_@_f_gg_s and  Maodules.

Ls Q(v\gs.

. g m R s a ;e,t eiw‘??eof wida @?Qfd-'{'l.oﬂ’f + [adﬁt{-t‘m\)/ e [nec‘,a}{oh)/
X fmd&—i?Ucaﬂon)’ and  special doments O (2eve) amd 1 [ong wity, (denhty),
Wit properkes:

A R+, -, 0 form an obelian group. Te N oo,z eR

(ro) ¢ losed : x4y € R
(A associakve r (xay)+2 = 2¢+ (y+2)
() fal-euh‘{—jf X4 O #2042 = 2
(A2 Javevse ! N +[-x) = (~%) +X = 0O
(Aw) Lommuwlakive ! X+Hy =y +x
@) Rx 1 Form a monsid:
(80) closed: xyeR
(8Y assocahive: xlyz) = xy2
8Y idewhty: x.lzlx = %
(81 cowmmubakive: XY = Yy
(@) Mutkplcabon distributes over addidion, ie:
(c) xly+2)= Ay 4 x2
(c2) [\j+t];¢= Yx + 2x,

1

Note' wmany books de wet assume B 62,83 - Speq,k ol r,COMMu}foJ{Je Tlrv(ﬁ wth a i‘.

Examgles: () The wlgers, Z, foem a awg  wnoler the usual yeles.

() The vohownals, &R.

(i Tae Nai;/ \R } Blso E‘M\‘ (e division s ?DSS\.LLQ,

(19 The complexes, €.

(v) Recall that Cmng,d wmod w  are Cclasres of aneged waoles the
velabion a zb mod m , e wlla-b . We t'o(.lw{—{pg Hie casses Lot Hee
represenkahves Ol .., w-l. Let la] dencte 4he class of integers
wnﬂruewt Yo o (mod m). Define + -, x on such olass‘es b‘j:

(0] +[b) = (asb] ~[a] - [-a] [alx[b] = [ab], Must check Hat Huir i

wEU'OlGCW\ed: i, WF [“]’[G'], Do]‘-‘[la']' Kaen [Q*b]‘- [a'+b'],efc. To-cudal Faaoﬁ,
Now easy Lo check Yuat classes itﬁ]j foem a n‘vxﬁ caled Z(nZ, ua’*’-"
(o] and [1] ood @5 2ere amd oue rﬂpeouvelag- “cesioe class ring  weobilo w -

; Cdns%molx'o.ns.
Lek R, S be wngs. The diveck product or Castesian product RxS= § tns): reR, seS],
with e lons © U, s) 4 (els) = Lesel g5, ~(e3) = (~0,-3) | (o, g)x(v's) Zrel 55 omd

(g 45) = "'-, [0,0:) =0

- Exaumple: Zsy x Zpg ~ Zyg



| _PO(hlnovw;ai R%L

Let R be « riu.g, Cous. cler Sl-’imcea oF Forg [Ca,C‘,C,,.--) i oleved b.ﬁ “\;o,
with property thet ¢ =0 VUn greater thanm Some value ( depeucivg oun sequen ce/.

- Add s€quemers by [co) ¥ldy) = [cnsdy] - o(zwbj of e same type.

N\‘-vu"?(’{) 384 i Ces by fCXGUp. = kéékdn—h + alee of same type.

Su_{?fmje Cr 2 V(ON Lol;=0 NIPM L Thew, 2f V\)WHN) B 5 IS n-k)N}

L b 0 & Apr =@ , So (exd),, = Z(zero) = &

| dlewkily  sequances (o) with polywondal ZenX”,

New, {Ze 3" ] Zelu X" = %',2_; Ceolar X7 ~usual eude Lor Mﬂm?h'cai'{am . R

X » wa«pl.g o notational device. Somehmes call X am rr&nd@tﬁm@naﬁ“ or

”_t_ﬂw“ 'imPlACo.:l—iOm always thakt @ Pohjm\u;al ¥ wt o fammuda

w R o6 even o wappiag - SCM?L:; & sequencs of coefFicients.

Denote by R the set of all polynowvals with ceefficients in R, (X as veabal g~
Clovm RLX] & a Ang ot addition aund Mﬁp“caﬁam as olefined.

Define neqakion by: £z ZeX" D -F: Zewix"  Tue zero eloment of RIX
s the sequomee (9,00, = 04 oX +ox% = 0. The wmby n RExT is Hue
cequemee (1,00,.) = L +OX + = 1 The coustank teom of a Pohjwowal is
the 0% term , (e the weflficient of X°.

We \wave to verily all axiowms for a vinag, “@% e e v\ft‘h u)t'wda:) tnial s
associativily of M%Fugc}aﬁﬂn: (texd)x &)y, G lodlgeny, =2 Z, 0 dej eqp

o J':Zo FZ.‘J c"l dh—'j en'k - j=o lhz=0 cj O{M ‘e“-j'm :;:E CJ. [dxej“'.\‘ = {cx(alxe))h_

The coustaut teom, (o +do) = lerd), | (cxd)o = T (o = constout, cocla.
So, Foij\.ow@als (x,0eo. ) “leck Uke" elowents of R.

. Su)bn‘%s

A Su.b.riv\g S of a\riw\ﬂ R is a subset of K which s a n‘nﬁ et inhenled
0?2(0.!:1'9015 from R in ?dt‘hwlm, O 1esS, amd $ has to be Aesed  wmoler
addition, wegakon omd wmulhplication. Asso ciakity, towmmutabtivily  aud
dA'sh{Bd—ih'hj are follows fom R.  For e}amp\l, L \s a su.j:\n.'u.g of @ @ of IR/ R of €.

We observed Wl constant ?objmpwim{s s RN Porun = subring isomecplide + R.

\n  pavhuler, the additive group of S s a subgroup of addiive oo up of R.
So apply amy weaulds about suboroups - ¢4 Lagramges Theovem, ie  (F R ois

fmke and € 2 a subdawg of K e Isi|IRI.



Ma..fs ?)et'weu\ Ru.\@rg_

Ag‘gg homomorpwism lor mgm} from e R to siey T isa maep TR>T

whn ch preserves  ald algebiaic opecakions. Te, xgeR: Plxey) = Flx) + @ly), Pl-s)= - Pl)

Plny) = @) Py, Ploj =, Pl =1.

ln Par'l'ta.laf, ¢ Preserves M addi bve sfmol'w-e, so ¥ voa Womo w0 splansim

of qrewps, Looking ok addibive Groups w R and T,

D'Fh\e the M of qJ, Rec @ := {-xe R: @)= O}‘

Define e Soog rupince alached t0 P ay velahon xzg <D ®lx) = Fly) .

Exg_ﬁg(& ¢ Z= Z/MZj x> [x]. We showed thet @ o @ riag \APMoMupWSM
wlunle S(A.ow;.u\ﬂ ZinZ w a ing. Res= m Z, Congrun ce alttached s
x 29 <> @lx) = Q) <D x podm ° Yy modm <> xzy weod wa.

Pmmsih'om-’ Ze w am egwiualemee velation.
EE_G.E-' We have o show - (éuive L ‘P[x) = (P{x) = X =,

Nng;:v{f_r @fx) = @Lﬂ 2 c?(gji Cpla:{i So XZy 22 gy = x.
Yramsitive: @bf = By @ly): ¥Uz) > @) - @lz)

Furu»\uw\.ore, delbintion of @ impUes Hak F @b = @) 4d ) = Ply) Hn
@Ux) + @lyj = Plx) + Ply) , so Pl +y) < Pbisyl) . Se, 1%2‘-’, ‘jigi D i "“J*"ﬂ.'

