Pll_g_ebmic C’reomdﬁ i

Lelk R be o Red. Take e offine space A“““hn. (oftew, k=¢) 3
Considker /):Lk- An afline plame cwve s o sek C = ;F(X,g)e ol ¢ AR,
wheve Fe KON Y] € W olegmeen € F oo olegwee n,
A cume D= 36:0F s a cowponank of C-{q-0f if DecC.

Theorem: Lok €, 0 ¢ My | of clagrees wwm, with R=R. 1F €D have Swn

Poiwts ln common, then Hhey lave a wmponcat  in  common.

e F:p Une
| Example : Cilay) =0 ' ’ % ~ one interseckion at 0,
I Y. ny) =0

_Lg& R be o \h./cg. Le,{' P!.ae RCX], oc d-egr-ees i, So.j, F(k}:qam,x*..mnxj
qlx= be ¢ B X 4o boX™"  Consicder Hre (nim) x (ném)  moakeix:

o . ,OQa O\'- F cln

d d - PRt - | " .9 b
Eltale Vo & w2 d

ho bu"' S bw\ o - C?

€ be B-eo v B -

: g

é, _.bhob.-"-- -b"‘

Defincblon: Twe Ek-resullant 1, (Fg) (s Hae debermminant of the watvix obtainel by
deleking  the Gt amd  last  R-lvows cwd  coluwns of A. [V‘.fF.a)wfﬂg)]

- Theorem: F,g S KD‘] have o comwmon olivisor of Oleoj.r-e-e 2R <D v (fg)=0, 1<k
Preof:  Remash: F‘_’i have o . common dvisor of al-eﬁwze SR D ey hawe o
ComMmOn Mu.u:{PU of degree € man-R ( F=u¥, 9= ¥ S F{S'—'QVJ
We  express F‘V’a‘? in deoms of  Uincar depenclince  n V. p = vecter
Space of P‘ﬂ}‘juow—iais of ﬂq!.-ez_:’me £ wnim-k.
R=1\: V’(E A:Xd, ‘P=£,¢Jx"_ Thew, 3 €Y with th':.jtp <= e
vectovs X”-‘F,- ' € 9, Xop, -, X“htcj ave Umeij OLQP-E.MM
{wn V.L..w.....
R21 (D) evercise
(¢=) By wduckion on R. Assume v,z z6,, =0, Lebk B be the wmakeiy
obtained by old@l-w.ﬂ the Bst and laabk R rows of A
Siace the last R columus of B ave O amd v, =0, tiere 3 a

Uinear combinakion of cows of B Waving all wroes eveept the

fab R entries » 3 ¢ ¥ of oegrees € m-R-l, n-k-l such Ut
d-eg[WF*r chJ <h,

By wokuckion, F=¥u, g:= ¥R, oleg¥ 2R. So ¥F1Pq=¥(Yu+ P8)
> Wt @R =0 5 WP+ Py =0,

Remark: The same stakement wotds for €g9e RIX] if R s a UFD,



D ) - {KJ\H- !a{)/ ; -
efine prejedlive n-space Pe = K* wheee K 247 (2. a,)>(da,., Aal)

j!!--l. ’ A

M‘ue}_ ?[cme carve s (= { F(x., x, K,)=0E where  Flxo X, X,) €R [Xa’ X, % 1
$ aQ mﬂ%ﬁnm ?otjwovw;@t.

n+

Remark: F s Womogeneous of degree w 2<’> F(la) = X' Fla) for oMl Ae Kk, a€e K
> §F-0f s well-defined < P, .

2 2 ,
Can  HUuink of Ay == B by ideakifying A witke X, 40f, aud
(xg) > (L7369 ) , will Taverse' (4, 2, %) - (xopx)%).
There s a Cowespenolance : ffe k[w".’]f «— fFEh[K., . M) \.\amrjwews} Vvia
Clxy) +—> Flxs, x, X

egf X, Xi
.F(;e' Xoli¢ cund

o) = X.d Flxe X, %,) +—> flx.4) = £, *. 9).
|

it c: 1 Fluy)=0fc /Az,“ hen €= {F(x.,,x,,x,).so}nA:,

i
Recal  cavliesr Hacovem on olegrees of cuvves. We prove a waedibied vession:
Twoorem: bek €= § Flxe x x)=0F D= Gx, %, %, =0} < P: be plane corves
aud wn= d&a F'; m:deﬁ G. T"'GM’ #:Cad > C,D hoave o Common
; component. ( Bezouk's Theorew - weak Form).
Proof: Cheose a  coocdlinake sysbem on \P: such thab (U (0fo:) & (oD,
! Gy all  dae vakios x°[m/><.lP:} axe dusbinet, where g . p € CaD.
i E;:) (i, FlXo, X, X,) , G(Xo, X, X,) awe wmonic \a X,
Regard € G e R[X.] | R= RIXe X]. Thew, «(X,, %) = &, (F&) R, 35 a
\-\mgmeous ?obdwom;:oi of altasmee M wl Y vmal poots.
( Xo (?:): X;(ﬂ") € [Pg DX, %x)=0 > by Remark on Theortm woith
G: R(X,, X, ] , F G Vave a common Factor of degree 21 in Xq. D
So C Mol D W Q Combaon C_ompmhtu.}v‘.
z .
{clea : Fo,. PGP' gle&ﬂe [C'D}P = Nulkf’(a(w'xalpﬂ i‘xl(F,G—]} i s coovdinake s:.js(:em
sakisfying Gl Wi above,

Thew, Z (co)p = am.
pep

NyUstelleasatz.

Lot TeklX,, x.], o ideal. Let VIT) = facAy: fla) =0 V Fe THAL fe varicky of T

For V= V(3), let T/v) = {Feklx,,x]: flajz0 ¥V aeV] %e /deak of V.
|

Example: €= {X*20f < A €= Vix®). Bt T(e)= (x).

Theosem: TV(T)) = 0d T = JE:€7¢ T, some nF — Nilbet's NullsbeUeasats.



Z

.TL\E.OrQWl (WQOJ?- Nuﬂsfieﬂusaiﬂ : \p V{I, :¢, =1 [yl,-‘, xu]) #or TCk[X” xv\j, h=.ﬁ

gg;eoéa,,l case ! Take F,gek[",‘f]. fe:08n {g=0f = V() = ¢ (Egj &d.

Theocom: F,o“‘e RIXJ. r =+ (Fg)€ [EQ,.

EreaFf Lek B be He adjoiw& of A. Sl?, I ‘r-InM-.. Let v (’\m-.,“, ’\l,/\d,/ua,-,jun-,)

be e GQust row of ﬁ, amd vy, j=\, , him  De

the columns «f 4 .
So

V.o T, Ve =0 J>.— . = Z'- Noocy X"'. . [/\oq0+/“ b") *

o
(X, Qo+ Aoa, + Ma b, rju,bo))( $oee = [Z')\;)("]P +(I/.(J-X"J9‘ € (R«j)_
So in the special case abeve ¢ (fg) = comt o, Se coast. € (€9) so 1€ (Fg)
Lok R be @ cing, amd B, e RDD. When do e f's have a common divisor [(dea).

Lek ﬁzﬁ[}"r"; A‘z#lf"/ﬂij J e i"‘:c‘:; G- Z/A‘-CLI ¢ ﬁcyj‘ & 2 [, &) :‘!:23; 17 ‘\1”7 r,u,ef?_
Definition: (reg) i Hae cesubtout 145 e of E,.., .

Tucorew: W R is a URD, ten €. 6 have o common diviser of degree > <> all n =0.
Proof: () F G have a common duviser D O = ceR > Cgy =0O.

€ ¢20 D EG hawe o common olivisor PeRIx] PIF, bk £ Wan wo u's, se

@eR[A,. A3l . ¥& s, Pe RIx].

- Theore pa: ('(n.) < (‘.,.,‘:s)r\ﬁ

Proof: We Ruow Huak ce (F, &) aR, e, 3 K eRIX] such ot = FREGH, say

. K= Tk Np’, 2 THg AT 16 T=0e,, 4,
T (3 Bl o i o= Wi 3020 )

R AL LT R "TE PSS
Wt

Wk T2l &t i), aud

Leammat Lek K be an bk (lt'dd', Fe W[X.,__,Xn] of olég\ree d. Thepe exists a Unear
d«amle of  coordinales X=AY, Qe GL(n®) Suchh Yok f(av) \hao olegree
=8 {n Yn.

Proof: Wwte F:“%;Fm , wiltk €., Wowos aneous of degvee d. Thea, F Ve dzﬁmd

wXa €2> flo,. 0040, £430 5. I (a,., a)e k Suck Mak Gla)=0.
Complete *he veckor a 4o o basis of R™.

Exerwse: Let € be an wakegeal domara, The wnaturel wap @: RIx,,.. K,,] '—‘I{F'Rn‘) R)
is t'-r\\j-zd'n've <= R & w\cun't-f

Peoof  of seak Nullstellensaks: 35 wdiickion on n Lot I= (Ff,-., ) wida d‘d%q)dﬁgﬁd.
Change coordinabes so dhat £ kar degree d in Xa. Let K- ’?[Xa,..,)(n-] , amd
reejcu-d e C;eR[X“]. Lek (rm)él?be Hee  cesulbant sys bew of e Kis
Suppese I be kM,be Virps). Evaluoking eachs vy, af b Gives. O, aund -C-NaJM'JW‘ﬂ each €, ak b
Cjiv&- ?cljmmals in k[h],sw E; New, fﬁ,,,é} +0, an F oo Aﬂai’led ia Xa, P |
the  ceswllnank Sﬂsl:ew\ of {Ej \JQM;-K‘ACS’ So BSEkD(m],G_}\E{ N Let x be a oot

of g [Rek, 50 & must evist. Them Filbal 20 V¢, amd so [ba) eV &
é‘,\“"m]._’_‘?_+_.ﬁ_ne_____‘ € [r11), by wrduclion. Hence, by above, 1€ I, 5. It (1)



l
t

Considar 9&3 € R[gl R=rEA.

EXGL:MBLB.’ £ 2y 41
ces, (fq) dat] 5] = x.

Rl

i?rooQ of NullsbeMensatz: I=(F  €)c k[x.,,)(] ek fe Trva).

Te(f,.. G, XawF 1) € DX, Xaol.
Uoum: VIT) = ¢ 2 153’ by weak Nullstellensats,
ga 3 Zg‘_lxmju p ZF xn-n sudh  Haak z@rJF X +ZCJX¢H L% E = () =l
fio Bt Vol ) dekily ia R (X 0 X [X0].
Tows, sek Yo, =16 gk 1= zg, Cifei > el

Plave Curves. [k o a.lgcbmicn.u«j clesed F—idd].

Dec\'a{{-ionf C= {F(Xo, X, )(-,_}?-0} Cl?l, E hom%«ew¢ous, F= TT'F;"" with  Fl homogenceus
aud  prime. C A5 veduced F n;: 1, omd iweducble f enly | of Hw
n s (s nen-geo.

