Commabakive A lggbm. \.

’d{sftom: Dcw-.o! Hilbed - a senec of papers  ov Savagiank -&eoﬂ ; VEEX - 89|
Exawple: Leb R be o Retd, R[x,., X.] a polynomiad ving. Let T de te
S(jmmé’/t'ﬂ'c 3;@.‘.? on i',u, \n}. v 4 RC}I on h[x:,.-, Xn] bg F-?.rMuJHng
the vowables.
Se  For 9¢ Z, Fék[)(,,,‘, X,.] , hawe (g?)[x”,_/ X,) = F(Xq"(«),-y Xg-q,,))
I ads wia vlng adomovphisms. Lok For  the g of lavanants,
‘e the set of polymomials Fred wnder the acklon of T,
Tais i fhe ving  of symmebeic  polynonuals, cald it - 4
Let €IX,. XJ)» X 4. + %,

F‘z [Xl,.., xn} F .‘:L:-' L5 X;

B i Ml = B
S I g-e.nemleol o a g by €,., fa, ond so e s o canowtal
Map Frowm h[\f,t._’ Y..] _"S, Y. F.‘ . W s oa iy {Somfht‘m-
Hilbet showed Hik Huis ciug of  varauds s futely  ganerated, o
stilarly  For wany other groups.

Milbe, b qued 4 majeor Meorems ¢ ) Basys  theorem
) Null stelleasatz.

i) polynowual rakure of the Wibet funclion
liw S-ﬂ!ggg Hieorewm ( begma..fug af  Hee \&owlegjicwl
H.\eon_,, QF' ?o(&dﬁ.nlw:.wt ""{ﬂﬁS }

Wistory' 1421 Ewmay Nocther acbrocked Hie ey property requiced by Wibeot's Rasis
Theorem, namely Ut o (commutative) vivg (s Noelerian if every
tdeal 15 Ractely oensrvated.

ga.sg’ Theorem: Lek R be a wMMui’aJ:\;l-e Neetherian ving. Then e ving rx7 of
Pc‘;jswu;ols v ome vaviahle s olse Neetherau.

Cocollary : Let k be a Reld. Thea kX, , %J 5 Noetherian.

Noether dleveloped the bheovwy of (deals ln Nockherian vings.

L_{Ah bebween Cowmmubalive A(ﬁdm ol %eb@u@.

Giuen Fe €%, %] Hee s a Punckon €= €, (a,., a,)= Fla,,a.d, o
Folﬂwowcinl Function. Different ‘Po(ﬁv\.ownidiﬂ yield different Funckions, aud so
(C[X;,,_, xu? may be Viewed a» the n‘ag of Pa[ﬂWd funchious ou cowp lex

affine w-space.
For a subsek T ¢ C[xl,.., xn], o(eﬁ‘ae e sek of cLommon Zeyoes ?(IL to be




"

2(1) = §(a,., aec" fla, a) -0 V feI} an ale & ok 2",

- Remackilione cam veplace T by the iolead geneabed by I oud get the same
algebuoi seb.  Siamilardy replacing an  idlead by o genevaking seb  of
Hie idead (oowes the algebraic seb  unchaueed .
Rasis theorenn Huerelore foUés Hiak oy algdomic sek s He seb of
Commen Teroes of a Haille seb of polynomials.

(1) @"2:(‘15) = ZlL35)
E;_"E[I,‘) 2 Z[;f!"-f;)’_ ( hee product of idlials), for o idead T3
S0, we way define a topology om C" with closed sebs = aﬁaebmdc sets
This s the Zarisk( bgo!&gy it s Coarser than dhe wsual
classical f:oroLaqj on €.

| For o subsed XC(“/ we Com deCme Tl :z{Ce efx,., X7 ¢ r(G,,.., a,)z0 W [a,,..,q..JEk}.
| Twis s an  idead of ¥ alX,. %], and & i podical, e \f e T(x) some
w2l then fe 1Ifx).

; f-—*Z[I)

| Nullstellensatz - The wwesponoln.uee {'Ihde—- X gwes o bljeckion bebiseen

the codicad deals of €lx,.. X.] amal the o.,lqabmic subsels of €.

L. Noelhe,: ings ;. definly Les.

i @, a Commutahve ing with a 1,

(0 AU submedules of M, acduding ibselé  ase Haltely cjeue,m,tzd.”j].

(h  Ascendung chram condhtion (Acc)* there ave wo  sbridly wwreasing
| n Backe  cdhains  of  submedules.
i (1) Matimwm conobbion on Submodules: any won- ewmpby seb § of submodules
|

|

.

i Ul Lek M obe o (lofe] R-modile. The Followivg ave eguivaleat:
|

of M Was & marimed elomenk L. Te F Ll L'eS, then L-L'.

Pran HEJIOE gu,ip?m‘e Yuere s« a sbrickly ascemoh'ng roin: N, §N, §8;, £-..
E et N=UnN: ) D> N s F_cj , b‘.’) My, M, Say Eachh w; Ues (n
| some N;. . Seb s= max j, then NS N; - ¥

GG Assume ). Pick M, €S, V¢ € is marimal, we've doue. |F not Hrere

s M, SM, . W My wokdmal, olone, else Hhaere is My P M, | Etc. .

. (i) > Hals process musk st‘er.
| iy Dy: Lek NeM be o submodule and leb 5 be Be collodion of ik Fﬂ
| SubModules. Observe b s non-empty : the 2evo submodula s n S.
Ly = $ was o marimal member L.
Claim L= N \f xe N, then L+ Rx¢ s Mauimdxl-j of L euswes xel.




Definibion: An K-module s‘aﬁscjiug (1), (6) o i) s colled Noghierign

(.2): Lek N be a subwoocile of M, Thex M is Noethevian (6F Nowma M/N are,
Precf: (D) gburpose M s Noekhesian, se oWl its subwodules are €. This property is
{nherited by M. Submodules of M/N s all of B Rorm Dl Lobiere
Q is a submodule of M containing N. \E M {5 Noelenian, tien & is Fg;
by W, M. say. Then M e N, me+ N qenerake R/n.
(¢=): Suﬁzese N and M/N are Noetherian. gwppose Licb <l < s « sh(cﬂﬁ
ascemd&.\g oo of submodtades of M. Seb X = (L s NIy : Ni= Lian,
There qive qsceuounﬂ chains of submodule; of MN amd N Mspeo‘:\'vzbj.
Neither of Hiese chains can  contain  infinitely My s bwick \‘Ae%aau&'ﬂ.
Thus, 3 5 suhh etk Xo=Xg Ni=Ns Vids. So LieN = LosN Ne= N VOO,
Pick Lel;. Then L+Ne(l; + N)uSo thee is L'ely such Haak
b-L'emNal; = Nals. So Lels. Thus Li=Lls Cor (s - &=

(L3 \F M, N are R-wmodules then MON s Noetherian ifFF M aud Nove Noethenan.
Proof: m = (MEN/ . ppoty (1:2),

(L) V6 M, Ma ave R-modules, Huew M, @ @My is Noecthestan ifF each M is.
€: (013) cmd (wduckon on  w

Avook
(L5): W M s Noeckherian Hhen oy wodule (mage (s Neekrerian
Proof: Hawe 9t M N, 5o M8 F Mirers  Apply (1.2)

(L) gup?ose M can be expresed as @ sum of Haltely wauy submoolules wnok
necesiarily aa a ek Sum, M= M 4 2 M, Hhea M i5 Noedherioun fF
€achh M s

Proof: The M. ove submodules, and Wwenwe (12) says tueb they ave Woekbiznan (F
M s, Alte one can defne a wmap: WM, @ @® Ma dM | Im,., M) e Wy +4m4,
Apply (LW, (1Y) .3e,t Hiak (F the M. are Novktheron e M s,

Definction: A ting s Noethercam +F it is Nootherian s o [left) R-moclule.
Obsecve thakt the submodules aye Hie (oleals.

Exmeles: (v Feelds.

L) prl\f\u’fﬂl ideal oclomains , such aa-v[X] wwere Rk is o Reld; Z.

(i) iﬂ,e @: q-= Vo here ptn, fixed prime p}. This s a Llecaisahon of Z.
Localisabions of Noethesian ﬂ'_.tas ase  Noedherian,

Lew) h[k.,xll_..] , With iafntely wawy inoleberminates, s net Neethewian.
There (¢ @ chain of ideals: (X)) < (X, %) < (X, X, Xi).& -

(v R(X,., X.] & Noehenan- corolary of Basic Theorem.

(vi) h[tx]]i Foemal powes sewies wring , s Noetherian.



(b3 Lot R be o Noetherian rlng. Then ey F"ﬂ' Kewwibule & Neellwiiamn.

CProof: M= Rm 4 + Rm,. Observe that Hiere is en Remodule Mmap '-Q—*l?m¢; viIPemg
and so fzm; is Neethenaun by (15). Se by Ll-G}f M s Neetherian.

(09 - Hilbert's Basis Theorem: Lebk R be a Nockhedan iag. Then R[X] is Neotherianm
Procf : We prove that any (deal & €g. Let T be an \deal. Debne Tln) to be
the seb of elements of T of degree <n. T#¢ , a» O€¢ Llal. Tlo) €Tl T(H<
Let Ren) be Yhe set of coel:c'l'ot'eui‘r sF 5" appearing in  elements of T(n).
! Claim: Rla) is an  idead of R omd Rin) € Rinn).
| Proof: Take abeR(n). There awve polynomials €lx) = aX” s lawer order teows,
| g(x= bx"+ buwer orde tems € I. Buk T is an ideal and so Figel,
vfe T F reR anmd XfeI, So atbe R) raeRln) omd aeRian)
R4 R s Noeﬂ«am'u, omedl So tae a.scewbing cham Rfa)e RIE - tevminnles,
say Ra)= R VarIN, EBach R4 s a 9. deal of R Say,
. Rln) = Ra,',p- + Koty . There oxe Po(jmmiais Fa (¥ = a,.‘mx"+ lower ovdes terws &I,
The sek {'F,.,,.,(;oros:asw, Leamtm, 1 it Baile
Clagan: Twis 3eaerni« T
: Proct: By nduckion on the ddegeee of Flxe X
: ) aléqf-’ ZHe: F()()ra’ Sau .- RBut Tio)= Rlo) = I?aq' ok R““.Na 3
Bt qu (M= a,,  so a \es (nsidle e idead geneated by F,,,,(x),
G) Assume degfe>0  qud  Hruak Y daim s true Cor “oijm.c;u;.a,li of smaller
degeee.
() asN: E() =z a X" 4 Lower owder bterws. GL&R(WJ‘ So QA= §"«\,- A
for some Vo + Defne qfk)'—' z",.‘,,.pq,. (W = aX” + Lower ovder terws,
Thew €X)- (%) ¢ T amel is of smaller degree. Apply nduckve Ty po thesis,
b wyN: F) = a X"+ lower ovder benms. aeRn) = RIN o= ZVuty,.
Veline g = i el Fua (X)) = a X" tlower ovder terws.
f—(k)'gvd €T and is of lewes degree. APF[‘:] induchive hypothesis

|
|
iReM'R-: ln &om‘:wl?a.:l-fan, one needs an exbe  poperty Sehised by the gemeraking seb.
. A generahing sek willh Huis prpety is e Greobuer basis.

|

) Finkely generabed vings are  Nockherian.

Peoof: Such vings are umages of pelynomick viags. 1€ R s generaked by 1.,

| then there s o mop: l[Y,,,,X,J—-T’ R, i, Use (1.S) and (1),

iEmeL« of such wings ace the Group aleyebms of free abelian geroups of  Faile vank.

Ew A & Free abeL'a.n, then ZA haa lomants Z A, A, eZ, only Fnltely wmasy A

| won- #eve. Rddibion: ZAca 4 Zu,a = T (Aarua)a; Mk iplication: (Zab)(E0, )z T(Z mn]a,
iF A s generaked as a growp by 9., 9., then the group algebm s genccated as

-1

\ = -
& wng by 9,9",9,9%,59.,9,"



(L10): Cohews Theovem: (F 2uery  prime ideal in o wingfis F.g., then R s Noelrerian.
Peoof : gu.Pfase R s net Nockhesrian and consider the Family of non- F.o. ideals, calkit §
By assumption, € is wek empty. Wish to apply Zows Lemma : if every choin of
tdeals in S Waa am wpper boumel iw g, and § is non-empty, then § has o
(nok necessarsby  uanique) maxival  wember, T
iy e Hokts whiais o won-F.o. lckeals is wot Fg.: F it wene
Hren Hre Fnile numbes of oenevators would all Ue {n some teew n Hee
chiacn | amd Hrerefore ik berm would (tself be €g. - a conkradlickion.
Mo'*’. x qs & Mvvc-g_ ideal bk ok deads co»aiammg it c.g.
Uodoa: T s Prime.
Broof - S'uiafowe we \Wwe a¢ 1 L#I’ buk abe IT. Then, 1+ Ra 3 3. S Lol &
: c-g., by Cera, ., lainaa, Say. Cossider T+ irvme 3F be T e T3 L.
So T s ‘:-3. We prove Yot T=Rj+ +Riy + Ta ., aud heance Iis fg. #
$o take teI. Thew te T+Ra, se t=u litna) + v a Uasvua) &r
Some “‘;9(2' So b= U (+ - duUuln + [V + -+ uara) e,

———

€7

So Glont :

L) tF R s Neotherian fuen RIDTT is Nodluerian.

Proof ¢ Nesion () as

n basis Haeocem, bub  Comsider Rin) = sek of fmu-vu-:) coefficients
B For  damneals A, X" & \mg\«u ordes . beewsr . & T REDTIXS,
So owe Was Rlo) ¢ RS (See evample sheet).

Vesion (i Use (ohen's Theorem amd :

(L2 Lok P be a prime ldeal of RIDAT, auwed 8 Hue wap RIXIT =R, x>0
Thea P is €g. F Q[0 s a Fq el o R

_P&F.: ae“"l@, ;C ‘9 ", c‘j Hhen 9(?) s C.g. gu,la?ose 9[P}= l?a.,-\—--+ QC{,\
Case (0 iF XeP then P s ajwe«a.{:ed by &

Case tey: F X &P, Lok F.,.., €, be power seres  poitha tonstauk tem @, ., an, in P

Nsped—fvd‘g. We prove F,” En qwud:l P Take 3&?, 9- b+ higher terms,
Buk b= T ba;, so q- T \,;C; =9 X, some powes senes g, . Se 9, XE P,
Bt P s o prime {deal aud so 9, € P. Siwu'La.v(g, - Zek, *g,x /9, eP.

