Analuytic Number Theory

&\, Tehebychen € ctimakes.

I. Qefinikion: Let P, dencte dhe wHr prime in bhe seguence of ascending evder, 2,35, % ..

Eucdid proved bthak dhe sequence is nGnike: we  \nowe o+l davischble by come
& g A o,
?n'me oHﬂe( Haaun Prvoe Pa-

DEC{MHWI: Lek 7ix) be the number of primes £ X, where x s oanmy pogi{:{ue seal viumber
usually regarded os lavge

e wmbroduee the Tohebychew Funclions: 86J= Z logp , YiW= :,Z %(. log p

€2
3 P ex

Note bhok F ne N, then YW = log um, where ulw = Leam [1-.n). Note alse thak
Yix) = 80 + OV [Lugu)zj g for we have Y/ :"‘%*/Lae{x%); and  clearly
9(1'/‘“] < Q[xV") £ "E.,1 (""3“ . and Hais lolter sum s ok arnos& x'/z_ Log .

We \ave also 9(») € TH. (“’ff"; omd 90 )ﬁ%sx[ﬂc"" > izbogx. (n(x}-v(.ﬁd),

tn fack, we Vawe o)~ 9(:)/(4,3:‘ a0 gx as o —» 0o, (See Hardy & Wright p- 345)

Closely celoked to the Tchebychev Funchion W6d (s the von Mangoldk Fametion A ().
it is defned as logp f n-= ?_j (¢ prime) and O olherwise. Then we have Y(¥) :'égﬂw,
aund m{ Nim) = Log w.

2. Main Thewrem.
- Tehebychey  proved o 1851 that wlx) it bouwnded abeve and below by */logx

up te Sp?c.‘f-'z‘c conctanks., Move Prec{selg, he ?mued:
Theorem I 3 a,b>0 such that a < “{”Jb'ﬂ/x <h - N xR,

' ( Tn Vino gradov's v\oﬁa.zl:'bn, we \hawe "/(.ggz & Tix) << “/Cagx, w \here b:j Yy<cz  we
ILEOUA Y <CZ (:o\r some C.ongﬁq_.nl'. c, a..ud SL(M«.i.ﬂ.rLj 1Ccr ij)?% )
Bej Hre observakions a/\aoue, Theovem | um?lAES x &K 9 (x) & x, 2<% Wix) << x.

As a further corelory we obtain nlogn « g, & nlogn. For we have w(p) = n, and
. so, by Theorem \, E"/L(,3 p, K<« ?"/Log P, hence wlogp <« p & nlogp, . Now g,3n

and  sinte  Log p,(Guwe 3@‘1 o, <n and <o P . Thas Log n << Logp, < Lag n, o ol

the cove Uavy Collows.

Note alse fom x«B&) & we <cee that thee s always a pame bebween n and
cin Por some @, This can be cehined o give a ?nlme ? with ng p<Zn For any
mbeger w>I Twic s Rerbrand s fostulake (for o fmoC, see Chandiasel hownn, “tirgatiialia,
to Analgic Namber 11ne.o-nj“).




| Proof of Theorem I: For amy integer w>i, the bi;\fw'ol coeficient [} s Hee lavgest
j term in the opansion [II-HJI“, Hence 2 /l2as1) € [2.,” < 4
3?0.,\@.& to which any prime p divides (2 Now p divides !l with exponeat
_Z [“’f’] ( Since exackly ["/pi] of the numbes |,.,»n are divisible by pj L
and so  the a'fonu\t e which p dvides fz,.") ' j:é.d {[2"/F"]-2["/FJIJ}_ - %)
Now , each btevrm (n  this

“pd s o

We now Dtdw e

Sum s Zeio ov \‘

dccord.éng as the Frechionel Psw-t of
s ok loss Hhan Y2 ond the wumber ofF

non- rero bers s ak
3 (g (2a)/ Lo 1"(20)
most u’f‘““)/‘-og p- Thus an  upper bownd For (%) is PP;- N ¥ ® sl
Fuwther, the volue of the sam (1) is | when n<p€2n, whence a lower
'DOMJ B {2:) e 1 P )} n'n'(?n]- 'JT'(-:).
VAPETH  w(2a) 2n T 2n
On Com pasring the bounds  we obkain  (2n) 2 T L0 amd @ < 7

The Rk ingpuakiby gives w (243 Tonlos? =l Caily, o bionce whi > % /logu,
The second uﬂezi,ualn.bﬂ gives

Flaally  on noting thak T =
w [ /35-) - (%) <<

:”—n)-‘ﬂ(nj € 2nlog2/logn, whenee w(2w)-ml) o */logx.

E AT -], and F 2R teen

XM gx), while TP faen (i) - m(M23) € xf33 & Ja.
of non-ze berms s K LM“"'/(.032
T & ("/Lmau} E Yy o Ix. (L"Q“/Lo r s ‘)[/Loﬂx

Sinre also Hae number we oet

as recbw'red .

Tcinebnc'he,u inimself obtained the eskimates a- 0.972(29--- )

 for  the constants (n Theorem . S'.j[uufrer
and b= (- 06461273.

b= te1o55--- (Fer x>’30],

obbouned (1292) the valuer a= O-95¢95-..

These were Further impeoued by Rosser & Schoenbeld. (1962),
\n fa,.-h'culw, they showed Uaak one con btake a:z| For x3 \F,

3. Mertens’ Theorems.

Rased en  Tchebychevs reswlls Mertens obbained estimates for vavious sums cnd
preducks  wwelving primes. ?wh'cdu, we lhowe:
Theorem 2 : ?},, Lﬁ-"flﬂg-x+ ol
ProoF We \awe [[;3 com?mscn wila -HM mf.'eﬁ.rw(!
The evpression on  the LefE s Z 2. leg p. E"/p]
The conbribubion from =1 i P£ Lospf"/p] xZ ‘4?9? + O 1r(xy Log).
Now by Wf.orewm i’ the erwor term ‘r\e.xl"cm s O(u}. The remauning berms
coatribute 1’5 JE Log p-["/fi] £ ﬂfn;?-; Loﬂ“','.-iz ;:', < "n% L°3"‘/va(n-lj . This Lalter sum
tonverges as n>wW  and  so the

whele evpression s Olx). On
estimates, we gebt Theorem Z.