Execise © Fp as ?voperfq‘es: €z, ug;‘j‘, Heen x+<je;t‘+3[1 —x s—)ef/ Xy oy

Deladion: An (abstrodh) conguuence ov R 15 am  epuuvalenes elabion = such  that
, sxz' aud szg' D ey 2 x vyl -x E—xi 70y E n'y'

A Oov\ﬂruwcz = ?m-ff{-t'ws R inkp classes [#])= Sgeﬁf 1535. A Spéot'al clagr s [o]
How: (£ xttjefﬁ]  then  xegele] -xele] xyele].
Ca—oﬂ% [o] v an additive Su,oaroup of K

ProchC{'{Ovl'- Su.P‘ovye 9(6[03 CLud W oy mw oF R Tl’\{n/ nNIrE = R 6[0].
Proe € HZO  v2f, so A¢ = Or 20, 5o av GLDJ.

Tn Susmmary, Loj » am  addibive 5@3“)“‘9 of K ul»\)»ci/\ is closed  wmder mwu‘!‘fa[.«'tai'l'm Ly
Hee WLWLIZ of K.

Aa  Joleal  in R a subset T of R swoh Hat ()T v 4 SU‘L??MMP wnder additon
tir X b O&’ﬂ’d wnd Ly Mu/u';{)(kcai‘!On b‘j G-Wnﬂ‘Hr\nng ws R [ff, x2E I—, I‘ER"> Xy e I/

So, the twe Reviows propesitions say Huat F 2 0 am  abstrdt congruence, thon
(] © an ideal



}Praeos..-{-[on: Let I be an ideal MR omd define a velakon ~ on R by
L amy €D x-y e T Thew, ~ ¥ o ongruence and I- (o] for ~.
Procf: We Fust Mave & shwow s~ 0 anm e%mua}wu relatnon .
‘ R: T b owm addibive Sf&Lgmuf’ so x-xel e .
St T o closed wnder vwﬂai‘l'ova, so F x-y)e T & -lx-y) =9-¥) el
T L 0 dosed wmder addition, so x-yel y-21el D lxwy)ly-y = x-2¢ L
: So v ¥ o uivalence elation.
: Now we ned to shew € is a cong ruemee, ie, i F s oud Lj‘”*al; s
)(M;v,(\.‘j'; o e M*-x'é‘ll (d-(ale'I, so dx=2¢') ‘f’((o"-;a;)é'.[ 5 P o4~ tj-ﬁ-‘ﬁl‘-
i - m 't hawe ~fa-n')el , Se = (') eI so -x~ -x g
E A v x’g(f ) e T Y- vglfi S f'x-—x')gc-l-, #'ly -q) €L <o (k-x!)ﬂ +a'ly~y) e -I,
g 5o Y = A 7
; So ~ v o CONGPURNCL . ?ma/qu EO] S‘j ‘j"”"} i‘j = Ofli {ﬂ D"If’

Examples of idleals: () Kecnels of Weo cpladsies.
(i) Sof (ofem wowmthn©) iy any (ng. € sell o am (deal AR Tuese
ave trivigl (deals wn R. Others, i Auny, awe aon-tiwial o Popec, \ Leals.
(1) Lek weR GO =% xe ceR] This is e pancigal ideal on %[ with Genemder x/
Cneck toleal © f xr aud zs € <’>/ Xr4oes T A(eas) € D 5 =¥E % Mlg] & <o),
x.0:z0ed. IF R, (ar)b = xtet) €<X3 50 Aone

!Eroeoyl-“'gw: Z s o Yowg ‘ lce every jleak s P"i'ﬂc‘;F“JJ‘

Broof: Lot T be an ideal of Z. Fist,iF T:Jojz o> 1F pot, I non- zero

l Aements in I, ond sive T s closed  wundes neﬂa.,{-l'ow, E| PoSL'H\'G elemends.

: Let S be a {ﬂo"‘—m‘pl"d) sel of ?as{{-l'ue elements of T. 2y Hae on—mobn’wj
properky, it bar o lLast elemenkt g say.  Caim @@ I -Cg>.

g€ S,aud 31, s ge L, 5o Sg2 - fgr: reZi € I. $So suppose, (€
Posn'bhz, Wat T #<g>, 5o Txe Il it i 4<g>, te xeT aumd »x wot a
mlbple ofg. Divicle ¥ by g o %,{.,e xzqq + with ©¢vrlg.  New,
i ol 994, el s5ocel . Buk >0 and v<qg -, Ss X249 ,aucdl Z o a PIR
!Lef * be an abstrach cougrucnce, amol T the osresiabed ideal. Let R/I, ov R/z,
| Hamole the et of closres : § (] xeRf - =8

iDQF{me oP@a}\ous [»] +Ly] = L'M'j] -] - Exd, [21.04]- [’“9]

iEngﬂEcn: it opua)lem j\m{' o{eﬁine&,owd SPP_u:r.J. elewents [UJ amdd [‘J ["" Raaud
1 amdd  one, R/T b o vng.

jHa»e wap GLI:Q“> R/I, x> [x] - QEEM ap.

\
|
|
\_P_ﬂp_gﬂh_gu_ qul—ie«uf Map b o nwg  Mmevphdsm
‘_I“’_E q’lx{ﬂ) =[sey] = ﬁwjﬂ[ﬂ = qln) + 4,4 alE,
\
[
|



iMPaSc{ﬂoa The couqruenmce and  idead oMlached 4o Hne Cibw{ﬂ'e"l' Morplai.m GLI-‘P" R/

ase J«sf the oﬁg\'ml =

and I,
gme-. Rerqs = § ueRi g (g Opy) = TyeRilyf=Lo]f =

{350f=l’-.

Iheow let €:R~=T be any MO{PLMSM L ek thQf(R Sz PR, Then K u an

: vAmal Y Q)'Sw as:.clomig oPT S% Rk,
P_rogf_’ Have alrw(.gol.owe K © an Laleal
€ isa suba need {:oc,l,le(j OlégngScX_p;eaQ wndes + -, x.
Plog = 0reS @lly) = treS  Pluay) = Pl @ly) €S, - Cx) = Pl-x) e,
Cy) : P €S, 50 S v o subang
DeCve @ R4 S (=) @6 swrjachive.
["]:[?"} i€ xzx FF X—%’&K fE Plx-x):0 ff Plx)-¥)=0  CF @lx) = Pl
Noke:

—

ar o waller of peinceple it s often easiest to

f.awe some suhsel 5 aun 1deal

by idekfying o merplusm be wach £ &5 o Remel | Siwlady fv o subang | to

; o wovphsm
dﬁ.»“‘j WP

e olsewed Huak Z s o PR, e, any
?oséu\!e doment. Note alse “at if
Actewned | stace €U
 amd Qo) o

jdeal
¥ ZL->R
i+.-+]

zlg amd w-=
Tws defines a M-LM thusm

| So qiven R, leb @ be Huis  wwque  worpldsm,
| cjwaailw 2O

we lhave ‘,u— +lr2 : Op , aund

or O F theae s wo sudn  portlue  auimber.

Fuctlies, e image of w.—PWS.M i e sdvn}ﬁ of R

z “Jl* el
e chavctorikc  of R, <> cleweber prncipal ioleal.

amd  comsits of ol elements Op, 3[g,

and *2/.7 if cto.

