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Mowey heorews in wals owe essewkially topological . For evauwple:
Lnkey mecliote Velue Theortm: “_Dﬂ - consiolers copnecked wnlemvals,

*"*QA, f: ¢>a. Consicler  dae

Fuvdomenkal Theorem of Aacbm: fl2)= 2" ra2”

wiv\ou-&ﬁ v ber ¢ @ Quuj closed pail\ ta €103 “winds' o aumber
of times abouk O, A»uj cowhauwous deformation

of e pathh Mon  Hhe same  winding nuwmber
R >hal s slaal, ond ¥: [0 €- 163 wa=¥0), ¥(9) = gt

Take
Thes s Wuﬁ-do\ Awm ber n, Lek YR[QJ‘ “ z,,,g+ a, ﬁ" nilpal® i 01
awol .Xﬂ(s (8) = gn 2wind . S (Q‘ Ra W iUy ) . \)M‘alﬁg < gives a

deformakion  frowm Vo [winding awmbes 21) Lo ¥ lwinding aum ber =u) - %

D™s losed waik ball in R” = §¥cR™ it

Rroumer Fixed Poik Theocem: F- ‘D“—”.D“’
£ |KH— {ojj

Then €(¥)=F for some 5. Suppose wob, aud consider q: S
g(3)= f($)-%. Lek q.88)= €(RY)-RY, osRrsl.
Take wmap $ V> SEYI-F ISz, Obkain o siwlar conabwdickon.

ma-f‘ fo, p."x"y axe M}_@_ W 3 conkinuous map F: Xx[01]>Y Such thak
Flxo)= &), Fxa)= € (x). Oftken weilk Flxt)s f ().

| Winouu.% aum bee,
Su-?pose we have o Clesed pabs Ia @-3ef, olelined by

(x(9 yi8), o=<D<]

(i) o 9@t -9 500 = "
Define the W inding wamber aa: o 2 x (O + (9 \A? ;i i‘v_rd(P
2nd 2
W Diow @ half-line Fowm © to n, aud couwnk Hhe cwrossings,
. tekig e  sigus o accounb. (Aveid towmgeuk paiuks)_
Here Hae lLine woses Ewice 9iving winding wnumber Z.
; gtﬂ Pml@oﬁmj owko €' , we q)-@t‘ F: <y , omd com
cownk dhe wuwmbe, of peoinks  {n £ o), £'ty,) - @ chLim..u’

{«LLcaM - valued Mop.

Thee is o Aiffecence bekween algebraic Copology amd point-sebt topolony,

| For -e‘xa,mfl.e, C«onsdder kR eleckrons woving ta e p lome . We  cowld N.Pv-aewt
them R x- klﬂl'é Rn_ Bk eleckrows camnot Occupy Yoo  same ‘acmlr so
we  use Cg,(ﬂ?i) { diatinct evdered R-tudes n R 'Y = g -1 Gk ollagenadl. ¢ k"
As H«e-j ave mo’us{zngwsb\o.&u coudd hawe Cy (RY = 1 wnordleredd ddstinct R- f:ufh?s} Chmt)
For k=27, Huis is esseab “’uﬁ weele, by tdeuitcj (nq Owdﬂ.‘?oclﬂ/{ poiats of €.
For R=3 € {5 wore complicaked. la puc):, Gy = R x ( complement of treforl knot]



Cads(,zl-&r' e Space OF Ew; b \213. \ole“;h(ﬁ eaob\ l‘tﬂe will, Hhe Une

Hﬂrﬂuﬂ\o\ e Ovl":fﬁfu\ ?cu'aj&ld {-0 l‘b. We g-ek SUM:} - g‘- \V\ Fao&’ fu.usj“é Mobius band
"\)R- = \-imeasional vecter subspaces of R = ﬂ?ﬂ-'u "' = (R"-101) /v»«u\\', At0,

read wxw Sfjmm(’/trﬁc wmakeix of rankl with krece | el
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TFS

R T 0, olise <R, with opposite poinks of S'c ¥ idewtified.
Deline the GESSMQ!ﬂ!'gﬂ’Grh([EnJ of R-dlimensional vedos suhquw of IR“.

Sd’ GT" {R'A) . P'\-p

Soz - {2,,3 veal wiakpicoe A ol i det A = +| flq = 1? '*'?as{l—{ws of F{Ja&of Hg.‘al h‘d«j
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AU Hese Spaces axe mancloles. A wanifold s a {-cfo(,ajccal Space L,oca.uﬂ

| Wowmeomoipwie to R for some w. @—) T <R

A manbid N bown s & space LCCO.M»_) \&,omeomw-fblk«fc

to RY = J(x, , %) eR": n.%0% : | @

A g&HA o space X & o conkinuous mop %: 000 >%. ks “eads’ are Yol ¥0i).
\F ¥ it a path frem Xoto %, ,omd ¥, a path Fewm x te %, , defie
¥, %Y, to be te path fom o, to 7, by (7, %7%) (0 = 5;;:::’,)"::?;,:?3
b an eq{uiuaiwee relotion on paths, ¥, v %, \F they have Hie same

ends ond o' howetopic Léaxmﬂ the enols Ctxfd.

~ is compakible with con catenation %}

Sa{ % is  defned on eq,wwwl&du classes, aumdk it s  associakve. That iy

Yy ¥ (B x%) ~ (F3x¥,)x7,.

Fer auny xeX, there s a coustaut path ak x, 1ot [20] 29X, widh Trd=Larsy
Giuea 8, a path fom 2o te %, define T, a path Fowm 24 to %o, by ¥ (W= FU-Y
Uear : T ¥y, ¥e¥™> 4,

\F we G« s €X @ bg@g-go{,t’ Hien potlas beﬂ_jlrﬁn;d.g ool -cuoh'.cﬂ at %,
Foxme aroup (X, x) | he EMMMM of X ot %,

i Exmg{g‘ T, (Ch“glj xo) 2 ”Bmud Qroup o k- SE'E“?S“ *h‘me

T\»is e be' amuaied b/ g * RS
X JX T el X

e ® = eleael, €, e;-86¢, eke.
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We bhave a s?acex, with  sowme base-Po-id: e X, W, (X x) — fundlapmental oyroup.

L e Moy deGne T (% 2} = \I\OM{'vftj classes of maps P 5w % st Penk CP(’J“‘%
Cwhere s, 15 a clesea  base-peink in 87

. 3?