Can vavile €% Z'ﬂi C: . e, = SF.Z:O? cwe  the imveducible C-owq:ov\euks of C,

i

it mu&b’gh‘c—lﬁa e,

Let C=C, be o curve of degee n, L€ P o Une , Hen: n:r,};,fl--(-')‘,, \F pe LnC,
- choose (6 eL Haen ?a,qrawx-e,kriy L 'ogj E > P+ t@ Haew define [ L. C) z al FfP»ECPJg
| \¢ PecC, /urC x s [, C} = otcgw.e oF Fest nowmlmuﬂ homoﬁmeoug feomt ' TMlof

L3p
.@(Pa,msfom of F abt P- CI-G F(Pex) = )"' E. (PX] Fan homog%@ux olegme W XJ

Qé_cm_‘g.m_ A Ps{.n,l: PeC is wneons! owr IFF)A=|, omd  singulor i >l

. Conyention: Whean s{:uoladug CnD} we ossume t be wn a wordinale scjgﬁew\

such Haak: (0 [0,0) ¢ CoD | (&) iF prg e Cal) [Xolp): X)) % (X (q) : X, ().

Then define (C, D)P = °rd(¥;[PJ'*.fPJJ Vi, (F G , where C= {F=0f D= 1G=0f, olegrees vm.
Note: W CD Wawve wo common Cowmpenesd, n.wm =P£, (C. P)p.

(We wil prove bk (CP)p s (moprumolnt of coordivake cheice, bubk we olo net
Lmqica,u-j weed Hauis (j-et).

Lemma: 16 ueC 2@, 4 0% b, then (D)3 |
Proof: Assume P= (,oo0). Sekb x«= )x% b fz Flag)= o7+ g2 R0+ " R,
qlx.y) = 3'“+~- + ‘:’J" CQ (:u) ¥ o *Qex).

_Cg LA e & cmutfu, cows by Hais).
xbe X ?« e x® ab
rg= deb [ g x'a, - w:  Wead I Ty
& TR : blbw) , Alas)

Mulbiplyivg e vows a5 wckicated giver new olet = x W
(a4b)(asbri) /2

= X [Sow.dk‘wa) = ,x"-lt I v,



| w\ﬁﬁ* I:C P* “,0'. 0)') wa{‘-‘ da & tWSLd*l‘Oﬂ T P-)[qu)_ Neecd {o prove
- Aak (C.D)P s wvomant umder trowmslakion,

Theorem: C= an=o} e Ipt
(J\F ¢ s veduced , then ?eic /“fC(/“rC"} £ nla-u.
) \f C is ceduced and iveducible, Hen pZ MpClu € -l) € (n-in-2),
{ €, mierse ub & cff e §F.( VAR S
) ve of dlagree u, w (Xo X, X2 ), Woweojeucous, ol-agfeeun}/K = P e
A Unear systewm of wuves of degree w is @ projeckive subspace ANemw .
_E_@_, gc.omks (d@jree 1j & lPs‘J f curves of gleny-e-e 3f <> .

e o dl ,wibiad, w8t & siugulow points. This  (mplies € s ceduable.
~G, Lel B Pu® ﬂn Fan‘:S, ound My, -, Mo 2| Wm{?uﬁues,
N §CeCuepig () Dpr ] chimAn ™5P - [ 2

P ry

Cownic
3

% Conics -UarouﬁL B P‘? Vs Aimensgion > |, Choose q € G, ) ¥ P B
Lek @ be a conmic -Hu‘au.sb\ Pl fu aud q-
”: Gx’, CL,_ "kue we prpon&d‘: ;.ﬂ Lommon, Hiem €= 4.7 = ﬂszz [ Q. C]P' >/ T+l

2 QR C have o Comwon wmpouewl‘-

oF
- Proof _of _Tweorem abover (0 Lek Fy, = Ix, . Fr, 8 Womeog eneous of degree w-l

Nobhe : (&) F in \Mave weo cowmmon C.owm?o«\ewt‘, as 6 is reolMceo!.

(b) Fop oy Feﬂ’i',/y(rllf,&:o)?ﬂ?{c] -1
Lek V= § g0 So ala-g: GO = F(C0)p > Tomiqu -1).

“_‘l}nkﬂ\”' For Huis cuwrve wln-g = z/u.'(_pu—tl.
Question :  \s Hass Hae only -ao\mgl.z?

Proof coubinued: ti) Lek Ca be @ curve of degree a, with wuwlkiplictbies um; ot ;.
Lak A = § San ! Mo (Casa) % p - (}. dimA? ih’lilnm - ZM“’:"-“ = (edllay) '[‘“—__."":f"] 4n-1.
Assume  that (n-ZJ(d\-U &= ZM;(}A‘ _[] = -2k,
C,bwdse OLMHG!’\M!L ?at'u.,{s q" G %‘n-h-—i & Cn, 36-\-1_ Such tual Mep. (Cn-a] 2/’!,_ -1 Y
and q-e Caqy also.
wia=2) = Cue C“_z Y i,}'tﬁ—(;“r.‘ 1) % p-R-2 = (n-0(n-2) + Tk + a-k-2 = aln -1) +le.

Cod:md;drfon ;C R 2. [ProoF ua.L'd {:cu- h Mt teo laﬂje, 2, k2 v\-ZJ

Delinition: Lok € = § Flxg) =07 € Ay be veduced and lveolmable, € i cakienal

3 P, WY such Hrat:
() A‘k 5t — (‘P(H/ ‘V(H)GAZ,Z \s Lujeo{"we on A' - {c'in;*:f S-e":}

iy E(@ly, wy) =o.



Theorem: Suﬂ)ese C s redumeed, {rceolmeble. Then E/A;(,(‘- ) = (a)a2) D C rakional.
| Remark 1 €D a..ol‘u.a.u.” Wolds.

- Exowmples: () Cong: E= slope of these Uines.

(R Fiad all solubibus & e =2 i 8

et Cubics, 42=X?-' < ?m-‘b ‘91""1(’”") ! :_':_'-'

tiw G4 M with 3 double points.
7 Number  of fwl:easeph}:ns 3 for conic awd q/uw{-éc.
ﬁ% Se o ceale %mowgh_ e Uree olouble \Deiwl‘s
also passes syl two obher Po{.d:s R
Clicose q€ Co. & comdon poink.

A= ; conics &R co&cu'niw.g P, P, P cund q,} =|P‘,
\’P'5}\ = Hae unaccounked {J&Qﬁéo{{@v\ CQ,\ n C

| Buveisiie: o 0% KXot X80 5 06k ) » b2 at e %%] o kP50 | =0,
Fiud a vakional fmw-atrii-ojafvv\ for  Huis.

}EﬂC_ﬂ'u&ﬁ&LﬂMf As i ?m.af: of ¢ty i previous theorewm, A hes diwmeusion w-2, as

R=0, Chow’? C{,”..’ ‘Lﬂ_." e Ca.. 5Cn-z’)-/!h {Cn_;) ?}A( = 1‘: GCHT:’P‘.
Usce Halis o fmame):ffse. He  coeve.

Sacsall Mo ke

. 1hgggml No  swmeobls QM-L"C Cg % IP’: s ra'*(@“ai'
_ 5 Smooth
™ 9 Assiis k=X chor K 23, Lek CciPk be o febic. ln switable
Coowuma.l‘es, C= iF:O}/ for F-= xox: +)(,()(,—>(‘,\1X,-/\ng
lry) = W' + xlxadlx-2),  AeK, A3 0,1

Proof of [: (Pssume?2). Lek P =" e KU | pqeld, Cpg)=( avd ¥= 7 < KIH, (o=,

Assume ¥z P(P-1f(P- Al, i KlH, We wil shew P VYek.

Se, %3 rzzs?-'”-?__%)(?_l\%) e Kle]. g’.“’?:" we  hawe Sz(f‘. This (mplies
et q s o Square Klel | For, %g\s an well , sduce T,;\SZF[P-‘tJ(‘:—A%)
buk (p,g) =1, So we ackually haw e cf: os? , e w¥,

o we cje[f: sy == plP-4)(p-Agq) > P P-9q, p-Aq owe alld Squares v K(¥]
as p.q are coprime. V€ owe Wen Aoue, by the lowing Lmma,



Pr9€ Klel , (pg) =1 . Assume NPT‘;%GK[Q 18 a Sq, o for & distinct  rekios
| (o ﬂ)éiﬁ:. Thew I’Jf‘LéK'

Chrang ing  coovdinakes , catios are (4,0), (0, (1,-1), [I,-)). Thew, p.q, p-q,
p-Agq ave ald squewes  Scwy \9=a2, q: b . Then P-q (a+b)(a-b), !J-Ac((:(ﬁf/u':)(a;/ﬁbjl
bolhe of whichh ase gquaves. avd b ase coprimg, aa P amd q .

So  ath, a-b, a+ub c-mb ave all squaves Bt e are of Lowes al-aafeej
So  Conkinwing would ed o o  conbvaclickion, wmless pqe K.

Debinibion: Let CCIP; be a plome cwve. A swoetln peink pis infleckionagd 0
| (c.7ed, %3

Theocewm 3t Assume char K+ 2. Lek pe Ca be a

() & chav Kt a1, Yen
(v 1f

Sweo ta poiw{:, Er C. = stF"’f.

w

s \I.J\(:Leo{\to“d <=> H(X) = d—e/t [F‘n;xq‘oJ ’JGAM.SLAPS Q,/b P
chav Kla-l, an in ), but with D cuLj.

Proof of 2: [Assume 3. € W an infleckenal ?o'mt (as (X)) oo degree 3 , s fH= of
and {F=0f inberceck).  Clwose  cooydinabes
Tigoy €= (%=0), €= (Fzo). Then F(OX, X;) = X2 se FZaux] + X2 @ 0x,%,) X B0 x,)
+ x3. Asuming (9 0) is o swmeeth poink > € has degree T in X;
fn  affae space,

F(x‘g) 2 Qq, +ox +by +q17tz
De&ﬁe (Jl= b g’( - Ile_

so tal [© o1 s a Flev,

Y exy + ‘jz g

New e%uai-{on: [ .3‘2 ¥ a) vaix by xt e,
Exevese: € won-si.ugulm— S Pl %+ q;xz+q,'z va 20 bhas 3 Aistiuek solukous.
=

N switable  oovdinabes P = Alx-tx-2),

_P_WOF of 3¢ Lok ?eC be a smoeth Pciu,t, qe fPt, C-{F=of,

Thew Flprtg) = EZ i lpg; + b TP 4.q, +wob (0o Flp)= o).

lek T-= §ZF¥¢ (p) X; =0f, @= gz—F’c;xJXij :oj_ Then peC s v Hechionad

¢> Te @ » d=0 ak p as e quadiabc form wusk then be degencrate.