.CG*J-"I‘O\A' < is  aet Mecesm,n'hj @ Pn‘me

A-ﬂ .mPeq—{’Mjf aa.««f:& eF a

“l+-41)

rr(usw ases  Fom ?objmwal r1gs.

w\fwzln b the wnaﬁe

in /A is ?nfilc«'PJ w;‘ua aeﬂecm{-w (mdé
5 a mrrbw.sm ten P ir wm'p(.d,‘elj

Pl)+ -+ Fly
1Al Limes. 50, Fln) = A@)r - + @ly .

tn] times

L~ owy Grvem g R
@: TR Kee® = idead of T with some

We Hefine Hhe avaborsbic of R to be s geu&mﬂw'.
¢ s the laskt pestie  number with Huis Pwr‘a{‘\j/

called  toe prime subang of R,
Now, i €= z/<c)

Hewee, pume fuén'.»j & 7 F exo)

, where < s

Vv ber,

Poijwmalr over wiug R. Fov any aeR (eb 7, be the wap <, ¢ FOJ>Fa/ Tecxter Zegq

go} a R[*'J =R,

~ Sa Z(;a‘

Propesitio

C‘N sewm€

| froof: We aiwm

@(k} & Rix].

¥ oaFe IH-g) L E ™ wai®
e Flx) = [X"&)c;[)d +F(a).

+a™) 8,

RewaindeTheomem): e @ is <X=a> | principal iclial.

piove €06 = [(e) mmed <x=aD>. Fist we olsewe x'
Zig, X

The defiubion aakes sewse a4 ow{.‘j ﬁml‘dj oy € ase @ fon- evo,
U oo Gabe opresion m R omd 5o can be evaluatel. Clar et y 5 @

MchLMS'M
{ncleed, €C)= (x-a)qlx) + Fla)

il X=-aD since
aod <’<~a> , ‘e F0z Ha) med <x-ap

ol Z(,ar



med 2
Bramales 200 odow it Last dhe PE, F""FQ'L? Giasitas Z[X] F-—-—? Z/2g .
Fic) —>  flo) 1—> Flo) wed 2

Lewwa: If R—q;!'f RS , then Hue cowposite Y R—=T s also a mrpbvissu.
Proof: €ay exercise.

So  cousiler w: Z[X] = 2/221- €lx) — Ele) pod2 - 4 Mor?‘-u'sm. Y

K Rews (FE ZO0: F10) i even] W am idel. Claim K i ek prineipal.

We see Mok Rer(n,) = X0, o 4 (X)=0, 50 x(X)70 med2 =0, 50 xeK.
Salady , polgnomeal 2 mod 220, so 26 K. Now sugpese NS possible at
K= <R0>. Then X w a wubple of R and 2 &5 a mulbyle oFk, 5
ROO=0. Bk K= <D D K= 20X Bt Hen euexjﬂ»\;.g in Z0X] would 9e t»2 O
wader o, Yok oll) 16 0 med 2. ¥

CSe K canndt  be Priwalpai, co ZDX) s wet a PIR.

Define o  eloment *€R to be  wwerbble f 3 x7' €R such Hab xx' = xx = g,
Fo-r éea.,mphé,/ ‘M\Je,;‘lr\l.u.z JME«W*?S OF-' Z asre r[.
‘ 252 are $1,S modbf

®  re  pem-iero clements.
| st are $1,2,36 modS)- ¢ the non-2ero eloments.
Cady 0 i never cmverkible (excgt wben ©=L in g R:$0f)

_?m,?_ascetm The wnverkible cloments of Rbem o group R™ o UR) Hie wntgrep
ogk UMAU Mu,u't wou
ook Psseciohwe- . 1eR” \numes (9 =), Uoswrer F g ase mverkble
it pvesses y", 9 MAMNM Heen %y hao  taverse nj"xd-

Neole - the grouvp is cOMmu},'v«L"NE.

Definbion: A fedd F is o ang in wiich all uom-2e olements are lavedible.
Ye. UlF)= Fiol.

el $od .5 ke Dl

P_mfiﬁm ideals of Feld F are just trvial ones, e jof=<o> , §(j= <id.
EProo(:: Let T be an ideal. iFT£<0> , then 3¢eI,Xt—O- So x uaoe-)l'vb(z/ so
E 1)('6]: " \FGI. Now f F auy @lwewt of F ‘%\.w f FE—I, se I=F,

| Renee @ nag wio Lu.j-m @ F>T (T a vlag ) s ecHaer%emma.‘o Fe OF Lt
. Reel F’ or Wl herv\d $0] amd s an MJed-wﬂ Now F @ 5 He zer mep,
e @0, bt Rzl 5o T=Toztf is %o g A mecplsm of Relds is a
n»ﬁ mrp\mm vaida s mxt He wm map. So a m,.-';lmxm of Relda s an leeo‘:lon
Waﬂe is ahield iso M.o.rp‘/uc LoF. Denole [13 2 e - pone mopWhigi




EW&” of felds: @, ﬂz, q. Clain  Hiak Z/PZ is o Reld for F Pnfme.

Proaceiilon: Lot R = Wz i = e wedur =1f

m@‘zﬂhw\' . Then wmod w0 (2 m) :

COQLLM%-' V€ P i3 prme, U[H‘/pl) = Sa Mod‘:r a® 0 mod P}; so Z/FZ is o Geld.

P_wo_(:_'- (f dla ownd di\m, d>‘, Hhen o mod m  cannel be laverhble. Bem.usq
ab=z| modm ab =l +m ", bt d\a, Alm > A1 - 2. Cmu&rselg, Suppese
{am) =1. gg Euclid < ALﬂw{‘HAM, we camn conri'rw}’.z.g cuch Heat wmX +ay =], aud
Hnoj cuj%l . 9 mod M WV om wvese for o modm.

Now we consider Hee Aiaesclecistie of o field F . \F ot 2eww, suppese it is ¢, e
Z->F 11, \as kemel <>, and 2Lz is {mag € of aap. Soe a Geld of
c)‘ddacleu{s{‘fc < cpnl'au'uf @ “wpy of Z/(,z 5

P[ggosiﬂaﬂf The chavecdterstic ¢(F) s © o a f,\f-{me-

Croof Uadmn < i eron‘l‘e D L/l s not isomevplic © aw subring oF any Reld.
\ndeed, if ¢z de it dedl, so d (=1+4) and el= - +) ave wot zem
thew de 20 medc, ¢ de ave ew divhes, Pud afield caunot contain 2w
divisoss: foe, F xy=0 il 2y bl won-%w, then |Zxgy'x - oy'x":0 #
as 146 (a o Fed. We shewed a Feld has we T divisos.

Wwe el a v-{ag Ean ln‘;g!al Domgi‘v\ (1d) F Yeve are o e - divisers.

—xMPw: AN-_») Qdo{
L is an ID (bt aot afield)
LwZ is an ID D p i prime.
Asubu'ag of ¢ fdd ic aw ID.

Theowem: (E D {5 oum ID, Hen there (s o Feld F cobainivg @ subdug ) isownonp Wic 0
and suchh thak every elemend of F is of [orm d,d;', whese C!(,J, eD.