52 i suue?l: duk \):j & sevas ofF eavcles, formed by e
wilspsichiog. of € ot a Nt&/{"l\ﬂ P[a,ue ":{/H‘Ouﬁ\n hu-e _,Po{..,l-
popamdicdar to e page. A ‘pakhn s dhe space of Loops .

i For a space X worHa base-poi.d; X alec-‘ae Hee

ua“d LQOP' J'Pﬂ-(.'e ._RX - l“'lap LS"' XJ,
tl’l‘e SPG_CZ 0‘ ba-ﬂe = P ":"'t Prﬁs‘w;.}lﬁ Mﬂfns S‘ > }(

~
Map (X;¥), X coupack Y mebeic. VB we \ave €q: XY, Wave wetric Alfg)z of AR o0)

wEX

g{mcg SuPd i wot V\ZCESIMLLj <™, cousioles
of the Soume space.

+ A K compact, ¢X, W opeu, €. Cousioles §E:X2Y: Pli) cuf Ths s
O?Qm..

a oompqc,t subset

We Can  consioler ?“4Nla1a()(_;‘lj, owd Hais s ERXV . wWe  wand
Moo (2; Map (X;v)) = Mep (ZxX ;%) | F X is compact ;| aa sebs. b s bre as spaces
F X owd Z ave compack.

Defintion: T, (X; %) = T (X @), whee w, € J2X
'\Tk()(', Ho) = Ty, (RX; wo).
of JIPX = TIARX]
With Huis notabion, T, (X, x] = TL(2X).

s Hae conmsbonk Loor ak x.
= TF(JZ ﬂ.x wo) = sek of connecked {f-ompom.d:s

TL\QOJ‘{M-’ ‘“-k(x; )(‘,) 1 a,be/t,‘.o,n lF hB‘

‘PTGOF: A wap E:x=Y such Haak Flxo) =y, wouws a L\ouomw‘:l’dsm C*:‘\T:fk,ij“‘m(‘/.g,}.

T (XY, %oxa,) ¥ T, (X, x) x. T, (Y.g,), @s greps

(ﬂﬂa:d-&r F: JleJl)(—a./lX !F V) x, ¥ - +his is cenbiavous.

So we hone a howomorplism T (X x X)) = TLIAX), i<, T (AX) x T, (02X) =T, (R x).
Finally, (¥, wo) =% = € (w., X), because Y compesite X AX xAX=> 2X
A > (¥, we) > THuwo, it homotopic to e deabiby NX—> 2 x.

Now, W T s =& Aroup  amadl 3 Womomorphism TxT-=>X where (X 1) =Y aud

(LY) DY, Yen de wop is mulbiplication and the umage s abelian,

P W fee)= -W(.Q x) = \anbpaj clases of waps S Fo X, Recald Huak

Moy (X, 7) F Map (X; Map (Y;2)) 2o spates, € XY awe compact.

Now, Map, [X; Map, (1;2)) = Nog, (Xa¥; 2, where for two spaces X7 with base-peinks
| Mo, Y, XAY- 110{-»&.«)6 space of XxYy w\mo‘n iheatifies Hae Sq.bsPQc.e (’fax‘f) (X ) ~{-_o

one pomJ: ‘ . A iz oflen called “smash @raobucl,
[__.._x © laxes <Wrumk b one base point



Sa Mapo (S‘,\Sr)- X] = AN w = Mafo fSlj- .Mo,?a (S')-x])_
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Lewma ! SPA 31 =19

Whaet s W (sM?

W R<n M TR(s%) s tevial. 6 R=wn, thew T, (") 2 Z - winding num ber.
\E r>n, Heen TR(s%) finte, exapt for T, (3% whew w s even.

ga, for n wen, Wy, (") —> Z wia e Hopf myariamk ;| a Womecmorphism, aud
T, (M2 T @Eamte).

We  can wap Te(s" = T (8™, via suspewion, amd Hais is an  isomorplaism
W R<2n-I.

Taiwm (87 = (gelie group To) @ (\thun,’ for wom.  The powes of the prwe
P ';V\ ‘uAe GI&DJ‘UQ th \5 duwlw \)‘O @ %-;Trwll;-/:f-t\ s~
P go f o PP

\G mal = Y‘ [?’P"Z)l M o.raL&/ ’\aa,p Pa-'.
R@b.urv\ 4o R<n.

Nowee Haak S"-(point) 2 RY o copkrackible, (o, the dewkiby amap s Wowotopic
4o a Constouk Map.

S? = bawolmr‘j aF a i‘ekmjae&ww ,. CQM S’wl')otnoo(.e ea.e}n M(e w!t-d
Smaller brangles , angt  do 5o surtdscve»bg kil Hhe splee 0 eff  covered
b‘j ML;":\M.«-:LQ emall '!Srl.'aMﬂu,lM Pt{cés.

We Wil eousider 8T " , n>2.

Lemma: ¢ & 6 X5 and Al £) <w ol F =F,

Lemma: Given €: §'2 8" any conbimuous wop, we cam find o triamqulation of g!

Suckh ok F(a.nv ‘bnbwa.z) has dameker <772

?J‘qu Uses '-H.te Lebesgue C""“‘*ﬂ e ¢ M ;U«} s ang cpen covevivg of a
Compack(!?pm X Haew 3 $%0 suck Hak  any subset of X oF iau <€
is C Some Uy,

Gaven  suchk a wmap  amd ‘l:r-.n.ujulniw define wew wap £: 5> 5" sucl Yk
F:F on e verbices awd F is Unear on <ach odge, owd eoch triouale.
Buk s wot surjeckive | becawse b5 umage s cowkaned in a Fncte union

of oecdleaic triangles . So F cousbant S0 Ti(sY b trvial. (u>2).



Now Consider €: "= s™. Take

such ok Fv‘ &'

S OER TN
ﬁo.u Wied  Ow,
a base-peoint.

