Part 11
Computational Number Theory Dr. R.G.E. Pinch
24 lectures Michaelmas Term 1996

The course will cover the mathematics underlying modern computational methods
in primality testing and factorisation. The intention is to prove results about algorithms
as well as describing them.

The prerequisites are elementary number theory (equivalent to the Part ITA course)
and some algebraic number theory (at most the Part IIB course). Some knowledge of
results from the theory of elliptic curves and of some results from analytic number theory
will be useful, but these courses are not prerequisites.

I. Primality testing

Fermat, Fermat—Euler and Miller—-Rabin (“strong”) tests. Conditional polynomial-
time methods. Distribution of pseudoprimes and effectiveness of the strong test. P, NP
and RP; primes are in NP, composites in RP. Primality proofs. Fermat and Mersenne
numbers. The elliptic curve method. Gauss sums and the Cohen-Lenstra method.

I1. Distribution of primes

Brief sketch of the theory of the Riemann (-function and the distribution of primes.
Smooth numbers and the Dickman—de Bruijn function.
III. Factorisation

Trial division, Fermat’s method. Deterministic and random methods. The zero-
mod-p and square-root-of-unity classes. Pollard’s p and p — 1 methods; Lenstra’s elliptic
curve method. Dixon’s random method; continued fraction and quadratic sieve methods.
The multiple polynomial quadratic sieve. The number field sieve. Index calculus and
discrete logarithms.
IV. Cryptography

Public-key cryptography. Secrecy and authentication. The RSA system. Trap-
door functions. Knapsack-based systems. The discrete logarithm problem and el Gamal
(DSA) signatures.

Reading
The computational aspects are covered by the following, of which [1] has copious
references.
1 H. Riesel Prime numbers and computer methods for factorisation, 2nd ed, Birkhauserfl
1994.
2 N. Koblitz A course in number theory and cryptography Springer 1987.
3 H. Cohen Computational number theory Springer 1993.
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Lek Mp= sample space of all odd R-bi¥ numbers (ol wniborm probability .
Bl = eveat “n is iaput to algoritiumm
7, = event “n peses b rounds of MR test
€ = eveak “n 15 compasite

R\

€ = eveak " is prime.

We woank wilth = PICIY). We know P(Y [C) €% o RI1E)€ 4™  (Assume bases

PLXATe)

chosen  randomly wod nl. Need 4o apply Boyes' Theorem: P(CIT) = THr™y |, given

E:“,%é,it' € Elt' So weed P(€) wad P(1).

Theocem: (1) pla) % nlegn, pla) the nba prime.
G Lres ogx ¥ T % “agx oo x 108
(o R(OIY T Ror RSO

Find  subset &, of € such ik € o is Composibe, ok tn £, thew [T |Ah(n) € 5
ancl  show £, s swalk.

J

Ceoposibion: For & % SO andd 2¢m < %2 | Heve ave subseks £, of € such Mok
G for ne C\En, P(Y, | 8w <277
) PUE,) # (l.oZJ.ZQM-hM Loy is in prinbed askrr],

Proof: Lok X =2 so [Mgl=8X. Lek A=2"", 5= "m, Y= 3X Siace R %50, Sk 2V %o,
and so Y > 5.27:512 Lek me ¥, n:td P Lek o= hef (p o, a-t), bow e

<

b

&l
. [ i e )

so’ W (n) = 'ﬁ:l‘ —lT(‘: = ;-\-lTb—‘ . De(:i.ne EM: iﬂ€‘€--' b;(A’ SOme Pi v el Ha p‘._‘)‘l'i.
(V) Wouk *o show: (f ne €VEy then wpgtn) €27 -

(6 d>m  Unen W 1) € Zl‘dup(ml I %, suppose ok €m amd & Em.
(a) Su.f’pose all <Y, Let D'—'TFF; ¢ Ba % is Copiime to -t las nois).

n
Buk B clivides Pln = %'Tr(i’;'ﬂ g
A ) o 3 X o
Now D€ Y2 €Y aund w>ixX, 50 § % 7o 7 9™ % =y = 2

D ; t=pn = -
Now, wein) £ 5 €1 cundd Hma!nlsi"‘“?zz .

M 3 P ln with Y, buk b %A, Tuen weime F- 0 ¢ 2 =2
W,“Q{N}SZ'M, as in le),

(@) Fix P>, and suppeie ne €, because pin cumd b=m; <A

cncl wnz 1‘M00’C=WF(P-1,-—|}. 50 arp mal p.  The aumber of such wid M, s

Thea nz © med p,

X i L]
R A R ki
i \ i L |
’ S e £t _ =
Sum over pPY wnd bCA: VE, | S .Ey pea plp-) X r?:,, Pipn hzqq ° 'Kp{:y pip-1l B

L T LE PP o
Esbimate P‘azv Plp-v (Oddzm)! pin-t)  eddudy N W < (Y-l B S 7= v
¢-5Fo5 _L . 2m- Rim
T PRI Pa = R ot 2
p & Y zx
|4y

T Bl

(-OMPMC wilh some clata: For R=51 amd m=% e ‘ane 1Es) €1

v 5 . ]
Diseck compukakion: bhere are 32055 < 2 qumberss v My, with Wag W /8



 Proposition: for 3¢ v P

) - -tlm-) -tv
wlbh) = POEI%) € do | Zs BUEn) . 2 e

Prook: We hawe Epo © EnS-o0, 50 PlCIR) # PlEIG) + E e Nm, Vi) + PIEVEL YY) .

 [Pigsate) « TR((E b ) nYe) + RICEEIAY)] /R ().
Now, P(ExnYe) = P(Y\E).PIE) € 275 Pl5y)
Plinng i) = Pl 1 6anfus), P e, ) # 27 e,
PN &) nY,) = P Ey) € 275
And, fPe e s WT;;J »‘ﬁi ) Su\os‘:itu}\‘no) S cesuld,

—t(E
Lol pr) € U-h—h.(!*lt)-lt_z o

. Theotem: For RSO, (£ 1€ES
= R . A" -tJnn
Seed T2y iphié own. 2 (20 T & 1 )
n 6-3k-HRr3 -tV RT
>3+ ek € 0wk 25 (2 . e 3

Peeof: Lot M- L*2l. Pk v=M ia previous ?ra?osih‘on cmd gek:

{
iPreiy,) € nﬁh(,ﬁ,; Wiz, ), 270 l'“")'

. £ oM
ot - U{WT -4) 1 by, L2027 (2-thm = Rim
New, 2777 € 1 . By Lemma, 9@ <Otk Npd  Fy #l6a).2 ¢ 7 5 1 _