Let S= non-tere elomests I dowmain V- E;j Aefimition, if 5,5, €5 taea s s, D Cousider
produick seb PxS 2] (ds): dei) seSf. Seb wp celahon ~ on DaS ¢ [dis)~(d)s)e> de! = ol's,
Claim ~ is an e‘iwfaalzuez relation.
R AS-‘AS, so [ds)~(ds). b (dls)nvl'dis' =2 [dls') :[d,.r).
T Jds' = d's omd ds= s , 5@ As’s" = d'ss”  and A's's ds's

\iwce/ As'st = oCHS'sI so fa‘s"-—dus)Si:O =5 ds""d”f O , e, As’ = d's
Lek dis denete the ~ clas of (ds), (e s = dft <> ds'=ds.
ive ) weld proceeé' to Aeline n‘.uj owa)n'om on Hrese olasses: %* :_{,' = d;‘s:'ds N “?—‘ = o
%:"n = g‘_ wWe  will ehech Hot Bl wmakes seuse.




(/Léohu.g well - glel:med o

! d e _ de+es A’ e _ M'
Y| SupPose d” Z d/S . 1€ o!s' z d’s, So: F g E S s’f e - s'e - musk show C%ual
Must show: (db+es)s't = (L't vesdst ¢D dbs't+ ess't = A'bst +essb ¢ ds'e® = d's ¢?

<D (ds'-ds) €' =0, (8¢5 50 t10) D ds'-ds 20 <> ds': A’;

Ui Suppese ?’ s, “e dstsde 9 ~d's s H T+ =
! - de _J'e - & 5 de, de
s e, &s'=ds, e aumd. swwwlax@ o il

[\u} F'Awu.cj

—d'

-A _,,' _(A)

e, + -, X aU wake seuse. P Y,
r ! e =
Fu.ru/\u/ ?+?:qj._‘;-|f'§ISa? 5 a ?-enpdw.au\t &(FCQ)I aund [TJ'{I):F"S‘;
§
Se 7 IS one Aew enk for F(D
N Wave & ven g QX iowms.
| e vl e) £ #E?;r?ﬂ_ (de res)us F60  dlbw) e slewebd) ol pus bt _ d, {.E_ +f)
| pu: [? elte T S ta G (56} - sltul $ Eu = £«
g
FALY T s »em.
‘ = (-d)s (d-dls _ o _ o
1A%—\ ;.él-& Fi d‘s;a ‘—5-_._ = ;}_ = "_ S‘:J\u @\ :O.ﬁl-
‘ e e 4
LA ?*E T ety ¢
asae Bl Bl BLE) - 2 1AL
e <xlga Eu st st/
[ L ,l is one.
383: x Y3 mwmufm!—i&.

;Su FOO) 5 & g, Now ek £ 5 o Bed.

|
4
i

‘ To be
| d L g
£ '

Now,

i
£ S

?

S

5

wd‘[’ IQ: I-'(:) Ol =11 £=> o= L.

: - d
o Reld , consider inverkitle elemends. We claim 22 ¢>dt0. lndedd,
<D dizso0zo0 <>do. \F ?4’.‘2( 'Hney\ d#o - 50 deS so j € Fib),

s
d 7 sd

i
T

, Sinck lols = 1g .

So Wevy  nown - & lement ofF FD) s \'nvu{';u(’ omd F)) is a RBeld.

Gusidder £: D= Fw), x B ’7" Llaion £ & a ri'ag Mo vplsm,
A | 5
00 +ely) = ’.‘(‘*? s " :’3’ = ’t_:-ﬂ = §lxy)
¢l-n) = '-"5 = - X% ~glu),
seg) = D2 B2z sigly).
£lo)= 2 : gem of FW) () = 7 = ope of FUI).
‘ Whwet s Rer i?. ker ¢ = jy.-' $(x) = 0 eFloli = S""%’ ?f = Z"f L fo € Vs {aJed-n'ue.

: S50 imE s a S'JM-"S of FI) ; and £ s fsa.ntou-f;'m'c toD as D= img s n?ﬁ:n
| & h{jeo‘:{pm_ So F(D) s o C{@!d witdh @ subv{.a isa M-a-rflm‘c +o D’ ab o{aﬁmﬂd
| S @ u-{uﬁ S o {Wh-’jmi dowmaiv ¢ & s iso Morflm'c {o oo Cujﬂn'n\g OF some  feld.

Exawgle: 7 is an  Iwkegral dowmain, and & is the Feld of Frackions F(Z).

iProgoﬂHM Llet D be an 'w\k"ﬂrai domoin. Then 00X] s abo am id’gml clomain,
Proofr Let 6 4 Cxi 4 BxY amd giq sgX+or g X, Wlg, g, ¥0.

Thew, Fxg> Foa,+- 4 fyg, W, 49, non- e cloments oD (a dﬂMM’-J, so
Faqe #0’ Sfo F)g $£0.



b

sgga.al case: \W K s a det e R’l's Maiwl;j am XI.D. Ss KD s an T.D.

Ft‘dal ac C«a‘}wm OC KD(]:’{ %" I:,g eKD’J’ﬁ 1:9} =t K, - A'euoi ra.i"l.'oual Lomotions s ¥

Vnterlude: Fackorisabion in Z. A Lposéh've) {Jcﬂ&r P 'P.r{.me“ Ns P has we awa -Hivial
facows, (e, wot l,‘p]. i P prime , then plab 2 pla o plb. Use do prove Eundlapmental
theosunn of avithmebe F ne T  them n= T ‘TI'P{" ) where p. are prmes and the
‘ Ufﬂffl.ov\ s Mu¢ [wf’ {e Oraur). [EK&(:&ME aund uwv\}pm-zf.r ave Mcwt/fmob«cﬁ'\rw\
Mvjwo»b/ CF' Euoua!"! %oﬁ“ﬂm].

2. Fackertiodin:

Un sy :{a}:eA, all nruﬂj here e Mbejral Aowrains.

W abeR, we say a dioiles b.f JxeR sucdh thet ax=b Wnale alb. bisa
mulbigle  of o, Equivakently be €a>  ac <> €<ad,
Tavied casesie | divides amy Aement of R,
! uay Aoment olivides o,
4 Owi’j mwufpu &k & Go.
divisors of | ave the wveka Aements wats e U(R)
WCWL‘}, ala ,as azt-a , ame alb  bic > alc.
\F alb  amd bla we Say G avd b ase associakes.

;Progosf.aav\'- ab oare aswcaks > brau with w2 wait.
| Pes€r (€7). braw 5o alb. bzaud bu': auu'za, So bla.
(3) \F alb awd bla, Hiew atby, b= ax, se b=bxy 5 bll-xy) =0.
Id > either bzo [z azo a:l.b), o ;\rﬂ:ll ‘e .y are wmats,

\F alb and a is ot am asseciale of b or a wwit, thew a & a  pou-twyial clivisor of b.
Note - bhel, e wunts daodh ivide cnvery element of R,

. An W R ik s aok a ik [wst .’me«-@-"o(e)' ovd hwas o ﬂ,pu-'&vf\n'a/l
livisors is  colled oredicsble.

we M an T wigue tockoeisabion _dowadn (UFD) F every element can be
un‘q/.ﬁd,j Cocloved (ade  tvedimcible elemends wp o ovder, of fockess amd Mwu'!"?uCoJa'i'em
o, udk

e M Pefz o _&'Qﬂ_ﬁ dement F plab = P‘o‘ o P“"

iLMw‘o: PVWI-\MQ > {IdeMu'\L! “.nR

Peook Sugpse P 1 prime bt wob  leredacble, (e prab it necther o o b owats,
f-.a-fa = P\ab- B:, asrmrl::au P s F.,{we , §o Culﬁg) Ipla. e lkuow afpi S0 @
5 o adocale oFr- a btavad pueﬁmrl .