Conkinning gives ., Wa € RIIX]T , Wos b+ Xre sakisfying q:k.ﬂ»-«*‘b\,\&,

e P Ol X

2. \deal SEruckuwe of No i Rings.
gihﬂs Gt Comwababics willy & 4

(2.1): Tre seb of wilpobenk ehements NIR) of R Forss am iodeal omd “m@ Laas

WO Won - o \M'Lpo(:z.-\k eloments.
f_rﬂ-‘ iF e NIR thea xM=0, some m, and So (rn)“‘;ol Wence cxeNIR) . (F x andy eNIR)
| Haew " =0, ¥ =0, some W, Comsidar  (xeg)™" . Expandidg  binewually qives teows
Xxsyt where sib= nam-l, 5o elther s2m or 2. So ol ferws are O 50 24g is alpobest.



\F x4N s wilpobesk Haew GiN)" =N for some m, amd so x™eN, awd
} Wenee =" s «dl.pohw—t. Thus X is V\(Lpobtwb.

- Definction: N@R) is  the walssdical  of R.

12.2)0 NIR) is e wnbeseckion of all Hhe prime ideals of R

Proof: Lek Itﬂrdﬂ«eﬁ 6 sxeN Hon 'X-M'-O, g0 w &P G all primes ©. So xeP.
Thus xe T, s NI
Sappese  x (s wnobt wilpotent. Set €= Family of ideads T such 4ot For
w>o, x"¢T. € ¥ non-emply ar 0e S A wmon of a chiown  ofF dueals
a S is also wm S Zom's lewmma D tuere s 0 meaximal wember T, of S
We prove ek T i prime. Suppese yz e 7, YeT, T €T, So iceals T vRy,
T.+%2  conkain powess of . So, x"e T, +Ry , x"e T, +R2, aund

bdnte 2T &8 & Rj; = T & Se 1enN,

Q?C{m‘ﬁgm The vadiead J-I of o Aeal T s ?re?: some powes 2| of ¢ Wes ua I}*
Thuys, T/ = N(*1) aud [T :PerPz:P‘

| Definibion: The Tocobson vedical T(R) of R s dhe wilemechion of all He warimad iolals.
N(R) € T(r).

i F\r l‘{n{w El’nas,

DelCinition: A {wwmmunkative) f‘"‘ﬂ {5 B_r_'b_gﬁ'ga i€ & ocloes ast conktaln am  infnlke
sf:n'oH:.) Aeseenduing o of deals. Or, equivalently,  an  won-wwp by
sek of deale hot o muvimal wmembes,

An R-modude ¢ Acbmian F b sakifes  Hee analoqous  prope-ties
for  submodules,

Cxawgles: 1 Z/pZ.
wo RO/, fi0, ko Red.
o kD¥] i neb Ackialom, for we wawe 0> (XU>...

Remundesr @ T s prime < abel Omp‘ié: ael er bel,
e Ry $ am (Mte_g,-d Aowgin .
> LTI €T Gnplies vibher TSI o T8 1

(231 6 R i Ackinian Hren eveny peime iokeal is mawimal

| Proof: Lot P be prime oumd x¢P, S‘j e ol.excewablag Aran  condibion, [ol.f-‘e_‘-J’

| [x) 2 G2+ s at steick. Sq ()= (x™) Cor some n, amd so x"=gx""
Sowme 4. Thus x“[l-xg) co0eP Buk x"¢P an Vi prime. S. L= xy &P,

Thus  y+P &5 4he wmvese of x+ P (o Rip. £ PR E e Reld, Weuee Pis wadimal,




- Locelary:  TIR) = NIR) for Ackiman vings R

(2.6): An Ackinion nq  conkrins ouly Finitely wany  warimal loleals

?f&c@ !

Covsider e seb  of icleals of Hie Form Rin-: ala Eor Some, with  P0 wmaximal.
(There wwst be a warimal (oheal by Zovw's Lewms) This seb Uaa a winimdd
member (by Arbidon property), Paafs, say Lek P be o warimak ioleal, and
cowsider Pan Pa-alf,. M{uimal.{‘c-nj u\m?L‘Qr PaPanPaz Pnvab.

S5 Rofh® Bae- AP, = P. Bk P s ?nime, omd S0 some € ¢P . Bt P s

M.axt'Mnl, so P\‘=P.

Cgtauoig'- A vediead deal 4 o AH’&'\MM wag s dhe onterseckion of pfm'l:d»ﬁ MRy

(?S‘]

moimal  oleads. (Uses 2.2).

ln an  Acbikan wing R NR) s & wilpobenk ideal.

Witle W2 NR dudk Gomsbdlr WBWES o o TE mugh  Boiuabe, with M N ews,
=L cay. guﬂwse 120 ovd awm for o conbadickion, Cowsicles € = Cambj o
deals T it TT40. 9 & wew-empby: I1€S Buy choun of membes of S
WZas a lower bSouamd, namely the wn bersechion of dhe terws v the @LGM’AJ in S,
This  wbersechion 15 ackually a  tesw of e chawm by e Arkinian preperty.
Foran xj\'&ldd a abtaiaal memder T of 8. There 5 e T such Mt T $0
So Tlx) $0 qud so (€S, The winimalily of T imphies T, = 0.

Observe T(In) = T'x= Tx $0, aud so Ix ¢ S. Minimality aives Te=(x)= T,,
Hewce Haere s ye T such dakt yx=x. Se xzyx=zylx= By el N, aud
so 4 v wilpetent, Se ‘d“;o‘s‘,m W, and 30 x=0 - A

Aa Atiman wWagq s Noeleriam. ,

By (), R e Haibely wany maximod teleads P, Pujowmet Bnonf, s N=N®L
By (25), NR:20 (o some k. So (P P)" s N" 0. So we Wmwe o produck
of wavimal deals gual b wwe. Welle B W) Qi Qu, Wi Q) TRy,
come ¢, Cowsider ROPR > @, 7% @,Q, Q% = 0.

Eacke fackor 9 /g .., 5 omluilabed as an R-modue by Rin
amd so it Way be wiewed asr an Rf@;“”uadw\\t,

Obseve /@y = Ry, s a Fdd, a0 Ru  warimal,

Thus Hee fuckor 15 a Ry -veckor space whose subspaces covvespoued o tue
woleads of R Wig  bekveen R. @ owd Q...Q5, .

So de dice. Gr ideals of R traumrlokes to give Mo dec. fov subspacer of
He vector spoce QR Qj /q,. Riss S e wvector space s Fnite dilmens ional ,
for F b wese alnite dimensional Yuere would be awm inbalbe Lineary
iwelqwoh.mb sek x, %, owmd subspaces civen by Srox. §, Yo%, 5,
would oive an  abiile strickly dlescenoling Mo,

© The Facko.-S, he-‘..tq finite himensional, also sakcly e a.cc. on Subspws, ouwd

Hog @ Qi/Q[--QJ“ s a Noethewiun SRR P
Apply (L2 awdl wwduction & get ot R s Nectharom,



(223 W R i Neckherinn Htuen every idoal coutnins a powes of b vedlical.
la paskicular, NG s wilpotent. |

_Pﬂ’_h‘:" Su{pose Xy, X qmm}e JE . So, ac;ﬂ‘él, som€ AL . Lek ws Llag-u 4l
Thea (V)" s qenerated by products 2, gt wite I oTa,
Some W AL amd so  eadh ?mo\ua& i o T Aesee (BMEX

(L8]0 A\ R s Neeleran, o radicall deal (s dhe (abenekion of Faikely many primes.
Prodf: S‘u.p?afe nob , aud Consider twe wou-ewmpty seb of radical ideals wot of Hais Form.
i Take T += be a waximal wewber
Uaipe: T i prime
Yroof: Suﬂame T s webt prime. Let 7.7, < I, bt T4I, T, ¢1. 8., -.r-ef[.-q'mj i 5
by T+ 1 e wmay essume IST, 1 % J5 .
The wowimakity of T lwmphes /T, = Rn. n Q4 ﬁz % 8 G L
Sek T= 7,003, ¢ Qa-nBua®n. A, 5S¢ Ts7J, Ths73,
Some W ny, wiivg (2.3, Se T s oy, ¢ 1T, Bub T 5 seddiedd 30 TEL,

Bkt all of T QJ" contan T, Se T=1 - #.

- Now Sufpese by (2.9 ot ow vodical (ol T=Pn. aPu Pi prime. We oy
—— Oy Po Lom Hue Wst f b conkains oue of Hue obiess, and so we wmay
I assume that P P; fo, amy 1. {F 4 prime  wibh I< P' R

PP €Chi APy TSP, 56 some PP

| Definction: Twe wmimimel primes Over Qm dead T of a Noekheron ing owe Hhose
. ?rﬂmcs P swdh Haak P s Prime and TP P tuem PP,

Obse,ve Huat the P: obove ove wunimadl over L.

' (19]- Leb T be auw jdeal over a Noethenan ving, Thew JIT s the labessechion

| of dee  wimimal primes  oves I aud I corkalns a finile Pmotud: of e winimal
| primes  over I

|.gi_0_°_€.! Bechh {nacniwnt) prime over T Cowkaiuns fi‘. Se Hee Fr{uwe)l wbniwanl dper

' T ave precisely Yo winimal ones over JI. The Mscussion  ahove sans
Mot /T s e inkessechion of Huese. Thus  Heelr procluek Ues (w T, ol
(2.3)  ofives the (et gtakeweadt,

;EKMP\A ) of Wee Wk of exomples o Nochesion sings 5@ ving wida gawe

L vdeals (o) amd (p), awdt waximed ideel (pl. TR} 2 N matimads) = (p), N =A(primes) = (o).
adical (deals

Recall Hue WNullstellensakz: bejeckion o« Clx,., x] = a,lqabm.e‘ sebs c "

a,,a0) 5 @ tommon e of all FE T, a codical tded, FF T s(X-a,., Xzal),

Obseve Huis labter it & wewimal; t% the Remel of ‘Yue waep

alx,. x.1=> €, X;~ a.



Now consider €a,..00) is o (K‘ -q,
Commen ey

Fold FeT

s, Xv\—q,‘), T‘vu'ﬁ s vadical.

The bijeckive stabement n Nullstellensatz implies taat Hais vadical ideal is Hhe scume
e T T I NX-a,., Xe-a,) = lubersechion of wakimals. Moveover, all wuwimals
ase of Hre Fovm {5(,-0&[,.‘, %] .

Moo for oy ideal T, of €[X,. %] N (e /r) = (€t Xy g )

3. Logg&'; ﬁ'oy_\,
AW vings R are commubahve with o 1

lek S be a pwulbiguatively cloed subseb of R e Sis (i) closed wmder wulbiplicion,
. oud ) \eS.
Define a  velakion on Rx3 by: (%,8) = (r,5.) ff (v,5, -8, ) x=0, some xeS.
This s aan e:cuivwlwee celakion: (1) veflevive, amd () symwebn'c  oue cloov.
Ui) Erommsibive: take (6,5) 2 [va,s) , le,s,) 20,330 . So, 3 xg €S suh ¥t
(ns - vas) xz O leysg-vys)y =0, (Fist)xs, - (second)x 5, cyives

(¥,53- ¥3S5) X9 =0 | amd 5 s mulbplicakively closed, so s,xqe€S.

]

Dewcbe the seb of equivalence clasres by (R where He  equuvalence class of
leg) & weitben v/s. S'R  coun be wmede iwk a ving :

addibion s [76,) v [T,) = (RBARML . aulbipheabion: (M6 (M) = “ls sy
T wing Wonomorpism 9: R- S"IQ’ v/

Exau;lﬂg: (1) Frachon feld of an i«kegml olows ain.
W STR & the ewo wiug I 0e S,
it €3 & o tdoal of B Mics tan buke T2leX » §ler: e 1],
ti) \E P 5 o prime tdeal Hhew Lk S R\P. This is wulbplcakively clesed
as P s prime.  Weite Rf Cor SR in Hais case. The procest  ofF pasiing
frow R 4 Rp & called locelisakion ok P.

R han &  wnivesal Pw?ufgz

! (.i;.ll tet P:R-T be a wing \«omow.oq?'umm s, CUL 5 anilt T ¥ oS,
i
Thew 3 @ wmigue rug Momoworphisn & SR> T suchh  dnak R=aER

Jw

LothuhS ¥ #

Pooof: u. m‘qu“vﬂ Swppos'e K exists, o S"R—"T with P= . 9.
Teew, o (1) = o (80r) = D) Vo, w('s) = a5 = (w(v)" = Ph)”,
using  thok Pl & @ wwb, So o (ohs) = PL)(PE)T, 5o w0 i wmiquely debenined.
Ekt’;b&acz: Let o (¥15)= ‘?(r}(‘?!’ﬂ}", Must show  Hais cy’qes a well- defined mep.
Sugpose (765) = ["5) | Then I xeS wibh (o5, -ns)a=0, So (@) ¥Cs,) - Red) s,y) P)=0.
Bub s} s a wnlt, se Plr) @lsy = Un) 9G,), <o Plo,) (@s,))” = @) [Plsiy) ™



Lot M be o (L) R-modide, S wulbiplicakively closed €R.

Defae “2' on MxS byi (wm,s,) = (my,5,) ifF X[ m ~Smy) =0 For some xeS.
This & an  equivelence  velahion, witha s o equvadence class. The seb of
€4 wivedence dasses, M, i am $R-wmedule.

Example ! 5= E\P, where P i a prime ideal. ln  Hus carg vkt M, o STM.
Twe elomeds 71 e veP e an  Jded of RF y  Hdus s tee MCLM
marimak toltal. (For, (£ 7k s suck ol v#P thew veS, so 3 is & wait

:!" QFJ
A \rt'ma withh o uwuq’.,\.e weximer toleed (s called tgggi_

 Example © R=Z, P=(p), P prme. K = 3 Y ?'fnf < R,
o R= &[%,, %], ® & fedd, P= (x-a,., Xe-au]. Rp is & subriug of

R(X,,., %), e Geld of wahonad Punebions on k. Rp s the subriug of
‘ vaklon ol  Funckous defined ot (a,., a.) and Hee waique  wavimald (oleal
\ tousl  of Hase Puslivar wills walue O ok (a,.. an).
IF 8 M W ik o Romodude wnp, ben SO STM—sSTM M s D0
SR module  wap,
A 5eQuemce of R-modules Mg =M, = E“M; 5w exack abk M; (F inm 0= ke @
A shot evact sequence s of the fom O ME3MDm, 50 il evadness ok
MM, Mo, aed so 9 s iwjeckive, Pis swjedive. S Me T Mm,

Localisakion s exoek e
atm, . .
(220 18 M2 M-BM i ocomtf Ben S0 oW L oM, i evect ok M
EM’ Sénce Rer 9= im 9, we Wawe Pob=0. Se, (S"?e(sg) = 57'(c) =20 | s (57 9) ¢ hes(s™ @)
Now suppase ¢ Re(st@cS'm. 5 P 0 o'W, osd Yawe & teS
with  EP(w 20 in M. Bk E@m) = ‘P[!:m,l} sivce P s aw  R-module wiap.
So bme Rer ¥= m O el So b= 9{9\4‘] for some M e M, Heunece (n S'M,
M = g L 9™ € fon S0

| & -t
(33): Lek N be o submodule of M. Thaw, 7" = 5 ™/sin
| Peeof 1 We Wwave @ S‘M:tr‘: QXN’J: S&.Luev\ce, = Nes M "l"“ Min "-’a) omel From
| 132) we Ruow O— SN — S‘M o SUMN) = 0 i exack
|

jiF T s an ideak of R Hren ST 5 am ideat of SR

\

(Bk):mEveny idead of SR is of e form ST for some idead T of R.