M ~t)m -R/
So ek S=.Z, glwl,  (ihese olw) > Pl .
TemE M S, S € Mo € 1% .7
'-;'stﬁgﬂ?.: glm) aMains maximum ok Mo = ARy and 3€ Mmoo M.
So << Mg(%' 5 f@",]_-”m““‘

\:32*1: gylm) decreas for w3,

iz

VFoV€e€G: Cﬁ[m) ncveases  for

— 6-3¢c - R/3
So S€ Mg(3) € {Fr. 2

Example: &= 250 ( abouk 75 decimal diyiks), €26, wi6 250) ¢ 2777
-6

The (mproved Ureorem with h'—‘OOOI t=10  oives w (10, 1000) ¢ 2

3. Pr(mo.)u"c:\ Preofs.

an element of order evactly

P:‘asft idear A s prime i€ iE Was o ?riwu‘t‘ive \rOcE, e
a-t in Hee muikipuco..hve group.
n-i

d .
\’)FOEQS{HOV\' Su.ppose n-l ’cr.— %e. ook Haere eeist ag, izl d  such Heak @] El modl n

omel ek 1, aLn‘*;z -1 =1, thea a s prime.
Proof: Condibions imply nat a2l mod p cnd a % 4l medp For omy pln, So the erponzut of
the mulbiplicakive growp wod p is ob least a1, e w-U s Hhe ovder of some subeyroup
of (Z/p)%. So n-ilp-l ; in Pwﬂ-'culcu nép, Se a is prime.

A

s ia NP,

r

- Theorem: The pm?uhj in is prime

CPiook Lek U= log, n. Cloim tneve s a  cevbifHcabe of primeness of n of fengle £ 7¢ biks,
whidh can  be dnecked in polyacwrol kime. Assume L3l Owr cerhbicabe counsists of
a st (a;q., C), where (( is o cerkificate of primakity of q, . Proceed by induckion.
Lek d= ¥ diskinck prime Factors of n-1, ol €L Lek | = o, q, , so lughe of Cc € 20,
ﬂ‘.ﬁu&\m’:‘ v; odd, so 3\’\?| N, ‘E Li< b1, amd omit ¢, Fem Ust.
So, 2,201 € 2AZLP € 20-0® = 2(¢F-32 4301 € L(CP-200-1) . So total lengHs of
ceckicate & Z[(-204-0) + 20((+1) = W Chee Yk each Une is checkalle @y

f}ohjnomiai bime . Hence “n s Pn’mc“ s in NP



Coisidey. Pe Lid® & Tae™y 1967 » 1295,
P-i=2°.5.83. 293, 4759 fu. @, where @ is probably prime

See f‘n'nbeci notes Lo  the process.

Fer .Ma,t N usm benw

2

DeC{ng Fo= 2" & s F=8, F,=13, Fy= 2673 ] F‘r: 45533 . Buk Fo = bulx €300t 3,
Fﬂ-ﬂL = 2% , So we (’iw\ prove B prime (i€ ik is) by F{M a  such Yaak

w=! L I
(o._f",Fh’: | cund ar 2l med F“_

F.-!

So we \awe FTo s prime <= passes Culer criterion with a-nr Z-Y med F,.
)=l 50 we look for such a: siwe F, =i fwo! b (o>, 2Z med 3 (a21),
we wawe ($)=71, 50 (E)-L Hewce F, is prime <> 3° 2-) med F,.

a

Theocem: guf?ose n-l 2 FC, Lhere (F¢) =1 and F=,-]=qu;

n-t .
that a; 21 medn amd \acF{q‘:fﬁ“i,n}ﬂ,

and there exist a: such

S

Then wery P\n sohsEies ?'-:-l med F.

| Prosf: As belove, Yuere is a subgroup of [1/fji of order F.

Caran.vge: \F FYC Hhen w i prime.

| L =
fJ‘OFmCHoa: Let w-1= 2 s, wita 2f>5. \F w passes e MR test base b il b ° -l meda

then n s PN: me,

”U'an“'" € L s a Ust of proved peimes,  woke F= ?fvoLu.ot of elements of 1, and seb
n= FC +l el ‘F n Pas:e: MR E‘eSL’, worHA b’:‘}“‘ﬂ ke preve  n S Prime,

D Hewrshke: sudh niumbers  howe Fu‘ec((uemoj X/[ijx)l newy .,

| Primaliby prooks Showed ‘peimensss is ta NP
4 ¥ P

| Theocew (Adleman, Huang)' ‘Primeness’ is (a RP.

zlx3 s

The q/uad.ml-t'r. n'w.g ('E/V\J[‘A;f] s & /4“, XD e {7‘*5\}-&‘- Aoy e -z/n‘i,
Uearly Hais is a wing. 1€ §s o Retd ifF (0 n is prme, Wil d is wet & squave
E t Q) = -—l

ln, L€ ln .

{nverbible elewments: Define e novw Nlxagdt) = (eryft)lx-yJa) = xl-okj?‘.

- X -y g "

Thewn ['th‘jaj V2 x_l-d..::' § norm i (avertible wod . e wmap )(i'aj\m!-’?(-\jm

§  cua momowp\f\is‘m of  Hae Vg,

—

A the cose wzp, prime, (Zp1[5a]  is <ither:

= Zfi’ @ Z/P ¢ f od= 61 mudp, wi b lx+3ﬁ}H {'x-njfr-x-:je) , oF

¥ GF(), te Pied of ¢ cloments iF (§1= -1

The  multiplicakve group of Z"/p @ Lip s Coet @ (., of wvponenk 7! amd eovder (‘:-lJz‘
Thet of G&F(f#) is eycldc, of ovdesr p"-I.

Mep o> «f 5 an aubomcrphism of e Feld, called Erobenius, omd so wmuwst be
Ve =i Se weem  gld)lx-ga) is just w> o

Se N+ GF(A* = GF[p)* i tpr) 1, 5o is  surjedkive.

o —> o™



21 ¥
We eulf CHE" Be wlisal pak ® SR, wed Bee quebink araup T A0y

of ocder pil i the corotionad group. Kewmel of wovwm wap s nearly the same.
‘ Mq_?f Q-Qr)t)‘-—’»GF[f"‘)*'—? covabional has Remel evoler 2.

- The Feemak critesion Gamslabes inte an  assertion about the covakional opoup.
L G n, pick o omed a. 1F ek leln)>L, o is Rockored. Pick = x4yt
i€ wef[NB,a>1, w s Factored. Olherwise consicles "~k
6w s prime aud (3) =71 then @"=x-yld, (B)s ot Qs (3'“=(3.