Howaue.r{ an o€ il S{MJ;.J' e comverse s Caire, Le«t de Z, Me S‘PM Co.ufd_u
—fz[fd] - su,l)n'.mﬂ of a A‘au, So oun faécgml domain. Defne  porwn wap N ZZ[J;} - Z
l:uj N a+bld — a.z S al

?mpgs&—-‘onf Fix d. 1F e Z[\E], then o is @ walt <> Nlw)= £[.
CPaefl (D) o a wmt D wa' 2l se Nlaa s N N 2 NG)
So N(d)ll and C—'Z,So N[nl):+'-
(<=) Vf Nlo) =21, How (F o= a4bfi, we have Nlo): al-bd =lasbfg)la-b/z) =21
So, lasb@a)(*la-b @) =1, je ox w21

E xawpley « ZLT ~ Gausian integers. Nlovbi) 8 4h" = Bl lasa guils s BLEL

So ULZL:T) o of ovder &

« IR mlochpl= o™~50 18 522 ball £ B iF W e will
Nighz -1 tnded, all powers of € ave wily, and U(ZLFD) i inFincte.

v ZIV6]. Uatm 2 is leedmable (o Z[J7].
e ok, 2 = 2R (0, et wmbs) 5o N2 NIDINBIZE , 50 since
Nla), NB) 2, have Nfa): 22, Bt if w= 2+ bJTg, Hen
Nig): a?s 6b% = 22 -2
Bk 232 56 (-0%), 50 21 (3S bk 246 an 306 € Z[I]
Co 2 s Y - pime.
lnoeed, 2,306 are all imeductble, gud =6 = 2.0-7): WY 8 ~& bue
tuise  esenbiohy diffeset Torediible Facdorisakions, Hout ZIVB] §5 mak « .

Progo)‘t'ﬂon-’ W a UFD dthe lrreduubler are ol PJ{MQ-

Pﬂ[” Suf‘acse R a UFD aud P fﬂe&udb(z! 5 uppose ?[ ab e obtpﬁ, Some€ 3. Now,
ab W @ m%e Cockovimbion (ake  tveducbly, and x s alse @ ?rcdaucl' o
,‘wedkd'bu,- ’°= 'ﬂ'q:';u [ woe wu £, E;?O. So’ ab: ?-“'Q,f“u.

Now comsidler  the veducitle fuckers of @ aud b, awl the produck of dhese
Facdoes 15 He “""“"1"‘2 Pactoctsation of ab, e, F—}rq,f“u. S0 plis one of the (rreducible
fedes oF & oc of b, . P\a ov Plb

?m&gi“ow: \F R So{'llspl'es'- ) @Ug ;Pfd#dbu N1 F‘r{me’ (&) a@U?Aﬂj M s a P.,rvduo—t'
of -‘uedudblﬁd’ e R O is o UWFD

]_7__@_9_ Existence of €ackocisatron 6m¢u~£€29( by ap’mph‘om ).

.Su_ﬁ)oje ‘Tl'p.f‘l v F T&pfj w ar€ two @’&Jﬂ-a,uﬁ GL-M Fncfon‘sw{-v:ous aF Somé

eloment. T, P, say, ¥ oy g lov a wnit Muﬂ:{?& of amy qo-). _&.t ?‘ (s
ieducdle | hemer by W) op is pawme, so g \LHS =5 piRus & | Tq,d.e" , So

P\“fa , Some j. But 4; feveduadle | 5o 4,7 " bt pow et Se o s B
winit 1o pFqix ik - #. S Cockovisakion  (who 1reducitles s g g, owd ¥ (ca UFD.

e quvug prove Hat « n‘we s a UFD by proving stnmgu Pfopuﬁes, swuch aa

gD D PidD UFD. Aan g,ch{n'm s a okt o be ?pveo{ laker,



Progos.'fﬂ‘onf \F R s o UFD, then so s RIN,
A PD s an IO ik alse o PIR. fAim 5 to prove i) > UFD, __E_e_f Z s o pW.

(We ned to prvet () every (iveduuble s pdme, i) evey demwent loclsw iuls

i t‘weduu'uzs.

Notatvoa: Lek G be o subsel of R, Wiile <&7= f c(d ot 9l R, e R, 3;6—&-?,
~amy Pl wumber of terus \n pachoulor F Gri9) Hiew <67 = <92

?ro?is(ﬁ'ov\f dGY s an ideed of R.
Poof: Need o shov cn  addibive Sw\u}rou{) closed  ymoles muﬂ-ipuf«)l'{ﬂﬂ by R.
QWLj, sum oF bwo Gulbe exF.—egfo.ns of Hals foomn s agaa'.m of Hnis oo,

Similarly Cor negabion. 0420 So  we Uawe an oddative suhgroup.
Further, v [0, + - +rpgy) = [(F)g, +- 3 (Frp)a, ¢ ey, Se S&P ¢ en ldeal

Netakloa: <a>= <943>, <9,,9,>> <{a,9§> ebe. We el 6> the icleal
generoked by the sek G.

oa PI) every vdead e p.—:.wé?al. I, a;\,w abeR F {ab? = T, sure Wi B,
Le, D= ﬁxa +9b * x‘,:jeK}_ e czu-haxv.bj VWeve abe 4:'), Since a= a4 0b broasl b
$o a,be k) e, kla, Wb, 50 W is a  Gwmwen fackor of a b, Furthermere suppese cle <lb.
Then Clbuu—.db) V?t,nj. So ¢ divdes every element of €6k ta f““‘é‘k**l“f, LY

DeCincblon: 1 abeR omd |k oo Hhe P‘.owé{er + 10 la, \n‘b/ Gi) cla,cib => clth Hen
W s a g\.«e;é Commeon fedor of ab, wn'then heblab) - ged (e,b) = (a,b).

Pogosibou: The Wefs of b ave all asociabes. Te (€ Wb' are Wefs of b Hon h=h * unt.
focf' By clebimbion, blb' axd bk, 5o hs k'x walt,

¥ Risa PiD, ew clemends abeR wae o Uef th such that <wd= <abd

Fw&s.’{-\‘ow
amd 3 X.géﬁ suck  that ax+by =h,
‘Nabe :  te Llaat pou}:( EF Ay S s s?ec,wi o PDs,  and s wot Pa»-t of dhe
defmbion £ the \acf,

Proposibion: IF R has e prpedy Wobt any bwo elements bave a ef, Hew envery
11‘??0{#&“2 tn R is ?ﬁme

?rvgosih‘ovt-‘ R oo AD D every {wveducidle is prime.

grp_:f. Let P be leeducible in R Suppese F\a pla, pib. Ceus«.o’.u \nc“ﬂaJ_ O W —
Wlp 50 Wz port (ufeowm |f h=p, tew la> pla. ¢ - | have Weflp, )=l cluilaiy
So we Uave |: priay , | = purbu. So aq = Vmpoe, b s d-pu. So abyv = L*‘P(Xuf ~u-2).
ﬁwl: P(GJA =D P‘a‘bj“ Ey P“ Z. S \olﬂ o ‘o\b # Pff \Dnr\Me-



‘Progosih'oa: Ra PDD euery ikbeviih of B & & F.-oo(,ud; of lweducibes.

