D asociaked 4o a morphism, D symmebnc.
g D= 2. (Twis D i oseciabed to EBF, degr =1 Fibes of P e wrod-el |-
| Thew defined T, worwalied gt by WPz K% T W(wP).

| e proved that L=h + o) , kimP)= L Ww.

 Proposition: WEW) =R is o guadeakc Corm.

st We need Lo shew Hak 800 8 = L (T(p+@) -%lp) - (Ol 15 billunecs wit
sheuckuse of €(K) G o ZT-meduls.
Cke! 5,50 2550 +48£034 D~ 35D 350 » s ) Sp! ExExE 2 B,

So Mguy tlhp v mh, wed b)) R wsual, g, (P = W, (F(P).
S W(P+Q+e) < utpuuduuw ~ h(pe@) tu(@tR) + Wipir) w0), bor P @ R € E(R)
k{?-(-(?#—ﬂ) 2.., Ww"P + w Q +wv9) eke. So Nu.“nphj P @R "‘:’) wﬂ)

tlivide .a%uu)nw by W od b aei,

Get Tl peae®) + wm +Re) i@ "t-[P+q; + W (pr) + T (aeR),

Tuen, 18(7+# @) = T (p+@s@ (P -Tala)

TPt @)+ WP +hl@el) ~Clo)-H@ -Wip) -T (p<R) - L@y,

{ Rip<a A IPI-‘C\[@J] e (Cipra) Lt Tra)) =2810, 01« 28R @),

\

“

: 20,
‘?rooE: W o bﬂ\.wotld b-dﬁw/ seo t is bawo’ﬂol belsows. 1 {:!P)‘d; Heorn T {N“P) - =30

Qs R B

s
~
£
‘1
7 3

Theorem: For Pe E(R), L(P)=0 ¢ ¥ & a deusion point.

fwof. Recall Mok T sokishies e couclusious of Nedbiets Theorom. Orven ¢d ¢ N,
APeE(R): Wlp) £ ¢ F defincd over Lk, [Liwd ¢d] &5 Fite

Sawy 1[0)30, Sany T defiaad overl. Then w"P €E(D Vu, avd Wlw'P) =0 Va.
So Hue seb § WP ve M) i Rute So WP P, some ner, So P s hanion.
Comu@sdub ? dowlow = P = N'P Sowme a £,

Then w000 =hiw"P) = W(nP) 2 W hiP , 5. Cip)zo.

- Theorem: Giiven delV, U sel § Peeir): P delined oves sowe bl [Lkisd | P o dovtion p—m’v\i;
s fulle. In ?MHW ToeslE(R0) = ‘H—cuww 9:.4&5? is Fale.
?moF Tos[€(R) > 1PeE(R): WP =0] . Theu agpls Nodcoth

 Theorew (Mosoleld- Well): E(n) » o Fuitely qnevited  Abelian opeup.

Pme We powe bk Tors € (k) is Fwte Put '= E) [ rous Elk) | Emuc_r)h to clwes O t'ng.
E(h) € E(V), Low UK, 3o e Can wohe oy Funile evleugiow of o Hak we llke,
Fix m=2: erbend K € wecessary so Huak all 2-toision Po.-.d-r of Eave doliied
oved K. We woe: Weak Madoll-Wed : Thr w g,




Nokie Yk « delines a Pundlion W T2R aud & is e (o«:t'{'!vf definte
qlmdmi\‘c Corw o0 1. Choose 3,.,%. €0 ”’f"""‘“}"“? Ve dlosands o8 Thr,
Puk €= max W) Pub T=3x€l: Wi £cd we kuow dat T s Fasbe
QM‘EWPM%%M%W% i
$u,ﬁzase o s Cal.ec, te 3 xel wot o grewp M by T ocucla Yeat Wl g
wiiod . Cam wrte x= 2y +?f;,,somKL-.M,¢=2%—'2f¢_ (g,get"].
Tew lx-3):4Tly) , Wixr¥) = 6T,
Wel Blaw), s Tle¥) = Wod +&x) -2elx2),

T = T « b (%) + 280, %)
So o) #LIY) = 2Bl = 20al. TIO. So ciller Tlo) < B o Tl ¢Th,
ele  WiB:) %2000 Szc.

A\;\(ﬂtbwwal,so u)awrﬂ;l's L SuJanruuf Wn.kol%r,s;. w w too.

\w fﬂmml, ity diffentt o CDv.M-fwh W Modell - L e( gouf o dune {o e B cudbng
- of ww‘;ujw-q Yoo wank. Foding He  vomk oF BIK @5 very oummu: But  Frucliny
- Tees Elkl 15 wmuck casier,

‘ Reagon: suppare P is o priwe deal of Ok such Hat B wal P o5 swwoth , i€ (5 an
| iphic  guwe over KI(P) = Du/P= Fo, seay 4= P T NP, Thew e fn-vJ’: of  TowcEln)
of odes pame bo P sunjacks ke E(H.