Z, legn = wlogae + Ofx).
(Note taat [V ] = [%]),

c.ombivu'aﬂ ow"

Ipis a C’.Q-*Oua.rgf we obbain:

- Theorem S:FE':':I.’L: leg leg x +c « 0[‘/L09x), where ¢ s an absclube constant

- Note et  Huos qives ownothes ?rvo{" of Ye evistence of fnC{ﬂ{(:e,(’., Moy primes



Lo
ool of Theorem 3° Leb slx) =i’§’:‘ -?if . Then by theorem 2 we lave six) = Lagx e l:fo,

where tlx)= OO). Now by ?a,r{-\a). summakion we hove
& ) $n)- s(n-1) edos ) Sl ) : o }
i B S aie  Ganm tao . uqc'ﬁ'.,f # ngrhgw | using teak (V=0 ond

stx) = S([x]).

f" stu)d« <l

The qFresSwn on the nsh!: is: : ‘Aflogu) + legx cinece the me:égm.l Can be
b n 50 du A L
weilten as & A ullege)r s f ufu;; and we have [ Uliogu)? = lagn  Laglan) .
Now, ?w&tﬂg xs(u)- Logu r t(ul we 35!‘
a lw) se) :
i“%‘ s 'zf fmz + | 4 L.;L;; = loglegax +c + O{'/(pg‘x)’ wlhere

ez 1- Lo Leg 2 & Im‘e‘(i)'é; .
| 2 ullegw) w lu,d-u 0 .
Here we axe using bhe Foct thak { u[uauﬁ = O (£ ulug-...)’) = Of /(..539()‘

x

Note Hat je}. a lhewsistic a.:gmem,f: Ftww-'s'h.(uﬁ the wadn bem vn a gun over primes
as above we ctan Su,l’sh'(:uiie du(\LO&n for fr - \n Yis case we ge}, PE P bealng
pproximately | Z e | Gy = Loglegx

S"W""l“"(‘ﬁ. & ":?_{’ \s fomx{mal‘dj n%( Gl, ‘e LOg'x_‘

pe

| Theoreanm L We lhane FE [“‘;")-' = C.(.oax + O(tl for some (>O.
Proof: we hawe “__#j-l B e-‘»’{aﬂ-vp) - efﬁrz;. cgpae) ) 'rlevce TI"{(-.) &p{ﬂ’ L+ L ( 2 +3Fx+ }}

P

Ncw’ Z(%pg + 'L;a-- ] s “""'3‘3"-"" and PE;[Z‘; 3;‘-"“- ,'5;&‘—_0 = O('%).
S % g (z',z ¥ —'*'-') = &'y O(I/xf

Frow Tlnevm.m 3 e hawe F‘ “ ug(ﬂgx + ¢ + Of /(.037:)
-1 + O '/ ul}
Hence ;il'(f-ﬁ'-] > exp § Leg logac + ew e O(‘/Long} - e o _('0‘37( - e P -

e €. agw, (1o O Wagald] = Clugse % 001, wits €%,

The o.naawucul’ ﬂt.qﬂ = E-r where ¥ @5 Euler's wnsfan.t) cwaf ¢ = Y+ ?Z(b‘ﬂ(' J"")
i CEY Logx
Exercse: Prove thol FT:(“F) ~ __'n"_ﬁ_ as x —> 0,

I is o simple deduclion Bom Thtoremd Hok ¢ Tlogns Lo ds €6 a Uwt L ar 2o
Cthen Lzl This follows Rowm E 5= T Mo de, i i establihed by parkial

; Summakion.

- This was  the ?asd:wu unbl 896 when Hodomaowd and de o Valled Poussin qu.ﬂ‘j
.frnued the Prme Number Theorem {:imk s, Wi~ /("‘3" as x—> N, The fm.:\F whilised

fre Ricmann Febo Pumction, Sls) = 75 | (abroduced by Riemann i 1861 Euler ad abredy
 studked the Runchion For  peal wvalues of s, bub it was Riemann who st Sﬂ:hmall'wwuj

: a’nues{n'qa,twl the fumckion For complex 3, and Hais inikated analybic number treony @5 we keow
it today. A elemekary’ prof of dhe Prime Nwmber Theorewm wor discovered by Erdds

. and gelbedg iwolepwc{uu&l«j n V9L% Tl«ow.bb\ (.ou.ea Soug‘wb, HYais  has lhad Ceg EwPer,t

| than  oviginally eavisaged ;| in  paskicdar, the eror beows obbaied by tae “elementony
method are weaker thanm e obtodnebl frowm Hie Ritwans Zekn Runchion.



§2. The Riemam Zeka Funchion

1 Pmakqh'c Cont‘inuaﬁm.

'ﬂne Rizmann Zela Funckion s old:-'ned for C.owtfl-ei’ awmbery sz oy (B with &>, by

\ i slogn
f(ﬂ"m R ™ ? wotte Leg rea/u This s o walid definiton smce (n’l

and to the serles wnuuch_x o.)ns«:(wl:dﬂ,(mnol wuieﬂd U.Mtcofml‘j Cor or>148>0. "
Riemann showed that Sls) can be Ouv\aj.ﬂ{:lfaﬂlj conkinued o the lLft of
the Une T=i. For Hals, we need the “saw-tootl’ FuncHon, delfined by £la) = [x] - *1
e ol osmd m R J We hase WOl 5§ for ally, ond Fixts I ) e
N l ’ is also bowunded, For allx.