Assume WN=0 ok p-

Remanks: (0 pe @ ndeed, Z Fox; (B 0By = win-1) Flp) 20,  usiug
I8 Mowo qenous of degree w, Hren F=n ZTF . x

iy T= T‘-,G? (.? Chow KX n-1) . T‘,(Q)'-‘ { ZF*&‘Kj (P) PL‘KJ' :Oj
= (n-) fo_.'LPJ W

Haak F F

Theorem: !wg'gggtmél. ferllz,, 2.01:R,s=0rd £. Assume G 2l

S %v\ L ST Tl'\en
a  wACgueé

Hiere evists

5 v
wack ue R” such Haak TR E—: q’[f%“., %n-!}%s“,@ni?(éi, vahere

®re kllz,. . 2...3). (Assume char k =OJ.

Kemork: Same 5 teue

For C i i‘u”' %,‘5’
of  Hie

powes sevies Lonuuc.j-eui‘ fn Some ﬂaﬁ‘nbowhwd
ﬁ\rfaj(n.

fﬂ—a-g—: ‘Ha.ué’ R: kr[ z"" 2“]] Lct €= k[.[ %U‘v z"l, 2-:.]]/ Ri: h[[ ISJ," ‘gh-lf %H]], Zn FJ. =30
3o, ReR'c I%' [.R‘CQSOMf %.,;. | F(-?.“Y,

LT, 1)) Se Frallin), veR' R



Stnce re E, weite f:cg\’"d 3: 7 €pig h[fig,.,i“.,]]_

Now, (h(l'hr—]: Zﬂ;&‘ = Z-NL' Inc:w- f- g:eu: ﬁeutfw-' W :Eg W, gj_
B, & PPeR . Theous & Tl B e wall

2% o \+‘.:‘5 ®; 2;': . uf = E:i- “zzs; T; 2:-£ Since Yhe sum wust eud ofs,
as LdS eR

7

Exercise: i) Twink of char R=p. "f(""t’j\ s web valid,

() We lhave wed €T2., wf Comsider just RI[2 7] - wob necessanily a
riag. (Ba: (1tasate)nf1s 2'ea o) = (lbien) e )|
Magbe use ROIm.2.J0( %1

Theorewm: Take R=R. Wale kOJ* =, RK™) -Frockional formal powes sevies

ROO® s algebuicatly closed.
Wi preve Huis  for c.av\ucrgemt Frockional fower tey(es,

G = (p('xpg):OJ, take Pec-. Assume C has wo w.u.Uc(P\e c,aw«pmc-d:s.
o¢ (._js + Z‘P;(nufﬁ ;o), Aa'xé-u O bloLomarF\n.al‘c. Clroose A small 2ucugh
so  taek (F-3=O}I\C‘—‘ P, \
Then consiker e Cunchion C-120} ;

x |

Ax—{ci ———t—
This i & smocth  covering wep. Every counecked olomosphic  covening of
B~0 s isomepic to A -fo} ~—> D~iof

& i— {;d
S¢ C - {0,0} = }_J- AJ! (:J —> ‘:Jnj, (z-n‘]':s]‘
we howe:
WA & Cofesh < ALx b

&5, %;0e5)
Jﬂ\r_/’_l"\é 3, Eiley)

65 e Ay-Sof

Waouws Mot F (b;“‘} 33 (EJJJ O, This wawy, o‘]ol' Aistinck Mewmvrrwc FMM—etwiao,{ﬁ'oaS’
D; ~fef » €5 > (4 ¥ (¢)).

Lemma: Xj'ft‘_j)—éo e tj—O > B W tlo‘.om.oy'*p\h\‘c, ordles 2 |,

These pm@n‘:oi-{oux ¥y oawe called bramches of C abt p.
() oS+ TRk = W T [y % (¢ x"™].

= g,

ti) Lek F=0,9=0 be 2 curves. Call Hhem C,0. Define (D), =xZ ecdl, 9 (£ ¥j0)

e
browaches of €,



Reburn to:

Theoseu (We,iwstmss]-’ Let fe h[[xu-,xu]] ; oecd F= 8, Xf el  Thire. @il & nique
wmct we h[[k,,.,x,]'] Such  Haok uf = X: * é? % th-C‘ wi Ha ‘P‘:ék[’f“u-,, X..-.TL
ocdd O % L
Proskr (1) Aisision by Xot For ol ge RI[%,., X0, 3 g, ry wniquely chavackeried
by: gz g, X2 tr, wikh ge Bll%,  x.1] and v = Teond, eerllx,, x ),
(i) Do Hais for F: F=uxd o« , Ve wait, let W be o wait: uf-: wv Ko ¢ wr

= uu){ﬂgw X & e
Wak  wall w sudh taat  uv 1 g, = [

fii) Leb o =uv, Then roish o 4 9 ar [, (e w= k- 7;%,{-
Deline T R([X.,., %. 11 «» ellx,. ;(“5] by ¥ l——"'%qlvz . kEXE.qu‘Sé! T Mt’;..‘,Mqu
e "W % 1 -
So womk  wr | x Tla]. So take o = Z T, wlwch convenes i
EE[X‘I,_, %1) as it 15 @ compleke  wmetrlc  space, Or, Pl et sk kg

So Hais wakes seuse.

Suppre we Mawe Flxglz g+ £ ®00 o @ e R[]I,

11,,.

= L )

- ;,'J.ﬂ [.j -¥; [ex )
(6%, %, 10)

| i
- Delinbion: Take f as above, (= (F‘=0), P (cj[')(,(ﬂro)_ Lek fC.D]MW :55 °"°‘e‘3(t ,‘S)‘lﬂj‘

" Theocem: (C‘ﬂ}""ﬁ‘* =0ro{¢-rx f.g“(g).

Lewma: Lok R= k{0, au b, bu).  Consider FlX)= W(x-a;), Glx)> TWix-b;) , e RIX],
Ry (F G) = o Tlag-b;) , some e k“, = Tre(q;)_

Proof: KI[F G) €R 7 (1) Mowmogeacous of degree wwm, i) O i€ ac= by,
So (ai-blIR Poe ok {y, 5o T(ai-b) IR qudl Yeey Mave Yhe some degece.

Take l?=|;, and b D=, , 80 @ 0 a local Eukideon Dowain with
waximaek toeal (%), lLet M be a CO_‘ O-module.

Delinttion: (1) M Nas finite dimemsien <D b Was Finlle olimension as a veckes Space
over R.
() Lek F*M M ve a O-lincar wap , omd  assume Kg= Res F,
Co: coker ¥ lhave Qulle dimension. '“n-eml Lek 'e(‘F,M,=0Uw\n Cq"‘ﬂ{n'wrh Ke.

LCMMOL'. lp M \as ‘:l’m,“:e OL'.MQMSI'On Haeaw f('ﬂM):o [:04 R/u M,

| Precf: Exesuise.



Lewmma: e (¥, @ = e(det @, @)
| Prog€: I  coordinake OL\OM%QS ¥, % e

with U € s €,

Thew (4 @y, @) = e(F,0), elcet, det @ dek ¥, O)e(olek @, 0).
gc we Wd:uj AsS wme (? s angowaJ«.

X"
such ot ¥, P! = ( N x"")

Cou)‘riwue @n  eXLwcise.

Theocem: F Ge OIV], F wowic, ol _ otd

C@nsic{wa[\t‘g: “e! Te) ) by waudhplicakion
by &. T D —(ineawr, omdl i by O-weedule, = 7
Twen Ry (FG) = wdeblmg) , some xe K™
Riool : Uses above tuwe lowwmas.
L) G= Y-b. Exeruse.

) G= GG, Thea, Mg T Mg CWg , So dek (mg) = cheb(wyg ) det(wmg,) .

So wisk shew: PIEGG) = clFG).+EC), bk Bus is twe by
e ecarbier \lowmma ( F: Tix-w;) D r(F&)= T’-G(“;‘J]-
(e Calcwlake tn Reee (@) , Whence G=TTT(Y-bi).

| - i cdeals) My § subseks
et A= R[X,. %0 Mg =R . We \wase: TcA} :; ! \(C/A';,Z

V(S)iz Spemn: Flp)=o ¥ FeTt, Trxy:= (FeA: Flpp=0 ¥ pex}

Delnction: X ¢ /NR 5 olaskit FF X =T  some T

Properkies: 1 Nle)= A Vi) = 8.
) e =» VT 2VES)
ey VIT,ATL,) =VIL) v VIT,)
w VIZI,) = AVIYL).

] zau‘s'sh.( ‘t-oPgL“-j Y-

2

K= By x By, buk N, does et \owe Hue
{Tﬂ?oug\d wlu« \‘&sew

Eg: VT, nT) e VIT)uVIT). peVIL)uVI(T,) 9 ICe T, K (p) 0.
F: c‘lcl ¢ 1\"‘11 , So c[PJ"{’O.

Frcduc)c Lopeleogy of Uee Zewrishy

i Proeosi{-(oa! ) Xev = Tx) > T(y).
iy X € VIL(x)), with =" iff X algebrc.
taar T e (vl 3.

| Definibion: X ¢ Ay s jeveduaible <> X= X, 0%, , wth X, algebraic, (mplies X, =X os X=X

Olerwise X it cedueble
| f};aFas{Hen HoX reeducble <> T(x) s prime.
il ¢ X o._lpjvabm( Coiin wivike s X=X g e )(,,’ wiHe ¥
Pwo(: tx) (F X = X, 0¥, work witha X, ,X,.
chow Y 30,3 - D Iy, ¢ TI(d,) & -

o iveducble.
WP s precess weves slops, ool pabcte
D A Aot Noetheran



Neullstellemsabz: 1) VI(T)= ¢ D T= () (Recall -F).
Gy TVLY) = ged T

gahﬁehww; Su.k.l‘d!f e £ 4 K[X v\]}
These (s & -l cowesponclamce: X € An =3 5 T2vred 7
U (&)
i Viveducble 1I peime \'dlu-h‘}
ablq-e\nm‘c subsets | € 2 JcA
(v
eéwh : wiaemed olals
SPF R™ ] { v A } s

,CWQM of NulMstellensakz: (R:=R) Every waximad ikl of R[¥, X.] s

(X~ Xu-a).

Exgw?Sg: (= ;[c' Y, Eg)'téhi < /A:L, C B an algelbraic subset. se Rluv ]

I(C) = (uw—vzj u?‘\iw, sz - w’) ~ &xereise.

Tle) camnel be %w-eru..k-ﬁ’d b(j tweo ?o‘;ngmai:_

De&'n(.hromf A@. R s o C(} A- Qgﬁhg ¢ Q- A{bl‘..-' bu]

(<> Alx,. X, =8, X; = b
R is a MA*Q@Q%M‘)@ Z:Plb

Theorem: Let A be a cdﬂj. \l—alge‘om (R 0wy Reld], Then 3 @ kX,  X.) <= A
such Wk A ¢ Gnile over \?D“,_,, x.,.]_ (Assume R s an  wnbinite Getd].

Proof : @.j indiackion ©n e aumber of generatoss. k[}(,,__,ﬁ(“.]il-\ s B minimal.
W6 @ s tajeckive, them dome  Olhrerwise, ek T zker @,

0$Fel Ad=degfF. Leb Fu be Me homogenecus part of olec_free o
i 5 axd B2 A & T Eln g0 R

Let BcA be e subring @enecated by Plx),., Pla.). Then ¥ (% Xq) = bieb.