C We  poved cadier thet i pfw Ywn Elw), du wotesion poiwke £E s of
Aevee wml oves S= Spec % - (bad fnfmﬂS} - prinaes Auwidaig ) ; awd s umvomn el oversS,
9, e(k}[w] El). Elwd Gnbessecks (€ mod P}, ne e over § n o diskinck peiaks

over sowms Fos . So E(W)[w]) psberecks € wod p un  dliskuek Paf.vh GLAV‘WN.CL

ENOJ P-ﬁ
f:fﬁ: ECw)

\

Elipbic Curves  over [Fy (a,= p*).
. Mowe E <> ‘?‘F‘v , E qguen 'b«.j o howmogeacous owbic F:O. € s swmooth ( i+ F,%E,---
Cnever vaunish m.lkaueous(ag), owd hawe 0€€, o delned over Fy. Then Vave group

th.u-l ow EJ O an ow"n'c_p)l'n.

?mg»&hou For amy nwmber field K and o prme ided P of K sucke dat G ¥ F),

i 3 o ellplic cusve E« deCined over K amd o wing € , In §SEK,

g Sucke Bak  PeSpecS = SpecT, - (Fnile set), anmol an e/u.f{-k wwve Ecn \Pg
Such Wat (8, =& Lig, whak (gok Gom € by eclondig S
ScaK s jusk é‘;) aad gmodf VAE, (e E anses by
vedumction med P Fom some elliphc cunve € deCuad over some aumbes
Geld K,

-



1y

CProoft We  canm  clroose how;gmeous coondingles £ Y w \?;L& such #at © =100
So V2 Uos wefficienk em W We plywondad F. New coose K awd P
sucks Yok Drjp * By Thew choose Fe G [xv3) such dak Y¥ does wot
appear aF avd FlmedP = F.

; ¥, F, X, 2
Consider ¥ etua)\'{ﬂu} e ;l)l; *iv 4z T (¥). By asscmpblon, Hiese ave

wseukle wedids Poeven after eculamug W < Hn , so Yuse equatiows
e wngdadle w K. lele 3 cimulbanesws sobbinn w O |, some L2K, e
o would be a sdilim o G/@, @ a PAM,G?!P,#]-
So ?=O w  am ekuy{-t‘c Cuy € gx i or{od,u;,. le,,0), To a}@kgpecst{:alte
g?ea O omel delel Hae prime  (deals wodulo whwich (¥ has a soludion,
[Tlds w c civ\;RSdT). New F=o defines: g“-"\f'}'z

>
foc Rsny CQe§P." S, we oa;,{' aun e,uip{:\‘c Cuwvve g,“a, over S/Q by redpo(u.j
F w.o(iuld Q. As belove, tae Gveup laws ow Hae aumves éxrm “Et t_obf_}u\u“.

Recald Cove lawy: given wmelN the MF‘PMM fwl: Ese s gwjfc}ci-t, Eale aud of

dé@ree w®  Laleadsy queo”.
QEQSE-Og!-' How MUy Poéw d(pﬁne\o{ O ves ﬂ:q’ OLO% € Lmuvf) Dfptmatj ou £, bul:

Theorey, (Masse): [HE(R) - (g0l €20 .

Proof  wien {noc\rws'ﬂ', w a fiedd, €,E, (J&’P‘Hc comven dofined over K. Thew, an
M_ freun B, 4o €, & a won-coustaut Mu-pusm :€ =€, of ql_fjelasm‘c
writdies ok i alse o b.omumf\dsm wet He qrep laws oF €,, € (over ).

Exaump o5 [M]: E=E is om iso0yeusy - { Iso%wtes €, -E4 u&o?’ [O collapsivg €, ¢° OGEJ,
s o abelian qrevd, dewoted How, (€, E,).
An endomopiisn of E v am  bogeuy E-E€. XY projeckive  cowves
XY o wmorphism, Then degf eN | or =0 i€ ¢ is constaut.