Lucas Cecberion

This is: lu+3fd)ﬂ5 X*fé)gJ—ot. Won s piime, Lucas erikeden  Wolds.

When (2) = 4, this is just the Fermab test dore twice, ie Fermal critedion for bases
xtge  (elzd wmodw) simultomeously. \ ["—}']=-l’ Yhen Llucas best is  Fermak  condibion
- fer  rakioval and  corakional Oyrougs simullaneous by .

Surae £ poses tat and boBEN(E . Vucas 28 F | 5o B = B =g so b (BF° = FR,

so Bzl mod n ped (V™= Mg e ()™ as porw ), ewce =l in e

cosakional group.

Lucas  besk is often exprested (n Yerms of B2ty | willa NPI=I, siace Hwve is a faster
meteod For squarivg worw | elemenks’ Doy T 7o g+ gl = Dt - (o) vTug ol = (1 -] + T Sl

Lucas  psps con  be conmstrucked bom Fermak psps. Seb a=3 = 3ixi, od=5, B=5¢+212J5 med 2.

Then, (8] + and 8“8 Sice 5733 mod 3, 3+ 21205 b (3+ULIF, 3-U233 = [k 2) mod Biel.
Thege oave also bsol ke WMEes, a.aa,loqom o Carmichhael wnuwmbess.

Leb n= 17,30 e a3.29.93.163.331. This \Was the poperty Brak pin 2 ?7'-'I|n-|.
Se for Quny (g-tnjz'n, we \ane f&n"&.ﬂndi Elﬁpi.lj-flg MdF , amd Fauls (-o:w i%)"l-

We can see tat iFa Was weore Yan  one prme Fader Mare il alwuys  be value of
A for wwidn Hthe Lucas wrterion Fails.  Consider wz 65 2 51329 | cwd put d=3
(17'1;)"‘. Bz - 33+ 12603 sokishies B2 R wmodn.

Consider A with ?m?ufg pln D prilas | 24 {Gh'l“nk-‘”ish'ljlqaﬂ .13 for more exoumples.

s We (e wow cheed 4o ?moCS Malﬁqous to tue previous ones, based ow the covakional
: group aund ﬁqotoffsdn.g asl  rader Maaw a-l.

. Emgosihoﬂ! Let nil= FC wilh F= fl ‘L:; and (Fc) =l V6 Muere exisks oy wil [%‘j =-|
and ., Ba€e (Za)lla] of nom!l witlh e property [’é:m 2l modwn amd
e 9%
ln powticdar  F FOC then n s prime
‘ (Hi’-ff, Web (o« -1, n) =) weans lack (Nl«-l), w) =IJ_
Proof: Lek p duvide n. The condibions on Bi imply Hrere s a subgreup of oider F
in [u/p)[-ﬁl]*, whidh s of exponent p—i%) , i€ pz (%) med F

n‘i =| 5 HAQM enery ?riMf Fad:o.r ?hn GOJHSF@S Pz l%) mod F.

e



Mersenne Numbers.

Hf=2p--i. IE p (s composibe, Mp (s too, Wence we wmay asswme P IS peime.

Need to FHad d  sudh that (%F", axd @ nok a square in bhe corebianad o rouf:
Mozl mod 3, -1 med b, so ()= -V, so take d=3 Con see §= 248 & of aoeml.
Since Mp = =l modt 8, 2 w‘ti o %uwczdﬂp , and Fad B=%¥% Lhere ¥ “:_;'-? Was o - b
1€ Mp is prime, then B 7 = ¥ = ¥F ==l Hence B2 2+93 il be lhe desived

- 9 mil (&
clement Mp s prime. So Mp s prime FF (5—} -\ mod Mp | v, fF [31 Z -1 med Mp.

\ de:- Elluptic €

An w over o held F is a (non'si\ngwtaﬂj plore cubie

B+ ¥4 q,XV4a3Y=K3%a,X1+q&X+a6_

W6 chavf $2 , can take a,za;20 ; in char F 3, can take a, =0

In  chavackeriskic O, offen take Y2= 4x} - X -g

As well as offine ponks *there s ope poisk @ “at tbinitsy , fe ltorgio) iy
?mjed_-cug coovduinakes.

I K is a feld containing F, Lok E(M be Uie seb of points on € (incucing @
with coordinakes wn K. Defne o relakion on EK) by PO@RER=0 <> QR collinear

m ' (%aa Two pownts widh the Same x-coordinate are collintar wi @, so
call them P, 0P iIf we define POQ an ©R, where R is  dhe waigae
poink  such Haak PRR ave colhineor. {Nok, R & iw E )

"0 el

| Theoceam: ElM] is an abelian g rowp wikha idm&il«.j @. (Rssoo{a,{-iu:b-j follows as Hee swm of

tuo posats is debined by rakional Funchions of Yae coordinaker of P, Q).

Let F = GF(g) be a Rate Fiedd. There ave ak wmeost qliq+l  poinks in P*(F) , so E(F

3 Radte. ¥ EW(F) = f" + t.; (o,,2 ~ lrg, (hewristic). Define £= \+q - #E(F).
of.\k e M
:,hn # ooty of .ﬂl': wWrax+h

{ T 15 BLEE.

| Theorem: Evu@ vakue of E perwh'&ed by Hals L.,\e%“wtj occuws. \ndeed, Ve vumber of cowrves

corresponding bt s H“:z'll-q,), whese Hid) = #?,{Ml‘{(‘,q_ blnoury cvuu,{m}fr_ Corms of
Mseriminamt d.

L6 t20 [ pove qenerally, £ ple where o= chiar F| | the cwve is called  supessingular,
When €20, e group E(F) of order pet s ethier Uee ovakional oouwp, eor s

laoin | %fm.up)/[tl @ (5. So we concembiale on  the wnon-supersingulor case .
Sucddh cuvves ave a}awcujr wmplu wulbiphcation wwves | (e EndFIE'}? a subvring
of Z[A], where wn foct d= 1:14%. We canm consbruck sudh cwves For small d
("&tkm Muesu) by considering Ey = €/A where N & o loMice v ZLRL. wlada is



an  ellipbic cwve over € wirmchh s dlefined over an quebm,ic nambes  Feld containing
R(4F).  “Hilbet class Feetd

So f g s & prme coleal \q,, rew E wmed o7 is an @LUPHC curve over F
withh gl -t pouts, where o :kl—f*q’

ln Yhe other dureckion given € amd F, we need o compuke  the ovder of E(F).
we defined an Dtein cwve as a compler mulbiphicakion euwve wobh 'smald' d.