‘ L) The priwme ‘deals of SR awe (a \- Lo”es'aonalawlee PSP it the Piime

‘ il eals of R wlhick dontt  meek S.

Proof: i) Lek T be am idead of SR, cmd /€T, Thew €T Let I-iv: €T},



Thus vel, Clearly, TES'T. \F reT then 7 €T qud heme YseT Sos7'TeT
(W) Let @ be a prime of SR P= { ceR: ¢/, e @}
Clodies ¥ & Prime of xy € P, then * 6 Q@ , and 3o wther X o Ir
P does wot meet S! obhevwise ()(s) =/ e @ for some se Saf
Comvessely, suppme  (T15)[%9) € P Then "y €SP, aud so (a2 e P,
some 2e¢ 5. So sxe P siuce 24P Se ve P orxeP, omd 5o AESTP of
1(/‘-3;& s™'p,
(35) W R s o Nockhenau ving Haea 3R is Noethevian
P_mi‘ Take a claain of ideals in S'IR, 3,6 T8, 83 (3.¢), we Ruow Hais s of
e form $'T, € ST, s, T; (deals F R were Tj= tveR: e T;1.
Consider the chain T, €T, 4 . R Vs Noetheron by suppesibion, aund so
e clhadin {:e-rmfches’ ¢ Ty2X, %, some j. Se, $I;= - b o e

Déc-q'ﬂ(l-t‘on! A f"‘"’P‘-"""ﬂ P i locadl F: R oo Pmpukjdj<=> ?P Mas P.f-gl:m)ev @ V(Jn‘mes "

['S_,élr The Fou.oun"‘ﬂ are -E‘l“*‘-'dalew& )
L)y M=o
) Mp=0 For all primes P.
Wit My 20 kv all wmavimals @

CBrecfr G D G D Liy belaad.
So, s wppose (i) holds auvd M#0, Take Otme M. The annlulater ¢f m,
freRivm=0} 5 a proper idead oF R. So b is  conbained v a warimel
ddeal @. Consider Mh e mcq. E..j Q”MPH"“«: Mg=0 , se e L . anmal se
s =0 oy Seme s€S= RVNQ. A as Q cowkolns e annmiluilakor of m,

(33): Let P=M3N be au R-wmodule wap. The Following ave equivalunt:
) @ (ajeckive
s @p: Mp = Np s tnjeckive for all prima P
ity Ygr Mg = Ng s 1’43’&1-‘04: for A wavimals @,
Pioof: W o () - by exadhwess of Local {saktion
Wy > vl - Cne.
(s, i Cek M=ot T Thiw O = B, = M2 K 0 ge avack of M ant KK,
So [32) giues O = (Mg » Mg TS Ng = 0 (s exack ok M)y oud Mg,
for wmerimal Q. Thus (M) g = Rer §,. Bk ke @ =0 by supposibion
So (M)g =0 €or all @ Then apply (26).

(38): Lek P be o prime Wleal of B amd S be o mubkiplicakively chosed subseb of R
withh SaP=¢ By (3.4 we kuow thak P ir a prime of SR, Thew (S7Rlgup = R,
(A fa—r'c\'u..lw, @ s o pame Jdeak of R with Ps @, thew set S2RVQ and

: we gek (Rﬁ)pa Z R,.

| Prock: We  \ave vleg homomorplusms 8,0 R— 'R B, SR = [spi‘z)s-'p, Vet ¥+ sx’al,
& ving omemerpsm R [SRlp, with P/ o wat for ol s'e S'=R\P



lf!‘ggg e d@,&b- Y of §-|R wob S—‘P wop o wats  of (S_Il?] S-'p
aunch if s'es’ ﬁ«ev\ S"/l is wnebt in S—'P. [if ¢t were, Hieve woudd
be xeS _with xs'eP, Bk P s prime  aud s'4P, so xeP, buk

Saf = ¢4) R —9—’&!?9
S "‘-\’rl‘j [3.% t give a wmigue  rlag Womomerphism  such ok 4’\3\“5',;,5‘?
Corm\nu\kﬂ.

% 15 suejechve: siace all elamends of (SRIgp e of He foom Tl @)
For some e R s‘es’ =~ (%)
o s U‘..\jed:{ve.‘ Suppose Yis' € Recw € Re. Then li' & Rerw & RF omd  hewe
vekee P. Buk if Ptdzo Hhen (M) =0 (0 SR b some 79 457P
: and S0 Sex =0 for some €S, x¢P. Quk Saf=¢ aud so sxéf
. and  we \ave ye s! such Hak wy = 0. - (%)
| Hence /5" € B is the zew of R

?Rm«uk-’ Properbies (%) amad (% %) of ¥ enswe woie 3@\&@&3 thak a map x bFom

i3 5% oo isomorphism :

Z(' & T-e,mso( Prod,uf_*:s,

- Commukakive g with o > LM NT: R-wodules.

; DeC\'ﬂ;Eog'. P MyN - L s bilinear fF: (0 Plem+ Mg, n) = 0 Plmgal + v Plmy, o)

(CH] Q’(M, AN ATy = e @l t vy Plmong).

ldea of teusor ?roo’wd:s is o vedue Hre study of  bilines waps o

Wak  of  Unear (te, R-module) wmaps.

(F @ MxN - T s billnear amad 9 ToL 5 Unewr then 97 i bilinen,
Thus  compositon wibh @ gives a well-dlefined Funckion ¥ Bown § R-wodule ch
o 3 biliae wm.fsg_

| Deliaion: A bilirear mep U MYN 5 T s wnivesad Fotais Funekion qu ¢ a
U-l”cowesponala.u:e o ML,

B s begpens, the shudy of biline wap MxN = L e ceduced & e sEudy
:GF Uineay waps T =L,

et (0 Given R-modudes MN, 3 R-module T amd wmivessak map P MxN =T
W Gven Bwo wniversal wops G MUN = T, @cMN ST, Hien thee
5 vooa M«.\e E\SOMD.*P\IM'.SM ﬁ': T - T, wta @g: 5,'%.
freof: () Lek F be Hre Free Romodule on gemerakers €., indeced by pavs
(mn) € M ¥N. el X be the K- submodile (30,,\@@6& by ll the elemedts
of  Hhe form -r e

~ 1€ ) and €

e =
(e, + 0wy, w) V€ mn) (™, 0,0 40, 0,)

tma) " 72 Cem g -



E

Seb T= ®/X and webe won for e image of €., i T. Tis genesaled
by eloments of the form m @n, and [rm+6m)@az 0 (M@a) +vy (,@n)
@ (rn+6n,) = A (WO + m®a) Taws FMNT, (mu)m m@a s
biU«eu~
Amﬁ Wap MyN-= L erbends be an R-modile wap & Fal, q..,™ Yima).
[ o« s blinear trew X vamnishes on all the gemen atovs of X, amd so
sa e whele ofF X. S & ndiuger aw R=wiadele wap e Tl  will
x'(m@ul = atmn) , omd w' s uniquely oleRned by Hais

Lii) gu.?f?off we \have pnversed waps Po: MaN = T, i1, Sime O s unjvesal
tere s o umigue R-wodule wap @,° T2 T with §780%. Siuilardy,
Hieve (s F"z’ -7 wit §=4-%. Then, (B,-B)-F =4 = 4.9,
Bk P% (s bijechve awmd lhemce BB 7 id: T, = T, S cpetlaarly,  lusve
Befo=vd: T, T, . Heue B, s the vequiced isemovphism,

t

Deaﬂ(h’m\: T (s weitten as M@g N, the lteusoy product of M aud N oves R,
Woawndng ! Not ald HM; doments of M BN ave of the form w@an, A gjenered
eloment s ‘i'- W ®a;,

EEMEL&' R= h, o Feld, M, N Gaite dimensional R-ueckor % paces, Admens(ous s, b th’, N = R"
Twem M N —_— ks". s (ca,rl., qs], (b.,.., 51.}) =2 (Q.' b,) i $C€3, 1€ jCk s w:‘.ve,aswl
a.vml $Oo M @N = RSb.

]Examgu: Z/rZ @, Z/SZ s Z//(th{qsi)E.

Eew\aurh-' One Coun ?roolMce a  waiversadl  trdlinear Mogp LxMxN =T 3 Murq/ut
wp o isomovphism, Aencted by L@M@EN.

M There exist u.m'awe {Somcwp'wsmst
h MGN = N®M , weon » nom .
. thy (meN)eL — meNEL — M (NoL) " tmon)el — monel — m el
iy (men) el = (MeL)@Wel), (mwol — ((meY), rol).
) RoM - m , TOM > Tw,
PosE (0 Have wmap MxN = NOM_, (mar> newm, bluntar.  And so we o<k
MEN » N@M, mon anom, Unear. Clewly we ave Hhe wivese
N@M =2 MEN, wom = wm @n.
(th  See exoumple sheeb.
iy fawe map (MON)xL = (Mmel)eWNel), ((ma), U — (mol, noll, bl
So, wsing  bhe  wmivessal waef%gl qd: wlque Wazous wa.\o:(MGNI@L—b{M@L)@(N@L),
) ®L = (mel, wel)., We shew Hais 5 an Somorphasim by predkicing o
{avesse, Have: ML L[M@Ll@)(N&aLJ «— N@lL
T (M &N ©L 4//%.

Siace Myl = (ManN)®L s bilbnear , owe Y@ Mol — [M@N)@?L)
(M, L) —> (™m,0) gl ML —>  (Moo) ol



Smilacly, Wawe Y2, These ¥ aud Ya Combine o give Uneor
Y:r (meLle (Nely — (menjel, ((mey), (ney) ¥ (molel, + (owel,,
C\mec,k Yok Y is Hee retvu'..riol TAVSE,

L) Fasy  exescise,

f63)  How (MM, L) % Hom (M, Mowm (N, L),
Preof:  Given o bilineon wap, T MxN =L we get 9: M = How (N, 1) | where
mo—> (0, N=L, ned Plwma).

Conversely, given linewr 91 M = How (ML), we get a bilineaw  wanp
MxN =L (wma) > O(mfn),

So we Lowe a |-l Coweipono!mal(biu«\ew MN=L) & {Unecw M = tlom U‘.HJ_
But LuS CDweSfov\dS b the lneor wmaps M N —= L.

Res brichion omod Extemsion of Scglaus.

\F PR>T s a ringy \Aomvwwr?\a{sm, onmd N (s & T-module, Muen b way
be ceqovded a5 an  R-module wvia  vwm = Fldw restrickion of scalows.

fn  pavticclaw, T itself is an  R-wmodule.

Givesn o  R-mockle M, we cam form amobther Rrmedule T ® M. This can

alse  be viewed as & Trwedile via £ (4, 0w = (bt) Ow , exbeusion of
scalaws.

(beb): Groew R-wodule M aud o wulbiplcakively closed subset S of R, Hiese
5 @  uaique isowmorphiism £+ $7'R Qe M — SM, 0 m > (rw) /g

Prock: Twe wop STRxM = SWM, ("5, m) by 3 R bllknear, amd so tue
univessal  propevty ‘ﬂ{.e}ola f:<'reM > S'Mm, . \E is surjeckive,
A 3@@0}. element of LMS ¢ of He Form Z {ftks.‘)ﬂ’mi_ Cek 7% ™
amd bi= T s Thew I (Th)ome = Z("%Fom = T3®ctizg = {0 Inbim,
So  envery elament of vHS s of e (ovm Lowm,
S.uuppcse fFl: ®m)=0. Twen ™ 20 ja S"M, omd so xm=0 for some xef.

) |
gc’ ;@M = x/fﬂ'.@“ = S-;( © xwm = S—JL(®O '_O' WRS .F i< (ﬂj-eﬁ*id{,

; Tensor ?:cc{y\cks GF Maps.

Givea DM, - WM, PN, =W, there s an R-modile wap dof: MeoN, —M,®N,
Cwhee w, @0, > B(m)E® Pln). Forr Since Myx Ny = My ®N; ds bilinear , Haen
M x Ny M, ®NL, mn) e Bim) @ Plag s Dilinear. The wmiveseldy of @
| mow  gives e  vequiced bnear g



Tensor Producks of  Alaebrus

let : R>T be « ving homemorphnism . (Recadk ¥, is an R-Nod..u\e}_ We sayy Haat T
toasd\nu witha  Hee mop P s cun R-olaebia,
Given ouobaes ving homoworphism Fy0 RAT,, we coun  take Uee  tensor Prod-uc)c' of
the R-modules T, amd Ty & give T, ® T, Debae o produck on T @T, by
(T, @T)x (ToT) = T, 0T, , (@6|(Heot) =t t/@bt. We e b convince owsele
ok Mo s well- defined.
Malkiphicabion TixTy = Tp s bilinecr, amd so Haeve (s a  cowespoading R-module
(ky, £9) > Eob
mop T, ®T, = T.. The  compesition (TeT)x (T, 0T, —= T T, =T, ®T, s bi’L\'nfo.x'
and so we wwe e conespouding R-wedule wap (BT ® (TeT,) = T, @T,.
(tat') @ (ko) — bt @ bk, |
Buk Fow (&2 we \ave isomorphisws:
(MeT) e Bet,) = Telne (e 1)
S rel(netle.)
- T0((ret) o)
-S> (T o(hetw) — (TeT)w (T,eT1,),
with (b ot)e (Hat) — (Lot o t,0t)

CaﬂfoSiv\g qives  our ?roolm:}. s o well-detined wap,

L@l is  Hhe wulkiplicakive deabiby. T ®T, s o viug.