M& a ba.d-e-ro._’.d:_
= C'lﬁ"(u) for sowme Mg\nhow\wwl W ef p. The. £~ ¢,

€ s wually wmor  owemed B cousider " 2 R"viwi,

Suﬂmse c" ﬂ‘! S"‘_;,, Sv\’

with w0 aa

‘ Deforwn £ do 0 wap wiiich s Unear In de  weighbawbood of o fute

Stepl:
awmhes of poinbs b Bl ?,,.E = c_'[l’)-

Stee2: AB e GLAIR) ¢an  be foined

| S A

Cace wore (fom Hue -{:op."} C (8",
Tﬁh? e s cvns(er n=2. Sz =
TF dae

Eackh clisc is classified + o —.

i€ =, ™Mo by teouslakion followed b;j a veflection,
lanion af dizes) —» DF =352,

We wow lowe !
eveny taivg else L w

~wno other

Su.fpose wé L‘awe:

Trkfs k<

OO

Define @ homolopy, 5? - &% ’F

‘Trn (X' Xg) & \.AJG \AMG

; Co.ugos(h‘cm law @
- thew  as ymaps £:e D™ n X
| Now cheose two dusjoint balls
So F xR

e e pg{

b‘j -3 Pa.)an

oF [_;'o,}

Cau be Oleromed S .

R”o {oo},

dascs..

two

suchh Haak € (S™Y) ==,
Dt“] D';\ C ‘Rm . DGC'\'J\Q l‘pl » Fz) (’f‘ = 1 F;,:{IJ l“ xX& DT

Y or

tn G’va [‘RJ \‘ gtrgm A&En ¥ 3{%\!\6‘&{'@.

R?
ule
Dy —sp 2N ste 0%

Fincle aumber “
ok dus yoiat d:sr: :;‘;id‘::ié

(s, wap (£ do D7 by tromslakion.

=) 2 . r

L‘.x‘:ﬁud = R viwt = S » b«.g Mo.fpia.g

Deloru Hais Likle vecyoun, \'nj ?“‘5\"‘“‘% e two
duiscs  together.

h - AR
; “;tph{ol(’
il (kem 35 :‘_{ l.i
3 1

ECD.' Sc-..lfut el N= o>
dize [inside JCv{nmg{g;] - 01"’ Si,
Ggs €, 6 "X (wma). Think of
I € ix) F xe B

obherwise

RY°vint =X, (o ).

gwaﬂ;{uj e Mser  Corvesponds
© abtion nakuse of omslopy guonps T w32

Comnst swop (ar ——t—tA—



Né“bl‘u
iF we wap a Mobius baud oa = a cidder | ?[?
The  pre-Guaqe of @ swall iwkerval Looks Uke Mk
inkesualk Proah;.c): e ik mabesval, d o

| COV\SCGlQr 8; (sz L 61 Uzlj ?_’ ( {'Jf,rx;j) = Ri" gx‘f xl}.
B { any tue ?oaw{s} L 'EI'Eamj other 2 peinki] , alMaougl ,‘:: aud \"-j*' e
O\Shw(.j digtiack wa-‘x

Definition: A Loc% Jt‘riv(gl Qbmﬁgn s map o Yo X swucln daat for eachh sreXx
™
3 a nedgn boww koed Wk x X suhn Mok p"'(UJ = Uyp'l, by a

\Aowepm.owfusw Woosuch Haak \'\(p"(gn Fat iqi XP—((”)' - (%)
The Speces p"(‘!] ove colled Hae Ebre:, W s Hue bage, Y s the tetal

E &a_ce. & L] -1 -1 \{' —ca ‘{1
(8 € W is “Fbe-presening <> (o' xl) € pf' 0 Y. A

?Exagggw(ulfh(ﬂ“] s 6,,, {w™ ¢ wmek,  Lohere p s ’{:Wa&u;,g the last R-w poiuwks.
() pr =St X =5 - Mopf map'  Tuink of $¥ os the unit sphee & £ as
6050#}. the Ricmann SP\nu-e. Define p(2,22) = I'/;z e Cuiwf.
So, p"cm)=‘a;cu, (A = (2,%) where 2243, so ReInel D ((+ia?) 120" =

= l!z\ = 4-———"'"“1 i

| 3
| Alkemakively for (b),  cousider: $T2 Rulnt  —— ST 2 R%fuf

7'l

dﬁ;‘:l Twis  Can be %eunm‘n.stcl do ST 5%

g
i | be Wi vy %uqkﬂrﬁiom‘ O LAY s,
i vio Cayley awwbers o ecterwions.

-

Exampls 1 () S“—' = ‘Pﬁ{ ; [“w’(: veckox ia 1‘2“] L ("%W lR“J. PMI (F"QAH N U:wG Po{w'is)-
| Delinikion: IF e Fdres are discrebe o locally trivial Gibrakiow (s called @ couenng space
n- i
\f we lave $V — Pe , ecaclh Fbre = (2 poinks).

§* e — R, eadn FRbre 2 (wicle).
| ¢ s P = Cuing

. Cousides Hhe Stiefel wamibeld Vy (R") = § (v, vy € (RM" ¢+ <ve, > = 845}

| Wt VIR R, GIERY 2 G

Debine p: Vi (IRY ~ Ve, (RY) by forg ebhing' ve.  Back fbre 7 (v, Vo) is o wait
sphere ek o rR“ S [Rv, 4+ + Rypy) .

Theve is alse @ wap - Vp (R = G (RY LMere plv, ., vi) = subspace spauned

blj Ny \JR

R



Take &, a

closed subgjroup of GLa(R) , some w ouwd tabe H o closed Su—\ujmu.f)
of G, “M = space of ft cosels q¥= q’wi:(w space  of G.  Thew, dhe wop
Pt G = G/H‘ 9> g H , IS a Laca,ua_o) {?r:?via.i Covabion widh fbres = H.

o b
- Exampler G+ 5 e quakemions = SU; = {(-E x )¢ it =1,
W= S‘ & wal b C.DWFW o bevs = { :noq"}‘?a, :l}.
X o swmeoth wanifeld, ¥ = TX = all  towqewk veckors o X.
By, X= 5™, Tx= [(Ya): Yes™, yeR", <%,1>=0f.
lum'é bowgent vedtors to ) = e ().

P - X

Counscder Map  pi Ve (IR — Vi (R"). Prove Hus s lwally teiviad.

Take (v, ve-) € V. Wake ¥ =(v,, v ). Lek €= Fbee ot ¥y = 2N Deli.

e bl fuyo gy Suck ok Bu, 4~ RBupa) dostt meek F.