! E&mglﬂ: E: Yo %K, m«.P vyl = (% (y) ==, is om Q.ukouc\rp\m‘sm of order L.

1 P Ff. Enol»mofp\.m'sw fing of € conkuins lindeed (s) Z[+]* Z[i],
Ouer = GFlpl, E ogain has ZLid in endomovplim wng [(over sepavable closuse
A pr 3 medl, E i supesingulor, FE(F) = pr. (eadomorplism rlug is quakemion algebem)
* 6 pzl modly, cam wake p=al+ bh? . FEWF) T pal-a

EX ¥ 2 %P oy (“bwisked)  was  pelra points.

Lek n  be wwy nuwmber =1 med b Fiust sECp s to solwe \n’rzza-hfbl. Find d such

o o
| hak l%):—' . Thea d ° should be -t (ETtest Corn). Puk €2 o “. e's-l mada
CNeow, wnl (cd)le-i) in ZLL]’ which is o CEudddean Doman, so we Fnd wek (n, c+)= axch
| H[il b.ﬂ Eucladdt Algo dam. %o atikle , %e ol+bt =n (o (eb) ¢ & non-twvial Fackor

of nl, Choose & eodd, b ewen

Remark: Seleckon of d w Q%w'wale“k o the covresponcung choice tn MR methed,

e, expecked time is2, on ERW 1 (L@gn)‘l, obherwise power o a.
Second SE{P: cons cles M{-& cuxves E ¢ ¥ P ax , Wit ovdes a«iTa . Seled points
ok random on €5 V¢ (v 2alp+ O, (t‘ﬁ, [n+]p * [xa1P) , then n is compesile | else

?mba]o‘aj pPrime.

Tt % la Borm of) E&g\-\c Fermat’s Cokerion.

S We  con  edbend dais mekliod do o prook of peimaliby . Vdea (s de pove Hab o poiuk
L on B wmeda  has  bhe \rquwired order. The Qoup struckuve of E over o Faike Fetd
s of Yhe fom Ca ®C whee alb and ab: #€, awd & is a facke,-of \F¥
("Wl poving )

guffose 15 js o elhiptic curve whose ovder wmodwn  is  ndl-t L n is prwe, that nil-t =FC
whee F= ‘]:: q,f" , (Fa=l aund ¢ Suppose Furbier Hak for each q. |\F, drere ave

Cpoinks Py, @ amd  wtegess ag, b Sudh bk airb; = &  Le)e; :[Q,?‘]CD(* O, cuwd
(g2 1P 40, (g2 )@+ 0,(in the sence Uak the denominatoss of Coelficients aue coprime ton)

| Then wn is pame.

o+l €

i.rooF! (Dv\dn-lﬂ:ovli {\Mpbj Heat fF ?lﬂ, E(GrF(p” \AM Su.ba\roufs o(: ovdes q_L :c'/[ ,
so  Fl#E(GFE). Now, Ju<FHFEmodp < {JFHJL cSo Jp HI > "R, Wenee p>a.

4



| This is 4he basic of Mesmw's ECPP progrem. oud Provable Prime @ Funclion (m Mathe makica),
ECPP canm voukiney prove pr{mdxl:nj of numbers of ~30co digits.

SRekel, Prock Ynak ‘primeness s on RP,
idea s daak ‘mawy curves howe ‘Smooth order B aumber s Smooll if ol ks

prime Fackos  are small. 6 we cowd prove dak Hhere were wmamy swmootha
nwmbess un Hhae vonge Fi‘/;; , say, thew EC method would Wwawe o (\«u{g‘u‘ Monce of
Succeed...’mﬂ.

Adlemoun [Huamy replaced ‘ec by Pbelan Su\fF\zce\f where  cucial ramge is pt Pyi

Diste ibu,\:{om of ?ttud.o?rimes.

W

- Lekt P = ¥ base 2 psps €%, e, #7 composde * Q.'M \ madaf.

- Define Li = exp (o™ “‘1‘”3“3"&“}@),‘). we stated Uk € Llw
amd B f L iwee Ul 5% Canmitkash wambees 52

Define U, (n) = ocder of 2 un Hne wulbplicakive group ofn. So n is a Fermak psp

Bl late Biw Ae dhom Buak €% Gy w3

-3+

| : 3 & leg log log x ]
| Fmeugﬂc{ou: For u% %, ¥ {MS‘*' Ly () ”‘I ¢ vneg?[-(-o%x- Z bog Legm

- Proof: Pssume x % n . For ¢¥2, we ase esL-iMn.{:(-ﬂ.%f

L 1L ) e "L w*e oL w" 3L (P."-'?:*rc = xc(\'rﬂ-c’rr-z"--HHi’;" P;k*‘ ).

L'\: x Lim)=n Lalwd =y Plw Dlafp)in R, P

)=n -

afm = xc .,n_ “ . F,‘:) 1
& + oy log Loy x P Lalpiln

C‘"{’“e EEl=" 2 g logx , ond Ao Such WW{" < e,

e be A:cg [i-p")" oo ojiven €. Reswlt will follow ¢ we cau show Htiat

2(piln .
(og A= ollogx/loglegn) , siace # € xR = erplclog + logh) = exp (uﬁx(;-”—*;&‘;{;f—htogn)
Esimate logR' Leg( i+t = t+ OlE?) for €¢I

ey _ B 4 . -2
So Huak ‘..03 Tpril‘-fcj E -I.Eh’g“-P() = ; ‘?‘ _‘o[P?c)) = ‘E;P<] + Of?IP l)
Buk ZF"‘ it a sk,\osfen’es of T ¥, amd % ¥ M, so nfn'l‘ <3(W) gy OF+) is just oly.
So Log ﬂ = z f 4+ O[() ale ‘-,(EP-)M? + O(I)
We wcw.l: 'Lo Lvimine %p Lo (p)= al} suda P wmust duivide 2"' heuce there ase
<o of Haem . g"""‘j -HAQJ G Eed,
- - -C -

Now, g il mod d [M dlg, —e) so g% )1+d;. So T P T ™ ¢d £ 75

“1(;}'0[ L=t L=t
. . N |-<
Compuan £ & sttt I 0% Z —‘cf i s [ 10 ¢ K. [
1-2¢
a d
Angal £ Pl
= dl«ic S t-2¢
So tegf <¢E = s0l) € = M%Tp's ™ +00) = '-l-‘:' ;:1: t-p'” o o)
witkpjn

Now, we need o -esL{maJ:e 8= 0 (1-p")" . Note 1-2¢ < "%

(x:»c) g = -?: Log (1-¢'"%) = T o' e Lol ¢ ?;tﬂ PH" + Oli), w'hue 9 wilk be specihed.