R=>T1T 0T, s a vivg Nomomorphism.  Se T, @ Ty is aw R-algebm.
v R (r) @ Uulr)

Exuug’t-esr (H R a f—(eld, RO s a R‘““ieb"" kEKJ@" h[KJ * h[)(,,’(l],
o OD0/(tey g € 2 €00/ (ua4y
) RIT /ey @, R/ tg0x,)) % BD00RD /iy, 4 0x),

Definition: KR a K-algebra, MN R-aodules. ﬁ-ezja.ml M@, N as an R-module via
r(m®a) = W@ tn | This 15 the G acklon. {c(z sheet 2, q,mesé’fon 13).

L8} \F M‘-o—tMl;Mz-aa 5 a  Sequemce of Rrmodules, bthen it is -evack
6 for all R-moedules N, O — Hom (M5, N) > Hom(M,N)-—F—a Hom (M, NJ s cxact.
Proof : (D) Let N be o R-medule. (F Feltom (M, N), Hhen £eP€ Hom (M N).
This qives an i"‘jed‘:“e Mag X Hom (W, ,N) = Hom (m,n) , Since £ & i sewetew
Bere s m €My with Fm) £#0 ; but we = @lm) for some w since T is
Swrjechve omd so FP(m ) +0. e i) 49
f ge Hom (M) Haen g=9 € Hom (M, ). Lilaak 358 B¢ Weeael 7 Suppese 99 is
the 2ew map. So M) € Rer 9. Buk antﬂﬁéizfﬂ&'uex O(M)= Resr @, 50 kes @ € Rerg,
Thew M¥aere s Fe Hom (My, M) with F%g’fmmfs coe _ Veowit dinkes of Bl
(€2) Stnce & s tajeckive for all N, we Uave @ suejeckive. Alsg fo =0, and so
fe®etz=0 Cor any F: My =N Take N & be M;  aud £ to be M idenkity g



S ¥-9:-0 , and WZienee a8 ¢ Ree §© New, take N= M/ im 8 and Lok

Pt M= N be e Pw_."eot-(on. Then pe R aned  heuwce Mere <wish gqr M= N

Wi Ma ?:3v‘F. Thas im 8= Refp 2 ker ¢

| Remorlt: ‘& s nob true ta ﬂenend ok a short exack 52q uence \j(d_ds anctirer
on a?p\.n-_‘é-xg tdge =, 0] Tha (eads €0 cohomabocw Unea.mj_
a(“' R-Med&‘us a,v\al lzk

(k.6): Take M.LMLM,—*O B an exadk sequence
s exack

on  R-module.  Then M'@NMM&)N Tou, M, N — O
lomd, by Commubabivily of temsor products, NOM, = N@M - N@M, =0 i exact].
Since @ is exact, O~ Hom (My Hom(N,N'))

s exack by (t.%).

O = Hom (M, N, N

poxt of (L.5)

Peock: Let N' be any R-modaule.
> Howm (M, Hom (NN]] = Yowm (M, fom (N,N'))
By (W3), Howm (M, Mom [N,N) = Hom (MEN N) S

- Hom (M@N,N) = Hom [M, 0N, N s evact. Apply conveme

to geb vesulh

Remarl: W& s ot brue (a geaeral thak app bying AN b a shot eveck sequence

;,dcelds oo ther., Twis Faile (eods v the delnckon of Tor ( owd Weme Logy 'Hf\e-ah_j)_

5. \ategral Dependeonce

FoL,MM{ai

ReS rings. xeS s inkeaced ovey R if it salwles some wonic
n-=1
3 =0,

;““‘uﬁ Cﬂem’uws in R B X‘ﬂ * i, X e

Example: The only elemesbs of @ (ibegrel over T oave the elements ot Z:
Suﬂ"”e Yo € @, ab Coprime, omd (a/b) ol 7 (a/b)“’"‘__ + £ 20,
Thes o * w0 bae b =0, S b ddiides =", ss s 2l

IS & Gate ovee R IF S s a C.a. R -module.

Pencle the ring gemeraked by R and xes by RlxleS.

L5 The Fouﬁwivua asre &quivaleat:
L) x eS s inbegral over R.
ar RPA (s Qacte over R.
() RO i coubained (w0 subring T of § with T Gake over R.

| Preof W D L one cam  reduce omy  eloment of the Form ax™+. +a, fat-eR)
b‘ﬂ us Gngy e  substitubion x“:-rn_‘ x"-l+--‘r¢, e give on element

of e form b,,_,")t“-'r + be, Thur xwl,--,x genesake R[] o o R-wmodule.

L) => (i) Eraial.
L > ()*  Consider mukkiplicakion by x in the vieg T. Take 4,9, as R-module
Gemerakors for T Ay; = T vy q; cach & Let A= (xS -e). So Ag-o.

' Mubply on Wt by adj A, giving debAy =0 for allj. Bub s an




R-Unear combinakbion of fhe Y; so det A=O. Buk cdet A s of the Gorm
‘K“*f.«-. xm'f“ + o, So x s {..-:,tcpﬁqi over R, (;E preoF of Neha‘jwa‘s Lzmnol(tai‘u”_

(5.2) i(f Xy, ., Ao €S are inbegral over R twen RLx,., xn] is fiaibe  over R.

Proof™ S;j indiickien. wn=l  was (5.4). Suﬂ)ofe Rix,.. %]  is Finite guer £ rje.v\ercd:on
Yoo, Y S0 Buk 3, {5 iabegeal over Ravd  lemee over Rlx,., x,].
Thur R{"n--, ) s @& Qai‘:dj 5me.ra.l:¢a' Rix,., xk]-mod«lﬂ, gemerakers 2, 2.
Thew § 2o ricisE, g sm} gemecate Rlx,., xpe] as an R-module.

Reaarh: S & of Cinlke Lype over R €S genem.):ed as a +ting by R tegether
withh o fade set.

E_?a_l D The set T €8 oF e\.uug,w{;s :v\(:lﬂnxl aver B o4 Subn'ag Lo-n,ta&'n(mg ©.
Proof: Clearly  every elemenk of R is inbegral over R. \F xgeT thew by (5.2)
R[x‘aj s a Cg R -wodule . Se bg_., (s.1) Gi), Xty and xg ase iwkeﬂwl ever R,

CThis T i Yee  inkegeal closwre of R.O€ T=R, Hien R s inkegrally closed inS.
CAF T=5 Heew T s @_egmg over R \F R s an uittgral domnin, Hien sey 2 s
s sed F (€ 35 so ia its frackien Geld. Uit, no quakiicakon, e, vo TinST)

(S tF ReTeS amd T is inkegral over R ond S is iwbegral over T, than Sis
lmeml over R,

Precf: Take xeS. b sakslies k"4 b 44 6,70 with b T The subring Rlt,.. tu-t]
s a bg. R-module by (5.7, aund x is iskegral over i, 5o Rits, ., b, %) is @
F.q. Rt .. tae J-module. So, as . in  (5.2), fzttg,u,k,,,,_’gc]is a L.c). R -modu e,
App (S.1) ()

| £95]): tE RES wadk T= lwbegral losure of R A S Hiew T s uteam,u, closed  in S.
Proofr By (54,

(5.6): Leb RET, T iabegead oves R.
‘ W W T is an idad of T, theu /7 is (abegrak over “ae (¥ 5 ¢ T3)
tig Wb S s & walbiphcakively closed subset of R Hrem ST is inkegral over SR,
Proof: (i) tF xeT thew x" ¢ x™' +-46, =0 -@, some ¢ ek, Phadals T e N
o wonit eguakien '+ S ®" e+ Rzl e TIF, with & e W@y
W) Suppose /5 €STT. Then @D gives (%) (%) s (4] =0,
Sa " b tabegrol  over TR

(59 Suppese ReT ntegrol dlomeins with T untegral ever R, Thew T s o fetd F R is o Fed.
Procf: Sufpaff R (s a feld. Lek O#teT. Choose E(Lua.}n'om of (east odlagree of form
£ r,..,(:“'l+~ i 0 wth reR, Tis an wbegrel domain owd so v 10, else  oek
ELE™ s ot et 020 - o sharker 24 uakion, So bt e tnverse =o' (™ ar %) ET

-t

€. T is a Ged.



(_oﬂvefgebj/ Suppese T is oc{d_oll {.‘)*MGR_ Theur % \as (averse X' v T
ast| i =

S¢  x' saksles some 4‘0"“"‘:{”“ ™ ¢ X" 2O,
So x-‘-" — Loy 4, % va ro'x"") eR., Tww R (s o« Retd.

($9) Let ReT be cings  with T (mbeﬂml over R. Let Q@ be a prme
ideal of T aud set P QAR Then @ is wavinal FF P s warvimal,
‘_PNOF: E’ (95} ), T/a < fa,ttgfoul over R/Pi and bol. awe Iwb%ﬂv{ onains . AFPL‘j ff.:fj,

(829)" incompavabilily Thoorem: Leb RET vings with T wbegrad over R. Let Q¢ @

be prime ideals of T Sy,??gs{ Gak=P= Q@nuR. Then ©@ =@,

Prodf - Apply (6l iy wi¥a S= RAP. We lhave that Tp & \'al:egml over R,
ln Bl we lLart obout prime (deals 1w o localised wing. Thewre s a
prime  STP in Rp, the unigue warwmal ideal. Also, Hrere are $'@  awd
'@ in Tp=5TT, abo prime. And SRASTR=SP=8® a TR, since
RaR=P= @ aR [by sheet 2, question ). By (58), S'Q awd S7Q, are wewimel.
Bk S'RES®, amd 50 SR =S'Q. By B-6ig, Q= Q. [i¢, “there s o W

cunreseoua(nuce between prime ‘{eals of ST owol Huwse of T tat olost med.';)

Il‘c-lo]: L.jc.‘_g Over Theorem: Lebk RET, wings, T integral over R. Lek € be a prime ioleal

; of R, Then Hreve (s a prime ideal @ of T with QRak=P

Proof: By (S:6), Tp s mkeﬂml over Rp. (bak(ng $= R\W). | (onsidir . e waxiwal
‘el of To. \t s of the fom S'Q by (3.w)ia, for some tded @ of T
whwidh s grime By (3 Gi). Then STAAS'R is mavimad by (59, aumod hence
s Hee waigue wavimal idead S7'P ﬂF S'R. So S'@asR= SR
So QaR=C (by wrample sheet (3.6

F S ol (Coh%-gd,dembenj 1946)
bek ReT with T ibegral over R Leb NP % €8P be o choin of prime
ideals in R and @ € @é 5 Qu suck n T, wilh wmén and QnR =P,
| Then the chain @, 5 € @y o be evbended & give @6 $Qu woth O aR=P;
 Proof 33 vneha et W% Quougyln to do Hie case =l n=2.
wele R G prl, T Bre. Thes BonT wie T w tegral  over B. (58
&J (Sh0), there s o prime  elead Ry F T sudn Haat CB:_}\?=E_.
Ln’H—ing beck ql‘\,g; a Pn’me @ of T withh Qo=

1512)! Going Dowen Theorem (Chen- Seiolonhaery 1946);
Lek R¢T be integrad domains, R iukegealhy chosed, T wbayel over R.
Leb P2 2P be o chan of peime deals (w R, Q% 20 such n T,
with m<n aud @ aR= P Thew tie cheice of QY way be exbewcld
o give R 2@, wt @ aR:Pr

' Neke: The \ntjfv-\i\eses oxe stuﬂ-u- Heawm n the G-m'na lJ'; Theorem



Ve,

We wneed 2 lemmas and some ertvo  termmnology.
6 T s an dead of B RET, x is jnbegrad over T iF x sakisfes xM+e xvour,=0 &

with riel. The mtggﬂg chosuse of I {nT is the set of such .

[503): Lek ReT rings with T lategrad over R, T anm ideat of B, Then the tnbegead
closwee o€ T ta T s the vadicad {(T3), amd Hais s closed umder addi How
amd  wulkiplicakion,

Preof: I x s whegral over I, Yhew ® (mplies x"€7TI, taus xe V0TI
Conversely , if xeJir), then 2= ;:fr;e; , say, A€, v;eI, beT
Bk each b (s (wtagral over R so (52 gives thak M= Rlp, . ba] is o fg
R-module. f-\lssa, x" l?[h,.‘,t..]f: IM. Take G0 Yy @& ejmuojcmej cet Cor M,

So xq‘j; g D for el As tn (S1), e oot E@tﬂ)\j, =0

= vaakeix A.
Oeolice Hhak :)Lq sakshes an @tua}:{o‘a\ of the Corm (x“)'s+~+r‘,:-0 . niawmely
cdel A =0, Note Huat all coefficcends are m 1. Thus 2%, amd Wence x, is inbeyvd

ovesr L.

w‘ Let ReT be wabegral domains, R inkegrally dosed, aunl b xeT  be iabegrel over
the totad T of R, Then x 8 alyebieic over the feld of Fackons K of R, cund
the winimel polynomicl over K, X" 4, XV et @ as coeflicionds ., roiw VI,
Peocf: x is  algebric ever K (From wtegrad depemndonce om 1).
Clowwm : Hhe coefficients »; are inbegral over I,
Proof ' Cowsceler He QPL{H-{.% Feld L of @ oo K. Wy s a oot of @®
(te « conjugake of x), then there 5 « K-au,'LoM»Pwsw of L where xray,
Ki) 5 Klg) , = embedding of KBJ twho L. it way be evbended & give am
a«i-omwf\usm ofL,
oy is iw\‘ayn.i over I f x sakbsGes e wonic 2quakion 7(m+fmi.x"_'$-'ff;=0’
r;'c- T, Hen appb,{uj o.uidwwrp\ai:w gives zﬂw*-r,'_\, 3“‘"*-—+ v 20,
The coefficiends of (D ave obtained Bowm & vools (tn L) by taking
| suws  of produeks. So by (.13), Heese coehxcients ave inkayral ever I,
Thus the voeR, siwce R is inbegrally closed, awd so by (13 (with T=R),
He wie {1, since brey We tn e (begral closuve of T R

Proof of (S.i2): gtj {ndptd-n'ow, itls Cuowgh to cousider Hae case m=l 7= 2
So wawe PP, , amd @ with @nAR=P. Nead <@ Wit @aR:=P,
Let $,:= R\P, , 507 TYNQ , and set $=5.5; = §rer res, teS,f . Twis s
mulbipUicatively closed ,
For now, assume THh wS = ¢, TR is an ickead of Y oud SUTP) is o
vcleat of S"T, which s peeper by oue assumphon, L er Lies  fa sowe
maximal  idead of T, wich by (34 &5 of He Form ST, for some prime
johtal Qp of T. with @, nS=2¢ oud TR C®, Hewewe P ¢ TPHARS @aR aumd
Siuce ®, nS=¢ omd S22 RVP £5, e gebt Pz @ aR
S'tr""“"l““'[*‘:\a 5,2TV@ €5, and So @ € Q.



