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Part 3 Algebraic Topology Problem Sheet 1

1. Prove that being homotopic is an equivalence relation on the set of maps from one
space to another. Hint: in proving transitivity - and in very many similar situations -
it helps to observe: if a space X is the union of a finite number of closed subsets X;
then a map f : X — Y is continuous if its restriction to each X; is continuous.

2. The circle S! can be defined as a subset of R? or as a quotient space of the interval
[0,1]. Prove that the spaces so defined are homeomorphic. Hint: in many questions of
this kind one can use the theorem that a continuous bijection from a compact space
to a Hausdorff space has a continuous inverse.

3. Prove that S® A S™ = gntm,

Show thet )
4. (a) De-thesamefer the following three definitions of the real projective space P];‘lue g‘bmwte»b‘-

(i) {z eR™: ||z]|| =1}/ ~, where z ~ 2’ iff z = 2’
(i) {z e R™: z # 0}/ ~, where z ~ z' iff z = Az’ with A € R.
(iii) n x n real symmetric matrices A of rank 1 such that A% = A.

(b) The Grassmannian GriR" is the set of k dimensional vector subspaces of R".
What are the three corresponding definitions of its topology, and why are they
equivalent?

5. If x and y are points of a space X, define  ~ y if there is a path in X from z to y.
Prove that this defines an equivalence relation on z.
If X is a manifold with boundary and corners, prove that X is path-connected if and
only if it is connected.

6. If X is a path-connected space, and zo,z;,z2 € X, prove that 7(X,z3) = 0 if and
only if any two paths from zq to z; are homotopic through paths from zo to z;.

7. A space X is the union of two simply connected open subsets U and V. Prove that X
is simply connected if U NV is path-connected. Deduce that S™ is simply connected
ifn>1. s

8. If X and Y are two spaces, the compact-open topology on the set Map(X;Y) of
continuous maps from X to Y is the coarsest topology such that

Mgy ={f € Map(X;Y): f(K) CU}

is open for every compact subset K of X and open subset U of Y.

If X is compact, and Y is a metric space, prove that the metric d defined by

d(f,9) = g (d(f(z),9(z))

defines the compact-open topology on Map(X;Y).



9.

10.

j

If X is a compact space, prove that
Map(Z x X;Y) = Map(Z;Map(X;Y))

as a set. (Here Map(X;Y’) has the compact-open topology).

Prove that a space is simply connected if and only if the space £LX = Map(S?; X) is
connected.

If X is a space with a base-point, prove that the composition map QX x QX — QX
is associative up to homotopy.

The one-point compactification of a space X is the space Xt = X U {co} whose open
subsets are the open subsets of X and the sets of the form VU {oo}, where X —V is a
compact closed subset of X. Check that this defines a topology on X+, and that X+
1s compact.

Prove that the one-point compactification of R™ is homeomorphic to the standard
sphere S™. Hint: use stereographic projection.

Regarding the one-point compactification as a space with base-point co, prove that
X+ pa¥* = (X x ¥)¥
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