Cleacky, & A= Blal],
{i) a,. Sakishes Xd + Lh; i o,

Bt B is finik over o Pahjmmal viag, amod A i le-o over B, so dloue.

And, we cam chonge coowlinales te fuswre F,,[9Xm /S0 always oloue,
be o algebraic subset. VR is polymomial # F=Fly,

kD%, %] /1tv)

DQC\"aiHouf Le)t V c A:
Fe k[x,  X.).
k(V] = fpel‘_.,mmo.l Fumcbions €1 V = My ] =

* wogd,y_ﬂgi:é n'@ of V.

§ (losed subsels ch}@;alqe}amc We Ay, Wev ]

%OJ‘(S}U; ‘EDFo(p(ﬂj O(: Ve
& § 1cklv], yad 3=1}

Definckion: VE AL, W e A:F- F:vaw g pelynomial if 3 F.,., FuerlV]
Sudrh Mgk V P W commubes.
(%, \, /Ah



5‘. fr V=, Pohjnmwla,li Plat 5 e¥: r(w] - kV], ring \nouumoeph'mi.

Lok @eklw], g WaAy , VD W, Then FFG= EF crlvl.
C hedk Wis s am isowe rpww.

A polyromial Funcliow V=W s alse called a worphism.

1 ﬁ)ggﬂiﬁm! An  offine algebrose varely s o isoworplbinm class of  (reedicible
| algebeose  subseks V< Ap .

| Exercise: Led V‘A‘a i al%-elumuk The Fou,ow-‘wa are &UM\JM
() Vs irvedueidle,

W MeV Zarshi~epm D UV Zarishi - cleuse.
vy X wev Taick!- opem D Un " + ¢,

‘ Definction: V be an affine vareky. KV = Ferac kvl = Frockon Freld
' “'-’F veld Op cokopad  Fumckious,
Note K[VI is an wlegred olomain.

Defigition: Donl®l = Tpe Ve £ M, o, mek[V], W(p) £0 7.
bxwu}g Coustouck 0w offive variedy V such Huak RIVI s wol « UFD

i\r_«e_.aiem MD“:) VS }Mlsht cpen.
o D(EY = V > e rV]
i Gor e \Z[V] define W\, = E?GV \A(inoi Twew DF 2V, <> Fe h["']h_
Preaf: Qefine We  ioleal 1 of  odlewom inators o(:F b - S‘AGREV] \.Feh[\l]} Thewu:
WwN-D (F)= N(I). S, D) s Zoviskl -open.
WDl = v <> V(I ¢ <> T:(1) ¢ Feblv], as F s ewerguher wgular
and  wse NuUsbelensata. ‘
iy Use NuMgbellansata. ®[V]y = Y w* rlV]

< Ay

L &(.u-)t set oc a,u ra;\riow/l Cu.mc*icns obfmoa’ a./& R Ry ?o(.\.l' UIVl u.

glnecwes,
Lek X be a dopological space.

Debinibion: A P[QSL\E&E of  abelicun Sjroups is a datum:
X :;—:’ U — FIV), abeliam Qyrovsgs.




VGPC;M “u (;:( ?‘(u} —3 '3(\1)’ F: = ‘.d?mj 6 is o restridionn- shaped beest
i we Ny, ﬁ:t f:u(’:
| Emggus: G CEE. R W)= i F: u-R, mqu{awcusf.
| G KeR™, open. CTOXCRIW = § FrU—R: Fie ¢of.
, C"'?&ﬂ)luj: {F: U» R F red o&a,[dh'cj.
D_gci{'ﬁrﬂ! A ?rcskeap F is a gheal iffte Foum{.‘%
Ak Coverings W 7 U U cf;eol all open U cX.
04’3[uj—> Tr?(b(dz” Tr’}(uu”u#)
So  am element .mw.zsk{wj whew  vestrided o eech Uy 5 w0, owmd any
domek weh &5 v T3 Uy waih ogrees ow interseckions o U, Ug
o he ‘gued  to give an  lament of Fuw.

Séguence s exack, Cor

DvEE'M‘H«Jn: A WE?L\A!-SM ¢ 3 =) g OF Slqecwﬂ s o Olo.'tm

X 2 W Fiw 2% G
U°f“" ‘L?\: p lf:
v Flv) =k G(v)

| Deliaition: ok F be < (Pre)s‘\néogp, we X;  stalk of B ake 1 Fure Ko iy,

Uox
An dﬂ.m-ewe S5y € gx 5 aun &l'w‘uuiﬂ-uce dms o(: o (5.‘4), .,:\Au{’ xell i< epean,
Cse Fu), s,u) » (£, v) €> 3 xeWe UaV such Wt fw“s= eVt [os "Sly -ty i

- Exaumpler X = ("= C€-lof @ =shesf of Welo e rplate Comckions ou X,
Hame X,;}" = Ofu) = fF U= c, b\,o{pmo,,?hxci, Lek Ox(tﬂ :5F£@fuj.'ﬂ-u¢o Uxeui
DeC\‘,\g ¢.' - Cpif Ft—) ezﬂﬂ:-

- Remark: lek @ 3"’9 be o M__OfPLM'SM of sheanves. Then XQU*“'KW&([‘F’M}:?“)*’G(HJJ
s a  sheal. (Exevcse), Twis is calld ke Q.

¢ —_
ln dhe ahbove <womple, Wawe ©— Z - O — O %y defintion, Zlu) ;i:«da z.
Conpovauty N uof (4

Rewmark: VE U £ ¥ sinply connecked , tew €fu): "Od(‘?) = Olu) s swrjecdive.
[

% TG

Cowever, F U= €, &: @) = O)" s nok  surjeckive L€y, cousicher % € Ol
o He {mage of dhe sheaf s a PNSL\GQF bub wet o sheaf las ey poud v €
[ owid Vave ¢ giwfl.j wmfded M,{%Lhwwad).

{Qemarle Xe2U — tne ( Ftw -4 9(}4}} € @ [wcs\nea(: [eve-m’se),bwi- wot o skef.



| Theorewm: Glven o f;ml.eaF g‘, 1 a wique sheqF 3’+ and & F - ar &
Moep Wdsin of P\(({S\A&AFS gucks Heat (ora.u._., sheaf S,
Howirmiar (1, 5) 5 Mowg, o (3, G)
(h’dne inclusion Funcler Gom Hue Cw*-!{gonj of sheals to il £ ?re.vtuzaff
bar o left ocljeint').

’3+[U) b {s: u —1\;'2'“ F suck Kab (9 stx) e J¥xed 00 For ol rel, IV, Vel f
omd te F(v) i sly-= l:5 for ald 9e V
Lest of proof - exercise.

| Theorew: Sheaf of X, Sux, s an abeliaw Cad:eﬁw.j.
| ?COQC‘. el @ 3 9 be a -Mar'p\m'sm_ e T be Hee f:.-e:lnfc‘:*' Jiw)= 1w (9[«‘1 > 5(“})‘
! Ocline Vo € J*,

Theorew: ek F: X=Y be a conkiuuous wap. Thate owt Cummclons
E*: Shy=~ Sk X, E.: SkX » Shy ; Quchk  daok
Howg , [F°9,3) = Howg,, (6,R9).

;!{)'3‘ & sheef on X. "f,;’%u — ?(F"L{I R g‘neaE devsted £.3.
G o sheel on Y. X2 U — Uy C)(\’J. isa presheal, whete + s ewoted F° G-

g Vo Flw
Pt

Remark: 3]?«@@( care of (i e i G = g"u 5 very  €asy.

| R UM’ L&
Let X ¢ A: be an  (craducible qiﬁebreu‘q subset. The aﬁﬁgnme«i
xmmu — O W - S fery: F rfsu/la.f of all xe L{}’

‘s o shesb  of rings (ewruse). for Me Tavishi fopoloyy .
| oxeX &> mye kIX] , wmeximal. @x,x = kU], . (erercise).

ikﬁﬂ&" An amgg @eb:u‘c uo._r_r.&l_d‘ 15 e pair [}(, wx} for am  lvalugibe a,l.g%—mic
' subsek X ¢ Jﬁ; and & sheaf of regulm- fonchions @y

é\)ef—mikap An %ebmxc?‘ﬂg-g@' is ¢ . pair (X, &) of o topolegical sppce X and a
sheal oF ving s Dy such Ul Uee evist o Luaite Open  coveriug
Xz Oy ond isomovphisms Pat (U, Oxly,) (X, O, ) For some affine
variekies (Xo, Oy}

| [‘ B‘j isoﬂchWSﬂ- q;u(: fuar, OxluqJ E" (X.{, O*d) . tam M
1 Pu: Ue E"Xaf, 2  \emeomorphism of topo bogyi cad speces.
@ Vowe semnim ol £ 9 O, (o qinedty, e ()20 | |



,’xa,\_,.?Lu.v ul W X s a?ies;a..rid:g , Wex open, then U, @u-'"'@x[u is also G'}(\;axfdj.
r)( aﬂ:{.ne > XF = fxeXS f(x)*ﬂ} Covun a basis er e Zawiske ‘&apo(agy

of X a» Fe R[X)).

Lemwma: X affive 2 Xp (s affne

| E{an-’
‘ (€ proof  Hat weak NS => NSs ).

EA': § Xe Ak.‘ x:toi s vane. w” s projecks avte X-Tel.

[ Eg! X’M: ; U= /A:" i". O}. Exfxdse: prove Hoat U s ot anm eﬂ:l'ue vax{e)cq_.d.
(Miat: Olw) = R[ALT).

Exoumples (@« X algebraic prevowtely , ¥ <X ior eckat cilole ajﬂ-e‘wm‘c subset, D7 also a PNW'-'&L‘_»).

loeo: YeX , @, ¢ C(Y, Ay)

\F VAY,P%.Y‘ u‘oﬁ. X 0Oz gcou){\'mui €: V’gallp,‘ F:E‘v', some £ € QXIUJ},

Dépfm&‘on'- A morph(sm f=fx, @){)—? (V, 67,,} ,_,F G%Ebmicc{sm{dﬂ'ef s e Co:a-&'imu.ous
mep €1 X =Y such that &, of c O
(For all  open subsels Ve ¥, all ¥€ @ (V) ¢ | conbinuoss P V= A'F Hais:
DS Qb YA s i O lF ) |

Examplessh ' is oblaired by gluieg L copies of AL Rz Ugud,,
U, = ()‘.*0) up, u, ’:‘A; i 9[,“(51 Jie £ o

() Ha, u, = A" Xz ﬂ\‘”ﬂ:{p;'ﬂ;t E — &
W [A; —Io} -—Jﬁ;

= (k;#o}l

* ti— &
ot
Twie s &;ul Hows clocfl. We dedt ot Hus 4 bPe a  vowiely. Stuee e
Fasishi topolegy i geo cousse, o‘.,sisﬁwa on  Mavsdorfacss (¢ web wsebud.

Delinition: X 5 o voweby < For ol Frfua,v-id-ief Y., ¢)iven ¥ :’?K Heern
Syev: Hy)zgig} s closed Y, i« it i sepacabed.