;_M-‘ Su.?fcf? aab. Suﬂ;ci? % 15 waobl o ?roM of irreducibles, \» P(u”{“‘f.ul”, s if
not am  leveduedble, So oz o y, o e nether ", y, _— Further, 2, (S’a..gjl
5ot o prvduck of lredumeibles, e Uave o 12 bot odx, ,
associate of 5, . e il eowhuuwe o precuce sequence A, wite 20 [Xa-i,
so neb am assocdabe of ¥, . So Hee Pdnapd idals €x> § D £ 465 &
tet T= U 40D, Claim T is an  ioleal.

Leb abe “]'-. Se aedn>, bé("j>, .,.sug'gowe t2]. S be <xD also.

So asbe <D D asbe T, \Fae D, ¢eR, Hen pae D, 50 rael.

Ge<x> V. Pemee T 5 an ideal. Let I 74200 G>c xdc- € €30,
| Bt 26T, 50 2 <D, s0me ¢, Pe B 2 €25,

; Heuce, 20> § <xy,> § § G5 £<50.D> - ¥

So suﬂ:os,‘%ﬂ'om Huat y has qo facdoricabion Fails,

5o 3¢ s wob ay

Theorewm: R a @1 > Rg UFD
' ln Hie cownse of the Fmoc we shewed ot RaPid D caunwct have an
| oscemdﬂ-r“‘j Sequenee X, § X%, g of  ideals 1R Thisis e Noethenwn Propety.

EL-@’be\’?er-béQ«aeaM‘PanRa.AawLa‘P‘P!Q-’?N
| sucdh taet : (EU): @(o)= 0, @) =1
(EV: ®lab) = @la) @lb)
(€3 V€ abeR bto, 3 9,¢ eR such Chak @b+ aud Plr) < Plb),

An I il EuMeam Funckion is called a Euckidegun Domadn (ED)'
Examgs: T with Da) = sl

; Theepem:  au EH D R o PID.
;M: Let T be oun iolead ef R, \F Triof Hew T= <o '\FME’ soniiles
! e sek of values i(ﬂ{]: Pe ik i$0}. This s @ Mn-&mp\-‘u) swhret of IN,
‘ so  lek 49(9‘) be a minmwel eoment for some ge R (lpdwm T = <g)_
| Gkoialy, ge T > 49> ¢ L.
| IF a5 % T, then Lk fe INL> g30 55 divide Fhy o 4o glve
| foqq +c, PR, Bk f qee T eT, bk Pv) £ ly) - 34
So, T-= <'c5> {s ?viwc@?al.

| So 2 I‘S s V7Y ED =5 Plb 7) ULFD (w-? W Pp\'!ﬂ( -ﬂ‘e med MEW\ oF M%‘M&ﬁ‘;f}

‘Let F be a held. Pim t show FIXT 5 an ED.

| Fucthee pvamples: ZLE]. o e, ZLF] 15 an 60 with @lxeyfm) = xbygt
Z[J‘-’z] ot cp[xh_,)Fz) - xz+292
L[] it @l ylT) = 229




Let deacee of Flx)= Te X" € R e o3 pbees By Bh enpime. sl o
Wigy best Sulnm—upb Vet as 9F. Carly, O(wustawtl =0, 2ol = -2, (k)= a(E)+3().
Le* Q)= 2% So Wlo): o0, @lwwmt)=), Clly): P0)Fh).
Cladwm ¥ s o Euhiddtam Funchion. To show (B3, suffiient to shkow: given bto
OV X" T o osuch ek XT-e, 5 oo walhifde of b, and i <9b. —®
; M: TF be s C,Ou':a»l' O Na.
IF webl, X%z, =1 ,ml G5 mYe % slber vy akeedy e
2(Xr,) = 00b) aud subtvect wmukkiples of b.

j Consider ZL‘] N{)(-n,"o) = %1+32 = lD‘--&-‘L‘ﬂ‘t s €.
 We shewed NN s Nlgg). Uearly Nlo):z0, Ny =1l £0.
: Laok at (EY @ e Zf] B0 in ?f} o T WALy, (Z- H+ly New (w d’f/

2(_. " Ul v - (A i9) (2= ‘5] . rq.uS N (L C*— a [ —N(l” ( ¢, ol < NLI’J}
& o +"_‘_‘] J‘-.'L *&2 e N‘ﬁj Ntl?)

; ; A \ ; :
0 @ lpwiy) Bl ) )= Re ZLT. wuat s NUR)

Fad: Theve awe lugs ZIQ] wiiech ace P0s bt wot EVs. Eq, Z[J—Ta}
L Baud> Tawr & duo we Buldens Fanchivn i,

Bebter prockt of @ (sboue): Goivg to divide ¢ by F, F €0

W F s comstant Wen €l a w50 qc (35"‘)F +0 | auwd Flo) = 0 <R(F] 2.
1€ b, suppose £ of clegrceci, Eis ™ st a, g +0. e daim Vy BPQ(_jMM;@{
co with De,¢ 4 sucLM ¥*® 2 v, wed €ES.

VW ose  Hoen ﬂ-z‘sx Jso gz Ibieg med 6>, Cakl Thoie; =R, 5o sR<ql.
S g-R= wukbple of <P> 2 €@ say So g F&YR wilh SR e TlRIL @(¢).
Now establish eladan fb‘j raduckion) .

n=20, X%zl = & dned <C>’ and 3% zo Za.

Assume true Cor n. X 26, wed <F> . So XMI:- ¥en mod <ED.

W ey w3 sl of alajree (a{‘ Pu){‘ g = Xe, - dene.

W& not, X, s of o‘ﬁgme o{ s.: Xr. = e X% & Tl dﬁﬂffelj

S Xeam (E1F = Lex? 7 ) = Cex®ers ), amd lob to, be X =(E)F

,Lcm} Olibion of Tolunsaanls:

1

1 4 1 2 . q’
X+ X &l X T4 OX™ $-X"~2¥% «l
Ku» % x'! N XI
¥ . X i 5 =Xt =axat s (K-x-y0tead + 2

3 2
= - K - X

ST =N
,_3(1 = 8¢ =
remarnder > o X+ 2



et D be ouy UFD  DIX] /s wot tn qeneral cun ED. For exam‘oh’, z[x] ¢

not even o P\D, an we showed Huak 41,X> now-Fm\aPai W ZLX].

Rt QLX) (s an ED.

So ouM {70 wla): Fa.obOﬁ.SdJnoV\ in DD(] {70 Mﬂﬂsa.;t':.ov\ in F{!(] wLM F= "LOJ

ln DIXT e Fud (ak (east) bwo socks of lveducs ble:

e F T s tecedumeible 1a B, B ols shW livedueble  ja DCX] (0% Poss(h(.é
Fockovs of consbanls owe coustauts).

e F FO) s @ Pok.jw:w.;ai ia D0XD Wik i rveducible ta FOXJ, 1€ wust also
be ieveduaible {a Bx].

It Wil v ocuk Uk thee ave the owly soct of livediucibles .

Lej: Tr be {rrealud\)(.z i D, D is @ ULFD, So ¥ is e \Pn.rw\é_ E,LQMUJ:

PW‘DOSJHO..\ (er!' LW«)! T s ?r{MG b BLX]

Lewma: Let R be o TO ? C;aPn’Me demest of R oFF €/4P> 's oo D
@E_'. Q/Lp') s o ID (F xyzo med LD D xz0 o yzo wod <pd

CF play Pl o ely

€ o o pame elument.