; K >
| Further, FbJ) can be erprased as a simple Fowrier semes, flx) = Z E%‘?r_m:d

[

SN

| Now we S‘ﬁﬂw rak g(’] Coun be M:ul‘jlrlcaug conkinued to the féﬂloﬁ Q’)O Lﬂ
g{!) - Sf H’dd —‘--*\--‘i . w‘w x‘ﬂ= els”,ubx u\ne.re Lo._)x s real.

S-ﬂ \
(ire)legx

xi-ﬂl : e

i The (ﬂf:egra,[ Cony erges FUF 0’>0' and {ndeed MJ‘\-I:COU"IMH Cor Q’)S"O) since

To establish e e%ud:wn for 8(s) we ob:ewe Hm)’ ‘r Fwd"‘ Z 'r H:J"!" = ?:f ‘_-%—:—"fad
W ; nsy n
This iateﬁfai st [(s-uﬂ-' . ':_x?‘ N = - S-- ” A nﬂw J * a5 r:; *(n-:;;‘)

On  sumwing over omnd  wneting ik the series on  the rght ecomveme for 1, we

obtain Sl = T 3 (31) 95 rearrangunest

The tnbegral 7 B’ Y ouly for 030 buk n fack for vl and wafomly fo
f Fwd N [p[,a] +£s+uf F,‘,",’Ax aml o alibesdsy m:lrﬁdl

0">‘l-+s>"l/ for we have Sn
Fle) 15 bownded for all x.

£ e _—
Now, e T¢0  we have f e dx = s L ox * = otz

Thus, ‘SISJﬂJ ‘rfT'dex (~:<r<01.

.| The Funchionah Egquakien. '

o in [ 27mnad)
We hove the Fourier Sedier Fl)= £ 5= forallx.  On subskbubing tuh the

éxrreﬁsion above for Tls) (-1<o<e] and ml:e,rot\mgmg s‘qmmwhoﬂ aunel m(:cjmhm

1 y % unt [ )
: (o.s \‘:a Jusf:.ﬂed by | eg, dominated wnuugwcé) we 3@& 'gk} - 2 Z-— -r ET;STU A (-f(r(o)

| s [2-\11" D gl
| =& S f ; 2 ey w ”
- Now we have bre wntegeal, ,f ;;:? = =sia (F) 7 (-s) whence {3 L Sin (5F) (-11-s)). 'E i

On using 2 D)= a4t) with 7 =5, Hais 3{\;{5: X(s)= 25_ w2 séa {s?zr) A5l f(l-s), |~ s <o)
with ¢<0. Hence tae 2qu

| NOU-‘, t"‘e ffsu MC‘ bele oS reguiw F"f gz U"*rl,t
1‘(: S Hnu

| seves to gue the amalybe conkinuakion For S(s) to  Hne region  ws-l s
- vakid Hioughout tee compler plame. The eguakion canm be simplibied b_‘j AeRining
: L-:{J m. "'(%) X(s) and using f"(“' ‘)J/‘-' (35) = 2 sia (’-EJ-r‘“ s).
e get i) = E{(-s), which is He Functional (iu,o.»{'!fcn in teoms of v



Note Htiat one can alse take $(s)- s(s-1) (SJ and we agoun obfain Xt(s) = Yli-s),
Now, bﬂ Hae Oltﬁmi—wn of T[;)} we see Haal a(‘. is a rcgulcw Fu-nd‘l'on I:hm%wwt the c.omflu

. £
plane | except For o simple pele at sei wit cesidue | Hemce & has a simple pole ok s=1,
and So Y i aun MH{(’ Fl.uho&cn

So o amd ¥ ave sqmmebey oheuk the lUne 0=

' Pl -
| Nobke: te et the volue of f ‘s:? =1 e wuse = z'"“ { = s¢ d“j
— P 4 . 9 '
R A ) Tt "’"'9 RetS
MO‘ & B+ z = d‘j > fl‘;-JT“ A W” «Re o"-g’
¢ -2 R
and SLm[ﬂd“tﬁ Fﬂ‘ ’C‘f f—‘—f-'-d%. ¢ .
L e
Eﬂ |j—¢;rol:.|m's Lemma‘ the avc mteg.m.i is  oli) as R-*O‘i whenee I- -2 Irf ftJ‘" * f{_t.”s‘q OH}

7 =z 1 i -[:_-:;5? r‘["f) = —gsin [11;'_51' P[‘S)_

3» Tl«e Euler Pm cbud.‘

This establiches the basic conneckion bebween the teka-funchion anol e primes. Nowmely
‘S[SJ= Tr[l"'i)“ (v*)i] Te prove tais, et W be a !.cu‘ae Pofiln'ue \‘wtcger. Then

'P::‘l' = (f } # EM-SI where the sum s ever all ?osi’du f.nteﬁen m ivisible
by ewly fnmes fSM. Fu.r%&r} we have IEM “5\,“-5’ ""r—) O as N=>w» wheace vesult.