Defme Fx U= Ve (R") p (Y, (wy,.., We)) =2 Grom- Schwidt  Otronormalisedion of l“"f, ,wh«,il

Cousider Heopf weyp, P Y fecY =5 % (= Cuing) , () - L
F"I(C)t.: Ewll (%é‘ ,e_rf) e (1, e"g) , whee vz vt
¢ [s*103) = ($%-1e}) xs', (f__:: , ,1__-.‘?_{.-9} > (3,7, Whee p= Ve w7,

A section of the bundle s a map S0 X7 [ —

such Haak
s{x) € Gbre er, 1.-(?’ pe=s= .‘olx,

where P Y- X.

7
P S == 8%, \F we have a sec)l{ou, we  lhawe & wep gt 57 = 51,
bu_k st = e is \A—ow@?t'c & a C,ousw 2 d 2 * cousbt — B,

Lo of s for o Bbeakion,

Trg (X« F) = Trk(*)" Trh[ﬂ Have & Y- x, assuwme Y, X PaJ“A— C.au.m-eolted
P incdluces a4 L\Omow.r‘:wsw Pe ! ‘IT‘!CYJ hd Tr’; (x/) .

Take o, €X, ye plle) =F {: Fea? lnduews g \MMMWSWQ-TW“{F} = T, lv).

CMM[A_.) p*.&'ﬂ <9, \n M, Yue Sequewnce (ﬂvu—‘?Zl) Tr!(F) -13'“—5(\’) ﬁ-"\'rk{k) is
m, (e iwmage () = Recnel (9 ).

1F e Dbundhe Y= XxF, He ©O— 'I\'h[F}“—J_;’H;Wh(v)snmpd—ao (s exack

Theopewm: 3 a \MMMwP"w{sm J: Trk[i)‘—?’ T{_lfF)‘) for all R2I
| Sequence = 3 TulF) = T () Tu(x) <> T, (F)> -

is evack.

suchh Hhak Hee
= T 43 T cel = T,(Y),

‘ 2
CExample: pr = ST F IS We lawer T(s) o Ti(s) > Wish) >,

(s') = -
'A-“'A, Trt[rlj =0 ;'f h)l, $0 *Z EYd o

so Hais s anm tsoneplrism,



Homat‘ogﬂ Lim'hua PWM»{-’ gu—f'?vse we Wav e qg.«'nrp ¢ 9. s suchh Haak
= + “
T —X

9. f s a UC& OF Fp, ( (HL be‘?{,wbjk',’

H.i. Theorem : € SFJ is e \momlrvwg Ft—' 22X, aud we Wwawe o UFE 9,

elLs

of €. Thes 3 hewe topy §9:f: 237 suckh Haak ?‘%’Ff'

Delintion of 3t Mplx)> T, (F): Represenk an  chement of Melx) by a
wap L I " Think &6 € a3 = PaJH» n e space of Maps g =X, ie, ar &
Wowe topy Fisttox, £ &5 coustant at xo; teke g, cowstaumt ak y,.
Chocse @, such Mk pog, = f . Cousider g: S*' = o7 [Flsk)) = pltx) =F.
So 9, refr{su.b o  Aement W I(E (a Ty, (F).

To prove fuak e class of 9 in T, (Y s well-defined, use “ relahve Wo

Y Glses o mestepy T B R amdt o B F G de g B,
avd a WFE of (fl1Z): 2. =X For some dosed Z,¢Z o by Zo Y Suda daak
Wo= 9.l2o, we cam UFE fe to g 227 suclh Mk b= gl

v/ %5, < ' . p i
o Sh"x[d.u]a{q.)/ \f C:Pfore we  have bwe &Clh .,?'” g, of F :ST —=x
j ¥ usider  Mae  Mowmotopy for S¥'xloi] = X | where
i / JF b (29 “h6). Thew g, amd G togebher o o LFE
s g"",{a,q&_’?:* & of E«: [ s« So,5 < s* xlo 01,

Lek 6&: Sh"x[ql]—) Y be o Ut 0&%9‘4\'%{‘ A oun ol ;J‘\;'
Then 9 i a wap $'x [T =Y and & a \ometopy between 9 aud 3 .
Alse, P'%a = é‘\‘g Constaunk wmap to 26, So fa: gEar, {e,) = F= o'(x).

W€ S\AQM que Haak J < o \a,ouomarp\aésm oF ﬁmw?s guut‘ Fft’st cousicles
the  evacbnes  of M (F) — T () — i (x). l ? ' Sg\nue-—)c\“uc \m Wit L‘.omkdpvg.

;sv\-\n.?‘)ed Eu')(o’ ]
So e C ker f

So \Wawe exacknes okt Telv), 7 ?@’
Now Counsider —IThH(X) 3‘5 T,l(F) — T, ly j@ e I\'wwlﬂpﬁ [ Comn o bud
: FVQ\M )( \4? g !'Wr.-"f.
" S T B«
And ok Tulvl= (x>, (F) erteud \Mowotrpy
‘% } M so gudl -poiuls
Gt o Hae Fn't)vc
—— 5o ctawmd sBU ik
poiak EX
At e cud of e sequeuce, howe: Ti{4goj> T, (X, x.) — To (F2¢Gei) — Tv) — F‘ufkb:-;m&-

-ﬂﬂe fSojtTv,?ﬂ Oroup of Hte action ol Trl (X, %/ oa Tu(8 a.l“u)ue T.(F) s 'Hx{ {wa&'}f oCTﬁ{l{{aa) fa T, (% Xa).
The growp T, (X, x0) ocks on Hie seb TL(F) amd the orbit space s the subset of
To 0¥ whvchh it (P (componenk codiining ).

F
IE A FNHA ak Wy T fnduces a Pwu\ " Vf Sbl-v‘('tf\ﬁ amd -Euauu.ﬁ tw Hae Cl"vre F,
= ok, by akeve Hee cud points Lie in the same Cowpongnl of the Gbre



| Egg_@‘ﬂ\e;: Consider P s fﬂ;. Fibres howe twe poiaks. T, (%) =0 F >l
Sc)/ T, [S"') —91(?""] - T.(F) = poink. , 0 T ™) 5 @ gueup with

two e/‘-ﬂweuh Coun g\mm\? (et
t « ?D o go .

| U.)\Jut) ig a' Trﬂ [X) — ‘\Tk_' (F a \AmoMo,pPh,\'SM ? Ta'\ze kR=2. Stavt wolh two waaps

| EO,I]X [0,1') - X ta-ht'ag bowalwg, to %, M"”( “Add’ WBPs ¢ 5’3 5

E

m (ry edq‘e) = c)(com?asikej.
27, ofles U(:(«-.g.