Heﬂnod FD!’ ‘ES{:!-MGJ:W\g z F[p)" Z- F(ﬂ" [1 F m s Pme] F(Hd'ﬂ’fﬂ

as a QLEMQM‘ She[b‘jc mte.l‘m.L

\ategrate by pa.rh Z Feo) = [Fl{—)-n-l{:)] - f ¢ (Uie) ot | cu\ol a{?mmmate by PNT: mlx)~ T

s ug® E SN & [abe, 9y
Here, ‘P‘g (¢ .n(e}] c.r % o dt = &



Now, « s chosen so that pln D pey. Choose y so thak .I, pox, bthen Haus
suffices & .r{?(nme PE b;.J ng o We  canm take Y= QLo:jx for  Hus.
Sa' t.ﬂ.';cj P-Tlvl: (l—P"l‘-)-i & (g «)1'2‘/1.(1-1:) L"Q LoS 2, where < means “ < a Mpt{ of .

“2e |~ e
Log A € T2 gla (17077 4 01 So loglogh «

\

/IZ-ZCJ(‘D%LUQ;L.

‘ ) L+ oy loy og = _2Lgiegn
Ftﬂa,l/h»_\, subsbitube ¢ = | = 2 Log Loy x , aumd 03‘917 l'qu'q<f-t+{-ur-3wc3b¢jn +ou)
= © (""‘P" /lﬁeo'bo-j)tj

- - E i
We wused Sl:e?;: ‘M%mpejc:;‘ = ‘.-'_I ("ﬂ's)

of P s

e = (FoTw]® - 5 €'l rto db,
Corceck chwice of ¢ ab the end.

Theosem: - Lo
Plam: Splt wp psps iato  classes: (ng)

() ws "/

W 3 pln wikh balp € L) awd o> L)

iy 3 pln  widh L p) > Lix)

tivy the vesh

. ' 4
.ProoFr (i) ¥ psps n W Case iy is c[ea_.r(,j £ /Lh}.

. < B & I i ¢ % & Eul®
i r's g S S ™ O lj
() # o with Lip ¢ W 50w bytp)zm welin) 12"y w SLind "
So # psps w class @) st
Z ny < _‘x_ Z i \( 3(—1 ; L[)(JI = x/leJ
poLap St Lix) :
Ve balp) & Lin)
Vatpl € Limy

wp 1F n is a psp and dln thew 0= 0 medd, nzl med bitd), as L@ V)| -,
<

and o (4, Lyld)) =150, ¥ psps w with wsx and din is € 1+ Gom.

Buk (F o s o prwme pln, thea ns0 mod p, azl wod Ly, ame Uy (p) w a
feckor  of a-l. So wz p med plp-t) , so azp wodplalp).

So #psps with pn amd wEx s £\ P-L'l(.pi -1 les asp is acta psp) ,ie, € Pﬁ;)-

wEX X i

2
So #Fpsps [ with pla and Li(p)? Ly s € 15&: p-talps C DG P

a Lalpididn)
We need to caadake: pex /P x " x
¥ ‘ 4, 2 t . e L
_ éd'rr(t—) =[l:-,7“'7jx* _{"e—,wltlau: ¢ p2lw u\ax* It-:‘-,.i:;bal,t)-i.'z(ugt-tfuﬁt dtaﬂ&)

= 5-2(!%;: ~+Lo<j'[.ocj')¢)
2
Se #Ps?_f iw C[GS)' (s} 's < 2 l.-f;cj Lo(j(pﬂx
- x
tw IF n is & psp tn cdlass (v then a hasa Aiviser d wethh (4 <d € G =,
Sluce  each Fﬂ'me Fado\r P< Lb‘)z‘ Lek d run over odd¥numb€45 e e o

* X . 2 —— i - 2 -
So, #psps € T (e "“':rd.!) £ ghe T T di f G P digyzm e -
il Low* . L) 34 bglogloyx | .,
Now’ "g(EI=m a4 € —;,L - {d’f oV 'M"ﬂ'} £ + G aP("‘"‘:’l’" 2 Lgiegn ) d F{MJ

So, W psps tn vy € %, % PO Caclog B = o L0 Logu. erpl ~logn. “2 05 oy

& Log o oo x 2 Cogx Loy Loobog Loy » K e ' ol
35 &YP( Log L"a” * I‘erj (..aiw. i 1(-\!3(,;33. bl '1(_”‘5 Lﬂ’ﬂ?l ) shoutd lac % (see omolo )
=500 B { Hwngf- + T eyx Wgleglogr - 3 legu J & exp ( 3 (146) Logn Cogy Logy Loey J < »(/L!,w).n
P 2 Log Logn Ly Loga

. X X X * X
€0 (assume corvect reseht), ¥ on each class < Do, Gw L Lw S s 5 Plx) < (e



2 & F(Zd ov L g—_l'gm

We can divide wmebrods iwho three closes:

() Teial dvision : Feemat's method [differcace of squares), Lehman's method.

) Zeso- mod-p melhods: Pollawds ¢, p2l methods, Lombard's elWipkic wwve mathod.

(1) Squase-coot- of - | metheds ©  (Fermak's methed), Dixon's fockor base methed,
guadcakic sieve, mulbiple polynowial @S, aumber Feld sieve, (speciak and Generat)

We cownsider al{,,ori’clnms bothh  deberainishic and vcondomised, Analysic ofF ruaning Hwme
ulls  (nbo Hure bypes: Hewsiskic (relies on the special Eunckion being “Uke vondom )
Expecked.
Dekerminiskic.

Trigh Myision  based wetheds

CAf w s the numwber o be foclored, fockos cowld be as lage as ¥R, so tnal olivision

coukd take bime O@R). The woust case for ™ (s the class of RSA numbess w=pq, prq.

;Fermai’f method: weke n=z at- b?‘, WeE oy assume n is odd. \f n:&l-hz: (ﬂ+b}fa-b),d,an¢,

Tre wmebhod it do sasl'emai-icauﬁ tesk n+ b’ for B&'Na square. When n+b1= &1, done.

Compukation can be speeded wp by congruence consicterakions .

This weorks well when TD weorks badly, te for b small. Bub, of cowuse Hme s stU
oldw).