\mwediaks am: prove dak oegy: How (E,E) = Z W a fo.n‘(:l'vt deGuite %udddﬂ.}-{c. Covnn

For Huo we need Haz Yorenm of de cwhe fur E/n;‘g

Proof of cube dreopem: Fix o divisor class [6) en €. (0] = Tu, [F], eoclh (P] defined
pver  some fF.Ln 95:@. For  ach PI L2K such Haak P UFls 4o g?m’w" P ouE
debineed sver L. S0 we e WE (00 [P, o divior doss ow €, wagbe ofler
eulayug K, and abe  wmague 2alavging Fy. For TS 80237, T 47, Vone:

S’x; ExE € =€ £ 1% Given bock due dﬁmpr{w@ suw  wovpluisue ou Er ol 0w ewcde
Breay). Pub [R1= ST, T8 «s*08) 2 (0) + 5408 ~ 53 (81 -5 [6) - 52 (5D

Net, [AD is tviviel wmedils P Cube in ckar® > [#1=0 on €y

Reduce waed P to get [P] =0 Uhere CA] = 535 (0] 4. Ps bebore Vave ganeced
stakewent i iF X 15 0 smockh projeckive vaviely awef [A) & divier dass ov X, Heew
Yﬁ] O ever K ,{F[ﬂ')«‘-@ o ver K. £, done Fov 'Fq,_



:‘Tlf\m: dzg:%ow(ﬂ,&}]—sz “h e c:t’,uao(,u‘d—fc Cormn.

Proof: Glwew wt €, = B4, Wowe o T divisor clasreson €7 ] devtsor classe ow€af.
Tuewn loey ). deg (6] = dhey (¥ D) Cor D w 6.
Glvew v, fr B DE, delive ¢u > = (s ﬁ)y —o* —p¥.  Hawe E, ) E1x€,x €y,
So (by, eibe), (y*ﬁ’ﬂ)dd-'r\d* 4[&*43"” r(mgj* -(0(1'6')*'[&'\'3)} =6
Follows  formally Wak <o, @D = >+ <o, x>, S0 $D b hadlutear,

E.LE, overK. \sogenies oR¥: E,—6, Define < p>= (waB)® - x® - g%, where
o®: (hiyser classes  on E,i = § diotior olawer ow €,1.

We  proved (vie cube), that <o, B+ ¥> = B & (o, Y

Define deg («® by deg («*Co]) = Oleoj w® deg [0].

le, over W, if D= ZTn Pl , thew x*D = Z ol *p] (o - P cowmted

= Topldeswls Aegu. degd, So dequ® zdeg «. with wlkiplcl bies )

| Theorem: dueej: How LE,,E;) = Z s a fosiﬁue deiaile ctua.drw\,-tc Form.,

|

:Pme'- Nete thak d-egn’ *deﬂf;= d.e;a o +d.9,gj F*_

[ Take D= Toplbl 0w €y, S0 «* V=T, a*00) | af* 0= Tn, e 0],

By olebinibion (&* 48D = «*D+*D, 5o ocleg (¥ +£*) = dega® |
Now €(F >z (Pe0)*- @~ —w*,
5o deg S Wp = degq (P -decJCP—degW.
Krow <@ W+XPz <P ¥> + <OXD, 3o deg CEYIXD = deg <P, 4> 4+ deg <@, %>,
On the olber Wamd, <EE> = (29* -29* So dleg (4®>= deg (20 - Zdeg T*.
29 (109, so oleg 29 degl2). deny @= Lk deqg® [If X B2 ore movplitiws
of Cuwves, Yren cleg [of)= O{-C@AC e o). cf: Tower Law, Galels T‘Ae-r-‘hﬂ-gj
So deg < O> = 2deg @.
So g s the cbuaolxa}-ic foran  ossociaked 0 Hie bilineas Corm, 5deg <R,
To qek positive definile, just nole Hak sy new- comstank wovpism o

olneﬁvre{ >0,

F\P?Lj to Counking ?amks where K= TFy.

Frobemius: V¢ X s any Vourtekyy Adefipned over K:qu” then Yreve s o0 werpWism

Fi=X defined over K ar Folows: Saus X is prejeckive, ){uﬁ’;‘.
Then we  have x 5 ox Flx,.. o) = fsk ... x;‘f)_ — (¥
W — *;L:
Meove intriasically , say X= Uy U, affine. Thew WU Was an wbriasic  cooedinate
cag A, o K-oalgeba. (Uiz Spec Al
DeF{M’M F: UW.»> W 15 sawe ow o\ecin.iv\g (-\;G-E- Ri - o hewemovplrisw of
ple @ K'alqe\omsi
omd so conespends to Fy .ot Up - U
These Fu, glue togelrer b qve Fix-X



- Griven PEX[K) we \awe F(p)=p <> PeX(K).
C Proof: lesk ok (%), S coumbing K poiuks = Counbing Fixed poiuks undes F
= T (0 TeFlip g - Lefschelr Fixed Powk Theorem.

| Greotkenchede aud Mol Consbrucked Hi(x,fﬂ‘,}. Ry v charekenste O, dhe bradie numb e,
" Proved 3 o \lefschebr fived Poéd‘.‘ Cocwmuda.
| ‘)ela'ﬂv\éf T acts on “e{x( @) such Yk alk &kjmualms (sz.wida, ?mdec;ciuej
- owe  algebauc wobers all of  wliose uwu emheddings  hawe  absolds  vakue
4 (ovalogue of Ritwamn Rypothests).

