Dw\m(cs of One - dimensional Mops.

NS

Mops  F: XX X=[01]  or X=S' | parametrized by [o.1) 5Q°
. (3

€ s wsualy conkinueus, often Affesentiable, or discontinucur v o wite way
(Encke aumbesr of discontinuibies vesbrichons en values on either side, ete.)

i ]
E xamples: |
: 3t b 2o mod \.
o f o e |
f

L If only one disconbinuty, ak ¢, with Fle)=1,
Flc,)=0 amd Flo)=F1, tren f s alse a
conlinuous map of the civele

f

Often consider fomilies of  wmaps, e, depending econtinuowsly on a Pa..mmeiw v
By F,, () = v (1-%) (D‘"’P Sub“oﬁ:?t whea counkevt is dear.)

Queskions: are abouk orbits. Take x. eX. The sequence X, X, Xy, with o, = Flx,)
s the orbt of %, wmder F. lalse caled Ehe bra_,'ec}oryt SOL'-‘HUVL, ebe.).

We are terested W the (ong- term behawiousr of ocbits (n>w).

Ascde: c:ieome/b'{c mekthod of \'Eera.l-{ng.

Take topelegical /qeomekn‘c approach  vakher  than measure - bheorekic quroacJA.

- Definibion: A poinat xeX wanders f T a nelghbourhood W of x such thak
UnfU)=¢ Vaxl

Definiion: The vnon-wandering set N 5 the seb of points which dle wok wander.

The non-wanderag cek uncumdes ol “recwrent  behan lowr.
Exeruse: Prove A s closed omd F-invoumank (e F(A)= A

Examples: AU Ficed Po{r&s %z Kln®) ave G .
AU periedic Points %2 LM ace in A,
Con alse hoawe: N\ s a Cantor sekt

Aside: A Cawtor Sek is: closedl, perfeck (no isolaked peinks), nowhere dense (no inbesvals).
Eﬁ_; Mcddle - Yaied Combor Seb., ol“ . = Limit of thr Process (s
1 v = f—t — o Canlor Sekt.
¥

It (s a Cawtor seb: nested sequence of clesed sebs » A closed.




e

I conkauns all Peévd:s whose evpaunsion w bese 3 has o 1,
cunch G,leax(;,i has wo wkervals o (so labed Po(wts.

(an alse hawe: (a) [\ conbains wo geriodic ovbits } foc Cantor set
(b) Pﬁr{oouc orbits are dense » A
O, /N s an wterval | or o colleckion of nbervals, o even oll of X

Example: x 1 2x wod |- | Aoz O:Q,Q@y.- _ a;=0,|.
I

, | 1%, medl = 6.« @, Ry -
i »

' E™n) = @8 Ky Biz >

So any ivary sequence that s perdedic D periedic x.
Pcrb(h-o-riLg close 4o any pgiu)c 3 pesiodic ovbit (te, y such Wk s

Exoumples (cont.) !

Dinay r'ef.fesentnl"'ﬂu is ?e.r{odx‘d.
D al % nen-wandering,

&-‘ Decide "euPoLog‘j of A and the d.tj\'\om&ies of F on I\,

Defindion: A closed € -inariant sek A s an altrockor (f I neighbourhood U of A
suchh taak F e U then £ (6 2A as n>w.

.2 Understomd  minimal  attrackess of €. [if‘ sets A which owe o.&fe(-i‘(ng/ bukt we
propes subtek of A s am a&md.‘wj.
Neke: AC A

e

3 Whek is the behaviousr For typical x. 0 uSuQJJ,g "t._,w{c@l“ Wmeans A i epen

: w i " !
dense subsel | oc “n a subset of measuse | [ measuse - theovelic sense).

. . # Fixed
Qb Complevihy of F. Topolgical enbopy , v \-d, W(P)= UOZP & La  poite ot pnf
Eq: \F £ \nas Ovtllﬂ | Fl'xeol Po{.\,t’ Li{F =0.

IF F= 22 mod |, then (F)= log 2.

R.§: When we consider FM{U'?S' c¢’ le: o Rnow how wnswess b @i-4& atnange.
(“BiPurcation T'-'\Eon;}.

R-6: What (s the behaviow for “[:ji)[cq,l“ Faxmd'er value v. (Ee&auiau.-'" occuns  For

an open dlense sek of v—~alues ).

Why bother ?
(@) Answess den't olepend on F very much,

(b)) Universal Features 1w bebaviowr of Families.

(o) Same wniversal Feakures occr W many more compUcated objwuw(eal systems
[ n-Aimensional moyps, A fFerenkial eﬁ(uol-iwu, d:c.)

@ Simpler thon the hardler cases(’)



SarkovsRii’s Theovem [(1966) : Su_f?ose £ s a contiauous map of the wterval T 4o tself

gq_?faf? F has f:e-«-{oda'c orbit of (east peried m. Thew ® alis hay sble of
(D Ll Los £ B K DV 42084184830 AT

all ?tn'od: n<dm  un the order:

Lemma: IF I (s a dosed  jnteeval and F(I) 2T Haean Toe T sucda Yhak 3¢ s o Fixed
pont, ve, Flx) = .

.ErooF: iet [a,b)]2T. Ether a or b s o Fxed ?oinf.“ or 3 Y€ (a,b) such thak F(‘.‘hj:q

and 3y, ¢ (a,b) such that Fly,)=b. S6 9 >a, g <b
So Fly)-y <O ak y,, S0 aky, So by IVT Fbd=x For some xely y,).

Lemma: sw?Pose Ty, Ta B 0 closed intervals. we dekne a 3\:@[)1- with = ge.r{-iees’ and

a direcked edge FF OF(T:)> I For auny iwfnile Paﬂn o, by, (yyn oF
vertices on  the gro.fﬂ.\ ([aUowed by the cofges) 3 foint xe I, suca baak F ()¢ .
Furthermore, (F the sequence is pewloddc | (o, (-, &4, G, , thea 3 pont xe T,

fm’oouc of  ovoler 7. “I,” T, @Fe d»t'sjoin&, 0/@1)& ?U\MLP! ok HYnelv -eMol\w(ni-s}_

(’(I,J 3 11 g.".::D?.Q
FlT)? T,6T,
Podles ook Like: T2122212732%.
le, cam wake with any given pevied. Lemma > theve are

(?G(wi-s [Len'oduc of any ovbit.