Filest {mprovement (as o geneial mebhed) s due do Lehman. Observe that f we use
axiliory fockors ¢5, we way be able 4o Feddor a mulbiple of a. So suppose  n=pq,
(g not necessarily prime), and s~ s e, rq asp. Consider Fockorising 4rsa = bespy

= ((‘Q#Sp)l—[(‘%-Sle i where g -sp s *conakl

We can obbain 1 E-§I <5 i Th s o conkinued Frackion opproximakion. to ?

So, leq-sp]<¥/s. 1F we assume s~ 0% than brere are ' Choices for (a5, o

amd  each choice ods to  rq-sp< n'"®

‘iz

Lsp = Vhesa (146) } So, (sp+vq ) = flesa (14 detae) j S, 8™ f‘.*-/z = j’-';
leg = foeza l=Eag%) \rq ~spl = Jleisn' . £

2 (

So vq 4sp (s w the vonge i o 1+ ﬁ«;)l ie # possible values Fov g asp is o).

So we get O(w'?) operabions amd Hais is deterministe.

Zevo - mod— p  mekheds.

\dea s to compuke [modal some nuwmber F wnich (s 2O mod p (where pln) | ond then
obtain p as ek (Fn)

Pollawdl's (p-t)~ method: Suppese thak pln owmol p-1 is smookh, te, \as ou'uj “smald' Foctors.
Assume p-1 is B-smootha, te, all primes g lp-1 sakishy q<B  Lek C= & 4

956
Thew € is a malbiple of p-t, heace €21 mod p, and hef (%1, 1) shoudd be p.

We foem )cc bg successiwely rodsing % to each power c; in €, all  pod n.

s o’ . ("93 st—e_f!j e xc rﬂt'ures%e‘s(‘;cj[%e) = Z: Logyq, -rqu L\sgq' 4 E ch; R
Now, Z tgq = I Logt dmit) = [Logt. rrm] - % tmwdk “’f‘%* T f:i:e ’“3-

So the cost of the (p-0)-mekhod ~ B+ S’H 8%+ ~8



Similady we can wock with pil by Fnding A with [Z)z =l WM probabiliby %2
we may expeck (%’ 2ol Work o the geup of  worm | elements moda | e e
choose w = x+yfd modn such that :2-d31; I modn, (in Fack clhoose ny Fust). Then
Lowvsider C os beQu, amd @S henld e poF pel s B -smooth.

To prevenkt these mebhods Fom werking one often chooses “strong primes  For pqg ia

CRSA aumbes, e pri = Gmal)(pamel.

EW?H‘_ Cuvcve Helhod: Leb E be an eUUpi-Cc turve mod n, and Lt pln. Oidesr of

B -smech,
() Distedbukion of & for ramdonm €, 1F (8B) condom med p and E s

(E wod ) e the Ve of poinks of E(GFep)) s +- ¢t where ikl € 2JF  and we Rnow
Pl growp f i £ )

i L 4

]

ey ?osn'blé t oecnys 6 oider a'F € mod P is &'Smooan, take C = g8 s QA be‘:ofc. .
Cinoose vandom Pm‘.‘t P on E modon, and C.ompu.l':e [C]P mod. n. (RJ beCove’ via P = [T:‘JP-; }
\F resulbing poiat &5 0 mod p, then denominaker w coordunakes will contain p s « foctor.

we need tv estimake the probah.‘(.{l:" ot a m.mg(pmbj chosen E han order meod p which s

v s AX 48, say,

- Un Rnowon.
Wy € D= t*- kp, Ynen the number of isomorphism classes of € mod p it kp=t s HID), where
Rois the class namber (e % classes of  binary quadvake forms of dliscriminank D),
and best we can say is that Hais s SVD. (One cam say weore, o9 2510 6D vas b
prime fadbers), Recenk resulls of T.F. Mckee have shown tuak these wnaive remounks

wnder eshimabe power of mebhod | e thakt cuives with peit ‘smooth  ose ‘wore Uhely,

We n<eed to balance B: lasge B - plenky of B-swmooth curves, small B> Fousber compukakion.

! Lek 1[’[&9): # {n..()(i pla = P‘C‘ﬂ} - #{\j-gmow J\A{-eﬁm Su}

" Theorem: Fiéxu.

| Proof:

W, x™)
M, % % u_u‘.

n

we shall see Hwak o bebber estimabe is ectually the Dickman - de Bruign Funclion plu)

whidi  gsabishes eftw = plu-i),  plw ~uTx,

So we showld clhoose B such Uiak S/.'V{J'Tn, g) s minimal, Comsicles LlteJt) :apfcf(,ﬁjx;&'((‘,%(_%,‘)l-k)
i B o 4 x L‘“‘jx 1 Loyx i-&

Then, % Wik LEJo) & &, where u - “:E&,Jw T dlgal® Tlglegal™F 7 ¢ """3"“'&"')

: Loy ) 't
Gy =t eepl-ulsgu) = erp f—; ra;?‘;?.t- [—Loc:c t (i-¢) leg Loeju - U-E)Lagtogl.ch])

= erp £ (ogn) ™ (Laglogn)® o ocu) = LLeAE) s oCu)

x |

Vo) 7 LL3, 72+ o] by, with equalily when y = tli, {0

Viewe just seen Hnak Gomm 4" and F g s LLE 00, Meew W s

so wonk 9+ 9 mimimal | (e Gy

Lemmar 9-

We
1 =! . . z )
L[4, 35 » ot . Minimum s ob t=i-t='n,

la ows case,  min G/W(G,S) i L[%,ﬁ]fﬁ»l = L[%fﬂ,]{n}
coblems: () we  have wo prook that choesing an elliphic curve ak  vomdonm chooses & oudes

v,

med p ok vandom.
ty we greok thak iwkerval 2t 2% contains 6 proportion WM of x T-smecth  numbes.
'\naleecﬁ, ik &% woE ‘jd: ?,.-oued thal theve is ouny s nioobl wiondber  In Bl inkeroad.