X o Q)\M?Hc tewve over K =G o X can be Ubkd 4o char O
P HO(XL, ®)r @.
L= ) wor el
L LI &,
We shall  construck diceckly an wa.i.oq,me of H' [ in fock, )2 W) ,‘aX/IFq”

u'SCug toision ?Oiu.\fs.
?(Kk?cw\e Buis amd cebum o eS{'iMaJ:{v!g #’EUFQ,) Hauve FE- €.

. Theovew: F is am (sooewy.
 Procf: O € E(K) 5o F(o)=0. We shalk prove (laks) ok auy ®:E =6 with
i Flo) =0 s an 500 euny,

Note Hat FP)=P <= Pe Rer (I1-Fl. Shald prove laker fuak 1-F 1s sepavable.
Thew, ¥ler lI-F) = dey (1-F).
li-F): E=E. The Po{n)cs in E(K) Hakt lLie (n ker [-F ave Wc{:dy, e \(*‘poi.}s ou E.

i B:ﬂ ‘Q{W— 'I{u.cwtr{-’\:, Quiury Mm—wu.sw 3{.?@&‘0\& V\wwfw.fw = —F* Es op eu.(P{-fc
Cwwves 15 ewerguhere s bied

So VP eEy(R), ¥ 1 Qe g(R): F(p)=@f =degF.

o dleg Fr ¢H€ =g,
Proof: Look akt F: K(E) - KlE)  Tynce o[-e% | over o Pﬂxﬁe&f Cretol.
€ — Y Fed Theony D RegF =9q.

s a posibive definite quodeakic Loom. Oy lotep) - oyt~ clagy@) £ 2] olog o deg § -

So | day [1-F) - oyl - deggF | 255
So | #ew - [ova—t)l £l [ Hasses TMW)

Fix Pn’me L' * chanv K v Cuaiy C\dcl Kuows Y ’ [L“]'- E2E oblgw-ee LM,
So CL‘] Sefmu oAfch P-rotzq[t"‘} So [L“] is Qbextjw\‘\hr( Mm&d
Lok ok E(RIIL™] = hes[t*] G e(k).



 We  ge E{R)[L"]t ﬂ/l-"l & 'E/U"Z (ouwmh'w wet CchalJ,
‘05 {moluci:fom own W (Y lacj structuwre  HBazovew pow’ @-g. a)aol-é-vn Gveups.

’

1
!
| Hane el &) L] L €] Mwb cowsider Uun Yn stmulkancousty .
i

| Lemma: guﬂ,e;e P E =E v & morphism of a,lqe‘arw‘c voriehies, €, E, MP{“ ey
i over K 5 with T0)~0. Then F Is an 5o geny.
| Proof @ RecaM: I X My Swmcoth ijeol-{ﬂe Guve |, dhan Pic®lx) = gyreuwp of

|
i Aévisoe classes on X of degece O.
! For X om QMA'FH( wve,  howe X Ly Pec "X
! Pi— (r]-[e].
| (B isomorplim, Se  giviag P’ X the sbucture of an mlgdoméc v&m‘d—tj,
. aund X the structuwe oF ¢ commubalie Growup:
| (P+aJ -[o] ~ (PY~1e) s+ (@) ~[e] ,ie, ([P+aYx(e] ~ (P +[al
| P onduces B P’ B = P®Cr, @y (TnlP)) =T [®le), & howmowcrphisne of

Commw wtakive  Grewps. Se wl €, _f—;{-:l

wlz L

e, ey Peve,

Feto = [Pe)-Ueo) = [Qgp)) - (o) = ¢, PUPI, so Quagueun is commutative,
1 i,z oawe (somorplsms of  Cowmutabive qroups, eund Pe v a Wowemonp lasw,
| ¢ @ i alse a homonmrwsm.

4} Used Hais  lemwma bdlnev. CP" Frobenius wap FrE 2E over K= \F.i'.
j C/kedt Flo) =0 well, Flp) =P ¢=> Pe E{H’-@)f amd OeE(ffg) Lc., defnbion of auw GLL(P!‘“C e,

?mec.z(i-_{ous ok Y U4 € =€ awe l'go%,cwiej auodd w5 a %kaba/[ | ~Fars in Ez,
Heew (@rw)¥ue- ®Er-y¥y,

E s qgiven In alfine coovdiakes by Loltpfx). (ot least f chavr K #23) .
Thee w="% 1 Weis o wo polu,se & global, sud we e,
Even f c'/lr«wl{fvzwrg, w skl evists. For oy K, o L W(vuc u.f:*l:ogc:aim.