Proof o€ Gauss' Lemma: T is pame in D[X—J tf OEX] v V¢ am TH
Bt DO3/cw> = (D/en>) X, aud o pame iw DD V> b oaw T,
amd ing of fvoLjnnw»@alr vuewr o 1B ¥ aﬂ_)cwn. an ID.
So (b/&ﬁ)b(] s amt ID o T s prme ia DCx].

EC.JMM= Suf;?om coeliccenks of Flx \ane Weef \., on do Huwse D‘cg[)d Then e
some 5 brue of F{X)gf)l).

Let C(F’, e ;gwﬁ@i of F/ Auube the \acf of He coefhiciends. Twen, Hae
ovellany stakes  Huat  lfq) = c(Flegy).
Prock: Tnduckion on the nuwber of (weducidle Fodos of (€y).

Proposibion: Lok £¢OD] ave degeee 21 Them, Pl reeducible ta DX ¢ lveducible in FIXT
Pooof: ({2)  (reeductle in FIX] 2> irreducibie (n subraug DOX].
(D) Suppose F09 leceducible in D, bub wedueible in FIXJ, ie F092 g0, o he FIX],
(oeFbicients of g b ave in F, 50 3 RED sudn Hak Rg, Rhe D[X].
Now, R'€ = (Rg)lkh) {5 a Rockocisakon of R'F i OLX].
Leb T ve an lveducible fuckor of R' (in D) —r\thg)m)
By Gauss'Lemma, Tlthy) o Tkl 1a DX Say (R77)Fix)* (2 q) (k) , wlog.
Repeak , e AF = Bgitth) , b wlA, (Am)fE= (-)(-)
Pfuwuﬂi qei' Ff@PmM of ?o\ﬂmwa,l,g in DDJ, sa € el ble
m00x) -



Puopositions 1 E0J (s iereducble in DIX] teen €09 35 prime iw DOX],

E_wpv_[:: Let ﬂcﬁ‘n in ﬁb‘], Hhen mgh {J\F[,‘]j 89 F.w.u{cu: esult, F reeducible (v F[x]’
hemee € primé  la FOxJ. Sa, ﬂg\n =D - F[g (say) in Flx].
o, g0 = FDILIX) 1o FIX), 50 Lie F(x).
P o show Flg ju DX, ie, ned to show Glx)e DIX].
So ek RLe DEX), e kg = FlRL) for some ReD.  As belog we can cemove
loredueible fackors IR fom prodisck. We comnet \nave TIE an £ is freducible.
So eads W s cemswtd fow RLIK. $o = FL awd LED[X], 5o flg in O[]

Theorewm: Leb D de o QUFD. D(,XJ s also 2 WUFD, aund the foveducbles oves
G Vecedyg bles of O
1 polywewmals of dageee 31 Iveeducible over F.
E@ﬁ-’ e aneali constauk temediceble fa D D (veeduwacble  andd prim€  in \)[X)
New-wostamet which s tveduehle 1a F is ierdnebic (a D omd paAme.

Exa.wuglu-’ Z1X i« o uFD.

DQE'M%IOVU A grL'MC coleel P oin R s an e w:‘“n e fudher FWP(,% ot
€ abe? then ae? o bef.

W P s ?cime awd P('I.’ﬂoi?ai) P=4w> . abe dnd> LD 'If‘ﬂ.b’Ma( a ovhe > D wla o Tlh
50, oy s @ prime idead D T s a prime ehemenkt of R,

iroeosf‘Hou'- \,ext P be Qun I‘Olla,l GF R i
Proo £ - Q/P i TD 42 (a  wuaddl P)“‘JWJP) 0 & ldead PO o bamedp =0
(> ah e => ae Por beP

=2 P o Pn‘.me. ideal .
R ?aahw)sm.r, T oo Fn‘me elmu.t LS RZ¢e> anm ID.

Lemma [Eisensbeins (Aterion)’ Let D be o UFD, awd Fe Ox]. Su_f:f;ese J o irveducible T
such ot Xz 0 X* 4 va, THo0L, Tay, . Tlag 1AL Tuen b s devedueble.
Proof s Suppese 0= g(xIhix). Leb gIN Lawe coefficients bob,, ., ek hix) kave cc,, -
Now, Qo= %o, So, Whay > wibo o TG, and 7, 50 (uleg) Tibo, moC.
Leb A= D/Lmd. T oan lereducible n @ UFD 2 7 prme > A am TD
Now (» ALN], £z ayx?, gz b X HabX, Wz (X"en () aud -gh.
Su, keem of lLowest dogree indgmed 0> 5 ¢, $0 mod <nd.
So if b XY i term of Lowest chegree ia gwmed WD, Hen el X° ’ad"d-
So the fterm of Lowest olgree (n @ g mod (1> @i of dugree o, Hent
degree of q is YA But gIf 1A DX, 5o clegree of g = aud W5 a
constand . Hemce € s fereduei ble.




IExcwau:f (i) Xz +6x*212% 26 € BIX] - sabshes Etseastein Cor P23
Hevnee (rreducible
G 2" 22X al. Not Eiseurbein, buk consicler X° F(%) = 6 s invedanc ble.

{ Ld P be « Fﬂ’me: Then ()(P-l} = (X -U(XP"_‘,_._,,U‘
i Uaim §P[X):: VL is Leveduable (a ZIX]

' : vo1)P ) (een” -
i Couswf.u Yz =l T\A-!Ev\’ ?P(XF §P{‘i+l,'= l(-Y—i—l)—:T‘ = v

= % e (R)YTT e e 1)
' P
Now c,la.«cwn HMLJ all () ,18e8 o e ohiolsible by .
‘D ?!2,.() & ‘E-vi
(¢): ! , omd  top ewm has Cacter p not can celled by sy Ceclor v !

So E\,[X) e EI'S&MS;:CA’W w.rl‘ P

Eucdad's P‘Lﬁod-khm-

'?emu Hat F R s a PID then (0,135 = (LB/ wheve Wz wef (4b), amd h=ax -rby
| for some A,y € R. ln a Eudidian Do~a.£v5 we can  we Eulids Atsc:-iwm te
L owpate b, nyg. T is aa Lo llowos -
‘ Givew abe £ (aw ED)  (u th ¥ g > M, the Eudhdean Funcion
IF a0 oc b0, Hem bef is b oo o respeckively .
| Otherwise davide: b= aq, + v, Ple,) < Clo) , by (E3)
| Comtinue Tn Hais Wagy @ Gz 9,1 7 @lr,) £ @(r,)
£ F Py F o Plez) < @(e)
r,:,_‘ = Ta qmn + O,

It wmwst tewminabe as P (s o decreasing seq uemes of watural wumbess,

Hatm: ) V= Wef (ab)
| () ta = ax+ by, some x.yek
‘fﬂg‘i () V€ cla clh a common Fackor, then c[b-aq”: 8, me Ol Gt 28y, wny,
| so clta. Alre, Tlfi, , 56 Col @ fu, #5002 fop Lo, S0 rule, b
l Thus, fu i a  common Facker ddoisible by ewery common {‘iloterj so (s aa hef.
} i Lethwg G=a, r zb we daim tat ;= ax; +by; | Some A, Y; €€, eacl <
‘ New, v, =b= a.0+ bl
L o= 27 a.l + 5.0

v, = b-aq = ala-g )+ b.(1)
nfl,,z Fe..=Vi%e = Ay, + by, -G, lax; + by ) :G(’)(.‘_."Tr.,‘q.."'.f)"’b(\j;,,‘q,;d, y;)

| 5o, iy T M, My QLG , Yy T 9o %t 9]
i \n ?M—l—iu.iaw, fa = AXg + Dy,
|
‘LE/L' T be an ivedueble elemest of €. Gonsicder E /7> We saw Hiat Huis
i an ID an GT> s prime. \F o« s ?fime to T, then Weflom) = omel

x+ry=l. So, (ot mod T)x mod @ =\ tmod T -ie o is iaverhdle jn EAZ7)>.