As an  wmmediate Consequence  we obtain 3(s) $0 for o> . "L\t; leads 4o the |Toasis ccues(-‘bn
of the ‘:ML'HW; of he zermes of Sls)

 From  the Funckional eq’ua):tbn, X(s) = ZS. oy r{m(;’SﬂP(l-S)T(l-S)l ond Yee seswlk S5 20 for o>
e see ek Sls) 30 for <0 evcpt ak the zewes of sin (357)  Heak is, @b 52 -2 -6 6.
| These are bermed the Eriviak tewe of 3(s). We have also S(0) $0 since Ss) has o pele

ek s=l with resdue || and Hais “camcels the geco of sin (7). There vemauns the guestion
of the reces of Sls) for Tl This region is called Hae wbical steip.  The fameus
"Riemann Hupothesis assects tuat the oaly Tews of Sls) obher Haw He brvial 2ewes all Le
on the e 'O’= Yo. This is umpioved bub it is Recwn bt ok least Hhe st seveal wallion

. Zeves of Sls) n bhe wribical s&n‘e e tndeed ULie en a='2 Blse by resulls of Sd—bﬂ’ej' Howoley

and othes |t is Raowa bl o "Pos{[;-iue Pm?wﬁon“ of Hhe zeives n the coyibical s(:q";.&ob‘e
on tae line 0:=Y2. However, thue best thak has been established as  reqards pew- bree
veglons s 3(5)$0 ke T > I- V1 llgt)s (oglogt)8}  (E2 k], [Vinagredow & Koretow, 145,
Se we lave: This impmuecl the basic cesult Going back te
Hodamesd aud de le Vallee ?ouxﬂ'n‘ fhat Sfs) 20
for  o>i- Yugitl  (E3t).

; [ ?cul':(culax‘ we lase:

.T\’\&.‘NCM §. §8)%0 on Bie Line o=l

L Tais i muﬂ\,\ Lo prove e prime number Hreorem.



Pecof of Thesrem 5: Lek 5= ryit, l<osZ, B‘j the Eulec YMJMG-‘.‘, we hewe
Lo% \S(S) = '% Laa “-‘;l,) = Z ‘E‘ ‘,J;‘ ?—m:' Md- since RQ Locj “st) = loaiS‘SJf " e ebta-ﬂﬂ

P m=

Log 1 S0s)l = ‘3??: "7 coslmblonp)

mzi

Now the deabity 3+ LeosD + cos29 = 2(\*(‘0:9]1 20 gives

3logiSie)] + b log | S{orait)l + LoglS(os 26)l 30, with O= Mttﬂgﬁ whance

|'S(r)\5. 1SCorwe)l® [Xler iyl 2V = (%)

Now, $is) ‘as a simple fob at s=1 and so (3(e)] <& (G'-IJ-', where the  (mplied
constant depends oaly on t. Further, S(s) s regular ab o+ 2it) and baus (S(r+r20e) =\,
Now, R Fosressed a zeo ot s=zi+lt, fhen ()l €€ (e=1). Thus gives, Frow (),
T-151  and Huus we obtain a coubradiction f o is taken sufficieably close (depencling on t)
e tue Line o =|.

L. Approximate Funchional Eguakion.

_l,,de shall P"Ne Hﬂak‘ in Mre crbica Sttﬂp (aol‘u.a.u;j for tr)o)’ we lowe
»

‘ ; -3
St)= 2 5+ ?j_— + O(wWiNT) -
This will suffice to prove the Prime Number Theorew, bt Huere are streager results. Vo parbicules,

V-5
(see luic, ?.2\), we have (s :ng nls + 35« 0(x") Wik o< cps2, *2 M/«n—’ andl

willh Hee comstant in the O-Ferm de?enda.'wg on @

The mest famows  Opprenimate Funchional equakion s due to Masdy and LitHeweed (1921) and

states 3612, 2%+ XI5 v O™ v 0677, for O£ ¢l , %y t>c>0, and
: S

; 2‘"’7:3 :l:’ where X (s) = 2’ L sia(i':n').i"(l-sj.

We now establish (%) 89 oLm'cUng the interval [I,N] inte unit inte~vals and ntegrating by
N X -5
{:a.rfj, we obtadn ; S-{. x‘f’i—’.‘,dw ¥ 3_1? 3= z = %‘ i !,'N"‘ andl so

NN

=1 -3 a1
-5(,)=n§ iR I L S{ x_‘;idn

Now 3N = O(NT), and ,{mx%’dx = Off ,f{r""&) . and 5= O], 5ot

3 Aes (reol estuo}iom follows.

5. Twe Loc\a,ﬁ{:‘um'c. Desivative.

o 3t it 2 AW

C Twis (g defined as dgsg{("‘j "S(S}) = 75-(3 . Now, for W”l' we lhave ‘\i—(‘—? e - '_“'T-, wlhere
Ala) i Hae von Mangeldt Funchion. We vecall duak ¥ix) =ﬂ§¢ Aln) . These equakons enable us
E" ?muci

| - abe o “SE) Y

Theorem 6 f Wi de = - [ g ey x#e, =Tk

There 15 @ wmore cireck comeclion between Wi amd the Riemam Tebo Funchion nanmely

. Cilm AL ‘ P

i) - -k o) %j di [neZe>i), ond this codd be used in place of Theorem 6
to establish  Mie Prime- Number Theorem, buk Hhae wasergence on the wight i weaker Hean

thal (v Thesrem 6, and  Hais 3iue§ addi Bonal ?wblems.



"
Proof_of Theorem 6: We shalk show F i) 5 doe Dirihlet Sedes 25 awd if s conveme
o C+'io ™
ety o 3050 k8 S e, o {S04er o L B (130 o0
To nae,& theorew 6 we take Y ls) :‘&)

m % tak a, = Alnl, b=t
We wneed tre Folbw.'.«g:

S+ S+
' x_ ds =
Lemma:  iq; cgp S5 $ = max (0,%-1) , (»o.
S+l
Proof: Consider twe inbegmlkﬁ".}_ 'fc iﬁ:‘, ds, shere C 05 e contour given by : a‘

C s e vight - hand  past of tre cicle contre O and vadius [c2pn? & %Sl "
amd  leFt-hand pack of b iF x>l bogebher with Une bom (N & caiN.