Whwat abouk PFw’ gv.{zro:e f:X=Y s a worphism of Snect vouxehies over K.
W w0 o r-Form on ¥, dhan I wakucald e-form o X {n Pcw{—t'CuJox,

F¥e 1 b o om 7§ 2 50 fomns 0w XE. This is dual 4o dhe  devivakive wep
CRezaf T =2 BT, g, F werdag, e funckion e Y, dhen € = d(a.F).

| Precl o osibion: Wawe wlo), a u%m}: vacter ot the owgyin O€ By,

owd (F¥w)lo o C.aea.uﬁw‘: vecker ok O€ €. Dually, cousider

P, Y T.E, »To€u. Thee owe \We algehras, allough very borug

(- disausional, 55 [, T=0).

G, M a(qe’om‘c growps ever K, F¥: GoH, worphisms of alg-e)nvw‘r_ Jedehies
takivg €, > <€, Delive Po¥: GoH ; g 1= Ploy) wig). L'-’ ® L, ellipte Curv'e-].




Compuke (AW, TeG = TeH G berws of P cud € o0 Cllows.
Suppose ¥ € Te G, Tws is <D €+f¥ e & (K[

/—\\\. ,,,__,\\\\
’\//‘.}, \“} e 5 / ¥ ‘.\‘ 3‘(::0: e , dg - X
B / K “ gty j I l

S s ot Ezo

R0l - F (e t3). Wleg +5%) = [eus 109 (ep v 5 &, (%)
st v 5 (@ 0N) e (Y] = e, 2 (UL
Lompave coethiciends of 1 Ful¥) + Werd) = (@Y, (%)
bually, (PU* = P73 ¢’ ar waps TEH = TG,
So F H=E, amel G=€,  tuwe=0 amd ¢>+, so we get
((P+¢)¥n) (o) = (Tt « (€tw)tal |, so (Plrl) = (T+erw glbally o E,.

Nole ot f we bawe € A E, = €, Hao [ €= ‘Pf](’w, bogy W«J st
Clhouk A&%‘EU*EDJL{OVH

Lewma: Ow 4 ["]fwT -

; P_r_go_pS Cousider @ G 2G, Ply)= g ,w\qq—e G @ an a,le‘e‘orcu‘c_ Gyrewp.
What v Pu: TeG o Te? Lebk XYeTeG,s50 Ire¥e G(rted)  l):ize).
o= l+s¥ Dotz l-2¥. So @lles¥) 2 \=s¥ =1+ 29, (%)
$o @e(¥):-¥. Dudly, PF 1T Go LG s alse -L
Se ([‘i]f\f-]@) s fcwdlel. %5 1w e C)Lo\o% ow £,

| Com!!g!:: \-F » ';epa..:o.hlc-
Poof: [1-FF w2z [Vw- Flu: w- Ffu.

i Ce WEE], Huw CoF s Y, 5. FPFdfe c‘,.‘?t-'dF:o, g
cotowad differedials wa E. Se F*¥w:=o0 , 50 [1=FF)w = w
Se “’F)ar W vew v en f:cw.eul: vectors [ owdse s o cmm\q:w:m own
‘b&u-ﬁﬁwt Spaees) Lie I-F:E=€E€ s o Mvp\&{ﬂw ol trvee Hoat s £0
towg auk spoces. T s e.iu.iua.l.w.l: do dhe doFidion of sepaable
Thean \4‘1 Riemamn- Howrw! b2 ,I-F 0O QMWU.W in Mw Speces,
v BE & e sl

F* ¢ O ona

D“a,’_. isug{wi-eg_

Suppose T € DE, ae ton-rw iso of oAt curves over K, Say oley Tue,
" cyfaly ey
C Naybe € Qulepa;ub(.t {-&3 L H= ﬁ'—qﬂ ¢ - Fm\oWu().

Bk ecall Galeis Theowny: w (&) téa be wie,) \
= 1 d#-&:wfasd as ¢ i"_ P““""l"j \MS'Q,PGJ&UI
Kiey) - Separeble.
tele,)

Tuew @ couw be fackwmd: B D E 5 6, x puely iseparable § sepurmble.
deg Q“—’olegjo( -'0[19& E; v Gu algebmc o€ Lt’uc“d\, &U.V»{-«‘c)
f o tlows Fromm oprmecak  Yuzovews abouk oliaelam‘c cuwves, \F XY s ¢ 'ow-o(q

wsepovelle  mavpisw of ale&alovaut a4 (X) = 4Y) 1R GEVIRY VAPTRS

i3



QU =l 50 i)zl so ¥ hap o K-peik Fl). (g=aeuum = # Linarly
| wé"ﬁaa M(@l 'La—gwl'

@@W %(D\nl I~ forws) . Aa.j v of
P s wakwoly an d)u";’n‘c Cuwve with P ay o eyt ]

¥, b ave lsogewes, as ey fake O ¢ O,
L)