;lb has been shown thak wbervals of  lengdhn 31+E--[; contain  the covedt prepostion of

B s ~gmocth  wmyuwbess {tj~x"). MeKees work on ?wbh_m ) suajfﬂ:s s of/{muﬂ Caumizakile,
W?—fﬁ' are vesulls o dae PWPM'Wﬂ ok nuuMbeU n o owhida can  be Feckorised wa givev\ Lime.,

Lek S(w,{:’jv[) dencke e propection ofF weEx  which can be fockocised by method M in

<t sbeps with probabiliby 22, Kawhs and Tiakli-Parde showsts a5 0p) o # 0 &

where ¥z U (rz.‘-} “loga) = ©0F3F - g Eules's constant.
‘ 1 7 7 log Legx V€ eglogan
Soveuson showed: Sfx,l“', \Jtl) % "{? - _",4"&"3" . and s & o m
> i V38 1 leglogx 114999
Hafnes & Hch[eﬂ showed «  S{x, 2™, EcmM) > Tagrt ( W toga

-

S'o) EEM g ”sf:n'c,HaJ be&e«ru thon ptl. ladeed, ECH fouund :
1995 Gy it Cag in f{\QOGQ} [(‘f, lete dAglr{‘-‘ prime froa 94 Oug:': GDMPOIC'k of # ?M'Hﬂns of \‘\Oéﬁ)_

1oLy
ﬂrﬂ ' 2 3] = (I\-SOU

-156€

11996 %z n Gus wn ST 4 vee, the order of the successFul cuvve was:

16. 2.$.F, 2%3.997F. 4323F, §56¢533.659313, 1219679, LL59¢qF . qm@s-'qsq_

tn the last case, Montgemery wmplebed the Compukation with @=CTp, Ctnz}:‘ ‘(,Q, with B=3. v
f [ @0 with ¢+<10'7:
Take W= 165 and compute @, 2@,.., [W]Q } Lists of longth H.
Mo l1e]e  («]@
ot 40 Wik @ fH, as <HE So O:[Ae=(wH]@:+[pl@
So. one element ofalast = - anm element oF the other
Soct eadh Ust (by x-coordinabe) tn Lime ~ HiogH and look Fora match- in tme d.
tn fock, Montgomen used Usts of te form [ 7318 «d [T.5'] 0.
This is Shanks’ "Rig Step- Litkle Step  method  (for finding the owter of o oeup)

Pollard s Rho Methed : Pick o ramdom Cumcbion £ awgd (terle: =,z F(x),. K = FOMU).

| As  wusual, lak PIN. if £rx—=w of clre x ‘{:a_l'{n-ﬂ, Wead ~ S . ').{Q'\, ‘-"fb\.o“‘

$6. 4F r“ﬁ‘, thew ek oo, 2 shewld Wowe e fe«\’e‘*’% meocl ¢ ') b

e Ct‘nd Hae ff?tak bnj Fhﬂo"f Oac}{—cll.nouﬁg f‘ﬂ'l’_k. Lot o= 9(1_"’ wm\;.,erd b.j j‘\":f(ﬂj,‘))‘
and  woatk wnbil [(yuoa NIz g This will wappen when # steps 7 \anglh of  tail + ek,

Theorem: Lek X be a set of sizep and £ XX a M.'Cmm\.ﬁ vourdom  wog.

Lok etz # {00, =0,2-] Then Ew = TF

ia!} i

* Indeed, #lee ?i-t er ®> s vemishingly small *.

Lemma: Wgan! = (nej)logn —n + log Tu 6“;:,) . whece B(.) Adenckbes o kem Wss thanm ()

Rlay R) = P( cheoosing ¥ romcom iskinek musmbers fom w) = V- 1141 01- ) = 5o -

Log Wlx2R) = log w! - Logla-R)! - Rlegn = [r+3)legn —n + Lg T < Blga) - (n-k+3) log (n-k)
¢ k) = g Zr - B (aTmm) - Riogn = (nk %) Loy () - &+ Blaem)

Let R=RF. Then Leg Wz = -(n- Hdn-t'l'zll»g[l- Riga) - K&F\ “ \3|c_('ﬁ-—mf.]

: ~la-wtne ') (B + [‘M/’fzj) - RIn 4 {3(6(;;, ) Bk o G( J , where € is an

| absolute constant Pmmda—) ate ipent



2
& -R/ i
So for L TCREN e have P(w2nin) = e * 5 Ik 4emor], Grmor 20 Witk ow (e waiformly w R)

Density of o« is the derivakive of e"‘(‘/2 wet K, and  alwest all of pobability mass ir in
| Hais ramge. So we can estimake E(“’ﬁa)=£né‘ﬂ?/td”‘ V. Se Elad = VA [w,

We concluoe thek iF pois the smallest pame Factor of a, Pollavds vho meblreod Fnds 5
n averuge tHwme ~J?f?-ﬁ?, omd almest swely un time O(S7)

e ?mu@-:'c?, one uses Elx)z xl+c modn for c20, -2 medn. We choose F quadcakic rather
- than Uneax, for Unear o ives jur[’ a fvermubal't'od- we  must anveid ?QJM,,J;Q}_-{N: mod n
as cyche mgths are large (nearly~n). Choose €20, an afler a certain number i
(terakions of x' we have 0 permukakion on @ subsek mod n. Alse 2P -2 is ursut
wiktet 2= wad [ g Chebyshey polyaomial). Thee ae ae move bk guadiabc polyncmaals.
(Theve 0 a theovem: iF Falfulo) = Fan(d, thew F b 6 power or o Chebgshew polynonaal),

¥ Theorew (Bach): Choosivg ¢ at randow wodn gives: Wl ememes w k steps) % 5(5) + Olp )

So choosing ¢ ab romolom awd F6o) = 2+ weans evgecked Hime (s shU ~ 5.

2

Exesciser xm» n+c (s a 2-t-l map. What ‘appews F we take f 4o be @ fadon, Bolic map !

; gfume-rooe-dc-one M@H‘—Odr
These all o‘eymd on  soluing ecbua,‘:{on arx wodn  wilh k22U

win)

- We saw # solubions to s ol modw & 2 , wheve w = # olistinet prime factows of a.

[ar u?"s “2 w it u?lv).

We assume n  is Rnown te be Composite amd wot o paecfect powes («U.uauﬁh n could have

rqqui‘ﬁd cocks. We Raow of we fester methed of skow{ng n s scbucu«e pr-ec Hacun Fucior&éngj_

Fermai'!- me&ad: nzo}-bi cawn be seen as Sa(,u{,(g az‘g \,l Mpclﬂ_

i Lelhman: 4fsa= P
Menkion Shaunks’ Q,uoadm)n‘c forms medhed. Erpdwl Hme Oln'"). \F we ossume ERH  Hme (s o(n's)

Dixoa's Fackor Base Medlwd: Use o Cad;o( base @:ff’f ‘{f‘ Werike dowa 3 modn ak roundow,
and consider y = 2 modwn [(reduced), Test whether y s smooth vt &, e composed of P B.
i so vecord ﬂ:'_-' :f)Tf-J.eH';)medﬂ, a smooth r&(d:{anl amol work HU we hawe mece dha, }8)
relokions. Tey to solve €quakion }Tx: =TF PJ"“«JI * *Jn' ?J_ZC““"’ - Squace , (e wank ety 20 med],
eoch ;