- oA elst = x, .
repreceuks (st mogp)

CQM dfaJNw Hais Lo

Giver S= 30, nf , com defire a simpley ou §, Ag cR™ aa ko, A.): Ai20, T4 =if,
Take ocS geb Ae ¢ b,

"

Tor a 3'\]69\ swPLo_y we  woaky suldividde [ ke @ wwen of swalles
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(Ths s Ol) is  algebreu (j&oheztnj)A A womogqemeous polynowial of degyreed
wx B B oo dedien of e bl wilh Bhe O

[L*)@’d_

Oviguted n-dimemsionad read veckor bundle prE=X 5 one with a given

choice F a ejeuemiw w, € Hc:e (&,) Lo cach xeX sudn Hrak {w,‘? is

locally constant, n e semse Hhat each x has &  weighbourhoed U

suchh  Hab Cor some local  trivieMsabion W pluj = E,xU . W ke wy

W, for all ye U

V real vecter space of dimension n. Hepe (V) ¥ Z.

U orienkakion of V= echoce of o generabor of Hc:t (v).

i) Lek B = § owdeed basis for V. Then B comsists of bwo eq uivalence classes,
B and R  such ok (v, vn) v (wo, we) <> deb (bronsibion] >

‘Ovienkokion of V = cloice of one equivalence class.

Choos:.'w% o basis € wap R'> Vv giviig  Qu  isowmovplism Hcpe (R") % Hc:t (v).

Assume we Wawe picked Some qeneraker of Hg R"). An  gquivaleak basts oyives an

‘e%bu.'uaw qrunecator . -

- Noke Wk any  Cowplex veckor bundle U oviewked , becauwse there s o
| Cerved class of bases over R, nam duose of the Form gv" oy, e, Yy, Guy,
e 7 eluy

whece §v, . v“g s a basis over C.

A+ =R eGL, (C). ata—(.ﬁ;'z,f = \elek A|",



Theorem: \F E is am orewbed veal a-dimensional veckor bundle on X (pave compact), Haew
(1) there (s o um.ic{’ue eloment g € i€ e¥), wae B ey, En-11)]
where €¥F: all non-tems vedkors w €, whech restricks +o W, For each xeX.

we is called the Them class of the bundle.
: . ™ (e &) fo
i muu{?‘ACa,Han \Nj W s an s wevplhlsm, H U(_I{ = E E rall R,
W
(P whe )

f"?tm section"
& —>  p¥e) wpe .

—

prEZX
s howmestepy
2q utvalewce .

p«fp(-aj this + « t‘wbulaf r‘EQ\'ow abeukt o submonifold : (W\

-

we € H'(E) = M"(x) . ln H"(x), weg o called the Euler class of E.

Let pr E=2X  be an ovienked ceal veckor bundle of oclimension n, Assume Yk
X has o Fake open Covering iu\ify”’_f; suclh  Waak Ely, W biviad.
Sa‘o ”E iv of L‘gjf( .{m“ l{n Huis case.
bdp. Wiu- Pmdé Hne .ﬂn.ow\ isoMf\M:sM 'Uf\'earefv\ br._.; ;Mol.ud‘ftw on A,
£ =XxR M0 Es vU(XR" Xx(R"-E01)

When m=1,
¢ —> P*(LJ.E“) <L %wua},-o..— of H“[R“} iRﬂ‘?"”.

L\)ru-{ X= u,v)(‘
E-EYE" where E =p 'y, E'=p'(x),
E‘umxi €' — x"= U, X } bundles of type m-\.
g = %
Fust prove tak W(E €% =0 for kR<n
¥ W(x) For R=w.
* ks Hh-l(Eu'En*J iy Hk(E,E*) _— Hh(e,’s,#)@mk[e', gt — uk(En' Eu#} S

E= E, ok
For hen: ;,J oL S pe &
For Rea . HMTLEY E*) > WM (e et e HME, €% @ MR (E, g ) — (e, €T =
" e ’ 7 ?‘-"‘c x we! W ~
o v 3 4\\"-,-" T':" 1 =

60 — H(M — HWlu) e wixl — wuo(x"] -

V5.

Now , rebum to: HUU[E" ') = uk(ee?)— H*(g, g o vile, &%) — HBle e ™).

\,JEh 1\ 2

1 x wer Sed ts 2
W () il A x) —> Hk-n () ® wknrx,) — uk‘*« (x")

So done.

X [« % SNMHA MMLJLC‘O@ Ou,M-QMS{on Wy, Y e C/L{DSQ?t fu,LM&ju'co(d 0@ a!,{mwsion v,
NY = veckor bundle on Y of dimension n-we Nyt = T“/TgY,

| T‘Aeﬂ\rﬁwﬁ 3 OP'EM V\-QA'.%\AL)OW\!\Oodf uy 6‘; Y v iX seweda Huak NY = u-y; dameamu]obq‘cw
omid o seckion: ¥ = NY = Uy s dhe wclusion, amd Hey oue comonicak
wp 0 “aumbicnk isotopy e F Uy 0 owoller, thewd iffeomevplusm Frx-X

2



sucle Wak  Fly = od, Pluy = U , aud x, NY\g cowibey

@, L
omal £ s isobepic v tae cd-w{-;L,' cre B s howstepx do He idenkily
Havous d'\g:e.om\rpwmf

"\F Wy & o tubuler nedghbourkeed of Y, weike Wy y for Hue ?awt conrespounding

guJFPoSE Y is co-orenbed |, is NY is orenked.
( TyX *T,Ye N, Y. )
Wepe (T €= Wi (T,v) @ Heye (MyY),
Then, define ¢, € H"‘mfw, Yee #C(:quqxg_ clegs oF‘{u/' o be tue Umome oF

o extend b
Way wnder ¢ Wy, € ““—M(”;ﬁ )% = Hnw[u” uv"\” —5 H“_“(x)-

£, \has two ?qope_rﬂ—(?Sf
(W suppley) = Y
Uy comes From an elemesk € € H"T(X XY such taak Eyluy, O the prefered

qme.rai-or of H“-Mluy@ b Uw‘, "ibﬁj
&.3 e Thom ;Somow‘:\/«"aw Hrearem , Huis chavackeries £, complebely.

Theocewm: £-€3 = &,3 , provided Y and T ose coorienked closed submanilolds
whidh  ntesedt trausversally.