Exeectze: P s o vowiely, bok X ia b s web

ngk.‘ (F,g)' V= XxX, Thew g‘,‘j F(q_j):alcj)} = (Eg)-'A cl
Jarta,d,),

“: X x V(I) ! I‘hlxn-‘,xw-] 7 ““ XF = V(I) w.h“e I: (Iv xﬂ#rF -l) Ck[kl"" X“"J

|

X is a varely <> D Xxx is clesed. Caust olefine e produck of —

, Ekampb () ohoye: This (s pek a JGL«n.d“j 3 fa S"J-' chjjrfj(y}} = A -fof- /wk
dosed .



We wish to olefne e Fmob.:.c,t of vawiehes.
‘ For &w{q g“_f,ra,e X= /A"- ’ \{:/A“‘L’ XxY = /A"- Y_Mul = Amﬂh' bt we olo
not gk Hie  produck topoligy, ia general .

DeCinckion : 2, it pr 22X, ¢: 27 s dr prockuek F For all ” .
o+ il

Wow i P’.‘ =X i'lw"'y ) th'ﬂ/u_e wu::.rr)[/vftm F:Ww->2 \ P Ja'
/ o "
SQOGA M Pq7=fr; q(cp=i|_ ‘%\/

Exerciser F ikt exists, the Pmalucl s wnique up to umique isonmovplhaiim,
Theorem: Producks ofF ?:-wo.,.r(d-ier —exist.

Recgll: X is a uo\,.nd: <> De XX (s Tasiski- closed.
@ 18X 5 v x, §Fog} - (€q) Ac Y

¢

B ¥= K“Xz [Cmcj} = [Puﬁ,)-
| Lemma: ?mde:s of offine variehier exisk

Execusertilel x ¢ A" be o affne vo.\nldvj T a ?remdrj Then
mo.rf\m{s:usf z rmcj \,wmmpphasm }
T = PF kX >0z )
(notakion: i€ F s o sheafFen 3, WG Z, Flw =M(u,7))

Wy Xc¢ /?c“[ Ye iA" " a,lgebm.éf. subses, XxY ¢ A , trvedaedble €35 XY (rvedueble.

Proot of lomwma: I“‘}:'“:n,--, Fan,) CIA‘A‘, FFF;()‘.,.., Xa, )
T= (g, 9m,) ¢ N, a; <9 (yny )
Claim: . Txxy) =T=[F,, .., Fm,,:j cor Rlg] »
Procf : CLo.w P> Plrxy) e R[X,, SXn My Yar) . FEO eaXud D Pel,
P I Pi(¥0@y - Use wduckion ouS.
¢ w fe20 on X, aotling b pove. Olreswise, 3 feX suck Wk
Ps(k)eo ZP:A5) Q(¢)20 eal henewe @ly)= ZP(Y) @) wod I
D ¢ Z L P - Pm/ﬂ(\;}]@ (4] wed T,
= <?5 I, by incluchHen
To prove Wwwa, need o show Hab XxYc AN Ll X et =X, X =Y
s o cakegorical proouct.
By caim, kIxxv) = RDIGRIY].  Then, He lomma Glows by <wrenise (),
Qo Maw  tasversal PW?W of tcuse, Prcc‘/lMolf of ﬂf‘%s' Ih:tzg\@n'ﬂ[,\rz: Rl «)
ERERY o
e Wy g
> Mw, 0u)

i (EJ =



! Howve X'—'ng(‘ M= NG, el XxY= UU_‘ 3 W .

Leb Te klx,., «J Womeqeneous  prime ideal, ie ogencrated by ngmwus elemendss.
Wauk o oelhe X =VI(I). (l: i hewwgemeous of cagree o &> fiax)= A F(X} Ae ¥/
The  ring R= RUe X/t 4 geoded, = @ R,

P" \aa a Zarish bogul.agﬂ by V(I), T homeyeneous = X=V(T) hes a Z-toplogy.
TR E © 440, Fq e, somep nf, dhe Cockion Reld onX.

For weX wele Ocyx=1 Pekbd: 225 , 900 %05,
O lw) = § PeRiq: @6 O, allxckf. wy= iP5 Fi=0fc O,
Octa) e Clu, AR ).

Execise: Xn $x 403 s an  affine algebreuc uw.‘d‘j-

Pipnension '“neaw}

X %
X an  algebruc va.nelgj . Rx)= u_gf?( O U]
dim X:= Er-deg, R(X]. (Assume B=R)

Proposcbion: \F Y$X 15 a closed subvariety , thew i ¥ < liwe X.
| Proof: Moy assume X s afbine, Lot Arh[X]’ T(y) = P<A. h:degA/P < trdeg A, = h.
Take %,.,x,eh. Lek X, < kachfp. L&k Fe £ be amlhing. x,. %, Fe A se
3 Fe rIY,., Yau] Such ¥aak F(x,,., xu F)= O Assume that F iy ireducible.
F+r0 k=R > FY,. Y..0)$0 D (X, K., 0) =0 » %, xu ave algebmically
Aepen deut:

Theorem: X oun alg-ebmcn,uﬂ t:v\d.&pwm, Uss open b 5 GJE r'(q,(ﬂl a Fuwtotrion,
Tel a component §xeUl: gu<of, dim 2= dmX -1
Proof: I mmediake foaw Krull:

Theorem: A a pq R-algebre, fFeA. Pa prime  ideal , minimal ameng deose sf
> tedeg, Yp = beden, A - L

E T g P pme, 36 < PR i e
l i Jn" G m, welfz0)

,,,,,,, : - 7

‘“i;':"”o

Corsllamd: X ain affine vawieky, Zex icceducible and closed. r= cocl-2 (= dim X - dim 2]
Thesre axe Fi., Fr € R[X] such that 2 is o componeut of VI(F,. F,)



- o
Covollasy Vi A chain of closed Gvedueble subsets < (% X2 2222 F2 39
s schurated <> V¢ 7 elosed irreducibie ¥ with 2°2 ¥ 3 2% (debmitis)
W0 s sakurabed ol = dimX,

Proof of 2° By induckion ons. Guiven o sokurated chain X222 32,
there are Fummckious C:,..,C; such Hhak s
R B e Component o VIF,, ., fs)
() every e,omponeu.t ok VfF.,.,,Fs} has codimension <.
Assume F.,‘., Cses Aelined . V[pt,--, bl = ¥ 0> vig , 1 29—" Z§g2 = 1.
Need Fe T(2% , Fe Tiv) Vi, e FeLI(yY. -
Nebe Uk T(2% ¢ T(v) alli, so we are done as T(Y¥y) ave prime.

l?elgﬁue !\;_Qﬁ
X 2 X, =Fly)
CLy
Y a Y

Definikion: F is Aomimking if Fld = Y.

Theorewm tek F-X=>VY pe d-ownnahng r= D{Aw X - duw\f w ; 4 clhi closed | (vredacible
MW“ Y r
Te FlY(w a eompunewk' 'ﬂmﬂ;‘ M 3 ﬂdqimlﬂ. V. ks

Theorew 2: P,r ar obove. Thew 3 PtUcY open such Mk
v U cfFlw
G F WoUlsd, 2afllul*#, dhe dim Z-limW +v.

Deliaiionr CeX & cousk ble <=2 C’Q_&d C.:, [ Luca,lj,, chosed., (’ N of openr cnd d.owd}

Cﬂmumﬂf W) C X consbruckible = F(C) construchble
ti) X eox ‘_:r__) mMax gdimz s EOW Componcuk of C-I(F(’])} s Rowishe wpper
sewma - co phinuous. (\'?, Ve N, ¢-I{Q : Okw} is  closec j

i li { »nt
E._"a""“... ple : C = (ﬁ}\z -5 =O§) v f(d,m} is counsbruckble

£:A - /A2, flx.y) = (xxy) . Fia,b) = | ba) i a +0.
€ le axo > [lab):= §I poauif.
azo > €'0,b) = ¢, walss b-0. azb=o, (((ge)> {x=0f.

F(/A?.) is Cabwtruckwtﬂ. u= EGYOf %] “w 'T\«eom ?\
Dimension of the FRbre juwmps ak the ovigtn .

‘:P-'E 0 Sa @ s wppes semi- coutinuwous.

o




\0-

Peoof of Theorew It Moy asume X,Y bobs offine (evevcire]. Leb cod W=s, So 3
£, (e RIYY such Wak (0 we V(. &) s a component, i/ enevy C«OMPCMBJ: of
' e /]

VIR, f) Wes codumension s.
CL@_Qm_f Lek 9, * C;op_ Zc\N [g”_ , gs) s a CGMPD‘AEVJ:‘- -’ /O / ‘_'-.
e
/X

PWGF: E ,'r% (-’[w) < V[q‘ - ‘35)
— T . (mh'd} {
I 2 is not anm irredueddle Coompomed: of \”%,.., e ).

Hacn zg 2' F 2‘ Qa compone»l:.
< CJ::."I )

\. L] Cia'] ¢ o i xafe gl
oy ‘;u.. T, Tt wmruw o AR FEEVRS. W 1) b= b g .
s Wi, e, 2ccfw].

New W = fa) €1 ¢ VIf,. 6)
S0 T s a component of T (W), 5o =R
| 55 o T €5, e Yhe stabemenk.
Proot of Theorem2: Moy assume X, affne (exercise). \mmedioke Huak we WMoy assume
Yis affae. For X: Ossume ¥ affine, b X =UX |, an alline olzcomi;u;l;{m of .
Ferfixe» Y. (an Rl open subsed U CY such Yuat Hreorews toue Cor
Veed a  lemma...

Frpxa¥. Uadw: U= NU works for f.

Lek X Y be affine, F:X=Y a mopwism. There exisks géh[\l] amd a decompesition:
(”Meeﬂm Normalisakion Fer morP\m'sws"]_

& Falke

Lemmons
X 2 (71Y,): Xpe
' £l & Mg x A}
Feees N ‘_/P‘A [ conbinue  west dime).
MO:P\M'S\M GF oFFt'ne

O ——
wike FW*(rBD)

®: XY d.ominmut

wovpWisms } g

| ,L{mmql”ﬂe}.{ﬂj( no.rMn.lJ.'sa%;.vm ’Cor
vcwt'e)n;e;, czdimX -dim V. Thew Haere ev(shs G RUYT  amd
A map Wt Q=R s

@ 2 qu? \F‘-M[k

¥ { Yﬂ x A" s conkaiviedd wa ROA) aud k{A] is
2 ¥ N Faite over W [w[B1].

% k[v] <RDT s onjeckive. (F-0 0n Prx) <t » Feg on 09 =Y .

Fr— (@ (o,, F Y s wet, Fa kemel wlith & <o )

Lel K= R[Y], A= S"klx] P wot Rownivank ‘

S=el¥]-fo}, K cA. A s a C\MW oamua.l-ed K - algebm |, trdey Alw = v,
B, Noether, Kc KIT. Tu], €A,

beb X, Xy €k[x] be g enerakors of RDXT an o Kk-algebm . X sakishes

am  wheeal  quakion Ptizo, Poe KIT T4

¢ 9= T Cleponiinalon: o8 coclbiiebs of Pr) & RLY] , W Filel= kf\l]ﬁ [Tr,..,T.J[t]
Bub then we \awe: ktﬂojck[ﬂghb.,n.]aﬁe kLx,

‘i:)(?—‘i’ex&' g s x:ﬁ.