F:‘na}bg, wmust show TP nS=¢  Toke xe TPanS. 8, (5.13), x is in the
inbegrod dosure of B in T. So by [S.iw) b is algebraik over the Geld

of  Gadkiows K of R amed its winimal polywomial oves K Vs  coefReients
w @ [ P, prime D /P =9,). Buk xes, aud so b s of e Coem 33,

vt Ha S‘eg:/ 3, €5;. 30.4.5 r han  wdaimel gelgnc mial X" 4oy, Xy o,

Se 5, = 5, \as miwimal  polywowmial X7+ u-% X"y :—:—; ; omel Hhese
coeicienks ave m R [ vie (S04 wid T= R), since S, e T (s inbtegyral ovesr R.
W ke Heese  coefficients as »;'. Buk r;e P aud s,j € P oumd so eech
e Pl So by definibion, s, is iwbagrad over Po | aud o by (813),

S, {5 {w J[TP,) . F,since 5, €5, TR, awd TR ¢ @, [audse {lTr) ¢ Q,).

& KoL Dt'\nngﬂ;c'on.

AU elags ace commutative bk o0 4.

Definkioar  The speckrum of R, SpecR> {prime ‘deds]
The longtl of o chain of pame ideals ReRE- 20 & a
Keruwlh Mm{av\ of R ':[Su_f) E n: }cdaun of prime ideeds of Luqua n‘i . . it evists
R plierwise
Wecail of PeSpecR, WELP) = sup fa: 3 chain of primes %5 5Py -pt.

!l\}g‘?‘f-! llsimj U-“, \'\t(Pj' OL{M(RP)

Eﬂmﬂ.ﬁ_ (i) dimR=0 Prime (deals are marimal deals. Arbnian Tings, &, Relds.

(Emuple sheet 31 Aim o =5 Arbinian).

(6) dim R=\. Eq: Z. ©<(p), p peime

(] r a Red.

These ave examples of DedeRind ¢ingr ~ inbayrally closed Aim ) domalus.
Such rings are the essenbial i«gfeotuh of He theowy ofF alojelamf:q
curves  ound  aumber taeovy.

Wi dim B[X, % ]2 0 We have CFx) £ (kK) 5 § Ok, . ).

_&_I)j ﬁ{,&ﬁh{:‘ promes of h[x.,.,)(“’] ace of Hie Form (F’, £ iveducible.
trocfr Certoinly such am dclead s prime in @ wnque fockor sation domain.
Any  pon-tem P conkoums suchh am (€], since f geP then ome of ks
\'nrfducnﬂe (:Qc,&ws does.
if of P S(F), Hiew Hhere 5 oirceducble wollk (WS P, Bk duis would
imply F dividdes . irredx.-c;'.bl\'la, of F impla'er P=(¢).

[6.2): Let ffT, (iags, wita T iwlegm) over . Then olmR= i T,
ProofF * Take @ chain of primes W T: R FAU5- ¢ @, .\ntcrsedﬂ'.ng wih R gives a chaln
of primes in R : Yok £ P, with sbrek  wndlusiow by CmComen.hI (a'hj,



Conversely, i P $--E P s a dhain of pames w R, Hhere s a peime
&o (Ajiu.s ove P (S0, G\ﬂ-uj wp (su) T‘vts a oliadin. tw T,

[6.3): Let ReT, Wkejfﬂi domains, T wlbeyral over R R ubtegrally chosed ,

; € @ is ¢ prime of T, thean WE[@) = Wb (@aR).

Prof : Take a chawnm @, §° £ @ = Q. Then Inbersecking Lot R givesa (strct)
hedn  cuding with @aR  So Wt (QaR) 2 Wt Q.
Conversely, suppese we owe % §P,: QR Goivg down theorem
yielels ehoiw @b £8,=2@, wih Q:aR= V.

AfGne R-algebvws (R Celd): Heese ave he R-elgebms of Falbe bype over B,
e, cawedukeol @ vings by B aud o Enlle set 3, ., X, Sey, omd taus owe
u'm:jes of h[}(l,_ " Xn], c Po'\.ajnpmid a,lg?—bru

(64): R an afFae algebm, wmitegral domaln with Frackion Freld K.
Thew dim R = bf-aleg‘K.

¢e 2Q .

X, % € K are  algebroically wolopendat F the ring wap REx,., Xu] = K, X x,
Qives  on 1sowmorp Wiim ¢ R(x,,.. X, ] = plx,.. %) &%
Consider waoxinal ajgehmimug tndependests seby; Hey all Ve Hie same size
These s a  Stenibs Exchavge lamwma,
There & 6  tiowslakion how  Unar olgelwe tackics:
Unear ladependence <> algebmic  wnolepemotence.
Spow > dﬂé«bww'r_ cheswie? maw( mal alqebm.;‘r_ evtension of the
fied generaked by R awd ., Aa,
Lescs «>  browscenchence  basis.
Mmension ¢ trowscundouce  dlegree.
]Exwgw(nﬁghl‘g.ﬂ.‘xn):n. X, Xn 05 @ waximed alyeleeicalley w kependant seb,
tir K,z Fockion Feld of h["'f""‘")/m\ b Ko n-l, sinee € is ar algebeai

A
ey bemsion OF k[x“..' X(,--,Ku); Sam€  XC a.ppea-n’.aq i F

- Noelher's Nomalisabion lemwa 15 Hhe wmain ingradicak in  prosing [6.4). 1tis:

C[6s): tek T be an afRae an&Bm. The T 18 ikl over o subaloebem of
the Corm RekUx,., %, ] wilhh =x., % a_b,’dbm‘cauﬁ mlqw

Pooof: v = tr.degu (FFT). Observe Yk we My asume ¢! (obhrerwie T is o Fnite
M enslonal vector space OV kR and we can take K= k,.
Seey T= kRla,. a.] . Use wducken on w.
Renwmber % assume G.., @ ave algebrmically mdependent awel each of



Roesiig B s alchMa,Ug GL{F&AM on @, a, overR, (No{k{uj t e
oF a,., a, aie a.lgebm@u.u,_\, (ndﬁf?endﬁmi‘.l
Take F#0.€ R[x, . ¥ %] with Fla,., a, a0, €(x,., X, xa) 75 6 swm
o B By m-RTRDY  Es il W, Lie R,
Uein: I poslive wteges . me so that P Lo mlevm o +l
s For Hese b il }\._, %0,
Procf: There aie Hn{tdﬁ many possibilibies for o= Lo il f\._. to, /\g t0,
wilk dzld,  drda) anct cousider e Ralely many nou-2em
d,.. 4.) obtained. Vectess wm @7 Uf“‘h’-‘gonal to one of Huese
r-Euples Le in fntely mamy Cr-U-dimensional subspaces.
Pk (g,, %) with ecach §.50 10 ek Tq:o; %0, fr all of Hue
fntely wany wow-2eme (d,., dr)} Milbply by a  pesibive 1~l>e3er
to 3?1’ (my., mo) so  dHaabt [ Z mdil> ldal for all of e
fately wany o witth (., dv) £0.
Thus € Prel= PUY Uen d,zonely 20, Bk iew bu=ln | audso L=t
Mo mob gl % R) =PI vBe s Mo KT, KL Bt 18 8 suw of
terwms AE (xu-x,,"“‘d ;. (X,fK...WJL’ X..L"_ Different terms howe differect pow €ys
of Xo owd Hiere will be o sigle tew of highest powes.
As o ?cijwmal in Xu  He Leaouuﬂ coefficient of 9 is oue of  Hee ,\,:
oud WMot w R
Puk b= ai-an for 12050 and WX = glby,, b, Xa). This has leading
Coeklicient R aud all coefficients (w Klb,., b, ] Macover \nlan) = gih, . b, a.)
= fla,. a., a.) =0 . Divide Huough by lﬂad&nej ewelicienk aud see
Hat a. is (wbegral over kIb,., b ]
So qc = bia QM & ale inbegrl over K[b,.b/] Ffor isr
Rewee T 15 {\A»':‘Jagra,l over RIBi.. b, Quers @aad o By induehon Hairs
latter ving s (wbegpal over polyuanual algehra . So T is iwbegeal

ever R,

Peaof of (64)¢ T an affne domain. AT = keolag, [CFT) = v,

Bkj wducklon oa o Use (6.5) 4 gek Su,hu*c'ug Rz PGL.:’VLOMGJ 0—’-‘3(4’-'&

M ¢ Veslables. [6.2) Says Hial dmR = dimT. Uleasr  deak troleg (FER) = boelesy (FFT)
( Recatt <xaumple tiii) showed diw R3 .r).

Taht chadin o‘: pn'mes i R . Ps ; : ¥ éPs We WMaLy  QsSume ?,,:Cj

| (6 T Gowe © FEB iU, P,)f” For some lvreduelble F(r;‘;uﬁ s« UFP.

So  cowsider R, b.oleg(FFR/fFJl:r-l‘ Induchion qives Hhak oliw (Ri) = 1.
So comsicer ohain P, S PH S £ % primesin P - Fle

We oeb s-1 € dim B2 7 -1, 50 s¢r. Hewce din RS R

‘

‘R s e prime of an afline Aowmedn T, Hthen We (@)« dinm (/@) 2n=imT.

C el wmz= Wi (@) aud Pa‘ck o chatn of primes 655+ £ 0us Q@ of pesiwad

kblﬁun 39 MOQ«HAQI [GS)/ -Hae:e € « iqu(u.e_j |’2 of T wf% T w\l-e,ml oves R
oud RE polynowial alpeha. By (62) dim R= dim T. By (6.4, A2 iR >tockeg,, (FT)



Weke Pr= @ nR  Observe Huak @, s of k&'gb\kl. So by 163), stwe K

s (ntegrally closed f‘o-gmﬁ a polynomal aloebre and lence a wrd) , htlPl=1.

So by [61), P=(F), amd so trdey (FF(R/p)) = a-).

Henge b.ﬂ (66 dim (RIP) = n-t. By inducchion  hypothesis  applied o the
prime ®la, in /@, Wt(¥@) = m-1. oim (T/Q) 2w (RIP) = -l Scuce

RID, ewbeds (n T/@ owd 70, o onbagual over it Aud dim [0/ @0,] zdins (T
So  wm-1 & dim (/@) = a-l.

(63): ifF @ s & manmal ideal of cn affwe algebe T, dhew  WEB =dinT
Ao Ta

(62) (NuUsteUensatzr): For aun offine elgebm Yy T(T) = N(T).
Proot - J'fﬂ=QQ‘MJ,C9, N”J:OPQMQ' & i evough & show  Hrak eack prime s own

iubersechion  of  marimals. So  cousideving /@, @ pime, we way assume T (s a
domain. Prove vesulk by induckion on dlim T-

Noethier Normalisablon (6.5) gives T (oaboins R = pelyynomial  algebra ot
7 \‘wb&j\rml over R, ln @ ?G(ﬂnoﬂai alqebm, 0= NIle P Fs  rreduc ble
Consider RARI. Vs dimension < dbmR=dimT. So T(M®) 20, b, induchkon.
Cfking bock , in B Flx A marimals, So in R ©=pluuuf.

g‘j ’L‘J;Mj Oue.", Hicre s a prime @ of T uith @aR =P, for  each waximalk

P of R Q@ s maximal by (589, So F T(v :aQOd@ , J(T) pkR= 0O,

Copgidler Bhe winimal primes  ever T(T’, Sy Xy,., Xa. Some P-vdmcjr of  tem
Wes in T, \F we set Yoz XinR, peimes in R, Comesponding product of thee
les (o« THaAR=0. Bkt R isa dowmain, s ome of He Y=0.
lncomparabiliby  qives X;=0. Bt T(v) €%, s0 T(M=o0,

Remark: i€ B is QJQEhMca,lb.j d.osenl, Sauy C’ aun aFF\.'ne k-domain wlueh s a fetd
s an algebraic  ecbeusion of R [tee fo. oy k|, aud heuce s R Cself,
So if @ is mavimal it B(X,. %] we Buow ek k(% xJ/@ Zk.
So k[Xi., x.) —» RD%)/@ % & | camcaical projection, ‘ian Resmel of Corm
(X -0, Xe-ou). Thas watimal (cleads are of the forn iy S A

Recolh: We had {ue cosrespondance:
radical  ideals T «—> 7 (a,. a.) el T &l Wew, )}
' ([K“.., Xv.]