Cavchy's Theorem » T= wax (0, x-1). B
Now, the {*b'!gml over the Cirador Pa,l: it ab mest Z—LL)-_‘_T w both cases  and tais tends to O
as N2 w. This groves the Lemma

cad Cilm

40 ¢l 00 S+ »n
) ) Nis). % a, J‘ w(%/n) - ¥ _
! Bock te Theorem 6: The lemma gives T . Stz ds = nE ini . s(s+) ds = 'z; na,, max (o X ’J
—_— # ¢ =)

m
:ﬂg-.- e, . max (O x-n) =n§l5{hl -S(n—t]).ma.xforx-n’ -’05%‘1 5(n) 4 S{ENJJIX-D:J)’ and tHas lagk

expression s .g* S(du,  wiwida guves Theorem 6,

COur alm (s bo prove tae Prime Number Theorew, and for this we need an eshimate For S’m/‘ﬂs) Fov 2.
We row tais exists for o=l by Theorem S, and it is easy to vewby btrak the amgumedt there gives a
bound for S} Fow below of the form lLoﬁm}"‘ For some A>0. In Fock b i easy to get ['50’5)1»[%‘!”"‘
wiblh dhe constant absolube. Facther fom (¥ i §LL | we geb |S6)| &L logikl | and Fom Hus we
obbain 19001 & (logitt?  Wence we geb | 30l « (logltl)® oo o3 1.

The eshimate for V36 From (0 follows since  For T3 1= 5 , \waue

N L b= \
\E. .TL ‘ <& ng: oF ‘——---':'_ei << (-oa 15 , where = \ REIE —
' i2
Thew, Hhe eskhimake for ()] « (Lo lt-i]l follows From %'ts) = 1-_.\( 7 d%’ where € &5 Wie civcle
| 9 T 2

Cenkre @’ vodius '/(A:,H:I.

6 The Peime - Number Theorem

- e shald prove Haok wour ™~ x/(aoaw ag x>0, We ghhall establish  Hiis theoresm by e fol&auc,\g

(emma,

Lemma: (FL YlWdu ~ 3% @ xsn then o~ %Moy,

P'_""’i' We have Fix) increasing for x>0 amd so for ang WIO
1 Vdi- P dld < vo < f {J:”hwuu“ - veadd
Now F L Yo ~fa' we geby x-7h+ o] < Yl < x+ih + o(*),
Taking h=8x (§30) , wwe have ((-§)2 < You < (148)x for x sufRciently large | e Youjvx as x>,
Finally we lave Hi) = Wix) Logo + olx), Since:
Yoo €5 [“9%age] Ligp € Tologe, and Y2 g bopa L
This oiver Yl ~ w0 Lo an x—»m. e
Hemce Fomm YWl ~x  we lhove Tl'(:r}"x/(.ogx,

r‘(-*:gf ), ((,oq'x - ZLGCJLech){'IT(x) - x/’([,egg,_ﬂ}.



i

Now by the Llemma ok 5 it subfees o prove Ynak z?i“” 2ebds ~ -3u? as x4n_ (e>),

C-ln

{s) s
where §(Sj- i—l-;, ;;s_m . We use conbour t.nl:egmj:wn. Lek € be the conbtownr:

Heve, is o lamge fosi{-{ue number (Naw), T is ale chesen large.
Thea $6s)  Tas onbj a Finte number of Tewoer in amy bounded veqion (teue of
anyy oonalybic Fu.nchcw\,, se b<l can be chosen 5o thak l"}/'S(s) is vegular
within and ew C ucef[,— fr a g(mr(c PaLe ok s=l, with residue -1

Bg Ccmc.hco‘s Theorem | we have Haus = jc‘ & rds = —fx?

On kaking components of C and allowiug N to tend o ®, we see Hak (€ seffices o chow

tak {a &) ds = o (Y as x=n  where ¢' s the contour shown aboue.

Now, by §5 e have | Bllaitl «llog Tl fa/7)" For YT, wirence { , T)ds = olx¥

Cor T large enough, whese C' is e part of €' on Hee line =1, Ths F C" is  the remaining
raa_A: of €' [over indentabion) we gek 2"t !“ ?f’in: «{-L‘rxb"dk + Zf: x ' do f where the
implied  constant depends on Toand b, but wneb on x.

The expression in breces iss 2Tx% s Z(I—xb")/bax 0 an x>0, hence (f,,, Bisids = ofx?).

As a(.IEaJ...’ menbioned, Evdds and Selbany gowe a.vn”d.ameul‘.ﬂj rmoF“oF the Prime Number Theorem
in VA&, Tais depends o Selbers Formala, ¥llogx + Z Mot ¥(%n) = Lxloge + OG)
This it equivalent bo: Loga. L ogp + & Logplagp’ = Zuloge + OG)
To preve the fermule, one wes a doukle aﬁhu)aons of e Mébius resulk -
Fo logx + & AN F%) 2 T puld). GO%) | where GG =2 T F(*nlegy)
Gust with FOd= Y0 and secondly with Flo) = x-¥-l, _lrere ¥ = Eules’s constant.

7. Refinements to the Prime Numbes Theorem.

Grouass wnJeotuM in 8LQ Haak a gevod Gﬁ’rmcma-l‘ww o win) war 3"“"‘" by

T (%)

that G 2! @ x20.

Lily 35.[‘:09& , So

 On ntegeabing by parts, we have UG ool e ok B e ),... (1+ o)

and 5o the c.vwﬂ'ectm (s Haus mtﬁr?neledl geves more than the prme umb&' theorem:
(ﬂgmemui very geod: V385, Lagaris, Miller and @dlyzRe showed Tix) = 1,075, 20235, 753 150
when x= £x 10 and k)= 1,035,192, 318, ]

See also theﬂ\w,

- The C.onjlcctw( was poved by de la Vallée Poussion ia 1893, and in et he showed tat
T = W) + O(xe-‘ﬂ"’_";) , where ¢ and Une umpl«»aol consbank for O-term are  absolute

- Ereor teomn was impoved to O(zzxp(‘¢[ngxl%/fugbogu)vgy, by vfmgmol.ou andd  Keorokou

la VASE as & consequence o Hhelr tew-Free cegion for Is) | and s is the best cesulk
tv dake.