EE— &

Oodw © v @ € B () | gudl  uowe diogreun L
and ot w i pvimt o cdar K. Al over K,

Prof: () Asswime @ repurabole

CF_{{(Q} cousists of w Ouf{"d(/l‘ f?er'v\-h‘. So ke @ consists of w l‘?m.wh'
So \MPto " Se ‘fzf,l g c E‘(Mj

¥ Pe ker ‘P’ P defived over [ .
Hor B, ol B

e

P [w] eve

vl RNy whire v rovisd Coed
. e
Green Ay 150 gy YiE =€, heaW wmesul wulk iplickies. @, [w] ore evenyolhiece

L

Seqoa.w.b(-z morplisms |, and se (by Ritwaun - Huwan'ta)

warambied, so e struckures a Rer @ aund ke Wl = E [n] are just strectuns of
Fute aboehian Yrowps. Get M= E0/p @ o €. Yoads en E; by tveumslatiowy.
Genemh fack:  givew a Pinibe grup H of addowerplusus of v algebrace

voaithe, X, theve exist o quetiect XMu, e howe worpism T2 X=Xk oF vouiekigs

Aebined ovesr K, wrose Fbees ave Qe ocbdls.

le, T :[w]: E . ~E, .
Pickure \s Hee some bk [w]is f.asgpa.mbh

Elw3/ ke — €, ,

Eey: E/ELW] *E,.
) Assume @ sepacebl, and chav K|m
Ustuce [w]¥w 2 Mweco o, global L-form on E)  SEU have

oned Hiew owsbrch E, = @ q,u.chul ‘0-’ Elw]/he €.

) € Pu.rb[r’ Qaiefawablz. Coun breah wy P, il & t?—'an\:.fd" ﬁﬂ_, Cacl €

Purely  wsepavable, of  Azayvee p- UF K=Fp, Mew Q= Frobewius: €,9€,.
% oéwemi, Gacke € 15 tome vemton of We Fobewius/

e % e

aﬁiu: Mave o ohagw..w
Q‘\M-:")

(PE*N-’-O i Epj'.‘ kiUs  ald ’t:a,wb-w.k vedors,
Rilliug  baugent veckers. ( Giver X over K, claw W= £ 3 3w, e vp s an of
venekies owver K, umiversal wek b,{‘u,(% fang ek vecters, |6 K=F, s e

B= b, dey B 2 p%0Y)

%u.i' ¥ v wwversel wet

| Pt‘-CCA‘v\zj {—'chf.)un-c.r (), @i, [f'n‘-'/, awel S€coudd da.{m, we \axe vato! Haa Gost GI-CU.'M.

Basic idea: prove ker ¥¢ E[w) | and constivet €, 2E @ quibienk by Eled /e @

i]?%g&i C-iuw :Soca,ewj P E - €, b “7‘:0', ‘3&& ;Soﬁw E‘/luqr'{’ _"i?_.
Givew ®: €, »€,, dey Pem. Consbyucked lin oabligd T:Es2€ - fo Uuk

L) is  commukakive. é’\ is  the dwal l‘fagwa-

E, — E

e, 7@



CDescrbe @ in terms of dlivisors. Mave ,: €, = PifE, , by Prle)-le)
Dfuo = a 0‘-(\!1:3015 cc Olﬂ_%;ee 0}_ Pl-(‘D = D““u/(um Qwunltmu}.
\'{Ouae g - DR 5 €Ex > €. / = ﬂP[P] w= T [“p] P

Upe

‘. Exesrcise: o G&Otms 'Hawua\u ?|‘c° Eu co thek Cw : Pm‘cafx e (vesse. (ﬁbd- ?aub.).

oL
T

A . E mW " px
Claim: ¥ Yhe compente Y €, By il B == 08— B

Profr @4 e defined over K. To shew Mey awe <qual ik cmough o cssime K2R,
Let Qe €(R). ¥(@) = 0, ¥ ([&)-[61) = o, (2 <etmlr) ~Tepinll),
whevre €plP) = yambication  (aolevef @ ut P. : e
Siwece @ (s a Mag? of eik'fhuc curves , €qlP) = oy ©, Olesvee of  lartpamsliloty
of @ So = deg P =Aey @ . {ke D).

& Q). : e B : Ze~-1T
Fix P, e (9. Geb: “(a) [dig“(’](?“?_,{dj nth

’fo‘%;q’]({ (P +v) - L ) =[deg @) [ He ¥] 7, = (a7,
PPz R. So [wlP = We@)> YRP), awd F@LR) LI P , bl ¥ PCE k).