This js bad. We oj&l' “‘Fcidj of Gcm.mdejdon“
Tla,wuojs dow't Lack Uhke Rn O o e, Eek!

M, T unbeseck trawsvesally D N, Y aN,2 = O, for all xe ¥n 2. %

€> (T, v) + (T2 = TuX.

e
/ E ? //‘:u-u i aat ) N” (Yn%} = [Nﬁ‘” ®(Nx-‘£)
A, y v\!((’ﬁo\m'bj

| e

| 7 g}
Con Mas situakion, U, n u;= U.yﬁ ) w such a way  Hat Yal
L Uvag e = Uy x Ugp , tndesr N, (Ya®) 5(NLY) & (N, R, : %

':u-f’p(f.,}r 1. suppliy) =2, so ‘u.PPrfy.f;)c nt,
Comes Pron €, -2 . Must check Haak (EA;-f‘)luh%’u rcpfeswb the preferced
generakor of WX [Uyap,n , Uyas - 2]
This fellogs fom  HP[RP RP-1e)) x HYIRY,IRY-10})
(% . o)
oot qenevakes HPURTY RPY-fo}).



\6.

smoothh  n- manifeld, Y o chosed Submamilold, dimension n, tooriewted {vsu"'"[x_}_

%,
(‘{: v, 1 ¥2%) (wilh X oneated).

(oposition: F %€ HQ‘;(&) Yaen {5,-0‘ -;’: «|y
) asswme thak X= “"f, in wlaich

Peocf: May as well asume daak X= U, .
case o= pt for some e K:JV}’ P NY=Y.

We wawk o pove taak {.,‘““*'P‘wow {,fr"«o)i, = f“‘e-
Encugh & prove this when o= wy For some open U C Y, with UER™ U "smald

We cam assume thecelore thak Ny = Ux R ™, cnd Wy, |{ux®™ s q*i,\_,.,, q:urm"': R

SG we

"

We gre there fore reduced ¢ €. faime = fa.
£, p’t[u}, Choose o  unner ?Mabuci: <,>
3 Loca.l tu’w(ahsaﬁﬂns

CO\AHnueul.

P E—> X, real veckor bundle, Clmeasion n.
<=2 (b)

on E, for each xeX, Twen (@) I E > R s
P"[u)%' UxR® wiich respect  the waner frool.ud:-

| ngasch'on! There always erist conkinueuws anes produscks on E, providing X s paracompast.
Prock: Choose @n open covering (Us] of X suchh daat Elye ¥ U xR
pil'[uu.}-
We canm defne ¢,>, en E, For xeE, by wsing the local Erivialisakion.
X = Ry s conbinueus,

Choose pax‘{—(uon of waity i;\.j s uborclinake ¢o {U«t}, e ) A
G suppork (A) = B A W0 € Wo ound loplonally, buk wice & kave)
that

) el s cally Faib¢, (e each xeX thas a nzighbourhoed WU such
ﬁ‘}"@

Adu =0 et for Raibely womy o, NS >
wayp L Xg =1, * '? \\-/(Ji
Finally, ¢ %, ¢ B, define <3,m> = I Auly <Y,

“ 20 i xelU,.

\

\S

Su.?pose E \as an wner ?md.uck. Weke s = ﬂeE: XN =if, This is a L’Jca% beiviadl Rbre
bundle on X withh Gbre S dolice Waakt Sg = E a  howmotepy 2quivaleace.

(. Use \S/UXU ; ghie § : Heawe ln_ouc{:cy-j b ’g/“‘fll + “‘H! )

o btained by  consicdening

Guysin_Seguen
E orcented, dimension n. 1 floug exack sequence
S o Sien
W 2 W*iE, e \/) PrE X | Wowotopy equivalomce
= —> (o) g Hh{E) — “F[E#) i
:p‘!l(e i nR (el ﬂ’l-:i;klon- I ’
= w.¢ | cestrickionto e
e —sedion
wlhidh is: tlng Wemo movplalsm
= 2 S
= 0T ) — W — Wy —= uET s - WM g -
L wulbipbicobion by the Euwler class ¢ e W (X).

map of gmled modules over \—l*(’d.
0r Se= X g% 00> WS, homomorphism o Groded rings , wokes H'(Se) iabo am

C Hroo- meodule .



iy T H":(V) —>» u"(x,vj R HR(K) e B

® L homomorphism ofF W)~ sudekiilen
i3 2w (W
1
dz e c®(xv)
- Example: X = ‘Pz—i a® (%) ’{Z F R oI5 even amd € 2n-l)
0

otherwise.
Could use Poincaré duakily. £ € HW(x), Y= ®(c"") < w(c").

iF e take £, € HMUU . €y & : Eyaz. \E we took oJeuud:an ap of H-zp{’d,
g, of pev X}, Ynen - % = doig..

16 c: geneabor of WHR™)  Hien asa r, W (EV1)E 2Ll

2&3 %ra;led Hugs.

E Camr\bt Wne bundle E on \?:‘ Ecg g€
Bow L E£™,

i Sadh — o dasiegaed, tiace I ouly owe 10un for eodh wwit weckos
Se = umit sphere oa €", =S Fwy) : Tel, 1ei=1j

S'Zn-l w-t

'3 - ,?( . Use e Crnjsiv\ Sequence.
HE(s2n) — wi R S Wp) — W (8™, R swibable b
(_')l reseHZ(le (l;

At and of seq uemce !

ol = WP — W) > W) -
5 a0 :
r= 0 o W) o wep) — W) - Wi(s™) owd S0 ow.
:-_; =2 Sz o
‘ =% -t n-t
| Xample ! PIR 5 a eircle bumdle ouver '?C'

o g™ — % (")

eulery . 0e
L B 5 ?‘(dass)

. . "
We gebt a Gysin sequence: W [IF) — HR[W() —3 H‘“Pc) —HE(Rg) =

| I[‘-]/fcnj — Z[tjl(c“) C€E HZ(R;"-')
“-f( ‘P;n-l = ARS) /((.V\’ 2(‘).
We ek : Z_f_ﬂ :4_’1__{,’ e Lk )
| (e e
7% Te™ e
» s 1
Veelds : O —» A" - H*{«l': ) = Shill

le%2¢) (n Obegree Zn-t.