Prock of Lemma: Given a sequence (o, By o e define IC,.. & E gx: FJ(xJG’IS 7] os_,'_dn}_
Twis is a clesed set and non-empty. Furbhermore Tp o ¢ Ty ¢, .
So. Ni Teo iy % a closed wnen-empty set. So I xe N as above with desived
behaviowr. Furblrermeore, F sequence s ?-c.n'oo(éc, Vo5 Tpur, oy e, chebine e I'-lo"qu "
Thea FIKIIK o 3 Frxed point of F'in K > periodic point of pericd ¢
Remacks:*Reware of eadpoints. Eg: xm -2x, I, =[, 0] T,:[01] The F(T)>T,,
F(T,)5 T, fe: *T0° Lemma > poiabs of peried 2. Only pedodic point
is @ of perded [. [Nole lemma didn't say last perod el
e if Fle is wonotonic then the sebs Ty ¢ . (, are closed witewals.
¢ If £ evists apd is > V4f on ntesvals T;, thew covesponding te an inkaite
sequence Ly ¢ .. W5 @ siagle poiat.

* Thee mey be penodic poinks wn odditlon 4o Huose given by bthe lemma.

froof of Sarkeushiis Theovem: Pssume F has a pededic ocbit of pevied N marimel
@mleu-mg‘_ Se all orbids of £ \awe penod wmLn, Label ?g.‘ni:s of ovht: ?'(?1(-&?“
(not in olu_)MC:z,l ovoler],
(). Prove T a Fixed poiat.  Flp)>p,  las ¢ ok Foed ,aud flp,) < p;, some;+1).
Siaclarly, Flg) <p,. Se 3 some R miniwal suck ek €lp,,)> pp, and Flge) < 7.
Label uvaterval [fh—'.?k] = Ti. Ss P(I]')T‘ 2> 3 (Qxed Fa(.d: xe Jy | and gince

the P aven't F‘l‘ﬂd, "e(?g.u?k)-



So  associaked q,»:wf\ng inclanoles %
(2) Show T waps, aFec some wuwbes of sbeps over all  untervals,
Consider [f’!_”x] vndes Fi’ t€cén. For some ., Fi(fn__)—. B . F‘.(x}=x' fo
oo o] waps  over all the wbervals Cep), - Coean ]
Similarly, 3 suds Yeak Cj(fh_.)= Pa , S0 [fp“x] waps over all wtewvals fo
the cighk.
So on g, 3 ?aﬂﬁt (of sems (ougtle) frow T o all other unalervals.
(3) Do Hheve exist pots beck Fom other unberals to Tl Amswer: i w is cdd.

Proof lpgrwthf beck from T to T, thewn on the greph E‘xx&hs QE%Q
of odd gt T - T-7T, (L.j ‘WMI TE necesauy], @
> F ochit of odd Pen'od- Since n was marimad (n Hre ovdering, w wmust be odd.
On the other hand, suppose there do wnet evist FuUm from sy iwkessak
T42T back & T, W TR

- * e

7 o P Pa

Then F[p, p,.) camst cover 72 o, 0.]¢ la. r].
Similorly,  F{t,. 27 €0, p.d. Buk Fis ) on the g . So n= 2k
and 0, 0= Lo pd and Flg 0= {6 0.l So n is esen
and F? has am orbib of pevied W2 which (for £Y  is wmaximal n Wee
SarRoy sk ovdlering.
So treak Hhe case whew v s odd awd 3 Pa.»l&qbnck o T,. W n is even, we \awe
proved 3 a polwk of peded!, and prceed by induekion consicheriag evbits of f*
acking on Cf,,,_‘ pk_,], So assume w is odd.
So 3 dranit conkaining T Wauk to skow Hais (uplies wdnimal vt indadiag T e Leugta
n-l o, e, g Wil look Uke: }% S f‘ei.ur some obher ascs, buk nope such Hask
3;;\-' Tﬁ/ 3 et of maj% At ngludaing T\)
. e-j;‘-' Tg
Prc>_oc= W6 3 it of Lauﬁ‘:h wmin-lwith vodd, thend orbit of odd fu—tocl w <n
which s mYn js e Savhoushii ovdering. Buk n s maximed. F
I w owwen, wment bhen 3 civewit of leugth wrt (by repeoking T vuce). So met <n,
myl odd 5o agoin J ocbit of odd paried M o, A
Se shortest civuuik conkainivg T ir of  leuglhe ak leost v-t., Ruk 3 only n-l verkces,
0 Bats vt wisit eadh (v tum. (Loulﬂe,( ?a;l:hs wust oisiE some werhices wove tuom ouce
and  Hue plece of pada bebiween wisits caun be deleted).
Proceed ©y tnspeckfous T, maps over owly T (else 3 shorkes - |
£ the - m evy PN

LT T fer e, e

"

ow\o\- we need omlg consider  owne of Hhese (55 ;;awcmd:vgs. /\
Nevt sbep: T 0T, waps over eudy one evbra wbemd Ty . Pn@"‘

63 c“"“‘"d‘""“a ’ad mv omd T, aps  over T’a Tz,Ts‘w.Tvt-z.

e
-1

“Jr \1 e':i“.:f-’" % 2 T

So rjm_fln q hao owly ares: T.D, T =T, 27,7, aud Tu., = Jua.
Now k.‘n'v:n.u‘_.’ hj ‘.‘“"Pe’;{’{“ﬁ the gmfb\_ ovrbits of all P@nfcclr w=< N Can occus

(and none wth myn)




Remawk: | Can evteud Hais to produce am orolw{ug‘ on ?E-rmu.tcd“'ﬂnl ( pened of ovbit plus @

SP«[F\‘&J‘{O“ oF hew F ferwtukr Mnml

EKM:{E z Xﬁx/_\’x SEEa VN Gm‘?\" g /_’_‘.:j-z-;')j'
&-___,_,_____——-""" GTu / :
>
T

So 3 orbds of ok ?{_.n'oJS- (H-e.-rc, § was wobs wewimal Pex-éao' {n Hue Savkeushit om{m.i‘g).

Remark 21 For conhinuous waps  {n Wighes imension, resulls ace more complicaked - simple extemsion

nek chsiblk', Ega: retation Hharougls ?';T-r > all fw-}d’:‘ have pevied n omd Yhere are no other

rm’o&s’. Bt can do smeuun.a.
Eg_ fF 30«» lhane ?md B o “21' (aah oJT a.lma.q-e.r oF Coan €5 swowmaung Fcu;;;

o PS(wb. /ﬂ-—b €yt rotaten: @
> -

-but Can  love waps |

N - Hm‘k GF
@ = periods.

Rewaskd: Proof war based oen an arkicde by Block, Guckenheimer, Mistewrwicr , Toung -1980.

2. Unimedal Ha-pi]:

taj Teak maps.

Bl =l sx, BEmea
2 sl L €3¢

QAw: What s Hee mn—wmdg.—{nﬂ gk 7 What are Hue Ay neumics of ikt

We take V<¢s<2. sl Hew F0G)<x and aih orbibs 0
iF 5=t Haew el ?a(wt!’ iw [04] ove Fixed poiats.
: Note alse 522 This Was btwo whesoals: o -:-_-? 2P

Has orbitr of all Pe,n‘od!.