The Cosrespondlamce  occurs becawe ! 3 L

T I1€(x<, . xuan)

(é-qHN&zhﬁrﬂcu\da'f LQMMQ,I" ti) Lek M be «a kadﬂ gemerakeo\ Q"MOOLALQ/ T be aun
toleal of R 1€ M=TM Hen there evish red+l withh M=0
\¢ Te TR then M2O.
() 16 R (s locad ok winique wiaximal vlead P, ancl f M=PHM dien M:=O.
Morecver, a wammal 3%6‘—“)"‘“3 set for M s of sire = R/P —vedos space olimension
of M/pM.




| Proof: (i) Lekt w., m, be qu\emkors of M. Thew we ITM  aund so m;= Txjm,;
with w5e I, So, Z(Sy-xg)lm;= 0. Mukphy on the Lt by He
ad.juq@kt: de&(s‘g—’(ci)h\_"‘io for all. ). Buk Hass detecminant ve 141
ond to M0, AU eemesds of |+ TR are wnits (evample sheet i,
and so F T TR Hen ¢ is inverbible andso M=O.
()~ albernakive : gu.?fese MO and N is a mavimak scbmodule, 0 N § M.
Thew v = 9 it P wovimal. Thus PHEN§H. Buk TiRI€P,
So T)ME M. 1F T TR, thew IMEM.
t R Leeal, wnigue marimal deal P. So TRI=P By li), (¢ PM=M then M= O.
Take o 3%0&\'«3 set wm,., mg for M. Thew w,+ PM, -, wg+ PM c)ay\exwle dae
vedor space r‘{l‘?n, over Geld ¥P. So ey  span  Hhe veckor space, so
$% A, ToM
Toke o basis of the vector Space HIPH' Say W, + PM,, myx PR, gt
prek B e NS preimeges (w M.
Ugim: these gemevake M. Lok M, = Rm/ 4+ Rmg ¢ M. Consider MM, .
This is an R-wmodule and P{M/H,J=M/H|, slnce PM* ™M, =M,
j Then M/M, 5 2ero aumd hence M= M.
‘fﬁ-lOHKruU‘: Privepal \deal Theoreml: Lek R be a  NoeMerian ring eud acR a
i non-uack, Lek P be a winiwmel prome  over el Then WEPSEL
\
\

‘M I an el of B wihh miaimal prime P, S & Mu,lhf'UCaﬁiuda closed  subsek  of R

| with PaS=¢. Then STP 5 & minimel prme over ST'T
(frock: By (34), SP s @ prime, and oléarly STP R STI . Supese STP s ek

| Mminimal. Then thee s @ prime @, STPR@*STL
‘ Bk (3.0) says  taak Q 5 of form SR , witha P‘nsf ¢ Then P; 21

Proc€ of (6.10) & o won-wnt. o wminimal prime over Ra. Locolse ok P
e \as  waximal (deal PRy, aund € is o wmimmal prime over (Ralp , by (611)
Alsy, hie PRys LEP. So we veplace R by Rp , audl assume thak R s Locad
with woaximal ead P
S‘L{‘ch WEPSL  So there s a chain of primes QR'§ Q&P
Consicler R/Ra . This Vs wnigue maximad ideel "Ra. Meoreover, i€ 5 alse a
: minimal  prime, n feck Wi only prme,  of B/Re . So N(*Ra) = PRa s
I ailpobest, s P € Ra for some n. R3 PP 2 2P, Eackh fockor s «
I Galbe-dimensional %~ veckor spuce and Wence s Bpbiioun, 5o Bl
Artinian and heace Rige is  Arbalen,
Now cowsioles I, = {‘re—fz‘“ h g Q—'Q"} whieie 5= BENE.
Cb;a,l,ﬂ Iy ®, VMeww (Ti4falyp, 3 [Fasbalpp, 5 .. ‘s a olescendiug
c)v\w, So  levwminales, since Riea s A ebiniom. Say Tt Ra = I, *Ra some m,
Nevt shou Huak @ terminabes, bek ve Loy Then = E+ax, some E€Imy, xeR.
So ax =e-t €T, and a€ @ ln SR we have STRLISQX. | cud 2ach
Fockor s « SMR/S"G?. N eg-.@w’“d a¢ @. S, *he S—'QW, & vector space S e T




(6-12)° R Noelrerian, T peoper ideal , generaked by elements . Them WEP 2 0,

 Proof

S-" rw = I\M-H + Imu- Hen ce rw/IMn = P{‘Iw[i“‘“)‘ rfgmcuma -IN/IMI US O
R-wookule , since ae P, Nokagyama umplies T = Tt

Mo (@™ +5@" =27, s'a)™ = g™ = s 1., e [S@)™ = i o™
Nekamaya & Rg gives (S'@™ =0, Buk by (34, @' is priwme, § '@

For  each minimal prime Pover T.

G‘j mduckion on v, wazl s (619), o asruwme w>i.

(6.i1) > we way assuwe, by possiug to Ry, Hat R (s local wibtlh waximal (eleal P.

Pk any prime R warimel subjedt o & 4P We shew that Wt QR € n-

Since P is minimal over T, @2 1. 33 o,ssmPHon heve are genevakers

@,., an For T, ant assume Q, & @ P is the ouly prime conbaning A+ Ra,.

So as in the prook of (6.19) we \ave Haak QA +Ra,) s Avbalam.

The warimed tdead of an Arlnian local «ing s ‘n;'lfqol:ewt So Hiwe is m

Such thak a™ € @+ Ray For all (¢n-t. Webke a™= o + ¢rot,, %¢@ vicR

Ang  prime  nltining X, Xau Omd Conbains Q... Q.

Also, .‘.-Z' Rx, ¢ @

Uaim: @ 5 & wminimel (rwe over :i: Ry,

Proof :  slke R = R/ZRR,;i acdd bars For wages  (n R- The wnique wariwmal (deal
Pof R & o wbaiwal prime oves Q_C{-,,. Apply (6.16) be P - qd he (F) <.
Thus @ wmust be of heighwe O.

Fvouu HAQ e,la,(m we Coun Q.fFL\_-’ Qud,uc{'l:vm hﬂ?a{{«s(s te @ and q@t \Athﬂ'L

" ln o Nocherian nug, <€adn prime has  Habe height. {bawded by the vumber

of c)ue,rwto-s of  Hne Frimej.

Every local Noetheriam wing has Falte climension, ¢ winimel wumber of
genesakors for  Hhe wawimal iceal = R/p vector space dimension of P"P“(byl'é.q;)

A cegulor lcal vy f ome whee dim R= vedker space dimension of e .

These

ave wnecessarly iategsal domonas  (wek prov ed Wheve).

le  geveral, dim R can be Lss b V.S, dim 9/P°, buk  there s an idked T

L wetHa
,oFI

P minimal prime oves T Such  Hiak  okimR = minimal  wwmber of ::_»,wmiovs
. (lonvesse oF q«muq)l prinecpal vekeal Bheowem).

in  Qeowmebry, regulawity > non-singulanty. Come back laker o resular

lecal

‘ (6.15) "

W

VOwg s ok dimenslon | - ,,ouscrel‘t valuation rivas .

A Noethrerian ring satifies the Olescencling chain  condibion for  orimes

13,



7. Valuotion Q;ngi

Definition:  An wnbegrad  domain A uith Reld of fudhions K is a

quMoJ:\'sn g‘.,g
of K F for each ©txer pilher xef

or x'e A (er botin]

Example: Ke @, A=Tyg | o prime.

(33]: Lel A be a vakuakion g woba Qrackion (el K.
(W A s a lal wing.

| g \ ASBeK Hhen B is a valuakion

| Wy A s wnbegrally clsed

Proof: () Lek P be the set of non-winibs of A Thus xe P 6 xzo o xT¢A
We show P s an  ideal.

“ind.

iF ae A, xeP then axe P, since otherwise (an)" €A oumd so % 'zafax)” €A,
I ony eP bhen xigePr ekhrer 2" €A o x'geA. W xy" €A then
Xay = (l+x<j"19 ,.A'WLQJA is of Bue Corm auy ound so s in P
SLwLw(Aj for x"geA.
Gty Teisialk.
(i) Let xeK be t;w{féﬁm.l over A. Thea w4 d“_,,xn-'-o-r'* Ay =0 | gome o en.

swlo\paf( €A, Then x=-la,, +au, '+ + an-“ﬂj, bt Yais Ues in A
as % oloes. #.

- We aum b prove:
|
(3.2): Lek R be awm wkayrad domoin wilh Frackion Feld K. Thew Yre nbegeal

closwwe T of R in K is Hae labesseckion of all Hhe valuakion eugs

! EEQ!!P.L@ T s Yee inbessechion of zip) , P prime, € Q.

Reupe for  valmakion cings: Take algebroucally closed Gad F, K Reld.
Consides passs (R, @) R'= Subring of K, @' R'> F iy Womomorphsm.
fadially oer (R, R) % Ry, @) FF R<B and Pulg = A

Bgsume we  \owe paiss. Amj asc end«iv\g choin o Paws  an cun  wppie bowmdk  of
| the Ct’.\rm (go’ ‘P,) / l,.!\'\ele ({o V) Uae U\Mn.'on ap BAZ H;MS R‘ \Yn Yee dﬂeuiﬂ, amd
P, vesbrcts W R & gyive i

Zorn's Lewma says 4tk the Family of such pairs Wan o maximal membes
- (wob  wecessany chue}, sasy (A, 9)

H‘_'S_)_ A 5 a veluakon "ng of K.
.M! i_\:_gp_‘_ A s a lecal Hng with Re D =P s wnique  wawrimal idkeal .
Proof: OLA) s o subning of F, a Red, and so is an wbegral domain.
So P= Rer® s @ prime ideal. We can exbond 9 oo Wome weo vp husm



¢ Ap > F e aeA and se S=ANP.
Ws s /g

The maximakily of (A, 8 tmplies A=Ap £K. Hence A is o local ring

with waximel deal P
Net, Take x¥0 o K. We woendt o show xeA or x'cA.
Stepl: Either ioleak PAlx) of Alx] s proper , or idaal PALC'] of AL'T (s proper.
Proof: Su."Poj’e PAL] = Alx]  eundd ?H[fx"] = R[x"]-
Thus, 1€ PADY] say 12 Quax™ ¢4 @ , some a e P - O
Ve PAMC), sany I A% k-t by, seme bie P - @
We  pick m,n wmummal, and may asume w2 w.
Mulbply @ b, ah: l1-bo) 2™z b+ - b ™ - ®.
Bk b, €P omd so 1-b, ¢P omd @ a wwt w A (Step ).
o D oives A"z Cp o+t ™ with e P oso e
Substibubing i @ qives o e%wakfom conkredicking  the wanimalily of m.
Stepd: We way assume T= pAld % Alx] . Let B=Ald. We shew trat B=A

=1
-4 C X :

auvd hence zeR.
?_.‘.EF_EI Lek ¢ be a WI:MQJ. idea,( OF B Co-\k&iw\:ﬁg T "n(\u_.s Qnﬂ =f Siwce @nA ix
o prper (deal CA owd P is w ik Regard PP an a subrivg of B/a.

Bollh are Frelds, sy B Ry, omd R,z R{x1, where = is the wmage of x in ki

l6.4) qn'ues Heat R, & an alg&«m‘c exbepsion of R,
Bk ©®  wndces o map 5: k= Alp — F,oamd Wais ebeuds to a wayp

P k—>F, (F algebrically losed). © Ubts back to qive o wap B—F
exeeuauvug 0. Twe Ma)tt'ma,u‘aj of (A,9) \.‘wPUeS A=8.

EfOQC of (£.2): Let A be o valuakon fingy of K cov‘:o.a}n&v.g R.
by (D) and wence the wiegral cosuve T of R it 4.
Couweuel,ﬁr F xé6T Uaen x & ROx'].
cud s Huevefore contined in a  wmaximal ideal P, of A

LdE B b me oladbod st of PP The semewiold wep Brn ¥
cesteicks b give a wap R=F By o Here © o marximal paic (8, o)
choove (R, ¥ auwd (3 Sauys A ¢ ¢ valuabion wing, Since D exteuds @,
06 = Plx) =0, So xé&A.

. The reason for tae km&wbg‘j fuaﬂuaﬁﬂrw\ r{.\g\ is that one may associale a
non - A(‘MMAAQM va.b,co.l:wv‘ Vi K“-’r‘, oun erdered qb@ba_u gmu.P (Wn&% o.ddﬂ:{c—dtj),

! Sal-\'sfu;.\s:(fj \J(xw = J(x)+ \'hﬂ)

() Vixsy) 3 min (v, vy))  ~ Whemebnic lmegug&ﬁ 9,

. Seo M = gxe— K: = © ov \J(x,l"'ro}rﬁir a \)ah-lﬂa{'l'ov\ .r-{ma, o..mol 5wu\ Suck a L
4 15 & v aduakion N'.Aﬂﬂ

W't Z we say R s o discebe valuokion viug.

A is  mtegrally elosed

Lek Q‘zﬁ[u"], S8 x" i's wob a wimt OF Al,



Discrete Valuakion R ings.

. Exaamglest (1) Vp! & =T whese ab ca";ni.me to p, p prime.
‘ YA = - pradic valuakion.
Dy Z,.

[ M px) — Z F Seduehe w h[xl g, W coprime + F.

“3/\,‘ — N

ove kD,

A valuakion wing A s local (11). Maximat ideal P=fa: via)>of.

\f ula) = 9(b)  thew vlab 0 [ ¢o ab! v a wut w A, So (al= (b]

IF T+0 is an icdeal of A, there s a least R Such Haak wlad =B Lor some ae .
So T contains euery b with wvlb)2R So T= T, - Ya: uta) 3 k}

There s a Sc.'ng[f cheun of deals n owr valuation ving:

Pr 1,25, 253«  Wus A is Nocluerion

|

Alse, V- 2T s surjechive (mq.._d as well assume this), and so thee s x
with 9l =l amd so P=0d. (Have used Hais abeve) So Tp= (x%).

So P is e only won-2er0 prime tdeal. Thus a cliscrebe valuakion wing is a
Noekheran local domain of dimewsion |-

C(F4): Let R be a Noekherian local domain of dimemsion |, wilth wnique
marimal (deal P, amd k=R fietd. The Collowing are equivatent:
(Y R s a discrebe valuakion ring
in R is v begvally Losed
() P s principad
tiv) Veckor space ol/imk (P/?') =1
(W) every wen-tee deal s a  power of P
(vo I xeP sudh Hrat every ideal is of dhe Form (f) for k20
fﬁg_e_F: L) =D (&): Done in [F4).
L) D) Lot o4ae P, Then ®/ta) \nas oaly ene prime Pre) , b adeedical, so
\ tle (s nitpobewt go P“ < [R),Some N, Pn"tfﬁ),saﬂ.
Civoose be P™' wiblh béla) and Lleb x=% €K=FER.  Thus 2 ¢R
L since béla), auwd hence ' s wot unbegral over R. (@ s cabesyrally
; closed by su.?f»osil:{o“]
I Claim: »'P ¢ P, Suﬂoose xPeP Then P is a RIx'I-module, Fndtely
| qeaevabed o» an  R-module, amd any wnon-wre Cyclic submedale xR
| and bgq. as am R-module | «  conkrodickion. '
Buk »'P ¢ R by eousbrudion, so »"P=R. So P=(xn.
WD P principal > ' wyokic and so  climy (%) €1 By Nokeyama, PHPY,

i ,i“i = (v)! |F 1#%0 ‘HNQU\ P“s i [OA n Gi) D UIU), Euk P Pr{ndpdib,ﬁ Nakm,)mml
| say Pr0). 3 ¢ such beb TP, THP™, omd henee 3 yel, yzax’,
| gt P S atP, so a is aunit R, So x"€T, aud heace PTeI | So T= T



(1D By Nakayama, P P'. Take xe PNP'. Bk () = P7 by Wgpobhesis.
So (x)= P, Vemee P =(x7)

0D W P(d, awd by Nakayama, P# P Claim R is o valuakion cig.

IF yeK=MFR , 4¢R Hthen consicler freR: mjeﬁf, an ideal of R, aned so by

Supposckion s (®) for seme R So 31"ER\P amd  hemee 15 a wait of R

So wnvese of yis uw R Se R is a valuakion wag.

If ae R then (a): (x®) for evackly one  value of R, Deline wia) =k.

Extend to KX by wilab™) = vla)-vib).