FQOLOf(:SOJﬂ.QV\: x o
!
 §

! Proof

Theoven: € X =Y C{omiﬁcunt, e i = dim X, T b+ U Y suh Huak
T C—‘[W) $oa C’XJW\POW,

, i Gy e i
i) eV, dosed irredmcble, Lunl *¢
Zaf'U % &,
Then S T = diln W &



assume Huak XY ore offae.
e (.P_MM'-‘L,' U= Vaj wovks. l Eq.g L&Mw.a’ WZowe vedluced to

‘ Peoof: 11) My
i) wse

eder XY = YxA Y
Cowgg%: (i) Amj MfPW:wu F:X=Y s tounstruckble.
‘ () X3x t— wmar f P wm?oa@k of F"C (XJ} {5 ufp&r seunt = Lowkiweus,
Procf : Eﬂ—ouﬂ\z\ o show Huk F dominant = F(x) a ocousbruckble sed.
Flx)= W= M-Tw,. 2 < x
Nert ook at FlUpw, — VWi VA Ve
Use wdackion on dim Y. @J — 1
For (i), wuse Hheovens | ocund 2. f.;assqm::crzkal,m n closed.
W, cleosedd, credueible.

By Uheorem 2, Flx)2U, cpen. Lebt W=Y-U , W= Uwy
Lot 3 =¢"We, s U2y, 2oy closed, (rvedaccible.

Consicker FI, - 25 = Wi, By induckion (as olim W, <dim ¥,
f(zg) < W o Construckible, (¢ £(2¢) €Y is construckible

K@j obsevvakion : Flx) = U w fl2y) = F(X) is constructble

| Defincion: An a,hehmu‘c \la.n'%j X (s peop er <= p,: XxY =Y s closed for ol
| 01236\‘&*6«': variekies Y.
! I

Example : - SR VR . proper becaure p, K" I b Sleded \ !
2 (xy=1) = M- £95, wlich s wek closed . et

- Theorem: ?m_,'eo{ﬂ've >  proper.
| Preof: iy 16 s eu.owab\ to prove Huat P“ s propes.
(Exeruse: X propes, ZTek dosed » 2 Pra?uj
W X s proper pj.-)(x‘f Y s eloed for ¥ alfine. -
) X s pegper <> P Xy A" > A" s losed lor all w.
Bg_., here, ouly weed : B P x A™ = A" s dosed.  (Poved on page ! )

{Fmdaww/{'d Theoren ofF ElUwminadien T\r\-eaf-j)

" t.aul&“"
Ccﬂsgqug&a: X [p.rejec)m’u{ vewiehky , [ x, &) =R
Proof: iy € X =Y mocpluism, X proper €O i proper, T} = j-(?(.rg)-' 'j:p(")id.,,c;'a X ox Y
e ll P
b4

X

Fe'\ﬂ(*,@x_) 5 e sawme as sayiug Frx — A, Moveover, F¢) (s proper.

Cocollavy: €: XY | X preper. Thew Y29 > wax § dim 27 2 F'ly), oow,pom{j,
(et dlim ¢ -], is  wpper e~ Cowinbus.



H.

- Theveem: Lek XeR be & Sapol [non-singular) tubiec  swrface. Then X countains

evaclly 23 Uines,

Lemma: Lek X ¢ [ be a cwubic suface (nok necessariluy smooth). Then X coatains a Une.

Grasmann NVaurekes.
G (R = § k-climensional lineaw subspaces Ly <P"}.
So, for eample, G(1LY) = 1 lLnes un Eixed B

Claiwm: Glrw s @ ijec’a'ue algelzm..éc \ruw{etg, w a natwal manner, dim= (a-R)(ke1).
Procf’ Glkn) = Vo € (nﬂ. Lek H‘o"in for (o€ <ip be {(n“)ﬂm:i onakeices th'- ald:[";hj) '#0}

E@! C”\(‘,’S) - V1 c Cu. :‘Jca \Jol s i, \ o G‘
] N - (M#}—,w o } ~3 ( (¢} \ ) sa Hd. ~ Ml’d- & G
M

Mor? Vao Vu Vi Wiy
Vi Vi A Ve W Gum=M G (A< G),
____Qewk: G- GL(ke) acks ow VU My . =M. Glkn) = 'M/G.
(g€ €ipy k 9: bl
| Facaf) L3 [ETN =5 A, x

Ml’k J\li l",.‘ ":l'! l;a Gl' "I’."\\JML‘M&‘
‘ = iR+

= qvu"ke“b il 5 A""’“"’ k”' These que Leds ore e affine pleces of

e Gtmssmw, welte u_‘-au..'u Co’ My, . Nn‘n/a_ )

Exercie! sWow Mak e coordinabe Clnmaj-es (,l(‘,..‘;h-b\lj‘,.ih

are algebraic.

€ is a projeckive varely: Glkn) — 19(;\:” o
V=lVo. v =2 P o (V)= v A Ay,
Se e B, P [P, 0. % P B Pl P
G(43) = (P Poy =0y Py + Ra By =0) €7 [ erercise).

- Proof of lemma :  Lek A= g cubic gucfaces on ij ”H)N, some N. [n:=1a?)

Consider GUIxNDT=F(Lx):Lex] The projection: EJI\\P
) A A.l

Need ?1 SM:‘Q:.E“E.

\€ LeG g ?-l(u: {X: x>L} = bv-o € A, ve , is of codimension & in A.

(Efaf (Xy=%330) € X = § F(Xe,.,%3)20F . Condition is F(XoX,0,0) =0 - need

toe Picients X:, MoW et J e vanish., e, b conditons. )

The Grassmann Was dimension &, D i T= N

T proper D okay g is dominant. By dimension Yneory, ckay W we can
produce one cubic Hhat Masn lives, 1€n<w [&j semdi~ continuity, olmI = olim f’,(IJ]
So lere s a eubi: X, X, X; =X3 0. This has Huee Unes, so we ave done.

Proot of Tweorem: (a) Fix mcX. ldear séual.j Lines [ €S suchh that Lam + ¢
Look ot P'3A+— Tan X sm = @

dwm, LD =T, a 2-P[a.u¢. TaS = maeltl,
/'ﬁ\m Wauk te sbudy fAcdet Qr=0%.
™ / ) . L

/ < N (b) (Exeseise)An dek @A s Wowo g eneous of Aegree § in A {/.‘.\%

o Led Lal: acX be avobher L'ne’ n F M, L,,L,’.
So  eacl of m, b, L) i tersecds 10

W el

D n onbesecks ether wm oor L, oty
L\'néff le, =4 @%ers, %"*fﬂg 3+8%3 =23 Uners.



Fariski Ton gent Space.

- af
Ce Rx,., x.] , pe VIE), seny p= (@l F“F = L W Ry =y,

i D—-——u———ec‘“‘“"""‘ e x CA‘; is an affine a,lqehmu‘r_ vawrety , peX, Let ToX =rqx fF‘;:o}_
e Ix.
|

Thearewm, ty The Fanelion Xog > £(p) 1= oim TpX (S upper Semi- continuous.

_ \n ?thuu, 3 B X_ X, ppen, such Hak  €pl = r iF peXo

‘. Ep > F pe X NXe.

. (i) vz dham X, -

Preocf: ) IX = (4, g ). Makex (agt = ox;.  €lp) % v <> ok (ay (p)] € v
| So all (n=¢) xin-r) olcterminanks of @y (p) =0, and so TE()2f is el

i?mgsiﬂmf Tek = (MVM;‘JV. mp € ROXT i dre warimal ideal w“"’P"“d"“‘J top.

| Prock: Assume wlog p= (0,.,0). Fist consider X= AR M=, c kD )]

; M- (T4 =h“Jv. Thes was  Reemd  Fumckions whwese diffesedial vauishes, i< M.
i £ — df e s S(mjecl'ive-

|

|

|

ln aeneval, F OeX c A" P

F— dfl .
Uodm: Kee @= Tx 412 (D & " Zrx7), 6 dF] -0 by
Aefinition, df=dg, seme gel e F-ge M

| Srodl oF Tneoscae s 181 Triuiak ¥ o NIE),
? Uaum: X 2 U, sudh Unat U s a hypersurfoce, o an open subset of one.
| Prock: Maw assume ik X is affine. By Noother, R RV, Y] cRDD , aud
; the laller & a Fale odewsion. Moy opply He pimtbive element
reorem o k(M. Y.) € R(X) S kK= R, Ya) ().
o sakisfies Z% X¢ =0, wheve Fig; e ROV, Yu]., Lt o= Tq,.
The MWypersurface wn queskon 0 F(Ye X = z i—;-? ¥ =,
Exeise: Xgq: U{FJS_

{
Lﬂenw\'&‘- This claiw tjw\pucs e Heovem i), by reduckion to o \nﬂpe»swﬁzce.

|
(-
i / / \ By » \/’ hypessurface.
l f o
{ “
i T x:’\"(o,a?m, suchh Bk sih’-’ .3

M>Ve, opew, Such b tly =+
For ¥, oim¥=r. But dim V= oim U=cimX.

izect'm'lﬂ’on: Cin-a¥ % a rakional map f F s a mo:phism U= ¥ u\/\-ar-eé’*u"—'x
Viewopen subsek-




Exampler §F: X = N = RIY.

| Remast: W6 P XY is  olowinank (ce, E(-JJ—;Y], Yaen a.F wmakes sease For all
g: 1-— 2.

l Exesrcise: ’L lowinant vokicaal waps X~--» yj = {h-h&mmwpw:ms RV < ).

So, Hhe doim above could be staked Mo@% vourehky s \:ém)n‘omuaj 2 valenk
to o Lﬂ?usw@ue‘:

Exampe: X= BLAR =K. By defackion X= (xq=y¥) ¢ A P
“hg).wacoidﬁka on Mz_ l“\
(§:7) coordinati o iP N

o X; ux..l g X!’)(‘t aWine.
X = (%5¢0) * A, (i *ys,»l') — I'x,,,.,,_.)_
Xoy = (q40) 2 AL, (35 T, 4) — (¥4, 4).

Theo . e WEP B oo wwesllc cobi Swobece . Waen X 0P (L;mlréaualbj %uiva.uu(').
freof: tek L c X be disjoik Unmes. XN(Luw) — ULxn,

p —> lloal, Lpnn),
where L-g s the Wu( Une Such Haak P‘:Lp, Lonl #4, (pon 24

A, Coherent Sheaves.

Sheaves of modulest W IX &) s o topelegical space, Cx o sheaf ofF vings oF
| contiauous Fumokions, we can sfeak of sheaf F of Of - modules.