] De(:im'h'on: “I i+ biamcitive on T \'C A xel such  Haak {F“(’d} 's demre aT.
.Rtmo-rk: Thir wedd m?(ﬁ Hick Une whole of T won -wondeving,

Lemma: For Haese wmags, F s tramsibive en T F (o ey cpen sek Uc i, €9 &(?Malr a5 N,
unbil 76 covers all ofF T . (o0 o 1 FMw = I},

?too(:' Exaa’se.




For s>, 3 fFixed pocnt x“ of F.
De(l-l‘ne {ntwﬁa{ j:: "[.Fif‘-'i)_ F"“J

i /]
F,H}:z X" ".({“;

L emma: FS(I,) < T, Fou HEC, F (e T Lor n La.nje muﬂk
Lek .n.; be {he Mu—w&mdﬁt{u&a‘\ seb of F;,
Lemma: For <>, J = JofuRR', where R'€ T and s the non-wandlerng seb of Fls

Lemma: 1F >80 Hien R'e T

Proof: (WU show dhak auy small inkerval T T, -C‘(PGMAS fo cover To., Take an (abtered
T of length V71
Case 1i): \F 1 &7 then |F(T)| = 517!
Case (i)t IF 1 €T, wobe T= T oiffoTr. Geb [F(I)N= max fs\Tl (T 0F. > 170,
Congider \hak Ihappeus i€ case (h) occuss twie n a vou. e 1 €T qud LeF(T).
Twen, § FIPefF(T). > [§,F )] ¢ F(T. 2> [FR)FI]CFH(T). » T < f1T)
So T exPa.u\clr in ok wmost twe steps.
Pk Wais all  doqeler, get el the sequence [Et)] iwereases by a Fector of s tn
case () amd by ok Least 3 in case &, se ?moiolcat caselii) does wot occor Ewice in
success on, IF“*I(T)IE% IFATIN S (e (FUTN (a0 s>8) ) So ¢ expowds
~huk AR € 1T, 5o evenkually case () occws twice w succession
D dn ak last bwo move steps FU(I) 270 D F i tramsitive awd J'= T

) %il3)
For Hhe won-wandevisg seb, we Wave: i

T T~ |
#i N 2
For 1¢s€f2 ook ak F:: Sbfetsl- be Unear seqments.
g‘jmifﬂ‘t-
3 bwo fixed Pm‘-\ix of F* ast fied \:m‘u}:s of F
ket D erbit of ?e.m'od 2 fer F.
,‘i,i _\1 « ,‘t.

1) 2 1) )

. Fixed poink of F s x". Consider two closest pre-images  of » wnder , %, X, whese
Fsz(x{l.:,r] = Yr”\ ch‘ﬂe mtwa»!-: J-(fl’ = [wh)’ X‘d] & Jid- ['xh}l X:’]
Cbemma: 1F 1< 7 mags each of Tt ento itself and afer oappoprake vescaling,
s o tenk wmap of slope s* on  each unterval.
.R_mcﬁs Conscder Ttm_ )(=£2 s M(dpcmb. IF e can show F:H;J ),,{L"" then clearly
FPLIY) e T Bk PR = SN LsMee oY), s PR RN WP
x (-1 2 148 HF )-is'j0 FF 5582,



Proceed  indmckively,

=lnyt) -n

i W)

Theorem: 22 <s g 22 . Thea KRG Jof v Rufu. uPﬂu {S) 32“., }/ where Pois
?&r{ootc. orbt of Pencd 7.‘:‘ onck where the T, axe wtervals c,:jc,Ucu,U«j Fefmul'fa
by F, and suehh thot F2 (7.7) & twowmsibve.

Preck: Indumchen.

Nebe: The orbits P; ave ob.sjoin.t fom the untervals, except in the case s 2t , whea poists on (i

ase endpoints  of 'Jl“ which abut wn pass.
for a skhebdh of the  vion-wandarisg seb of 5, see and of wokes

T Unimodel Maps el

fec' F:lod. Floj:z Fl0=0. 3 celo1) suh Hak on L[] Fis

increasing , and on [ F is decreasing.

e s celled Hthe cribical Eain.l: (munﬂo take c='%..)

Skekch: F
P i

[

WiFl o WIE)> o S ot o - Ef‘ % ‘

. = €~ Lon ey ¢ :
U orbits hawe - 3P, semi- conugacy, i e —_— R

peod 27, R ousists ‘
Yo between ¢ and tewk-map
of there, omd peckaps it Lags = Wb (So ouy

a (q“i,ar et‘ s ndke
S inbin Adyvamics of F; occur (n F}

r{ﬂf_\‘l‘é{ s\MF{: 4 /
\ \k

3 U5 perockt 3wt penedic 5 @ isa conjugecy (I-1)

ra— G bor &

. Aside on Entrepy.
Recall W(F) = Ui & (og (# Fred poidts of F7)

n=aw "

) Delinition: An interval T F-covers K n-times BT n subiabeals T;,--, T, ¢T sud that FfTL'J=K.

if we \iowe d«'s}ai*l: wn bervals I.l_'I“ , Con make o Crewnsibion walkeix A- fﬂ'rj)‘ w‘hc»re i ] F’Cquuj
I a. twmes

)

Lemma : SU-FPOR F Vas trowsibion wakbeix Q} g=A" Then b;j ejives the nuwmber of independlent pathes
(on groph) Frow T; o I; v n steps
Prock: Exerdise. (by  tnduckion).

i (P ?ar{:icular, \::; is a lower bound ©n Hie wumber of Gred Po(wb of £ i I
‘ S‘n' T (8) gives @ (ower bound on Hhe nwmber of Rxed Pb{wtf of £,

Lewma: (F A has lowgest dg%ualu A, then W(P)2 log A

! Pioof: Exescise.



Examgus: )

o A= () WO g2

td

(i) /ﬁj

tii) Teak wop. \n Pock, W(F): L“}’-_

€g: 532 cf: eample (). W(F) = g2

=B (Y b Do Giewt g, e 22, 1 P lemed ot poiaks.
Um & log (22) = $Lg2= log I7.

- DecompesiHon of Non—wmda{.{ﬁ Seb  for Unimodal Maps.

- (ese i)t _W(P=0.