Hdw@Uj ¥ e Riemaun Rypothesis (RH.) is true dhen we hawe m(x)= Lilx) + O(x* Lﬂgx).

On numerical evidince it was toughk Hab T <UG) for all x. This woas disproved by
Litewoed in 19M,. He showed Hhat o= U+ S, (" “9“9”“3"/@,,‘) , whee



0E g(thlI [wod means  Fla)-glx) B wlx) and K-wid, fer an inbinite sequen e of values of x

tending to 00 whee  the unplied constants ave gesibive and akeoludle.

L Blewood ocigyinak F.,.,c iavolved twe cares, acco.-d;«“'q as RN U tre or not, and W view of the
wdivect chamdber (£ did neb  give an % suck that o> Ui For some 2<%, H.omeuu in 1955
SRewes succeeded o Caladading an %, namely w""mi laber bermed “Skewes mumber. Twis Was wow
beew (mpreved tv o single exponeshal, but shU we camnck give @ speackic x for wowich > Lo

Proofs of cefinements wa the prime- auwmbes thcnmm wvsloe an ephct  formuda for 1“’/‘5[ ), noaviely
Y65 » C- 5 ~ 3 ;,?:,’,',) Flie + 7], wheae o o Huough oll the termen i dhe ontical
sbetp | owd € i o constant, The "-teem can be erpressed as ;¥4 Z(s+z.. z..], and so

fefra'e‘d:! Hae cmtr{bal'(m of the trivial 2emes of $0sl.

8 The Riemann - von Mougs dt Formula,

\a Riemann's omimaJ wmemoly e cm_]ectured Wak NIT), {i«q number of zewes of S(s) (v e
cribical shrip suck that OCtET  sabisess N(T = Tleg (L) - 1 + OleyT),

This was \:mued by ven HM&sc{;U.‘: w1908,

Hardy loter showed Hat NOST | where No(T) s bhe number of 2ewes of 35l en the
Une =" | and Selbery @n?{wed this ¢ N. (T 5)’1'(»31') so tal a ?os({—n'ue ro?a.-{-fw of  the
Hoes of M) are on the warbical Une. The timrlid constank as been given as /3 by Lewison;
Cfor the record, see  Ribenbaum. "Bt least o Haiid of We wwer of S5) e on the onbical Une!

f '!(sl

For the ?;eo‘: of Hae Rt’emamn-don-ﬂmsold,{' Formuda e we NIT) = ?Ts_ where
! i b Cl

‘[Sl"' SfS-l}'ﬁ',i.s.r'[%ﬁ'S[Sj , whnese C 5 Hae conkewr shown ¢ l—T""_"l—}c_

Gﬁj Q%MMQ,th’ X{S}— }{l IJ (pl-wtd‘lbnbl %ua}:fov\] eundd \;“-s] = 'I{| g') w\,\“ce w'Ze ebtain

NI = #[E(‘ﬂd , wlhece f'f[S)J denctes the uwaviabion o the amrhl'uale of St} on e pork
CCof € Fem (29 w0 [, 0T), We geb [sts- "]c‘ = T [v“] : -2 Tlogr, [P 4= Tl -2 -3 +ol3),
36, = OllyT),

A G—i?fl»(aﬂ:m of the Riemann-von Mawngo[cu' formula we  ave:
L Fa ‘-‘;—c}:
U Vay-T, D faga foc an dabinle squence of valaes of o,

e ﬁ,+tX (n=t 2. ) dencke Hre emwes aF'S(SJ in ascending  order o ¥a
CThese ®ow From N )=n awd N(¥,) ~ 37 log T

as NP

ln receat baes, Hae Funchion NLouT)  hasn been wnbroduced. 1€ s defined a5 fhe number of
Zevees of 3sl, B4 ) wth >0 and 0<FLT. |F RH.s brue, Hnen Nle,T) 20 fr o>'h,
| The quasi- Riemana Wypcthesis aserts thak Nlo, 1) 20 for some o<l We have N(T)= NioT),
and 5o by the Riemann-von Mangoidt formula, we obbain Nla,T) < Tl T.

Lindle P has conjechued taak Slirit) «t® for amy €30, This would give Nio,T) « 'r”””, amel  Hais
s called the density \ngpobhesis,

C Madn cesubls here are due o ‘-nﬁ\uun Nla,T) « M

! ; 3
.(Loch] s with R =370, Huxley,



lng'ha.m establshed a ciceck comneckion woltn Hhe problem & eshmaking  the difference

bebiween  consewlive primes Na.melﬂ ,F e esthimate aboue thelds for Nie,T) | then

i- £ e . n+E s
P9 % 7 )+ Thas  Vnghams ceswll gave Pos— Pn < P , amd 3 har been ‘
{m?mued to % [Ruxkg) i

1"10 (Heati-Brown), Prior to  inghaw, Wohesel had given |~ 3360,
Weilbonn I- 5o Cludakos %

é’; Cleve Meblods.