G{mw)cou OF 2L are - \, C,({ C"‘" : oued 2C = 251._-., =,

(" 20

: v\:—\ ree =
So It 'y Z G(Z//z)( @ {Z/Z) 62 & @ (22/2} s | ~deyre n-2

GC/& \Ilbwhgglj S%M.i Z (& Z/Z o Z/Z ... © E/l - Z ey .- -

e o
Tn-2 Foes

W LR Bz
w o — 1
Gt Z[eW) /(c", 2%, cw, W),

! La-t V n-l
fw&y\v is Po = SCE)' wheee € = compley \- dimensional bundle en fe
Toke €, = [P o Wowogeneous qlmgl;od:{c wufw—dakued Funckions on Lo C.
Neb |, xA P> Ry’ (ReC). .
P, CA). B A)

Define @an  unner produck en E,, <@ '=€€(-——m,:-‘) ,For amy A2O on

Unit wecers: TR =AY Chek Hab S, = IPa

Why (s the Buler clog 2¢
We Ruow € (line bundle) € H? (lf’;—'} = Ze.
So (g mMe
We can ey?/tf m=2+2 F we can show M,S‘M, Hz s Z/2. Twe * is
ivelovank. We Wil come back o Hus (aben

Now, ef(L®M): ell)+elm)  e(L*) = -ell).

e ((1%)®2) = -2ell)= =2
2 -1 1“- - — n—
Pe s B,  Comliment: B =¥5" 2 8",

L=\ )

WO P — W) - ) = W M)

i 1R N 6 ke B Do
Hcpt [R*™") = 5 y BN T ey

at {—oP N o= 2n-t, . e — T —> Hﬂn-l[‘?zn—a) e Hln-l(lpan-z) —_—
A 4

Theorem: HE(PEY) 2 TV,

¢
N

‘- HZn—l {iP'ZU\-Z} = [ 2/2) c'\-i , H'Ln-! [‘P'Zv\vlJ



Suppose € is @ ceal orienbed w-dhimessional vecksr Vumdle on X.

€s € Hn[K; 2} = ,,En[e; class of £

We ant £ o bhe rncd:w-a,[‘ , i€ f-‘o;‘ F:¥-X . coun Porm o veclor bunmdie
¥ E on Y whose Bbee ak yeY s EF(!ﬂj‘

[ 2 EJ.:’:E‘;{B) [E.f

l i
F2 ¥ = X

wEX

ft 0 *
: Mﬂ. ¢=> eF*l—: = F s
o Wwy s F*E a wecdor bundle on Y s
: p*E C ¥ xE - %{Jes F’*E a %Po(&g!j
l Ljf fe EF‘Q)J ¥
Why Lecally trivad T Nohice hat (C EHu , Foe open U € i i
= [FlwW*(e(fw)

e *”'“‘“”\”’Ai

i araue et |

pmact “;‘ el But for oy ye ¥ 3 ne.cca\nbouu—\nooo( Vo oof ﬂg) suelh Haat ElV Z Rh x V.

ot sk ed - |

ah'twou& to | Choose W such that FlU)eV. The F*ENu = (FIWF(Fl)xRY = UxR™.

!;e a deabist” |

-6 Segak Wlifg  Vae Ewher elass s a chaoradkeristic elass, because Wesg € W (F#E‘ (F*E)*J.
= p’b\\e_

Chern  Classes.
S‘*—f?ose E s a Coaf[-&’ n-imensionad veckor bundle on X, Wwe shall define
ck(€) ¢ Hufk,- 2) fee k2| w , wwich ove character stic  classes.

TC Mhe Bl Chien clusi of &

e [B) e H™(x). .
I
e; , reqowding E a an oewted 2n - dimensional read veckor bundle.

Consider S¢ = sphere bumdle on E. Consider e ij!in sequence.

H ™ 0 2% wroo 5 whis,) — w® 2" ().
So i k< 2n-2, ten W0 EE W3

But Here s @ MMPLU veckor  bundle o€ Aimension wn-1 on g:.-, whae

F;‘fe G,& ? € E,,_ s tl € E.x, ( (':f‘ --‘.\,“§
ishst = .
CQ’U Hau’t bMMOlAe E o on Se b %
) mole ) s ytatix) <
€t was an Ewler class efm e H e) P=' H X
Wﬁ'!‘e Cﬂ-i (EJ = { "J-f[e
P E“;) ovtionecmal
/ Pafl‘ v .

Consider wow Hhe  bundle Ew on Sem , whose Clbre ak 1T, §3) € B o
(3, %)t = ¢ telEe,); -




f A ¥ a
Repackuy Uois: H"(X) T5 uR(s) o W [, ) if k€ 2k
e, € W00,
V"[E)
We Manve tomsbrucked @ seguence of bunddes fou X wlhose Ebres ok x
ave Vg (Bx) for R=L2.. Ceec VN, (Ex) T S[E), Vol)=X.

U'p_[&') is & Fbre ¥Md)& over Vh-l lE” wielt, Chce S?m-?ki.!'

E complex n-imensional bundle en X, with uvaner Precluck.

E &af) E['IJ E[g)
§ Bbre €" [ Fbre €™ [ Ebre ™ | Rere c™?
X &S = V(e ¢ V,E) < Vyle) « -+
t ] <
Ciloge 52 Bl 3753 Bttt
= 2n-2k a 2a-2k
Conle)= e . ¢ H [ tef] * Wi

Readl orented bundle E, Rbre R,

X s ¥ €
=5 W) —a oIS ——— Ty
Flng) Mo, wmoglule hop
DR g

VVE VWa @ nowhere ~vanishing seckion 50 X = €, thew Sc =X  has o seckion 51 X =23g,

(:rnjsd.n seccuwce = Ee =0,

C Theorepm: IF X o a swmooth wanilold aud 52 X 2E it a swesth seclion W&-
tromsversal to dHie wwvo-sechion X =X, the, = €

e = Eag where
ve g o) oX

Rebusn o above complex bumdle. ' E =X lhas k sechions s, Sp Such Heat
19,00, spt0}  are Unearly  wolpenclant for all xeX, thew Vple) =X has a seckion,
owd so €., (8=0. |n qemeval, Cop, (B)= €5, wheve 2n is toe *submanifetd’
whee R qeueric smocthh sechons pecome Unearly dependent.