Either £ has an oviewkabion revers ivg Fixedt ?om{r oc it doesn't. [ORFP: x Fx’xa»;{, £lx) <‘0),

c

no ORTP oo ow ORFP

: ta) No ORFP=> N = 3 Coxed I’°'-“i’ tw [0,63}
Pk Flec, so Flocdcloc) and F is monctowc. F[LeJc[od]

) 3%, aw ORFP, Heew it is waique (an & is wnimodal). Conmsider £

Define a(:f as witlh besk maps. As (n Wk case we get bwe

3':": ['xf,",x,] and J'r"]‘-[‘xo,x:’] vanich are wapped te
themselves by €' providing €'l > x/"

But i€ F'le) (.xth)‘ Wows € - . omd \A(F"JN%Z > WiF)>o - %,

A4
2 2
S'o, in  case of ORF P, JUF)= ?pn'xeci Pn(wh w [:o.c]} O §xef _Q(F lj-Lu;J v _/z(( l‘l‘,"’J,
and FI\I::_ is waimodal \,\(F,‘J—‘:‘.’J]:OL s 1B s T t

\'.n(-’eru als

- J, = T::J,

_?roceed b‘j cndckion ,

i Can eher do & n Hmes - Fzm Var we OREP. JLI(F ={F|‘kea' Fo(w{!}d qu Pu 0. W qu i
wlere ?1;: O( penodic P,g.:.,\h of  leask P-e.n'ou:l 2°.) - won —e.uphj.
O coun repeq): w\f-{ﬂitdj often - £ s inBnitdy  renormalisable.

(2} 2

tEF L e Nl L b A o

\ { T :: 7Y ) ; , " s LSk T
(-] i > o | o

A

1 o » 20

Nok endpoink of utemals ove ibenhes of ceibical potiuk i /
] 3 (=]

Label poits as: shows. Then: ﬁqu_gﬂlx_:}{i_—&.,f_}_{_E_] )

100 oy I o ou LTI -2 )




bl ® 2% ) .
‘ﬂ Hm:s casé J?,(F) =N Py ~ n (}‘3 7. ) whhere Piw walopn oc orbits of od 2°
3 % 2 2 tise Ta 2 i ;
u 2t i : : (49] i a
and for each T;' FU[1 b5 waimedal, FT) € T L, awd T T L

4

Noter Leb A = AU 7). A is inberseckion o nertal sek of clored cabervals - non- empbs.
Oftes o Cantor seb - provided Lewgte of tabervals T >0 ar o, [1F wit (E i @
Candor rek Wit some poinks ceplaced by iwkewals).

F’l\ is Called an “nfaite ceqister shift’
EBackh poiwk in N can  be labelled by a sequence @) = S,5,5, - , $::0,1, where xeT,”,

—_— &
®lx) = J badewsouds iw

i
Plre) = :““;’lx) ( add 1, starting at the ft).

Se HA bhas  following ?mfu{-{e:!

W For <very xe/\' E"(x) i« clemse in A, [Evc»j ovbt ujcles rownd ald yt intervals ok lewel ,
s adding V> [ust s‘jmhol.: wele eveny 7% terokions).

() No  seasitive dependence on inibial condibions. SPIC wmeans 3 €30 such dhek Vi, § Iy N
suchh baat 1x-gl<§ anmd [FP0)- £M4)] > ¢,
(ocoits stavted oA some 3;-” eyele round *:ogd:herl

(w) Ne peviedic ecbits. [ngho( Sequence  never rq:ead:S).

a '2‘1
] @M: E&: F I-J;H) = F“' ’ molq:eu\oleuk of € {Wll.'un WE =0 aund i;\f-'(n{telaj venermalisahle }’
Cin some big clogs of wninedal wops.

- Theorem (Romd, Fedgenbauwm, Sullivam,... } . More laler, Cor nowt F* debesmines details of geometry of set A,

idependent of Famly F. (L o lame evtest.)

Aside: wandering intecvals.
Delnikion: Sufr‘)ogc Te T such Ynak F“(J)l\f"[j‘]: ¢, V atm. SUf?osf alse Yak T s vet (n basin  of

abtrackion of o stable \:e,n'oatic ocbt. Thew T s a wanderng itnberval.

Facks: 1) \F T is o wonderning interval, Haen (T secumuates on cebical Point-

tiy \€ F as negakive Sehwasriian olerivokive, then Z wandering  intervals. ng: sl 1=5) Viss: one).
g IE € s € and ‘-’"(CJ#O‘ Ynen 1 womdering wntervals (1987

\n Hee case of Y ottcaw\?gg.i-[on Cown be(:o\rg if AN s aot a Cantor Set (o (b combains \‘..nberdn.ls'l Haen
e wtervals are womdenag. 5, “aermally’, A is a Cantor Seb.

Case (&) W(F)>0
CWe wil use:
Theorem | Milnes & Thuaston, VAF6): F i waimedal W(f) = logs 20 then 3 9, o sewmconjugacy,
le FF=F P, betueen [ and the bent wop that presesves the cribical gont. [ ®(e) - al.
Proof Laker.




@ s wcreasing,  bul  may wmap latervals 4o poiats
Somebimes does- since unimodal wmaps cam \awe stable peviedic
orbits amd F cawb

Examglﬂ. Su,ﬂ:cﬁ( has a s‘u.ewtmua ?owJ: of ?e,nof‘ 5. ‘“\3)'301

VR

T is a basia ef
athiochow of ¢

Lemma: (@) Suppore €5 (3) 21 for some n. Then 3 Toc | non-teiviel intemal such tnat F(7) -
"l s a waimodak wap amd WIS BIF) (2 WO SWE S g o),
) E"(3) 43 For ang w - Then € only ('ollo.?scs wamdering {atervals and basias of
abtrackion of stable pededic erbils to ponts.

Ts.,

L) e waomdering mtervals (v nice Families.
Gy \n FQM{L.',QS vokla .Acfﬁq,{-“qe Sclhwarzian derieakive, all stable ovbits howe a ecrbeal ?oiu\l‘. A
hetr basin of attrockion andso Hais case s evcuded too - see later.

A

P@‘ao‘ o(: Lemma: (a) F“ 1)-% Lek T = -.('J Then T s edher an nberval or  the SL.M_\LQ
! ¢, €Ty Frero =k ) - Mo AN

poink c. Suﬁese T Stace Fu( INOE -.3': (d=¢) se H‘ﬂ) tdzo > 3 (atewal T'sc
w(un Cn(j‘l (& 3-‘. B‘j SQMLCO“JLL%HC!:), (PF-FCP = QF": . $o ‘PF (‘I) = F ¢f_ 'J")

’ " ¥ 5
(annu-g, P s oa uoujugac&j W case (BJ1 sunce

Buk P(TY s am i(wkerval containing 3, WM s Conl’t‘owlﬂ:ﬁg . RUS s epanding F.

So T is oun mberval.