R an inteyral dowain, FF=K.  An R-submedule M of K is o Gackional deal of R

|F xMeR  For soeme Z*o, xeR. {u_sunl ideals o(—’ R ave G-nehbvmu.
E\JEﬂa ‘14_)‘ -submodule of M s also a Frochonal

then 2 =y, 2" for sowe Y € R, ek

u'd.ea/l? i we hoave 2’(.+~~+—EX,,’

i Anf.g.{z— subwmodule oF Wi anuavertible ideal i Yhese s an R-subwmodule N of K
suchh et MMV =R, Twig N s m(@uc[i’cerkﬁQRf:”‘, Uew NEX =XMN € RN :N]}
ouad (s o C-g- R- module, amd \wence is o bEadkonal ideal.

(3.5): Let R be a Noetherian Llocal dowain. Thew R is o dliscele valuakion ving
P eveny won-zew Frockonal ideal of R is waverkible

M pvestible . Thew 3 N such drok MN=R, N wnmque. 3 xce M, y.eN wilthh Ty, =1L
o For

Yme R. So {x;} qeu\e/ake M. N i uwehble and so
5 Hadkely qwe,q,hggl too. So we have a G roup.

me H, WA= Z['g;_mjlg .

Pk of(F-S): Lek P be a warmael (deat of  Aiserete valuakion ring R. So P= R,
some x Let M be a frochional (ded , so there s (ﬂeﬁ such Haak yMER
Thus yM is an ideal of R, yM= Rx", say 3¢ M= Ra™"
AW principal Crachonal ideads are tavednble.

Conversely, & is emough ¥ show every wnea-ww (deal of R is a powes of P.
Suppore falte.  Consider S = { non-tew ideals nok equal o a powes of P}
Take @ warimal Mmember T of §. Thew I3 P,

, where sz vliyj.

and so TEP tence PPIS P'P=R.
T & a propers ideal of R awd PTI2T. Gut P 12T sinee F 50, Hem

T=PT awcd so T-0 by Nakayama. Maximaliby oF T gives that ?7'T is a
Power of P and hence T w a jower of P. #

Dedelind  Domeuns.

[(#6): Lebk R be a Nockheron domoin
ty R wteﬂmﬂq closed .
W) Every I with VI & maximad ideal @, & a power oF Q.
(6o Every locad ving Ry with @ merimal is o dscrebe valuakion

of dimension . Tb.eCoum;ma e %uivnlm-'

n'-ng.



A Dedekind  oglomain s one sakisfying these Htarce condibions.

'M (,w':egrai loswe oF Z ia L alte exteusion of @, ie , the ring of

i '\w[?ege,n {n gy nu.mber C»clal

 For  proef of (F6) we need Lo know Huak unbegral losuve beheves well  wndar
| Leeals sakion:

(313) Leb R R vings with T= integral closure of R, un Ry. S a mubbplicabively

| dosed subset of R, Thea §'T  the unbegral closure of SR in $'%..

Peoof: By (560, ST s untegeal over SR Comversely, iF € SR i (wkegeal
over SR, , then lawe (/s)™ « (r'/s,)['lc)"-'\*-- c (™f5,) 20, with we R, %S .
Leb E=s-5. Malkply by ls(:J",- caej: aun Eq’vlaiﬂ:on s\nowmj Baok vE s

i abagral over R So o=, 2T

' lv\tegf‘abibg s a Llecal Pmp&r‘-’n-’

| (3.9) R anm {nkagral domadn. Then R s ‘wl'a_,nl-lag closed
J(F RP w tegeally Aosed  Cor QY prime P
i HF Rq {nkegra/ug cloged For any wmaximed Q.
Proof: Lek T= Unbegral closure of R in K=fRR  Thee is an embedding F:R>T,
Surjeckive ifF R is untegrally closed. (et iaduced wap, €0 Rp— Tp.
Since Tp is wbegral closure of Re by t+9 Fp is  Surjechve FE R s
; wbegvally closed. But € swrjeckive 6 s f: ald primes P
| b s for all wavwmals Q.

iPtooF of (F.6) () <> (i) (38) and (F.6).

| (o) &> i) Su.?Fose el deals T (ot /1 =P ase poweds of P [“-“‘j W wal P]-
Consider & non-2ew tdeal T of Rp wolthh  $= R\P. So T=1veR: /e T}
is an ideal cowtaining @ powes of P So T =P7 for some mby
Su-fPGSC{:‘l'Ov\‘ Hewee T=[57P)™ Apply (3.6). Rp o a oluscrete valuokion ving.
Ccnueﬂalag, ek T be such Haak \ﬁ-:\’, maimad ., Then £Y1 % o

it non-teo deal Rp, and so s fs'e)™ bg Sufposil-foﬂ_ e T=p™,

(see <heek ot end.. .

é[?--qlf ln a Dedekind dowain R every won-2ere ideal I as o wnique Fackorisakion

5 as  a PNM of Prime  (deals.

isﬁel‘ok proeof: RIT Woa only Fnitely wany primes, all mavimal, so s Arbinian (exomple
E sheet) So RIT is a direck produet of Avkinian ol cings [ evample sheek).

| T= NI, with /= wacimal P . Buk wun o Dedelind domain, L = P75, some my.
| Thes T= NP,

For Copiime icleals EIJ [se Ij"'tn=£,j#k}_, tew ML= T 1.

Proof: Ry induckion a=2: L+ I, =R 5S¢ LaT, =T T wis)

{ = T (T, nL) + 5 (T 1) £ IT,. Awd I, T, ¢ X al,, olear by.



16.

(n general, asswme ;}i\' L - ;Trfi SR Let T fI:_IH? for each jém-L
So xry =l for some eI, y e I.. So RUET =J_E'(|-gi, B [ (wmoal I,
Co Ti Tu=f. S JI_? I;= T1., = Twl, “94:, witluetion), = .,Q I:.

(Fi0): R Nocterian wntegral domain. Thew R is o Dedekivd domain fF all ik

| Vion ~ T€e0 Fma{{enq,l vleals ave wavertible.

Proof: Omitked. Use (8 and that wverkblilty is o locad propety.

Mase B won-Btre Feglivapl deals e & Group , Hee $5 9 yo

g‘ 1 - addc Topotm_:i “,

R, commukakive rlag  with @ a5

A Blbrabion is an  wfinte descendling chham Mg M, % of submodules of a medule M.
T an dead F R (M) s an T-flkambion ¢ TM, € Ha,

e 5 g gtable I-Klbvabion F 3 N such Haak for n3N, TH, = Man.

Yo sbudy stable T-Rlbvakions define the Rees . g R™ - é -l isomorplic  to dne
Subeiug R+ Ix + I'x 4 of RIX], wa TI"«> I"X™ ‘€ is o gradled wing.

T where the T. ae additive

4

®s3

A %mo‘.ed r{.r_\g T 5 & ving of Cw.m -

Subgrowps and T, € T, lor mn320  In parkicalar, Te is a subring,
Tf * ,@ Ty 5 an .'o{ea,[oF T, [Tn are the Comgoninﬁ)-

c

\F (Muj s P T-Glbration of R-module M, then M* '-'“E.B M, & a gra.alfel i{ —medule.
- 0
A grogled T- modmle N (s of form @ N,  with TuNa ENpgn. Nu is o To- wodade.

n=o

Some Co mpowe.ui‘.

A \I\ﬂugqﬂeaus eloment s one (A_»,mcj in
s o wmodwle ap such dhak G{Nn}:N,‘..

A groded T-wmodule wap 91 N — N'= @GN,

84): For o cimo{eol ving T, the Ccf.l.cwé.ag are %wival&«l‘:

)y T v a Noethedan ving.

o T, s a Noelrewan rlng aud T is of Gaite type over To.
Peoef: Wt T, % T/T, and Wenee w a Nodheran T-module, so s a Noeliedom
To-wodule, ¢, To s a Noetherian ring.

T Noetheron {mp(a‘e: T, v a Futely gmeaaieol ideal. We way asume
I;UJ taking comi:o“@.is € necessavy, thal our Faile q-e,uexui-m.g sels
coasists  of Wenee g enevus elemends, say A, xg of degrees m,,., m;.

Let T'= subrivg of T generated by T, amd 2, %,

oden: Ty €T' for 2achin

Use nduckion: Toe T, Let w0, omd cousider Ta ; Qstuuming daim For

sralles degrees. Take ye Tn & 5o (deT;. , ard  lhence Y = ZEJ'D(J- for



Some t; e T . . Bub by (nduckion, each t;eT'. Hemee yeT.

(0I5 From Hilberts Rasis Theorem siace T is an {mage of Tolxo,., xm],
Some m. (F K &= Noetheroun Huew R™ i Noelheran®: & s qenerated
by R amd %, % , where x,., % (of degree | in R¥) ojemecls T as am
ideal of K.

(22): R Noetherian, M a Fg. R-module, (Mn) an T-Glbrakion For an deal 1.
The Plowig ae equivalent:
) M¥ s an ﬁxg. R* - dnodule.

i 1 M) is o stable T-fltmtion.

Proof: M is & Noetherian R-module and hence Mu s €g. R-module , aud so

| Ho®- @Mp, is a Fg R-module. Bkt M@ @My is the sum of e
Hot fow  components of M¥. gemevates an R¥- submodule of M¥:
Mo @ @ Ma ® TMa @ T2, @+  [Noke: T M, € TM,, since we kawe an T-Filtukion)
Call ¢ MY, W is on Bg. R¥-module
Clealy, M3 € MFfe | and M*=UMF. Bt R* & Noctherian, and so
s chadn  bermivabes , so Mf=M: some N, Ff M¥ b a C‘g. R* ~pindule,
(6 M* is Noetheran]. Buk, Mi= Myt %0, » equivelent 0 Muw = T'Mu, v2o.

3 (A Ress Lenma)r B  Woekhertn with el T. Lok M be an Lo R-medule
ond  [Ma) be a  stable T-Ribvakion of M. Lek N be a submedule of M.
Then (NAM,) s a stable T-Clbmtdion of N.

;fmmeoln.'aqu, applying  Hais o M,)= (I™M), we gek:
(24): There & 5 such that (I"MlaN = T [(I"m)aN) For alt wis.

Prock of (23): Cectainly (NaMo) s am T-Kltrakion of N: T(NaMa) € INATM. £ NaMay,
stace (My) is am  T-Filbration, So [NaMa) yields o  greded R*~modlule
@NaMy of M* 2O M. Bk scmce (M) i stable, (82 qives Hnak M* s
am f-'-g, R*‘Nocbube, omd hence s a Noethernan R*-wmodule. (since R" it
Noetherian). So @ NaMa s am Fg R*-module.

(8.2) egain qives that  [NaMa) & a stable T-Cltration,

(25) (Keull's \nberseckion Theovem): R Noebherion with ideal I, M a (.. R-medule.
Set N=“é I"M.
i ) There s ve I+1 Wil N =0,
o IF T ¢ TR thean N=0,
s W R is am  nbagral clowain thew A 172 0.
o WFR s local then N=@
_P&f_-‘ (i), Lii)e E“j [24&), I"MAN = I“-st"MnN} fo, Somes, for n%s,
Buk RMS = In-s N, Llus =N, so A= I“‘SN. APP“‘:) Na.ka‘j@m&.
() VE R s anm \'w{'égml Aomoiu, take M=R. \F N 20 Hiew +vN:=0 some re I+L
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Thes  would glve ere olivisess. #
(i W R s (ocel then ol ideals ave in TR . So () aﬂ:L’u and N =0,

T°;2‘2L°3:g Associoked with  Filbrehions

Filbralion: MN=Mg™»% M, %

| OCpen sets: wmions oF sels of fomn wm+ M, for some me M, ne N-fof.

(ltacly, ony wnion of these s open. Blso the inberseckion of m, + Mn, o w o+ My,

it & winen of sebsr of the Form ™+ Ma , where ne w-u{n_,'},

Thus aun  wnbeseckion of Findbely many open sebr is open.

(F NMa=0 we can put a meltac on M: Alm,m,) = p'h, where & = "‘j“’[m,-mteﬂJ,
and p is a rakonel prime.

This  wednic ‘.jceids e same tepolegy as above.

The choice of P s t“mfovl'a.wb fa the rpeu‘a}« tase M=Z, M= p" Z.

- Usually ¢ is waimporkanb, we're Just inbesesbed  in  the topology. Twe KlUvakions

Adeberadine the same ‘Ef’poloﬁy f For each w  theve {:ersfn) Suck that M, > My,
tln) such daak My > M,

The I -ackc -l-_opo(aryj oa M:  one Fromn S Urodkon (1“?")’- un Pa.u-{-\culw on R:  the
one cﬂ:w Lilbeation LI") Obsesye ok all SbeL{ TL-L{U:»)C{OM !ﬂ(e).cl He same

t‘UPetﬂQuj:
S fV&Ce I Hh ¢ Mn;, w € L\M( I“M € M“ : IQ’IIO' IHn1 HﬂH Fo\r a./{i w2 N Q.M-d

hemce M, = I"M, £ 1M,

Examples: (i) Take I= (p) in Z. p-adic topology. Two (ubeges ae chese
Evcjolchu if thedr difference & dlvisible by o lavge fowe,.roFP.
“") T@hf I’fFJ in k[’d, F I'f\"(d.&(&.!bb- g(’m‘La.uLg.

Let (Ma) be a stable I-Gibrakien, R Neelhonom, M a Gaibely generaked R-medale.
i NEM then by (83, then NaMa s a stable T-(trakion on N, owd so e

Su)o‘,?uce %9?0‘,0%;1 on M :Md#-(ﬁd "T'OM Qhe 1'&0&‘( k?&t@gtﬁ e M \’S‘ the same
o3 the T-aduc {:GPOLO%rﬂ on N

_DeC(n(How A Ca..u% sequence () a M s @ sequence  such bat For oy
open seb U coubaininug © Hlhee s alu) €N such dhat for v s alul

X -ug € U.

b & ewough b0 lock at epen sebs U of the fom Ma. So a Caucky sequence

s one where for o5 % alMa), x, =% lwed My). Tuwe Coudy sequences (),ly,) ode
2quivel enk N S 9, = O (e, For amy open U Cod:a,\mag O, luere s bW with
Hom = Y. € U for m¥ 'b[ul]‘



x>

‘Oec{nf\-fon-' Twe T -adic gmp!,g&ggn of M s He seb of €q,w£ua1¢w:¢ classes

| (%] 4+ [y,] = [ va,],

? The T-adic complebon R of R i e seb of equivalence classes of
CGM% S ¢quences wilta T-aduc ‘:DpeLocm , ["a][!,]f[f,s_], omd addbon

as Obov(,

A

| Tawus ﬁ 5 a ring , M h oan ﬁ'Mod.Mtf-’ [“‘n][’f-} N [rﬂ’(n].
: There s & ving  homomorphism R — é\
a v [T quivalence class of  Hae cous bank
! sequence  with  Yerws v, The kecaed s NIM, N
Similary, tere s am addibive Growp Womeworphuism MM Wil kemed = NITHM,
. x> (2]

Kiulls \abesseion Theorem (€8) qives cases when  dhese waps are injechive.