-

o 4= @ 5, (w-F)@=0. Bd Tt0, 50 W= @,

| Vesoetge: [ %+ &% = & » ¢ v q. W €, -,
| Bkt By S BB, fopmrplitolly, He baiy s BF | depudiiy 4o TT, Y5
S0 pneed (‘P#—W)* = @F L ¥
€, = ExE.xE , (Pt ¥ ~F —¥)
Cabe: VO, (3D « (244D « @ (0D +«# 3D ~ ¥t @70 o (s E-D.

| oz DE P’ D D s shew - sywmedtnc | e ["J*D ~-b
| Emoe: Ek&'a’;c.

CGiven  Mais cladm, get UL D A 2@ Da2utD, o 204w = 2 @)
Caauc&l 2 as befor.

(w1
CNceker e diaw’ E.' -_)/\E: Rer @ s a " Fadte apoup scheme over K.
_ fi\ez ¢

‘EQA’[W]’E[W]. Oves ®, E[w] Was Aag ree w‘tf bt wey  wok hewe oll ds poinks
debined over Q.

W owel Ak wader ERITE |, TG jub ?5
P> (P -(e]
‘ WP ot ‘Prﬂ?os.lk"ﬂ'- D~ [27 -(od hae 16€. We wank o Fud x  such thak

[3-Cx3 2 D~[23-(0] . Recald [ps+@)+ 0] ~ [PY+[@] . we wemk [x] L) 3 [N [2]
te xn=2-% Choose auy K such it 2x -2 ™ rpos;zcu.e sinee 2 is
sirjedkive . This  proves b clawwn - N i
T 2004 )7 =20 2", o 2((@+@-@T -wt) il PiCe,. 5. 2(F9-¢-¥]=0
is am (sogemy €,5€,. Bt Rowl€ ,€) s @ Youston - ree £ - medide.



Teke modules: Fix o priwe L. There 0 o sequence of Z- wodules

- Qug - %z = Z/ng »o.

Propesition ("{-adec \'quwf)f Thee v @ vy By suchh Yot Z b wwiversad  Bos
v‘{vuj; R wdl, \A&MW’PLW-\'““ R "'1’ Z/bk-ﬂ such %ai Q -q_’-'b I/VWZ C.emuw{‘a VW,M,
g b

Zf1n g

ickeat (L) = LZL anvd Z ?iu — ?L- Moveover

z{, Vo DIR with  waexiwad

-E/Lv\'l Ay z{”/b"“ﬂm -5 'D‘_ /b Z.

Hﬂ’.u\fej(f LW‘U S.u.fPo_ff FE Z(,[Xj IS wewt  gued deak F Was o selution wiedulo L.
s B loa o golabions dw B [Folie for Z o Zyyl

fs‘twlm, Bose an Eity: Z= onodidi B e tos forwe w9 Mg = M2y - M/ im = o,
amd  eousteucdk My, U L-adie watd'f\ru of M. There ave Z, ~wodules ok avisiwy

| bty B o Pedivdils,

X L: et E be an elliphc curve over K (K"R). S ase Lt oK.
Exauple: P b 4§
Tew €L3T (Z2g)t, e[ (2/002)*, and  [V3: €)= €L 5

st-ed-n‘ve.
e G Sequewse = AL eElL?) — efL] = o, g ving Hee

| L-odic Take wodehe T, () of B suck ak

@ Tt r Z
() Thawe v o waturd wap w: T, (e) = ELL) o kerm, = (" T (e),
dud T, 8 =5 el]
w“\) L[L*'wj ; e Wl 3 epusiadtat,
E(t)
Bk Hiore b wo T-modile Mz 2° givivg wre to s wadwmdly.

T

_‘hﬂh Te prove HAW[E,EJ V) C.cb op veenle € 4 (HA-&A = iSotﬁa‘ﬂ)‘

M.m_ The watuved wap Wow (E,, E;) ®, 2, — *Howzt (T.6. T.ent 7% tay eetive.
;PmaF: Au.v, 50 Gy G\ -LE; twdwea o \A.owuwn-?\m‘sw EtEL“J &961('_{,“]

compakble Wil wndiiplication by L. ~L : {
| gl = g, 03
Y L
| &L > g, (3
i ' /
! ' !
TE, setion _‘r’“:__—
| L
| '("Dp of e colouwn Hais,

Twe dhee v o ey Yow (8,6) = How 2, (Tt E, T €) whick i Z-linsav,



bk wlidh  waturelly edewds 4o a l - lnaan wap,
Kow (€,6,) @y T, = Howy (TLE,TE)

S upperse ¢=0. T @ = }f‘?c?c , e a e 7o aud f.eton (€,6)

Recall T/ 2> T/t so awy ae l, com be apfwu»{mdtel wmodedeo L7

by ve [,

Usese w; € 7 sucks teat o T q Foidl 17 [ odiused’ Tailard
jNo{,-e: E[,L“] s a F-g. ﬂ/f(."‘)'woluif,
i a {,—W-GAM'LQ'

ey = 1

3 Z/(L“l © ?/((.“J. So ‘E[L"] is wqi‘wtuu-y

€:0E")