Since the ?own Fil'—,_) ,08($A-\ ave diskinek, Haew Hae F‘l(j‘)‘ 6 Sa-l axe d,“sj.,wt,
Nokice dak ce T aud c¢F£[J'), oci<ne So Fnlj- has exactly one twming poink
(As £ wnimedal on T, and shwickly wowotonic on  each FiL'-T), L40),

Mso, T is wavimel with the property tat (T < T (IF K2 T and KK Hen
Ke @'y %). > ¢" (emd?o(wl‘s of Tl ¢ iemd?oiwk of Ti, and siuce unimodal  £7 waps
bobh endpoints to one.

For Wie eatropy, note ok ¥'(§)=% only f s"> 2. (Exercse - ook o..tolﬁmw?osil-fw bor h?«i’.wmp:)
WiF)= Logs (by Milmes & Thasston) > % Log 2. Buk W(f"5) € log 2, 5o
W(fly, . ] © 2 LopZ <WiBL.

| Example: TFor which maps € dn Family eaf1-x) s ¢ se.m’-wﬂjuguh 4o Fy F:[

5
1173,
3
Think aheok € :
A ' | B |
EANN | Es
o Atw LTI ro Lovser oo
i Foned poiets of € Fginali ;fkwj T

3 ;
F‘[h'*h’l ¢ i'; wanrodal



Proof of lemma: (o) F (3)#1. Suppse P (4) > T, non-teivial, for some point 4.  Eithes
W Fly) s (pre) peniedic, or
() ek,
€0, 3G sudk eak F;ilui‘—ug', some 13e and Fg ly) =g, Now wone of F;i5‘1= g
> ¢ FUOUDWSe €|y i & howeomoruism  (no tuming goiats)

5 " ’/ ot \ and T comsists of bosing of (ixed points  (nek cneludive c).

{since ) does).

W, F"{._.‘\ ¢F31%l for 025, D T is o wandering interval for F.

Example: 7z k. m ¢ Es:z
‘ onyugey

Frtil=o, wp

Theorem (S{:ruchu'e of Nov.-wamolu-i_uﬁ ;e,t): & F & € unimedat map | 1 0 vrsw [ r an mééﬁu
the mumber of bimes you cam cenormalise) | amd wtervals T2 T2 3 T, (n Gaite, nSrJJ
wile ce T and wbegers Rn) [ “pesied” of wik venormakisakion) Sucl Uak FR(“‘lL is wnimoded -

4

Far nd<r:
Rr( .
{<+): g “JIT,,, hap Pas«:\:’ﬂ! %Po‘,og{(a,l eukm‘hj and s Sewaunjuqq,b o o w Maf
. Rinl/pin-) \
wi Ha F {-‘,_) Ty .
Rin)
(<o) f ‘3" fhas e (,ukiafu ) amd om ORFP,
For n=v:
Rria) - m
(=4 Bl wes posikive entropy awd s semiconjugaks L S N () 2 (3) for any m.
(z0)! = ey wero Qu\kmw eund oﬂlaj haa Fixed Poiwh wlicke preseve erienkaktion
Furbheimore: Define B = To u T 0 v FwﬁMlTu), Ja,:=n |”c(me[h....\k.7).
W ez, wribe A =a{.\ (T [V N contains wandeding intervaly wowk te ignere  the wnteror of Haese

inkervals | 5o take Qg = Aal(Fl. Oluerwise Sg = A). Thew 2P e .
VLT

\n cagses (20): €: R, =N, War only pevedic Po.‘.,.ls of peried R(nl,
. [=4): b Ru=Rp. N, s @ colleckion of kln) intervals, Fm"‘ on eech owe Comjuja.ke t Eenk map.
; (€+) B, =R, s conjugake ko a sulsift of Fnibe Eype.
' See end of ot for a Chie d)ac:)m“ ()}

K‘Nrad;.-q -“Aecni_

o i =1
Defialion: For eachh x in [e,] deGne Rneading sequence Rel(x = Z 9:t | whece 9. = {f’%

< =0

accovding  as A%wal} igg &

| Note: The chain vule > d% (e :JP; aé Fbx) , where ;= Pl
| : € F(F6) F{F).

: Si o [f€ FJ(’l] =€ some J'-‘"w

D=4l F an even numbe of (tewmbes e in [e.d

0;:—‘ el oold —Emmr e m - st e s =TT
Oigg = | iF Felod, = -1 if Foic (1]



]
- Examples: Re (ot) = | + ¢ sEx By = OF
Re (L)) = -1- k- & £ = -kl
° \ .
{@ Re (x4 = 1t -€'- O Y PO (L T S .

kS

Define the (avicographical order oa R : 2-9;&" < f‘?;(—.i K4 9, : %  0si¢n, amd 9, < P,

(This s the same as bue ordinary ovdev on R F £<'a),

Lemma: x> Rixt) (s monctonically decreasing (ot necessanly :(:n’d:hj}.
Proef: Take g<z2. Lek Rly) = ZB‘E", Rlz): Z@t5 Let n be the smallest (nkeger such
that B, 2 @, \F n=0 then yScsi (ak wmost one =)  — brivial,
IF wyo . gn maps Cy,2) \l\omeomw‘)ha'ca«u-g b TEMu) Fel] 9 e
Ecbher, Bz Pus = f31
Eq, =-l. Then (" is oviewkakion vevessing E%G) cc< £'ly). Se O Duy-sqn b (0 L)) = amt=1.
Ppz Do g P'(E72) = -Ixt= -l Se B> @, (Oler cases similadly)
‘ ; LA A
Debine o mebric on Raeading sequences: A(TO: ¢, Tett) = CE T
| Sectumces ave close & they agree on Heiv Fust sywmbols,

CLewmwma:r xRt s conkinuous ak ?o(ﬂk‘ x sucdh aak €"(x) % ¢ (or any =

Prockr Execuse.

To ded with cose wWhee x is a pre-tmage ofc, we wtveduce
Rz, b = ,,h?‘ Riy, & (3 net @ pre-image of ¢ . (Tnis Lmit exists)
R, b = e RlgB.
b padkicdar, Rl t) and Rlc. b are umportant. (e, b = - Ric., ¢
CAwd for pre-images oF ¢, Fx) =<, hawe Rz, 8 = 0,440, " 4 QT R(cy &)
Rl )= 9 v+ 8 6™ «9,"R(es, ¢

Debine  the h“mda#hﬂﬂﬁmﬁt of “‘ h.;_ = k(: [c. t,.