Return to cead ovieated E-%, Cbee B™ gU-PPoS€ ec =0  Thea we have
O — y*'w — uh(sy) = W™ (w0 0
T — |
T—l"‘"(SEj‘ akomakicolly brae  dhat 7 [Fibee) = genenmdos of Tl £
We bhave an  isomorphizm of HE(X) - modules .
H (g @ U0 — v (5)
(a, B +—> asgb = F*“U*U'P”“ ., P Wi e H*”e)_

I we  now determine o'z @ + by | Hen we PBnow Wi lse) ar a wing 0 terws of
H(x).



L4

EKCHME(R,! H*(Vg [C."}J = /\E[ L S P 0'2“__““‘) = E—Vkeft'or d,l-gﬁlam en classes
o; of olimension i

; . { %o q-{z =0, Foo; = ~0; 0 ) ; x u* (S?.n-n ) ShJ o Szn-‘zhHJ
| Lok \}“ Lcm) $ SZ-— oy g2,--2tt+l )
| Vn ( C“J 3 u“ , Se H, “‘{nJ = A /A { T, Ty, ¥z, }

’

i?roof-' \nduckion on R. Vh{fl, — U.M[C"J is Se For o bundhe € with Rbee C"-h“_
: ee € Hzn_'lh‘i [Uh-.J =0, bz_-, induiehion,
S HF (V) = H (V) @ vy g W) . Buk 20720 by cubicommukakivity,

| andd 'ch wndux chion H*(Vn) is a free abelian growp , so = O.

|

! s K""X‘, S mooth wap of  Twoslli wanildds, YeX closed, smocth, cooviented.

| g, € HEx) . f%L(sg,) - L—— Hix'), F F is bawsversal 4 Y.

Aol Fumdion Theorem: IE xeX. Hiew £ 0} Is. Smostls. f OF6h: Tox' - TX
s surjechive for all a'e €' (x).

| Similorly, Y is smootle iF DPG) ¢ TpX = TX = lry =N, Y

i3 swejechtve Gor duch xec Y. “F n boavessad == ¥

Then DFG) N (F7(¥) = way1Y)

X C_awzpaut, 0¢£€4~'€€d, smooth | n-cdimensional monleld, To calcuwlate €, Gwﬂ[)(-rXJ‘FJ,
wil Fa Geld, whece D =diagenal ¢XxX, A2X,

Kimnelh Theorem: p, W) @ #¥ (%) = W (xx),

o, \
Choose a  basis 128 For W00 it a e (%), tet {a’] pe Hoe |
dual  basis, ua bue seure thak S;‘ a: ;= Sl’j _are Hn-d;(k).

I-“I\Coe : £y 0= f(—vﬂ C(@qb

Prock: By Poincavé owwe., for XxX , b is enugh do see f £ l«@&)-?’(—ud'ﬁa@uff@ﬂ,
for ol x B e H (X)), Nearly Su“lu-mt do see w‘ﬂ&\ B are baais e)l.w«i!
¢ Wk of Bl4eal) = T (afoo) (o560l ).
Rus = T ()% {("‘; a;) @ E(‘Te@&hﬂ =4, since momy Hews act e

Lus= g(d@g)la -:xf«.[z = th ';F x=a&; f= q‘fA

| Corsllany: i I €L = T eo® et 0. = XK, Uee Euder wumber of X.

|

|

; i) () = (¢, x4 §a)
5 A

;

£a T)p.{ £; |, whee = Troes of < Q emnenic smootl {“‘"‘ﬁe‘“’&
veckor Freld.
Sa‘ Sfi 5 a(g@bm_,‘_g mw‘nef of ?DC-J-'S ™ }

LI5S

\'(‘d?c Uedof c!-dd ‘MO\J"—MA“‘

)ut

i




- .,)

SN
() LCFSCLLQL% F\xed Fﬂw\k Hhecrem. 5\
FX—’K, 'f"(;-gmfl,. 0(‘: CX!\(
hg; L o T &Lqe‘weuc b of T’f- Fle) —*}
(0% mabvix elowment of £5 0 10 = ¥
T -)® e llar Hk(k})_

= (Fx LdJ"A
?:(4)

"t

Double  Cocluase Co mploves .

¥ ; ¢ » ¢ T .
SRt sy Cll‘t) T C(h+4! = ¢.?- o Ct’p) <
T ot I g & L™ g
5
F

P4
Bi g™ g IS:HJ“P

g5 =0 db4 %d=c ,d®= Pol

P
ASS'W 3 ?91‘1—0 SLLCIL M C % =0 ; W,L;sr ?>F°‘ %hq’o

- Totoh complex of o deudle complex, g

c 0 B A= deS, (d+8)'=0

Theorem: 2' it acyelde <= el colaws €5 ac‘jcMc.
HRIE ) 20 forall R.= u*(c?) =0 fov all q.
2

SV-(?PO:V we lhowe & wajeﬂ? w o,

E&‘,_E: A 55 me % 4. & D
gre,

€= Cgat G p, Fon + Cﬂfo ) CF,Q, (S

=0 d C""‘_l s - SC.“’ dc,‘_’“‘l = -5

=% i

Ac

c).osgal’ Foc A(C.,,-,-Sl\o)“ —Sco‘,-g-{dbc =

C‘\ﬂc‘ie b sweh Yok db. =Ct,q-4 = Sbﬂ- Nole Hat Cl.n-z,'
Conbrinue. We Oa,ol' b: boab, +by+  suchh that ab =ec.

(52

Comider a double compler € as above. Define A" = (c
&

% | Iq gP”= Ecﬂ

(o)

A" awmd B" ave bolta Aouble wmrlp_ns. A" s a

0bu£0us(ﬂ .
cbulows  wap of deouble comp laves ¢’ - R"

. Thee s an

We MWawe o uqck seq’uw of  tobal  compleves,
O - R 5 5 B - O
a_)Pfop) PP 5Bty 5 O PV 50,

figan 2.
PLe :;t

f F‘(a;"}o{

Cimas, v g T -3¢

Choose bo suchh HPat b, = Con. Then ¢, =it b
’S(_’o“ -GSQG_J =0,

£b, is cloged.

T
Fonet
F pea
W€ wet

Su.loa:mglex of ¢,

", o



gq_F?oft wie b € il ™ co woleg 0.4 >0.
S uppore wE¥(c®) =0 . F ko, pit W(EY) = PP = her [P oy ™ )
Thew €7 05 o deuble compler wilth  acyolic columns,

|
|
|
[
i
l t
|
@

" = ‘C‘" I I 10 §
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