CExewser € (X G2 (Y,.0,), tonkinuews, GeF ¢ G dhen b prodiwes Funchors:
F,: § O ~modules) - g@‘f‘MpMLKSF Lresbrickion o scalavs)

£*: 1O -modutes] — § Ok - modules} ( ecteasion of scalarss)

(Dis‘-ﬁ.\%w{sh bebween ¥ and o F*’y' a F.? ?;y Ox ),

Su:o‘-« Yook Hewmg, [Fig,g’} # “owov(gfﬂ J})

Examples: X be an affine algebeaie vawely , M a Cq. ROXD-module. We debine a
sheat MY of O ~wmodules on the Following wouy:
X>UW > MW fuloT Moo ¥yel I meM, Fe @u, sudn Ut

$= " un o neighbourhesd F ye U,
where M, = S-IM, S = R[XT - w,.
le, have X, 1%y ge RXIT. M a kDJ-medisle . M7lxq) = Mg = E5:J/~.

D(C(V\(Hoa' T‘ﬂe E\_Lr_e ec H" Qae x eX is Hx ® k(')!)
a".x



Eh eovem: Lek X be an qlge,bmc vouely |, "3 a sheaf of & -modiles.
The FWowing are %utuatzut

1) There s Qun  @pen  covering X= VU oand susjeckve Womowmorplissms
g - v:* — J}"ﬂ , sceN. G, =

tir 3 K= 00, and evock sequences . — 0, — '31,4: —0

teer 3 X U u-t', U effne , RIUT ~modules My whick ave er , omd
150 weorpWisons !3’“‘_ T M.

i) fFor aldl  affine coverings X T VW, L) beolds.

Delinction: W (- v hold, we Say Yot T is o  cohecenk sheaf of @) - wmodles.

W arwing F:x—-Y wmovrphism. g@y-wheﬂw{: s %% cohereut ou X
bk F - oherent # G T olheredt oa T

Example: X affine, F=0, F:X —=pt ExOc = Cix ) = RDXT . This ts wot
cohesenkt mm becawse RIX] s nok o Fuite dimensional kvector space.

Theorem: F: XY proper, F coherewt on X D £ F s coherent on Y.

Examples (1: X algebreic vaniely - Ny e nice coherek  sheaf on X
For F am G-wmodule, define : o derivakion willh voluer vt F (¢ a
shea € Wowowerphism d: O » 3 such teat
() d is k-lnear : dlAFf +2,6)= ltd((.)""\td{ﬂ.}/ Aie .
i) &lf.q) = Fdg + g df.
A 0 the  tamet of Hhe wmiverssel doviuabion, le I ceduakien
Ad: O - ﬁl&( omdd  For ol devivakions dJ} o, - % (’}cahe.ra*)
2 B wnique 0,cho0lMln homo morphism P N> sudi Hat the
Magam O — 2 Commukes.

d\g/¢
Exoumples: i @ 5 Mow, (2, O) = Der (x, Oc) s Hae tangenk sheaf.

Cy

‘ v
| Exesgise ! Fibre of @ ek xeX & (M”/M:) ;

[ 3 Cninaml&qb\.

Leb X be a  topolegical space, X= DU a covering , T o sheaf of abelian O rounps
oa X, We ot.ep,'ne @ MF_I& of ah eliaun oproups. :
C‘[{“ } ’}) S' Cp'-' CM‘ NO{‘q,i‘l'an: ."p |‘a(-~(‘ L'P‘ uio""pz ue

wn all
c* SUR R R T '3((4

Q.P'



/

W Fec® aud FiL b the Lo - component, then
(dF)Ju"' "‘p“ = Z[-ijj PJ fl'on ':: -t l-'," ) N\‘\!.r( e"- % 13 (U,-o‘, ;: "I'P‘H) -5 ’}[u,\’_, prﬂ)
s twe  restrickion  wap. '

CExessise: (i a compler (e, di-0).

DefinibHon: ;‘P( {(-(.‘}, g):: H? { C'[IG{;}, q})

| Exercise: ﬁo({b{"},’ij = F(K, 3, al Covenings.

Theorem: Let X be an affine alge‘mm‘c variehy | F a  cohereuk sheaf of @y ~moduudles,
| For ol Tariki coverings JW,T of %, wHIIL}3) = le), ol (al.

COrouL.ng Voo X Gy a).gal:m.ic uo.»{el"vj, b o coherent sb\caF, il-l;? aPline cover of X

= ;';P{ {u;l J) dees wet depend en IU\;f’ amd is cleno ted prx, 7
or SFZM?[S HP['}J-

Cocollowy 20 X am algebwmic voudely , and O = 3'> 195 350 s an
evact $€q uemce of cohecewk F ~wmodules | thew I loug evack 1€q uentr
"“’Hf[’?r') =% pr 3 = HF(?") _d_; H?"[q')‘a...

| Prock : Exescise.

| Definibion: () A coherent sheaf on X i (ocally Free of gaub v <> T TUF, a covenuy
®
of X such Mk Fy T O
Yy A Upe  bunmdle en X

is «a tccau;j Cree SlneaF F vauk \-

| Delinibion: XX, = Tto'h'(x,3) , u'=dimtt’.

| Thporen [Riemonn- Rack): 1€ €

is & propes smooth  Counecled Cuve | o( o line bundhe
on €, then X[L) = X(O) + cleg L.

- Theorew (Seice Duai,({-.}]-' C, L an above. Therve
HO (L) @ n'(n ®2") = k.

i a Pﬂ‘Fch: dua.LL{:j ?Mfmq
(MI H'(JZLQIV) = W1)’ &g R-vecdor spac-ﬂsl

Nolte: - 's conecent ow @ curve C: Hren Hl‘fC' 3= 1o) Fix2,
— i'(.n'"\e bundles a.,.xl'/g = \‘_'41[)( L’—’:} - W

VJ x
W la,;, )

Let L be a Une bundle on X, fw:df o Covesing  Such that Lo Z'/u‘_ e @u; ;
":L‘QU\ q,n.' CFJ'—' : cyuj (u"j L @H;’uq. > ¢ll quli) = ei'J' {K)S

3“)_.' Ua'
Note et ¥ @@ ¢ = ¢ &'

P> K e g€ Olug)¥

gl'jﬂjh o8-

I, A € @[uq)* Aefine an element g€ C‘(Tu‘i, 0‘), with Sﬂ =2 W c’[fu‘-i 0")
v

:> [ C,o‘ﬁouol.oajtj C/{QSS‘ (qh) € H [{ut;; 0k,.



Reenrh: Woiak 4 ser‘{x,i)? 5 = Cf’c{s[m) € Pldd  Se 533 i P e 8y Yo
So TI(X, L <= fsce Olu): s;:g;,-s,-}.

Defuition Pic X = TUiwe undles on X7y
This s a group under . 1 = q

! '

Fal 9%

, el 9, * 9,

il e

Example: Colecent shheanes on o  projeckive voarieky X e P’
iz Wowmeqeneous coovolinales of X = R K x")/lf"' - E-';Ba Ra.
M= n% Ma , o Faitely rjmuaied R-module. M= M™ a cohereuk sheakt on X.
1€ sce X, Lek m, cR be e maximah ideal corresponcling tex,
Lol S,f {‘M.O\M.ocj eneous F ! Fémeb.
Mx= Sn Mo = 137 me Mg s €5 Wowogencous of clegeee rf.
X €2 U MY = Jsiu—=,T My Vored 3 seeVel, 3 meMy, te Ry

suck ot sty)= "4 Vyev §
Q-Emo,ri.’ Ece.ra s\nec.l: on X arises  in Wais way-

| exampler X= P, R= Rix,. x.]. Let M= Rk ( ve, M=R , buk My = Reul.
Q)= Rik™. Oe) is o Une buadle, Olk) @ Olk) = Ol + ky).
D (P" Ok = Thomogeneous polumomials of degree R}

Peoposikion: Lek X be an algebrmic variely. There (s o V-l coresponclance
' Une bundles L on X,
ot & DR L) = {@ s P21
with we commmen Wroes
Peoof:  Grven @ X — P defies 3 = ¢*@(,J’ S = q"(x;} )
Gioen X, L, sce TUX L), X 3% 103 (5o (3], .. $a003).

Qi\;gSats.
Delindkion: ¥ is non-siagular w  codimension \iff Oxp isa DVR for ol MeX,

irceduble, C«:dtmpx=l-
( u{ ‘f‘a‘i x’ r.!\ u-l. % 4 . Ox.p:= k[“{l 1) < h(x) = d‘ﬂ’ff M& OlE.Peud on u.‘ c)(},

Exa_gglgs:w C s a suoo%‘ Clarve = . Mﬂ-ﬁiv\.ﬁu}u w de.éwtl-
i) \f SLNBXCK has codim>2, Yaew X s non -singular  wa ewolim |

Wil assume For wow Hhek X is von-Singular on  coclim I

- Debinition:tn Viv X = ‘gz,( z(irl. o-=T ne i b called o Weil divior
Codlimp X =l Fuite

#
(o There s o exadk seq uence R' = R(x) = DwXx =0

£ le SO T z up(p),p.

Mex



C Execcise: The suwm in L) (s Gaite

D 5 peincipak <= D= v (f) , some FekRx).

D20, - “lnearly eguivakeak’ ¢=> D ~Dr s principed.
DYoo - “effeckive <=> 0= Zu,-F, np 20

Cixiz BX

| DeGinition: X s fackorial ¢ Py, is a UFD for all xeX.
Exeesise: i) A smooth cuwve € is  Feckowal
() A smeoth waviely s factorial.
gy X ('191 24 C/A3 is  wnet Fad“via,l (as ?.z T Ay - wobt u.wlcbue),

{19) X= (0(2+3"+ 22+t] :O} c Aq‘ Is Cactoriel .

Theorem V: X Fackovial > CLX = P X
({dea: D= Zv\‘..l" - 1) = 1€ i€ +0> 0”

Theovem?2: C a Proper Swootlh cusve . FeRic), civkz Zano T D Tap-0.

Definibion: ¢ L= L(0), b= TP, d’ﬁ L= Tay,

\St Chern Class.

X s non-siugu‘au W codimension |

Theorem: 3 nabweal wap €: PicX = CLX = DX/
CPrecf: Lok K= R(XY, W&  waue: O — OF 5 KX = "eor = b,
Noler: () F X is a depelogical space, S a sheal of abelian greugs on X, defume
whis):= ‘;_“."} HP[1u1$),
iy ;€ 0 $' = $=25"20 is exact, get o loug evack sequence
o= WPUS) = ylls) » ufls) - WP (5') = - _J
Now, HI(K70x) 5 Wiey = 'Y
.:"qud-‘u (;) -cx-&rcise-
ted T e PieX = H'(P%) be a ULine bundle. 3 Se F(K,KY/O") sueky ok Ss= F
s e TWF s KU 2K sily = aysilg, o ag € OFUg). i - uca; 1.
By Olefinikion of 5, 9, @ o coeyele defining &, ond 5= (s € O (X, Z@K)
i= iwi-e«*omwpw:. seckions of I.}
S Au(s) =0, such et Dy =oliv (s2)
Plaw s o define (L) = divis). Now, F 8(s') =5 | by the lowg evact
Sequence , s Qe Pen” ivs molivs +div® , (fF Aivs' = dius
le, ¢,: PicX — Df—:f 2P X w well- defined.