%anczu;g ke debermines the d)jntumcf comp letely .
h; will debermine whicl sequences Rg (xf) occar fer sowme ok x wnder F.

s % hp - : w r
:Decn‘.xiHow: fal Se%umce ke \ZE-adM‘xabu F R all ", o (k) { f’:" whhere 7“(3._‘&{;‘}:‘2_95“&‘_

o (Rin) = 8, (x) h(F(x})A

i'\_—gﬂ_“_"f__i For each % Rix) is Rp - admissade . For ech R Hrat is ke - odmissible dx swels thak
kG o RE) o RlX.) equals R
ook ¥<C D Rl Sklc) =k . x)c > kb0 <RIG)=z-Ric) = -k, x2c=> RGI=0.
Aiso true Cor Ml temles of F, and Unecefore for M on (Roe), so RO s h{:’“"t*‘““u‘?-
For second part, sugpese R s Re -admissible . Leb x= inpsx‘t): hhdjﬂh}.



P S

me\ mono{om.ubj‘ R(x.) » R ) h(‘ff].
Either: xv ROY s conbinuews ok %, w wwich case Rix)=RE)  and so =k, 50 RO¥)= R
Oc: b et conblwueus; so £ () =C, Some W, .ﬁ P(’X-],h(’(d agiee  wup te (CSThy "A““l‘”‘-;

and 0" Riat), TR = ERp. Buk e7lR) s bebween 7 (R(x) and o (Rix) , awd
€ is alse admsshe » 0"(R) 7 2R O, So edther k= RGx) R(x),ov Rix).

Lemma: (\F xws ROY s constant on some wtewval T, then 3 ak L such Yot (T)cL amd Fh(l.ic L',
or T i ¢ wosmolering wberval.
Proof W€ Rl i coutamk on T, then €& F“[J‘j‘ any w. o F“lT is o ‘\emeomeovphism for all .
Bilbiee T 3¢ & woudirsy Gloval, o¢ T ul wek Wek T l7a B f0la. Lok L= U f"*“ (7),
Then L is am cnbervad amd  FR(U cL.

RemarRs: Same cases an we hed when C.o.uiduinﬁ whietres se.awi-c,mjuquy' wua.r:ea[ unkewals - wil see
thak  semi- wmjugacy coUapses watervals on widh R s constant.

Famildes of maps, [
S Whidn ks cam occur

5

iF B= I R
D efiaibon: A $Q ueace k is admissible i Io-"[h]l)k for ey N, ‘"‘t‘l = fle W k= -1+ }

3

By Re Gkt e EE e Ten 1] k- <R s ek aduisible

Neter Given a wep F, ke is odmisible by e previous lemma.

a

v

wppese is o Pamily of € wnimodal wags | celo1]  amd B depends conkimously on v

- Theorem: Su.ﬁ)oje Re, <k‘h¢ vhere R is adwassible. Then 3 v e(o1) such taak kp -
Prock: ek S = fve Lol ke ok Yege] . Seb = Lk wpper bound of S. e » .
Weile o Rev,. WY U show ecther 'RFR =R ov h‘:ms =R,
iF v Re, s continueus ak R then Re, =R
Buk  (F not conbinuews, crikical potukc s periedkic for . > ¢ Ues on @ superstable peviedic
ot withh o basia of altvedion. H for ¢ near R, i has o stable pededic orbit wlick

alt vacks cibical fai-'dr. ]')é,dﬂ_m So ek Lot oy

swm.!l perbureakions.

N B
Leb %o be a poisk on Huis stable geniadic ot e o . Rlx)s ShHpe : . F 5 Tos

awmbey of pocats on oot Un (¢,1] | with P e fo{ﬂMMOJ of dageee a-l.
Pad since ochait abtiucks the oribical poink B = i Vb (14648 ) =8
W B s ) mrme
o every weighliowrhod of & R = eibher o or and in wen aeghloauhonl € takes both
vekues, since R is supS.
Claim: 3 admissible k, w<cR<p.
\F we  ecept teis, D R adumisscble | R ¢oe or k2p . Bk R is a Liub, 50 R=0 or b=(3.
in ethes case h‘;v taker bl volues i o weighboudeed of R o 3 c* such Heak Tlp” =l



(Either v* R or ¢ com Ve chosen from uterval (R R-rE))
Proof of claim: Lot w<k<f. Suppose R=p,+ t'p +E7p 4, where each p is 6 pelynemial
of degree a-l. Sine «,f agree on fust n keewms, o, - lpl.
Wil show R=f. ( Obher cope: R e

Suppese frol&e > k=o similarly).
since R is odmissable.

No"ﬁ, P‘\< lpl since kR <B. Dlse o"k) - ?, 4,{"?! .- R,
go f'.* f-,(:n.@—- L AR ‘?.l:“q—.‘ = P.>’ Po=‘Pl . Se P = h:i

Conkinue by wnduckion, (wonsider o) D ¢,29=0,2- =lgl D R=p.

Defiattion: A Full famiy of wnimedal waps is o family wibh parameter ©C c<f  suchh thak

e P T

i
Re, = = Ve batder, K

; -
‘EKQ_‘MFLC" &m\g F, [x) = Lrex (-3 =0+t =|: D

Alse, Ry takervad oF v—values ‘T ladch map is cenormalisable . Fn[I is o Full quulg

Noke: No cequurement thak Ry, vastes monctonically woith - often doesnt A/)%

Ecj, for  vali-» , Cown  peoue wmenctenicty bﬂ (Dok-uﬁ ok wmf(ﬂ.\’ winp TEET R, ‘-‘k‘m:)

SCW’W\ugagj! Milner E T"Wlsiﬁﬂ

Theowa: Soppore Bel) has a 2w & (0] Lek ¢ be the smallat 2w in/oy, Then 3 o
SEM-mjuﬂquj ® o et wap Fs suchh thak CP(CJ=‘%‘ $=&,
Clxt) = REY-ROW (g Wak e ix e required S'em.iﬂvmjucjmﬁ_

' Em_oF-’ Rioe - kiye)
Need to shew: ) Plej="2
tig @ s continuous
liy 9= @F
(g F is wenctonic in x. (ot necess o by s&\r{d:(Aj,.
E<l D Rixd is a conkinmews funckion of £ erer cowvemes ebe.

i
W Rlo ) = clebrtt o=

k(LY = -l-&-¢ - = & > Rlet) =,
kicy = O.
1 rl:fx t< . D pormal order 3 Lu:’cagmp\n&m) o i,

D Ry s dec.r(asiaﬁ as a Cumckion of .

f. L J

For » wot o ere-b‘y\l.oﬁ( F <, kix) as o Rurchion zes Epohju\m'dsi i copkimeus, so
Rixt as & Funclon xe R 5 cobinucuws (£41).
For £ =c, hawe k(x)= p2& "k,
Rx) = pro
kbg) = p3 ke
Bk hF(rj = R(Cr) = Re (o) =0 by assumption.
Sa Plre) tr coubwuows Gor allia,



< ——
Ly x<c: Rby =i+ 2 Bk . ki) = Z9:¢ ‘ ) |
Ble) = Blog) - £t o pewstlen FR | (1o9) e dif) ¢ G0y
. Rto g kit Riv bt - R(LE)

rRlot) - R{-¢)
b fil e 0Bk Al e o et ) 2l Gel] F, @t
t  plet) - kil £ wtow - bity

aer Wi =1 431-' 0t" Rl - -:i" 067 ek PFG)z E(1-P0) = F .

i We bacw Uk Gor E<% R (xt) s wenctonlc deueosidﬂ, Alse  [or t<r Rlc.t)>0,
At e, Rlc,«) =0- lncrease £ towands v wnbl Rix#) is not monotonic, Nobe that for
each x RO is conkinuss w b (£<1).