). Evatosthenes.

e cbserved Hrak \'F one cle\-etﬂ' FV'OM Yue sot l,z,--,n F{rsta»; Muu-l'fllf o{ 2‘ Uo\.w ald
mulbiples & % and s on wp to VR thea apak fromn b ?rcobszl_y e rimes bebween Jn and

Lremacn. Tais cam  be exr'?resmo\ by e formula: Ta)- 1) +i > aip }Afﬂ["‘/d] where P—

" A
F Lﬂ‘:&' id. is : i = Z z = Z d Z = Lir /
in Fad i the "\Md O af (::;:“ M1 dllm,p) Mld} dlp )A( LT:I d“,z)"[d) [« d]

The above formulo camet be used Wowever qive @ non-brivial estimale For W(w), fer
iF ene reploces [l by Yd then one 3@!;:: ) - (SR H o= “dﬁﬂ Jald)fd + D!“z‘.;l)d(d“]

= e T h"’) * O[d(ﬂ” tohere AP) 2 # numbers da’ui&-&ng ?.

P )
Now, Tr [\—"‘i" N % gl | lin Fae»t: by Teorewm & in §l; we Pucw Hiak
M(‘r Qn
<

?sr
(- *') = Cfo“a\ﬂn +O£I|J {.A)hmce‘ e Gt berm on  the n}aM Wand side u % U-_g:

[pgin
The emor lterm i3 O(ZT“:') and  since 1;(&‘,.2&/&3“‘ Hus s of lw‘ju ocdes of

- wagncbude  than  the wad beom.

;Ho‘»mu b ene sieves oaly wp o llﬂsvx , e P- P‘L P Yhen the maun tem s
= O(%),

€ n/log(flog,m] € (1480 loglogn, and be evor temm it o2+
;’uMbﬂ lawge 0, Tla)- TG < ('+!)"/Loqw.3ﬂ,

 Heace we have for amy $20 and

: . geﬂagg

We shall siese the seb L, N Lek M be an cnbeger with 1€ MEN. ([ Evatosthenes, M2 IR,

Pk P= I[;‘ P- Let Cln) ve any Gw.d;x'w on Yre Qﬂtﬂml

Cin ve Gined version M= §log, N,
(1n Ecadosthenes Falznl. We wish o eskimek S,

- and tekisg wen -negakive w{:egor values.
the nuanber oF Fla) Usn"N)Ad)ws.Ux by a pame PEM. We lave

L = 2 ! znfdl%,.,;fm -d[}r-:/u(dlsfdj' where  Sld) & the aumber of Fln) divisible by ol

‘ [F(n!ﬂ =
1 S'eUaag obrmed aat F M) is any ceal Cunchion oith d(1) =1 3 e ov @y mteae; [
(dlw f\l"”, d'{j-ﬂ’di. Now we caun write [ZNdJJ (’fd) , where e(d)-‘dlﬁ AEP Ald,) Ald, )
d = lew {d¢,d?§ .

Here we are assuming thak RIP. .
fence we  have Z/ufdj "JF eld , and seo ‘“.g Atie e (d) = Z gl Sldl.

FThis s tee coux of SeLBerq‘s wpper bowndd sieve.




We Racw kuak iF F(n) 2 F(n,) (mod d) when nzn, (mod dl, aa wie shalk assume, then

CSld) G5 “abouk’ Nwid] | where Mld)d is e number of Fla) (V€ngd) divisible by o

(T when Bla) =8 we hove V() = V) Henee we puk Sl N9 R, whick gives
SENES(d)eld tdl{.‘lefd)ﬁfd”

Now, we can seleck the values oFf A [subjedt to All=1) 5o that the Rt sum is wminimel
~id,) vid,)
Smce w2 [ Mu.u:tfhcabve, we \ave 7: e(dl‘ldeJ diPz Ald,) Ald,) - m
Thus  bhe ?wbkm s essenbially that cP minmalising  a ctuadml-fc Form.
vl 2z ; T s Ald)widl

- We weter gin -dg,q("/cd/vw (e gtm:= vm',‘,‘: (i-¥Gi) ), cnd  W(3) ;:;P

Noting Ueat v7m = Z 9(d) g e get I eu}vra)-slz; g(s1h(8)

(e, we wave "cliagenalised the quadsakic fem)

By Mobius drveision, we Wave Ald)vld) = sp /ufs/ol] W(b) whenee the condition Al =

, ( . dis
gives [T ul8)his) =1 .

We now take hi§)=0 for §OM and W)= g5 57 fr §5H,

where R = SlPZ I/LJ(SJ.

55M

Wik these definbions, e have Slg q(%) hig)?: Vl/a’ and this sthe minimal volue. (Lnoleed whs s

185:',:' i (g0 W8 ~u19/@)" « Vg - we are “ cougleting the square )

Hemce we condude Unat S Mo 4 Z leRial.

it remates bo esbivabe We envor tewn. By bhe oleRinibion of p we have Z @ Rid) ¢ aﬂf VA, ) Ay (o) R(Td.d a.}|
and E{fdt,d,}} ¢ dd, vld)vd,) .

Hence, ,T | etdlRia)l € (Z LA @vial)’,

g - d
| 8k ,Z \d ACalvid)] ¢ md.,ﬁ, (o) €ap “alw < ME 0.
g d<M

dyp
dig

| Thus we  ohbain
| Ng « M (I Yl
| Theorew F: S € /@ * (m /g(de

3. Applicakions.

) Brua- Titchmarsh W\Equab.l:q We cecalk ok N is a ngc mbcae,( and VEMEN, F\,,,,J‘hu

e p?; g g SC S‘E’ 3“’ . T vm Tl" (1-vip) | Theorem T aseds Hrak S¢ Mg v fz /3(4;)
8M

CAssume M < W hee €30, qiven. We estimabe T(M+N) -T(M). The reullis a speciad
care of the Brun- Titchmansh (ne,i‘%ui:.j, We take Fla)= Men [(noke Hae Congruence condition
is -sabishied, and iadeed HYnis is so for aumy polynowal F). We have S22 T(Men) - V(M)