For eomple, €= R7 iajeckive F SR is whegral domain, |

M- O l1ecT0

' Delnition: € s wmgl&e WF E’-’ﬁ IS an  soworphism.
[Thue s omother woy of d.eﬂ'w{uﬂ Huings, Via wvewse Limibs }‘-_M(MIM“) i
CUm (®rge)  [Take M, stable I-6lbvakion).
Unm (M) ¢ TIMM,) - Carbesian prodwek, aMows  taFtaltely WMoy e - o
enkeies.
6 eguals {e, Yot Moo ) e if e>s Hen wnder Ve camonical  projeckion
MM — Hl“’f hove 9, + Mo =y, 4 M 'f |

Have  trm- by - besm  addibion., Aad welkiplication (1 dhe case of E-"l“ [R/r“)'
Yoo each v we Wwave a  canewnicak ?mjgc,h'on 'Q(__MM/M‘. ——3"‘/;\4'_
Um Rigr — Brqr

We gek G Un ™M) 0 for [xTe R, st gur My = Xy + M

% map (__M w T " J Yo+ Ma alm,) w,
pwhere  alMn) & where the sSQueuce stabilses, ay (0 Hae odlefinition of o Cauuchy
sequemce.
| Siutlosty R — 25 (R/1%). Tuesc wiaps ase injeckive: those sequences whnick
} we\.&uwug e in Ma for cachh n are Huose eq'w\'ualeuk to the eve Sequence.
| They are  swnjeckive: Ci:)v,'] =% (, Yut My, .- )
s R ocan be idewkibed Wit W= (M/ma). inherit topolegy  given by Klbeakion.
R oz (Me,. M. )
| '-‘_‘C_m lements a Hist  asl pesitous,
| Au qives & Rlakion of A= E=[Miw,)
Doing e same for Re L (RI1~), Heew qek deals & R. s le-;w!m,f
Ctas elements Wit by Bis. %o be wewm, L% R Moo ganerally,
Rjgn = R/%w



: Loz,
. EX&MQL&-‘ Zp , prodlc t'nt'egw; i /f <

—

3 h[xi,-,xa
R, X1, power sewies, ¥ 1 /10 , where L= X,., %) .

2
-“Here we tdeni:\.(:g & powes seciee Mow mm o

oms L0, Va6 Leg wtd,.. ). - e aa]

idekes o Pe I, deen [E2 0 W Muib'fucwku Lavesse = 1

Fad - 7 Hais bovwevgef
in R, the I-adic comlal.ehon. Thas F T s wmaximal w K and hene ‘2’1'-'"“’1

is o FReld, Yrem any elemenk of R omel gu T oo
mulbiply by somebaing to puk b in  the form i

O UAVEsSE [ e Caua
a
7,

(BH: IF T is maimal wa R thew R is o lotal wing , with mevimal el 1.

(€2) : Su\oposc s Noelresian 6 N s @ Subwmodule of a Fog. R-wedule M, then N
5 6 submoolule of n:f\, aund By B M"cu Altemakively , F O= M, - H—> M, >0
s a  short  exack s€quente of F.g R-modules dhen ©- M, — A4 — M, =0
s evack.

Proof: By (83 the T-addc topology on N s Hee subspece topology induced From  the
T-adec topology on M. Two Cauchy sequences (), (u) wih all %, 4y, €N
axe Ezi‘u;uwl.m.b n M they awve extwivalenl‘ n N, Given open U ia N b s ofF
focm VAN for some ecpen subsel V of M. IF xp-y, e U For lovge enoug b u,
Yntn  xu-y, € VaN. So N embeds i M, D3, [xad,,

Viewing M oa (,L'f_""lM/M-), Hae chu.ge of  Huis wop s Hae set of cloments of e

Crm (-, Yt Ma, - ), with vt Ma € (N My,

Now consides dhe Ma.PW-'F‘ R 9 , ie éﬁ:M/M,. = M (M/[mnm,}

L) gs Ma o) s Lo g o Ne My, )

The Remel s (Hee L‘Mﬂ.ﬁ(oF);\\)-

Finally show Wat T is suvjechve. We need to see tak we can Fnd 2+ May

1w Hee couwwlv\.g oUo.aw.M, q[ue.y. Hae vest of it x + N+ “n” —y Y+ N+ My
(‘adudwe skep s Puu.;v.a bock an element of E_":"M/N) T ‘[

Z24Mu, —

Y+ Ma

We want 2ey+HMa, 2€ x4+ Ny Ma, . We Raow 2e yy N+Mn | and so
Xine yrMa for some neN. Sebk %= 24n.

(R,Q)s Let R be Nocﬂnex{a_ﬂ, T an |'cl€a.pl. Thean é\‘ Yoe T -adac ﬂo\MPLd-l'uv\' is Noethernan.

Preof: Stnce R is Noelherian, the idead T s r'im'tdﬂ Generaked , by ., Ta, say
Lek T, be dHre ideal of R[X,,.., X“] Qwuaked \,5 (%, o o e, Ak ¢ G
Rernel of  the Wap R[x"_.' K..] P
X, = v,
ek Ty = (%,.x,) ,cdeat of RI%., %], The
Rlx,., %3~ ma@u (L

Since (T=+Ij/3' «— I

Jo-edic depo logy on e

w

R is the same as the I-adic dopelogy en R,

fx,,.. %3 1" o BI%,..20)"
Foiming e complebion wit Toi-adic logelogy , ( - E [1 Iz
bsj Previous lepma, Buk («[’(n, X )] S KU:X;, . \-]] w\r\.{o‘n is Noethenan ‘D‘ﬁ 0. \”

with the Sequence o parkial

8,



Thus the T-adic Cumpugon of R, wwidh s \‘somov?'\u‘c o LHS of ® is aa
image of @ Noglheran wWay, and so is Neelthenan.

18.10): R Noclherian, M 6 £, Romodule. ROt =H & an isomomhite, via Mo
Composition R®M > R@,fi— Reyh = A
tfememberz ‘éxa < ﬁ@é‘ﬁ ,
is R-bilinear, so get map widacated,
Prock: M 15 Fg., say by %y xa. Doftme Free R- module on n generatons 4., y,
F=2M - R-module wmap. So Wowe: O N->FsM-o0.
Y. wA
By (bS) awd (3% we get: R@N = R@ F — R&M—>0  -orect
L« L6 LY
o — 1:3 _ ﬁ _.s._» P\ —5 0
whee € 8% are oF the type descibed un the  stakement.
B is an isomovphism , since F is Free Since & is suryechiveg ¥ i3 sucjedhive
Thus  we've  Qroved thak for Qg Fq. medule M, the rap é@RM—bp\
5 Sejeckive, tuwa o v alse  swrjedive
Must show Y © wjechve Let e RerX. Exactness ak é\@RM shoves
et %  is e mage of ye ﬁ@RF . Souy. Consider [Bly) € ker .
E xackress ot F qives that Bly) s the image of an dﬂ:‘-mk of N,
which  because o« 15 swrjeckive {5 the {mag e of 2¢ RoN .

This 2 maps to 9, € é@F with y -y e herig. Bk P v an isomorphisw,

~
waversed R - bllneay nap,

Se 4,7y, Thw y i5 an  unage, amd hemce w the Rernel of the map to
ﬁ@t«. So b5 mege X is Rewo. A

b 3 g A ~ A i
(B on komarphom: 28 F = Rup RS R} @"« £ =F)

- Associaked Graded Rings

5 M

g w
RYI>T 2, M=Mo3MIM % . Form geR= & F/pm g =© T/,
Mulbiplicakion U g e g 3™ o, e T e e 0 T
F T"'/Ima ¢ IJ\/IM < IM*“/IMMH

gc M is o groded ge; R-module f Ma) s an I-Glmhen.

&ﬂl_ Ly [F R s Noetherion Hren gry R s Nocthewan.
to \F M is a Fg. R-module mndt (Mn) is a stable I-KltvabHon, then
g M Sa c-g. Graded gry R - modale,
Pogk: ) 1F R s Noekheriam, the idead T s Fig. by o, . %, sa, with
ToEa AT e o Thew grpR= 7[R, 4T, cng of Gaile tupe cver ®/1.
CovoUawy of Hilbert's Basis Theorem Souy s taat such a wug s Neoelhevian.
) V6 [Ma) Vs o stable I-Filtvakion, then for some N, My, = I'H, V20
Hence grM is cenecaked as o grR-medule by B, " Man Bk each
Pnfet, & & Neotheian B-medule wmonihilabed by I, Wenee s o C.g_ % -module.
Se @ ™M, it a C..g_ R(I"magtul,g, So geM s Fa. an o grR-wmodule.

wEN



19.

The Pa.r{-ic,g)la__r Case we are QGoimg 0 be laterested w5 whee R is o Noeledan
lecal  wing  widh wasimed el B I 55 G jdedd Wil Br? (i PTE TP, c0men)
gieR s an affine ®fp - algebra . ?ropor{-i{; of R wou be deduced Bom due
theory of  affine algebras.

Hl @r& Fuﬂgh‘c‘n!. &
Noelherian tafadéd wng e “?i Tn, arad.éd T-module W= ®&N, R g-emesal-ed by

To and X,,. %5, \omogeaecus of olegrees Ky, R ®
Poinears senes ofF N is the power senes PN, b)) = “z;o Alna) €7 e ZLLE]], where A
b men  odditive Funckion ea cug. T, ~wmodules.  (Dadibtive @ Au) + A(v) = AW N4

3 exock seq uence O+ U= 1w = V=-0)

Example: \f To s a Feld then can ‘teke A= veddor space dimension.
More qenerally, W€ To is Arbinianm, take A= compesition lewghia
(i, given Fg To-module U, wilh Uz U ? U >U>  >U =0
el m:,(
dUa o,
'wmpon'HOn senes fer U. /\{“)tf', e Cnupas;l:{cn Lﬂa.g-un
Each “WillUy,, s a simple To-module.  « is  (ndepenount of Bhoice »f seddes)
(¢)
(8.12) {Ailbest, Sewce)r PIN,H) Vs a robonal Fuwackion in t‘, of the Form I l-e®)
where FlY) ¢ ZLET , R due oleﬁree of gemerator 3
ngOF: G {.nd,uc,h‘an en e nu_w\k{_,— OF %wudots < of x(.
c2@t T=Ty awnd soe N 5 a C.g Tg'Mcdu[-Q- Sa N, = © for Lcu.ag e.noug\« e

oy PN 5 a polynomial.
$20 Assume  true for s, Mulbiplication by X5 waps Ny —> Naog ana  we g@t’
an  exack :%ueau f"" Ka — N, — Nose, — L"""s — O, — 06¢
bet K= & Ko, L=@La. K€M L o a quebiewt of M, s betl are
£—3. T- wmodiles,  Both K awd L are annilhulabted by 3eT. (K’herf L= N/I,N),
ond so  they ase T.,[x,,.., -, ) ~wmodasLes .
Apply A B 0 te get  N[Ka) = AN + AN ) = AlLag,) = O
Mulbiply by PR po | e wk owa BT Plkp) - ™ Pin,e) + PIng -P(LE) = gl
o & polyncwal.
A(’pﬁg the wduokion \Mjfo'Hues:’: to  PIKAE) ouwd PlLE).

(€13): W eack R;=l then AN 1s @  polynonial n n, with robonal cefReents
0(: dfqrae d—l, ‘ for lawqe em.uush nJ) whe,.re A = oroes € Fo\e oF P[N,{')

ot E=l -

Progf: \F each ko=i, PINKE = (G bor some d, wilh Flhe ZLED, () % 0.
Now, (=572 1+t '+, 50 repeaked differentiakion oives (6% = E(d;tflf'““,
(F BB = a0 vaks o g, dhen ANz @ (%ani) ¢ a (A7) 5o w a (P07 - @
gus of @ can be vearranged as a ?olﬁp?,omiai Pln) in n, with vetionel
coefFicenks , f dsn=s-12d-1. Clx) = lﬁﬁxd" +  lower ordes teewms.

Tlﬂh' Pa\.ﬂvwmml s tae ﬂnu'lirt frunchion.



E‘ﬂ‘dmg\.e,t T= h[xl,-., Xv\] - R a C-‘eld, A= vecker space dimension,
# monoamals of  degree wm = dimn of  Componenk of cegree m = (n::’lj Y uyo
1 Pix) = ,ﬁ,‘! { Xaw—t)mf%4i). '
(M) Lek R be a Noetherian local dowmain wilh waximal (deal P Lek T be
| suchh  Hhat JT =P Lek ™M be o fg R-module. Thew For sufficently large w,
} the  composition Lenata of M/I™M i o polynomial of degree <E, whee
| t = least wumber of graerators of T.

1 . ;
{M Camfvn'lrion Wa{;{" -C{MIIM'M] = t[ 1 M/Ij"m)

]:u
\
|
|

Peocf: W& x,,. x, geneiate T, dhe (mages in - &OJQM with ®/x generate
the asocated groded algebra 9ryR. By (813 LI M gm] = Blel st

;_ Fla) o polynomial in w of cdegree d-) [with d ws (n (8.3), d <t); for lasge

j enough w. But Flw = T(M/1™'n) - LM 17m) |, amd so T("M1™m) is a

J polynomial of olegree d (¢6) For  large emough n.

! Tushilioghion: use B Rowm (2.i3): (T gropm) = a, {a;f:' o Mg (d*:i.:_'}‘

| s, Linolia sl LTS 0% f™2) | woat 2 RS-0,

L We gek: C(H/:["‘"H): a, [d;"‘}+ a,ldu‘"}h.q»qs(d:{““}’. for n32S , Yais

s a Pc(gwomial in w of d%t{e d,

}
|
i

éRQW\Mth € we seb M=R , L(M/Hn) s the Samuel Funckion.

L IF we have T with J-I-‘P, T with [37:=P, MHen IQST,, J'bSI,some a, b,
‘ and |hence e degree of  the Samuel Funckiow ave dhe same for I oud 7,
| This degree d[M] can be vegavded as @ Jmension of M,

| i 6 s M 5 M= My = O, dhow M= o T AL dimf

»

| Theo cem: \f R a Neetherian Locad dowmain, Yhen AlR) = dimR = (east wumber of

‘ genesakeoss of tome ideal T with JI =P

| Proof: Ouitted,

|

F
|
|