\/—\'r So iF it becomes won-monckontc va t<r than £ will oo se at some €
* where R (x>0 Gr x<e. Wil show:

Lemma: \F llxt)>0 for x<c, Rit) <O Lor x> then Rix ) is wmockowte wx.

Proof: Suppose act. Than 3 polabs %y with w<y ROkl Siace kix) + kly)  F suraldest
n suck thak [F76, ")) 5c. 6 F i oriedakion preservig  (obles case similar)
bhew 0 cce £ . Buk alse kR (FVe) < RIE) . (From Rbw <kiyj, s & uences
agree on w-| teoms , F* i erlewtakion grqeﬂn‘ulg)_ - A

So, ok t=r, ROLE s wenctealc.

We now wank to oavestiqate the teln}n'onshi? bebween « (swmallest Fan‘l:iuc woof of \z.‘.-(l—[,ljj T”/r’
; and &'\tﬂ?mj & F [H” = (.415:)

Entropy Criﬁcwl?u{ﬂi:sl Lagps.

iek WalT) = #Ixe T fzc, €6 e, i<nb %D,

| 3
Buamplst  ex(i-a). v o kpz Vb -gl-E-

Define La.{;“[J‘)= # 1 wmonctonic ?a‘eces of F“‘g-}_
Clearly | lag, (7) = QE“B‘-’[J‘J o As with kneading s&uemces write %,(3) = 2% (0t ‘WF[J'):II‘\&UjéL_

Lemma: T (a,b)> % . %(3) = 3 [kla*) - ke (b)),

arouw: Take T=T, Then R T‘:'-‘ f_i_t.

- S T AL T2
NE § k(3120 | By does net comeme For E%'e Eabmpy > (g 27 Loy Ty
el sony axli-f | e = Lab e o =L Teast vem =1 WiF)= Loyl = O,

i » ;
Ruook of lewma: Re = I 8¢ %> Z (L P Yo () €°

nig \esitn

nat At
oL B ey ()2 F mar € Iy - i ly  (=-leall,

C\F Fl‘{x} 2¢ for (€n baen Fﬂ“ has a local wav/ain f 9; = \/—l]
Now Fm‘ (oolas ke ar—l;'—:}; i a&} atﬁ—m—% tn (), B wmacs 14 HFoada, o) Bmce- Fmln = O
we L ) HFwmar - i = -,

ign of  sigu of :
()a' B v - #adn = }?-. (‘i:d:j::* -F’M?ﬂ»t bo ) i R‘EMC? r(Su,l.L’.

‘&
;PmoF of COcvu_cu-j'- Tt tal.




| Remark: h'-.__ R (o, 4) - makes o e ak each pre-image ofc.
| . Sire of JMP a 2k
| EJ“"""P‘ = 2" 2k £ x ¥ of pre-inmages ofc (€ =c)
i & Z 2hp. ¥; s
R (0 - hio) -;l—t . Se kb genet = B, so ke s L (This i net vigoveus !
| Sheteh,

: Wank “{ﬁf: ixﬂw {:D &f:l’, Cw\d =5~ since Miscewrewics &£ g!(@nkl lﬂ[H r(\‘-:“ﬂ ;Uwar [H:}’ﬂ‘
i Eastest Limit & prove : n’” [’Q'PJ\ " ewists .

| Since lap(fa) € lapfiiapg > (og lapf ™ € Loy lapl™ + LoglapE™

% B‘d Suﬁqcud:l‘u;tg 2 Ui ln Ldg[n.f‘:n evists.

Since Lafl“ = X ‘xh > i‘qv.u:red Umit For ¥, evists and is Hie same.

: OLkga
:

! Given (%), voduius of Convesgence of ¥(& is 7_‘;'”‘. Aliz ol ¢ oefFicients of X1t aure posikise | so
iﬁrﬂ: ?a[@ & Yl i on posi bive read axis, ak tzr $o fow RILGYIY: TF D v is smallet

g?as{h\lt e of R(B) [1-H).

| Qe {van Skriea): Cam set wp  semi- comjugecy w terms of laps  wmsteod of  Rneading uavawauts,
t " lﬂf’k’

|
| Dcine ALT) =z Um ‘o3, propovtion of complevity i wkemal T.
|
i

Then map K = Ao, ) gives the semd- conjugacy, Same as pelore.

| | |

Qemzrk Milner § Tharston prosed F > hF) s conbinuus. (1977)  (F in the clase of €' unimodal maps).

|PmoF Need 4 show the smallest em of R vouies cmhvumus(g wth £ Basy it ¢ is act periodue.
pli4et+t™e )

' \f ¢ is ?eﬂod“ (oc C‘ we Viagd ¥ = { oli- ¢4 ) e ol £ in a nug’hhuxhood f f-:_’
i angd so % is constant (smallest veok o p) in H"L‘ neighbourheed .
|

,LX ples: qenual P s renormalisable | £l is wnimedal | Re = p, (8 ik“:"‘)'i
! where g s o polynemiol of degree w and R is Rneading wavariamb for F“\J-.
| Eqir Bl cmimedal R = (1-6-€Y R(E)
| =2 K enbiopy s log [smallest veok of e
{ —
: tiy F is rencrmakisobie of ?Qnoa‘z_ R - “-E)k[t"). g (e F!IT W vasiasdal ),
i By wduckion if € s just obits of pereds 268 R = ((-00-E(1£4)--
Note ok bris has we ceobs €l Eptiepy = 0.
- T {ooe<\al)
Qemn.-h: Note we Ragw WIF > W i;-) w\nev\ £ s cenorwaliseble. = when ke = p. k[t"l p has a
swmallec ject than auy rect of &' ().

E_E)f&u’st-' Can You  preve Yhais usiag onhj Hemg theory - R s admissalle.