We weed an estimake for Q Fom below. We have Q= Ssi ,MI(SJ/g{S) _and Nld) =4
whence ﬂfﬂ)t Plw , the Euler tebienk funckion.,

Hence @ ‘ng"/«\ gince 1;;—&: ;’-II-'S— [-1‘,-+i,"'{+) , S0 @3> lg M. IE remains to estimake Z' /3l°U

Buk g(d= Pld) w thi example and so SIZI’ Vg(a) (Hﬂ?’ =T lrL ) and by Thegmg of

piM PLM p-
V‘Nl.?kt \ LA [["l)'r« Lﬂﬁ M. Heuee we coam concude that S € N +¢M={L¢5l‘1j1, [c>0)
Cpns o F L



' i- VE
T, provided trab NTECMGONTT e gok T(Men) < TIM) € (206) Mo,

i) Twwn prime  Conjeckure. This assects baak there are unFinibely many 0 such thak

:Pﬂﬂ—?\n =7 We df\d/u use Theorem + 4o %i\;g an  wppes bownd for e wuwhes of  busin
?e‘{mei i‘,gfl wi VSN'

|w£ Eﬂk;( )F{n’- nz(.ﬁ{-l) -11.‘!\{0‘\ \){P}s % , %(P): E —Il So 5"‘;-” = ‘!’ I J i aund
5 dim i

i - >n(M / * (qu /'M)' =5

. t-w.{{,@ d", /a(dj ‘Tr L1+ ‘.\(PJ) Tr [1e -z} {i-—) and by Theorem 3 Hhis gives

[
d\?;—: Jo €Ly M N 1
Thus, l:akw\g M= N . we fnd Uk the number of ()SN ol b P2 prime is &« /“.nch]
| Heace the seres ?‘f!' taken over all bwin primes p Conveges { cF: augfi d-#oazgmﬂ.
i{u;) Geldbock, Conjebure  This asserts Hub even inbeger (>2) 15 the sum of Ewe primes,
| The  Saume mgme.d: as w (ii) ahove a_??‘&ed to tre Bunekion Fla) = n(N=w) qives He
| estimake Nf({ggml for e wvuumber of primes p with N-p alse pame.

ET" some exbest, the Hueo.-j o be devolyed o give lowes bounds for qumln’h'cs analogous to 5.
| Plainly i one coud Fd non-brivial lower bowsds For S ibself on  cases G awd Ciy , Heis
éwcd—d amounk o a  solubien of bolh the bwin grime and Gold back  comjectwer. This  best results
;to dake dn Huls commeckon are due to Chen - Ting ~Run. He showed uak the q uation

i IN= pe B 5 soluble for sufficienkly large N, where ¢ (s @ pime, ond P, is a wumber
Lwith ok wmest Ewe prime fockors, A similas  result wolds w  coaneckion with the Ewin prime

| Cowjeckure, ramely 3 wbimkely many (p, P).  Bedore Chen | Reangi had obtained ZN=p e
;w\f\&re P‘,. is o wumber wida alb wost ¢ prime Fackore [v29 and =3 followed Fom cesulls
Cen the lage siewe,

| Ale, Mnere is o famous resulk of Vinogredoo assebing Hak evem subfioiently lasge odd
u\kequ N sakishies N=pip +p  with f; prime The prock is an applicabion € the Hovdy-

! Lidlewced mekaod 1n gddibive wumber Weory,

| b, The Lame S(eve.

L Thes was wbieduced by bianich ia 196l and developed by Reanyi subsequently, The wiequalities

_ ohl:amed by Reamyl werqiven w optimal Form by Rothh n 136l He proved:

”The,ofem 8: Let A dencte o sek of M%uc bekween \ and N (aclusive. Thea For auy
posibive wnbeger & we hawe: = rE, (2lap- ) « (@4N)T, were 2(a,p)

desotes the wumber of tntegess in B whicdh ave congruent o a wed g

T\Ms Sf\;\ue of ideas was q.ﬂ':lhed b‘j AT \)muamdlpv la Affeienk one.. )a.mo’ E. Bombierl
I n 1965 to show thak the Riemann HjPou;\ens s Beuk ta G auerege swn . he basie

| resalt \aere s

;'“ﬂeot&h\ q: L&l’ Y("J'GICL} '-"ng A("l Thean COf any n>ol'-3 R0 sucl Haak

ns dmedi%

o _ Y % A
i - o e |Wlggan) = Yyl 2 Yt
B

lhg; )



-cl JJ.".
The  prock of the prime Aumber thecrem awd ts vebinements gives: Y(xja,q) = ‘WM « Olae™" ),

for Pixed a,q | and ndeed Siegel- Walkiz groved tuat s Wolds wniforuly For ¢ € (log il
A Hee  generalised Riemann Hypobnests helds | then Y(x; a,q) > YPra) + Olx"logx).

C Thus Theoresm 9 estabiishes Hais Cow)eckuse W an averege sense.

 The Siegel- Walligs cojeckure depands on the theory of L-funchons ovigimaked by Diricklet
be  last cenkiry Me  preved thal there exist  wafinitely wany prime cn He airitmetical

 pregeession  a, asq,, as lg,. , lagi=1. He catrodurced chasackess Xin) such et X = X(n)
!  onzn med 9 and ni xXin) = ‘Prtt,) if A=%s, =0 F X 'xa, and E A(n) = f‘?(t} W oaz) wwodq
(ng)e) O Fat mudy

' ]
e U fliaabon fe defuadva Lig®is £ 5F
X, s Yhe prneipal ockasacker: Xolw) = 5 L (ngq)s!

o c'Kaeerise.

go L{T"kp)"‘ ‘S‘_S)Tr“‘f—!).
} . F'%

- The Hheory of  L-funchious wan been developed vn an andogous way 4o the theovy of
! the Qiewmann Teba Runchion.