E xample: = R4lol, K= E?., 353 1,133 X x mad factors
ALY Ve oiy 2.7 113
17 LS Fé80 9" 3. }‘/
65308 3650 2387

So. lizgci.85708)" = 1% 3. 5% :;)”md,,/ so 23263% 2 titee® pedn, fo n= 3F. 2238,

2 els,;
We genecabed x suchh thok x' mod 4 s smeoth, Say x = ‘EF q. ”_
3 4
: ety ;) Lele,) o o
| ;P; A = (EL {T %, i Er‘frj‘ 2 whece Telij)z0 mod?, for eachh;, say = 2f;,

So hT’J(;)z = (T‘LJ&)L . and  with Pmbmbiut‘j 2 Yats ceveads o fecter of a.



i Suppose B  consists of primes € Y, and (Bl =b 5o b~ y/u,ﬁ\lr. We need at least b

i smockh relations, since §€; med 2f must be Linearly de pendent (over GE(U. Easy = check
iHmJ: i we \Vave bli-£) ramolom veckos un GF(2)° they are alwmost certiinly ndependent,
whereas if we have b(ire) almost certainly Ae[:euduj.-.

The chance thak A modn is V-smooths =2 . So, ¥ XS ceguired to Find b smocth

| relakievs s~ w%?;b Then we hoawve Dbxb seb of Uneaw equakions to solve.

Obuious wekhods suckh a» Gaussion Eliminablon solve thee un  Ob) steps. Soplisticabed mebeds
ceduce Hus to o e

‘ As wsual puk Y= LIE,cJn. Thew, opkmé:ml-écn shows we weed €272 and we tahe

Y: L[%,%][n) to aek overall Hme of ‘-[%_,Zj(n’.

Continued Frodkion Method : Ref'lace randlown A ; with 7(5 modn abouk site I by n{ag(apiﬂg
o o m' R a small malkigle) as a conbinued Frockion. Thew gek a sequence of
approximakions g with [F-Pal <t So GR-pi< Y and 4lavp< 2h +'%, .
Mulbiplying tegether qives [g2-ptl <3, say. e, pimodn <3{n.

We obtawn o sequemce of P such that Pt il wie il gl i o e Tl
B be smecth. Wit Huis the Hme s aow C[3,1-23]¢w)

Quodratic Sieve Method: intreduces two news ideas. Fiast s to consider (AR moda For smallx.
AR = 2t - xldnl « L&A < 2" - Wxfn 400 40 + O(R).

| Se (x-L@d) —n s OGGE) F xs OfR). Se [¥-LE))' s again o ste xfm.

Second, amd the wore cmporbuuk idea, is Hak volues (¥~ LE1) are taken over a
consecubive ramge of x, @29 -R<x<R, some R Se we have values Wi = o Bev B,
whee A=z LVl B LGl-n, for —R<x<R to test for smocbness

Foim aun aray of cells Cf-R],..I CTR]  (one for eacin value of x w vauge) lda &b
accumulabe ca  CDx] the peimes gqe B whwel divide x-AxeB. We only Erial divide
6] s Fuud

\n detail' wnitisly take C(BxJ =0 for eoch g on B add lgq o cells Cx) such ok
g\ @ . Finally of (DD conkain log @x), we Row @0x) is B-smectls, aud proceed 4
bk duvision for QG

Given 4, colls COx] with ¢ Q6 are Hose (DX suckn tuak  x*Pxe B 20 med g

(e such Hatk x mod ¢ = X or M where X, %, ave vceoks a*-Ax+ B mod g . e x we waut
We tn one of a wnumber (9,02 awithmekic pregressions med ¢

: R <t
g"'; #* ofwu, i a- +2 amd &R 'qi 1 ~ Q'Rt‘g L"@ Y [('p: 2R- g:;—-i bg il d;v{sfon).

Prockicad Variakions.

| Nole B wneed only conkains primes g with (%‘ =

9. \F @bd s not B-smooth trew b Was fackor vV, So of (x4 L @00 ok end, ¢
diffecs by Dlog V. We can compuke lug, ool (og Qlx) crudely (ludeed, we oo web

need to compube wang values of Loy @)
ig' Previous vemarR abso helps when @x) hoa ferea):ed fackess. Vb oam pay o

teeak &,8,9, 25 ... {{{’, powedss of Smeﬂ:}/ ae 'P,-{.Mes‘ q , wi by, eg, '[,,,gr(,: L;SZ'




So we took Q)= %’ +Axs g, where A=-LWGL  B= - , w the vouge -R . +R ‘R“-rv-").
Se Qlx) € RIa. Fiad Swmockh values of Qfx) by siewing : away C[x] x= -R,., R For each
38, add [ﬂj?’ Gde TR b BB wwed g, the reots of Qlx) medq.

@lx) (s B-smoothh f Clx] = log Rx) aftermards. \ndeed, sufficient t= have CBT S log @ ~Cog )
the “Hueshold", where B= §q<¥: (%)= €1f Thew the x for wiich @) s smootls

can be Pfucessd as i Dixen's Fadker wellod, e Cacler ®lx) by Triel Divisie,

The site of numbes Q(x) wvolwed & ~ RIA . So  nerk major umprovement s to bake mulkiple
3] P i

‘ ?objnvm&als Q%) of Gorm ax'+bx +¢ willa discrimineak b'-boc=n. Then, Lo Qb= ('th*'b)t"", 5o

C La @) (s a Rfowa 2quare med n. Aim {5 to take voange wxe §-R.. R} aumol mainy v eliae s of  (ab,c)

so tat  La Q) s as smaldl as possible
Cdv\:(ﬂtef Po(‘su\om;a.! Cl.)t'z+bx €. Wank t makimise E *SMDa‘u\ Qﬁf)‘ xet-ﬁ,R]_ Q??mmma}e Ly

mimmising M:Af:'?,kg) \Q(n)lt and tais s done by WMaving waiacmum (verter of Pa.mbota.j )ﬁr_ L.
- near  cewkie of vange. So woaut b small and @(2R) roug laly equal tv each other, i :

L and o - @lo).
Now, bl-lac=n we Fxac by ak

2 " i
TbR4c 3 -c, e af'2-c. Sea% g , €% §&m.
b

Theu given o [sayl, D » determined [mod 2a) by b =W mod ba, aud ¢ = e,

 So we are testing wwwmben of abouk size of < ~§-F\, by R has beew civided by # (ab.c)
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