&,



| aores: X Focosial 3 €, Pick ZC¥

{

Procf: Define (X — PicX
D 1.(0), a sheaf.
Z0) ek, Plu, L) = § Pek™: (dew @+D)all »of vio?
X factosidd > 3 {U;f, Coveriug of X, ofRne , P e such that Dall; = div @,
X fedortal, Te X, subvavely of codim [, Hea 3 v\-eig‘mbc:u.r\mod U such Hat
well, Tau = Nlg Feklu] 3
PM;,&C(D)J S @‘:’@[ud c K. i€, el’a (D) luc = @(H;J , 350 TLI()} is a Line bundle.

This  mop s an  Wvewe %o ¢ (evecuise).

B. Lineas gx‘._ts%ens.

Assume X s Foghorial.

W De Div X define D= {6 D3 i D> Of - Hais s 0 wwplllr Linear system.

o 1Y = PO (X, % (D).

Clhoose coveviug TUid , 5.6 K* such tnak Dly = div(s) . Then "’iluu S TR Pt
is o cocyele defining HID) . 5, = 8 55 O 32 1) & PR, bX X}

iF D=, Drain(s® , ek, oo ap=5 Qe Oluy) <D o= (o €MD)

Twis gives a well-dlefined |~ corvespondance ‘DI <= P H°(X L)

tiy A Uneows systews v o linear subspace, § © Il . Be§:={xeX: xed ald D'e 8.
2 s Bee > Bsh= ¢

(5) These 5 a -l cowespendance F,ee b f - 5 mwp‘m'Snsf
e i
s‘jsk‘ns §eonX @ x+P

S r-——_—-ﬂ’s.-x-s"

wrs IDRET Oasef 8"

€. Riewmann- Roch,

C = Smooth Connecked propes olgebm‘c Cuave.
D‘\)ISOU’ b= Z'\.‘ ?,_" ﬁa‘o et olc%bt 2-“( A ﬂ-{' Hals Sl’.’&qe, do wot Brow thal
Dz > Aeg p's deg D.

Tweorem: ’K[K,fD)) = X (o) “’d?Oj D.
Cocollany: 1 020" > dleg D= oleg D'

tey) VCa € 3 P\‘c_ 4 -—‘\:-'-) C(«C, Coun d{'c{ne deg PeC > Z,
taid X(L) = Wil A dleg e amy  \ne bundle.



- Prool of Theovem: Follows \Nj tnduckion, using Hae Gou.ew{.mg lemma

Lemma: bek Dz Dy tp . Thes X(Z(DJ) = X(ZL(D,)) 4 1.
Proof! Hawe 0— Lip) = LD, — (xk -0

. vpt frf‘-‘C.
“Supercoal’ W L&, kY= 1, W (i k) 20, {21
$a X { i?* k) =1\
Bk X(L(Dy) = %X(2(0)) + Xlip, k). So done.

I Theoiem: X o alqﬂ)fe.«'c variely, P & coerent sheaf on X | Then HP{X F) =0 L P)d.im)(.
Reoof ¢ty WX, B) = WU, D), For amy affine
| ) € X P g Xz, choose coordinakes A on " such that Xu{agz-:x,=0f=¢
W opdde U X-Inzof s am affine cover of X suck thak Ui, =@ of
p dimk , » CPLIWS ) = (o) i p> dim¥, amy 3
i) Queskion: For X an aigzlomu‘c vowiely , does there erist an  affine cover
W of X such WWat U;,..;P =¢ F dimx <|=?
(‘F X s proper, 3 buakional worpWitm

Cover {u;}.

P YaX, ¥ projeo(-we - w%ew LQmma” J

Theorewm (Q-{Ln.u_n- Rac.injf &

?WPH, Smooan’ Lonngokfd- Ala{brﬁo\'c \J‘Our(&Lj OF OL‘-MCMSIGAI
(\‘e, C is o eu.rve}, L oa Une bundle on C , then:

WIC,L)-WI(C L) = degl rl-a, whee g= W(Oc) w the genus of €.

Theorew (Sere Dualily): wig) - HO(J?.C @Iv)v

Tacpeens: % ous algebrm'cd ucut'wl'j, xeX, The Ccu..cw{u\g Spaces ase comonccally somorphac:
| W Ty = How [ "/ml , k)

T 7\ Oy f
- >
(i) ) R-Uinear clerivakions 0O Cax,x = ko ) M

i) Yom, N (ﬂ*m , h!‘x}),
‘ Reoof: ) ¢D i) 3 Take

: ’ " -
¢ L] i i ' §
AY 6% G s Tacal t')i'zi'-

D O, > Rix). So Difg) = Flx)Dg+ qo)dF , all Fge Oxu.

2 D(wm2) =0, Pem' ¢35 P ICq, , Fity)=9.0d = 0. In parkcadar,
D defines Lpt " SR

Cokuseb,, givea U Yt =R, Aeline DIF) = LIF-Fln).

Ly €2 Gy Tads s

Frow due definibion of 2, by the wmvesal property.

,Exgig‘sei X aun q,l%e‘o\mdc_ uaﬁe{\j, ‘} a C.o\l\exe«k g\ﬁecF on X. De@t’ne Q(%) fd‘;‘"p []; ®k(‘*’)
_ (36 km - Flu.n,l.

b P v wpper sewd - conbinusur.
WhH Pl =v is  constauk ¢ F s lecally free £ rank r.

- frocf:  Use Neka goma.
| Cocollavy : The Clowivg ave equivalest:

Li) X 5 swmooth

. Moy ( my 2 e
() uwm X = d‘"""n /Mf, , al xeX. O¢ J'usl" Dbim, /M, v wwsfcwf.)
iy S 15 locally (ree [ ramk = o],



: Note® ta) Ngeg = ™ Na
[b} ‘F’ n "'»{S, g daot S'egue.,.u 1/12 - Jlﬂ @B — ﬂB - O,
These  imply S b cohereuk. |

Corollam b Theocem: Sy, @ RO = ™/ im2

- Ppplications of Riemann- Rech, [R-R)
) 9= \ﬂ'(@; i \nﬂ[-p-) , by Serce dMQLtLj
i) Ppply RR & L= Wl - h'(n) = deg R +1-9 } D oeg = 2g-12.
. %".,

[_‘) ,F C s over @ , Haea q((’j = $loles. S = Tv. Then 29—2'—' -X

Nrblm;sca,t] .

(if'.\"lu-rw;"&! rﬂ"hu.[g__.‘ F:c'> €, Fl'm'k, d= [K'*' K], Ramifeation wisev, R = Z tfp“)- P,
Lew C. W @ =€), Cﬁc,a 5 Opp (DR, Lok tu  be locat P::a_mebm.
. F#{: = tunit). u P,
- Defaition: The ramfFicabion s 4tame iff ether () chark =0

W) chack 1 €p,

| Theorem: \F ra.wiC'icd:\'m s tQ—W\-e, Haen 23'—2 = d(Zg»Z) + 2 [d?d-&j FJ
 Pract b T ou’? du, -
| (0 = ¢f*p » N —= /g »0)

Example: \F € ' = P thew R=0. S. d=l, ¢'= P

| Serre Dqu,&ﬂ

Thcorem: Wi, ) =wic n.ot")

Twis can  be proved w  vawious ways.:

(¢) Medge Theory [over €.

(i) Mowmologicad algebrm (very genmeral)

(i) Adgles [ yumber theory , " Tale Duqﬂ(«a“), Wwe will wae wl.
Ctek K= k()

- Definiticn: A = Ay = ;-E: K?, where:
| () Ky o e complekion of K wet Fpe K. (Mere com Haink of 1= 1),
tey X o e vesbyicted ocliveck produck of e é‘p C Kp.
(U > " ). Tikpr §Mlpes bortly s B & & alust 4l P ]

ip«ﬂaloc;,g: Leedy @ e K, wwwbev p(elo\. —> (/(noosiv'g il e I‘Ppl 7 n? R R(c),



P D= ,g(ﬂ??; ALD) = f(FP,PeC €A ondpby 2 2ap, ol F}‘
A - lniﬁ(o)

E:‘aeos(ﬁonf \1'((,9:.) = A/A[DH'K.

Consider © = L) = K — K/IlDJ — O, Th gelds e loug exact Sequence

HolK) = He("/y () — WLl — o

K o e Wiyl
Kooy = P/aco)

Pfoc‘:"

R noonivn,

ne

Resicues of  DifFerenkials.

Write Ry Lo R K, < Lieyy [+ k).
e B
E— b Afler choosig teK, can  Hamnk of R = Kdk

Ves
Ko Ky = k(W) R, o A, = ki) db. —> F

2: 54',,{“ —>
w2 -N =1

Claim: Res: R, — R s well - Aefined , (ndepenclent of the pavameber t.

Propeckies of Residme Ress L2, =K for  pecC.
W R~ Lnear

i) Res w=0 F v >0 (<:> e @P.d&)
Ce Res‘,fd @) =0, Fek

(o Res, "l;) = 9. @ Pe el

- Theorem - ng Rest =
Considles a—uwl-og(ﬂ with  nwber G’elo!s. @‘t-“i’( d?qo(,{.,,cf" 0.
kle) e R(C)

| For D a Auvisey, alecme e sheaf J-lfD] & iweﬂ&:’i&’: i -D>/0}_

Exeguse: There (s o non- camowtal \“Somorp\/u'svn ) x H"(ﬂ@.ﬁ[i))“)_

Proot of Sece Dugliby: Wank 200) x Vawmik — k.

Take w, (f,) pec. Delime scalar produck : Cw, [Fodpec :PPG;C Resp (""cP)'
Ucise: Huis s o pacfect dually.
This  implies  Serve DMG«LH ;

_F;gung g{apugai{mf of R:’emn’-— Rwo]n
ifra) 0{49 s 29..2 > HIZ) = (o) wmless L a0
| deg T >29-2 = W'(£)= (o).
(i) = wolnel") . dog (ROL) < 25-2-degde. dey(-) <o > W(-)=0.
deg(-) =0 S W) =4 ,ff(~) z0 )
\naf—) = O, a‘{{ll&w:;e‘



 Kodais _cwbeddiy: & dey Do ¥ 2gsi, Py :Ces pm®
‘M tir D s base - powk free. <=> W (L) ﬂl»"‘p for all pecC.
o_a;[,[.?)_,,;f,ﬂ‘i'ahp_.ao. '
(L) = B — H(Ll-p) <O by (), so 2wwal o surjeckive.
So we qeb By C— P hee dhe demeusion comes
)y ¥ is an cwbedding. <> V pgeC, W (L) il T2
Gek ©0—= Lip-q) >L 2 Rpok, —0
N eed H’{ i:(-p-q,})' = (o).
(11 Need: AP T,C s T%),P <=> H.d(l)_" (i/;cr—z,,))
This  again follews frome W' (L (-2p) = (0]

FVDM R-12.