Mekric Unwessaliby

ke a F&M(ﬁ of C'- cnimedel waps. o s ot accumulakion of i)m’acl-dnu-]ﬂuﬂg, Fr, Was superstable
orbit of re,n'ocl 7 Fﬁ- of peried b . o oo 2" -ie ¢ s peacdic. So £, 20 s AR




Ag  « uacreases:

‘ .C\E EQC‘J" ?cuomd‘:a \Jaiue r:’ S‘cqle u{n kc{rmlnh'on b°‘h iy Obsesve Hﬂaj: Fi "’F*

| Fei Vhas o swpesstable ovlit of  peviod li.

! Define ﬁ;' blj 3{- i ‘F't-‘ioji . e BC = O, Fri. lej = r-U}Enﬂ ’ Ffm. %‘) 0.
T (9 = f~llnﬁnﬂ F‘"i., (w/(-u“g“_ﬂ) - map on [QQ@

Obsewe F,— F % 1-1.62763x" x 0.10u81x* + O-626F0x°-0.00352 AR

N f‘"’-“-_'
| ™= i—”—_" > 2:902q..  §; = " S5 L6692~ ( Feigenbaum's §)

Consider T:E—=F - alss takes families —» Fomilies.
TE)e - = F:,s ['x/‘“] ) Fix o, § - laker we choose them i o goed woy.

Claim: 0] hos o supustable ocbt of pedcd 2" aF v TIR] Var a supertable ocbit o
?en{ool 2% ok B
freek: Laker.

Ttk fomilis with Superstable orbits of gemeds 26 2" to famlies with supestable ovlbte
o perieds 2., 27
. Ous an\ﬂ Whaa Su{ust&.ﬂ.e oot of alk PW'{OCU ZL,w 0 (s w- So dees TEC;?_

| S\aace of  wnimedal MOps !

T, - taps ak occumdd ohien
of Pﬁn‘ml dlouhtiuq = Cedlimenston 1.

I, - 55 odat, od ke
Z', - 585, 0:-‘0.—‘.‘,\:5!?. i

{Fri’* i Tm—] * {Pr?

| Question: )s thee o wap F ¥ osuch thak -—NF‘z["/-d] E:

Awwer (Landfed, 13%0)  Yer F xx 1:5029.  Fuslhermere, F¥ s o Fxed \ac.iud:op operater T
ak whicdh speckrum of T s one pesciive eigenvalue % and all olher 2igenvalues awe
side Mre wouk disc. [$3 GL.€632-1)

C Se  wmdar Tf;?rf L, o0, teads 4o a wice Famiy ﬁFf} . TiEfls §pAp [ se TerF
wnstable manifold - |-dimeusionak - o F*). TEY¥- £F.
CFor s family i CgE 4 evackly ek for obher families obtain same ke asympebically.

Gl




: Pouel o ennlier ohoim: Skepti: TIF¥] = (TH’
Step (ii): Wnite €7 foc T(E) . [Fs,]

[o) = T(Fg, ) {o)

- T - 'F?' (o) = -’(/{,U '5»\«
[F;,]Z (t-:;:p,,,‘) = Tfﬁ.z _l”(-u"ﬁ.g:“) B - (1, {%) = O

This proves e claim,

Correchion: Canlier we daimed ok  WEI > WEMT) . This is often false! Hawk & sy

W€ > HH'} €T . of™ 'm)
Kneadmg SE’CLuWB wA rcm‘rmabsahlﬂ case ; hF = P [H k| (E"J Hhen {F SMRM?S'E o op hc
is v<i thean + is & reof of p.Le. [H[H may  have smq,llu roots, buk R'(EY dees act].

IF o0 has o wwebe<l, then < W | (efrsm>2).

tMilner & Tuuwston Paper - See an'vge.r LNM 3% (jqg2)

- What do we see in families Lke cx(l-%) ?

\ . . % lad
TN T S LN

v —>

- Theovem: For  logistic Family Hieve ase  owly g fossibih‘ha:
(i) A&md—iag periodic orhit
ti) Ptrdhig Canter seb.
(i) Attrediag  Findbe colleckion of cuychically permuked dbervels Flly o coupugate to R

e G): alrecks @ Lwesk el thibal conditions. U-vu‘%ut-
inliy: Lebesque measuie zem. Abtrecks almest all wnibidd  condibions.

;\Miu): \ntervals altvack alwest et wactiod condibions - they Wawe erlats dewse n atervals,

\ﬂ

-i
z

Quile o Lt of i Bllos Brom PO Gor Wi fanlly = 2
CSF<o = S(FY <o, MSc. eneey m&m,_.l-mg ?e_.noda.( orbit cltvecks o ortbical P‘-L'\b

2 I.A-nictuev\es; oc a}:trad.-{ng orbcts for  wimedal wmags,
Wikt move week, SF<o D ? wandering ortemals [ Guckenheimen).

Vo wweee qmem.l fmaliea.  MNole SE isn't  tomank under smoothh  cooedinale tmascvmn}{mu'
| S0 vabher wanaburel for {oPoLocﬂtcal cescdbs - now use “bounded distotion ,“



Attvacking  periedic pehasiows for Cogistic fomdy ..
- oceuis for a dewse sek of ‘:omek«r adues  (Proof wawd @ struckuse f Mandelbormk sek for 22 + e}
- bk measwe of seb of v-values ca case iy s DO.

Tacobrow (e Collek - Eckm.«J Theorem: eg\: (Leb. meas. %ré[{; L»]: w Cane [c‘i.’j}) =\.
Cle-¢)

Exeeple: For coch rakiowal 4, pub am unterval of Lol Ygt amund (b,
Total lesgth of Cntewals avewnd 3, G ., % B8 ek

P
Totad weasuve of whole seb £ ‘I/‘I i‘/%z Cowlich w0 o5 small @ we woub,

cn case () s

EYomple: ez fe) lavorcwt weasure:

<
dewity o=

-5 wvowamk wadac F. %suudg conliamous wvonoxt waasuwe . [W-J't ‘o Le}’lfﬁue-"n’(ﬂ]:f’

' Leb(pi :O), Alse =G gohisfies the Collel - Eckhmann condition [Pon'{-('uq Uapanoy a':eae.wl:.'l 5

(e :
‘L,{M MP ‘M ] > 0. [g(-ﬂfe oF ? areuns L!’Po.qe_w‘lmud F‘r{: ’dQ‘:n'chw < Gh@os, sfmgr
=2 A t
atkreckors ... )

Question: does case (i waply @y I o abselubely  conbinusus unvoniant wewsi | e
: iy Collek- Echmann condibion.
Puscess are Vawdio feo, f d o case whee ot of critical gtk is buuaded  owan Frow  ontical
gk (Misiewwewsict wags)
*No 3 counker examples {even For Legistic Ma.f) whaw orbit of ¢ reburus too often aud
koo close.
* Howd cares n bebween- sHU ackive peseardh.

r i . X
Ve s the uswa) amswer, n sowme a_fp:o?nak seuse. ..