Pk & = T(¢IP = Tw@. 90, so TaFifo,, =0

So q‘El[U“J:O (\*’ Q-ﬁemxwuajf—o 4 [Mdt“y. ¥ fesUs E,[L“], So e ham a
WWGJ{'LW &A‘Cl-gv‘ﬂ.u- * f, — €,

nve, 7y

Lﬁmuaipr"wal ‘Ud'fn)' Fov Sy S“&W M.Q Hons (E"E)) d-e(:iwe
MO 2§ %€ € WYEBM, some we ZF
Thaw SRR gty Lt R b Bd., fu s b

gag‘t%o 'prw"‘ of Theortm: P"PP(A emmee it M o‘e,wwai'ée‘ ng Q:,-; cPr. Thew Ye Md““;
I SN R AP Y

Wiy M= MM by enliuging dhe oeomerobas set] awd 1P, @ w o B T-besis
Tugw X = T @ v wtain Pre Z ,sou; = "fc ¥, S0 a; So Guedt?l.
Sivez w was Mh;ém.:, , a0 (B we PID)- Hewe F=0.

?roop oc (uu.m: OLQ_/, v G f«oﬁ"l'r-\-“’- d;ﬁ«w\_ﬂ Wt Form Hew [euEz) =2 z
leb M ¢ How (€,6) be o Fg T-wmedule. deg evtencds +o deoy M@ (R - R
awd is skU o ?cm'{:ioe Aefing le al’uo.oL!aFc {:om, so s cowbinwowd, o M@R,
Me MY ¢ Mpec MOR

\ui(e.,&)
degx b Z Vkef“ld“, so l/l.nr‘l"u"-idf, w B o labbe . M®R,
¢o hao a biwte T-hasis.

,Coﬁ.ggg,!s,-. RowlE, €,) & a Fg Z-wmodade of vl sl

Prool: et U=Mow (€, ,E,) - torston free. W Mu reudt (s false then et a2

Wnearly inclependet. Tha o L = Wow (T, €, TeE) o net au unjeckion ¥

iy Ixré-ﬂl

&N'Mgf -I-LawatE) Ww a n'-«.g MM ‘1:.3. -ﬂ"‘mcf.d.: ap J‘Q-MJ! £6,

EM’ Show hH‘u:d.‘ fT W= € Hhe Tmbzu.ow(t:,EJ <£7.
(Rdﬂ-k b does occaur wm ol ..-:'p) O)_




} U\)&L ?@u“t‘ﬂ.

|
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|
|
|
}
E
|

L

ek B e an #llgle sowe mast, Qonll suii)e] 3 T°

\f

L

| Tueovun: Thoe 4 & padvivg €u: ELwd X B[] = 4 K suck Heak

() w0 E bl
(Y 2w W skw-—sﬂw;g
Ui) € & viown-degenesale
(1) (Coun (WP, w @)= €ulnP n @)
(0 (F QB =B is an  (sogew b e (90,8) = e (7, F@). T G Huedjord,
Wi pakiag Undls B v ¢ painig e TExT.E = Tuluk], (= —f-:.),
wikdch 0 wou -dlegomerats, Lo-bilineo., clew -5 qummatin .
(v} e amd € awe erU,Mval.wJ: wrk Gl [K:K] , & ve Gad [Rir] | e
€ lvlaQ) = cTenlha)
{THY) W\ Q’E%E 15 am isow o Tt LE-—*TH: hZWas @ ddﬁrmd
e(Q0), Bi) = €™ | aud det G = oley ©.

Qéowstmd:%m of en: wse el Recipimd

Iﬂpe&.hm. Lek X be a smodth prejeckive algebwic cwme oK awd Fge Kx)¥

teb supp € = { ®re aud peles of EF ol sassest 5‘»\-{-\PFAS:.LFP‘3 =4,
Seasy (F)= TweP | l9)= Tmg @ Define Fltg) = T F(@)™@ erc™
Thew  Eleg) = 4 (CF.

Reoof . [ilog K=R). Skep ti): VF Xz P, e wsadd &5 dvival.

Sl{_f(.u} uSl ‘Hﬁﬂi Fo‘f 7,0 s‘amao&!{g LW 3 G S-Q.Pa.-rﬁlﬂ[t Ww-v-fal.u*fw )(-—-Q\” op
Aegice w ( I fod, by R-R w2 Uyl wldo, w\uﬂ o= (X). Ay divison lass

of A““ﬁ”‘ n? 23“ wwesfw 4o K ‘—-ﬂ? of d.e.laf«rt‘ Coustrud €

an o M«edn‘ou {:r"w Soue W Lonea, 3 pace op Aionaunie n N-?}
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