! Te, « prme to T fF & mod Wt 0 D & med ™ mvert ble,
!



?1"02051:‘050»1: E/(ﬂ) 'S apidd.

Escw#&e: Z/PZ is a Ged I p is @ prime wamber

Vefine (deal M a o ring
ot M%I% ]

R 4o be mavimal iF tweve s a0 prper ideed T

?ﬂgoa;lc'{on: W M s a maeimal ided of R: ben RIm s o Reld.

Peuef: Suppose X mod M40 le x¢M. Thea, T= <Mybdd s an ideal, T FM.
So T an il #M, 5o T=R by marimalety of M.
So le I, dat is, [=wmixy , meM, yeR . So [KMG:"Mj((jmodmjg\MDdM‘

Te, % med 0 = wvedible. Hence RIM & a Geld.

PID, o> \s pmavwmal (fF DOEPIER= D D w@d>Lp> or <f> =<0
be> makimal EF @‘“ (’>§ am associate GFN) ov g.g & e - (€ olis o irceclu coble
S‘o' n o PID D wmatimal <D o Wweduable.

Heuce, W e on '(weab.«oiblf dﬁ—\m—euat Mmoo PID l'z, hew RAcn> 1 e feld.

Nok: neb twe for uUFd which are wot Pids E_g_ w 20X the elament X s
,'N%‘Lu-c,\'bl.!, bul Z[’J/Zk> = Z - aok a Fed.

Wou- prineipal ideals (Bx> . €O % <ax ¢ ZIN.

ln a
‘Ie‘

% Flields.
Ra 'IM?crtcw«t oim of Huis seckion s to OLG.SS«t(:y Cnte Gelds wM\audﬂ.

Theocew :  There s exadly ene fute feld of each prime  powes owlic Tank we dlesl.

NB' Tue other Hate Felds are wet Z/p*Z (0>1), wlick ave wob even TDY.

EXG&F‘I: Nmuzl.j wutg—uot @ Qd&; Or&u a‘ > dld.tagt&ﬂrs['k s PH‘MC D must be 2
';o, we Wawe O amd 14120, Lk v be auncter element 520 ool s the loudth,

So Reld  wust be Lo\ w au}. Charederishe 2 Srigtiyer =0,
What s JQ'{ : ep vy welzo e oa 3 vl <8
S6 w = ot

vilSl L] loa)lde) 20 > o= ¥ - &
dlzof e 0220’ \1':1 , So )(?":)( Was 3Mt5‘#

\ Y x| o [ P |

F=¥Ql,ogxqc}- +§ o)
ol o 1+ v w oo o o o F Toabdaf slis b
\ | © oal| ¢ \ o ] o ¥al
o oo wat O 1 v QO M g i Mu,l,ﬁnphaﬂm F'\F X
e o+ [ e otxh 1 b %OL‘C of  ovdar 2.

ol 4+ o+ X i

L]



Every feld F ke o pame subdag:  \mage of Z-F 41,

Kemel of map 15 () , where ¢z charF. F g Geld = €=0, orc=p, ‘wivw’_
Stce T touloiny ®hG ae Subfwﬂ [_”?f{,me s“ln.{ﬂg“)! we bave Z%e> e T,
W F hes  characterstic O , Hea F Zoukrias & eopy ofF Z .'f:feJF“, so F cowlaiv
o cepy of ® \fF larF- p+o, then F condains & copy of /ey aAweady o feld.

W cll @, wapedively T/ M prme subbield of F.
Dewole Z/<p> by le oc GFlp)- tue (eld oF P elewents.

n owr axample dme=2, and 105 s o paime subfield fF .

Lok K be a feld coutaluing & copy of o feld F. [(Special case: FeH)
- Genevally @ F>K is o feld Movphism (wbmwkca,u., .’1_3&14“6).
(Ml K o edg.u,zt'om ot F, aund wh"f K/E. ( s 05 web a 1Mt~u~t')
Examples: F/iF, , €/R, R/®, eke...
E\Je,‘ﬁﬂ Reld s an erbemsion ofF -ﬁapdme sublield

(o badk {-oﬁﬁgo.\,d,dﬂj v Ha . ——y

Every lement of T, s a ?ehj.,ww;d PR ¥ tSu«bjeJ«' e Gliltan = aly)
CAn olher wowﬁfl fu,z E;[’G/( xZ-(x40> .

We toke wmap: FD0 = Fej x>« This han Remel <X'-x-1d,

f0d= XPaX sl e RDD is lweducble © reduacd B and quadiskic > Unsar beckors but

Flod= Fl) =l inF- So F has wo codts in Ty hewee wo Untor foders, hence

lveda wble.

ga, \Fz[)d/(xz*'x*b s a Beld os CEIYID (s warowal.

/

Seo e pe for Cﬂuj"trud'l’uj Fute Relds of charackerishe p s to fid ou
iweducible  pdywonnial Fe FIX] and fomn guobient 1FRIXT/¢t00>.

D{gﬂm’on: Thevre ave {v\-c{vy‘:l'dﬁj Wieusy tevedacble pa\;jmwals v \Fptxl
Pfﬁ‘-’p’ tc vLob, \M,UJJTLPL‘j c»u ‘{:oaouflef G!.M.d add [

Suppose wow K/F edeusion. T K+ isan additive group, can mu,«‘ij elowends
of K by domenks of F, aud Aistibuhive-ie, datm K is @ vedlos spce over .

: Example: €/R : € Cows o vedor space over IR, aud Mas baois ELC},

\n cjuuul, £ K s Bale odliwmensional as aun F-vedhoy spece , ve call Huis
| Almeunsion e degree  or wnder, cai P LROE]

Examples: LER]= 2 pud [Fo:R]=2 idke basss 11, of



Note: Not  aluways fnile, 2 [R: @7 =00,
B 06 Fl2d | e KEFY o vadvr spacs

Note: @A‘j ar  vecos spaces, wet  an lugs.

.So € F is Gulle will oroler q  then Y owler of K mut  be ‘Ld'
Tagoen A fuke Geld s onder hick b5 o prue poner.
P € Bkt F, e pelme sibfield , Hien [KiR] =, 5o kl= .

ipuu\'uﬂ Fields.

Idea: Griven an treducble odyaowial €€ FIY, & had an ectension Geld /7
sudh Yak K ubains olh rests of F. T, £ = poduck of Unear fackoss tn «[X].

to,

Em.j shortik when Fz@: take K= €. Eu% Pokﬂmwa,l tw @[X] :PL;{-,S Cow_fudﬂ {n C[X]‘

We cannt do Hais hen i‘:;ﬁ'},Sa we need o wnew a,ﬂwoaolm

Lot €0 e FIXT | og F iveducible. Gusder FDT/LED> . Flueducble o 6D mavinal
2 F[X] [46> is a Geld.  Fudher, F—> FIx] > FIXJ/¢e> s @ wopwisw, so we  Uave
o ecbension of B Nows WLE otz X pod <6>. HWlzEx) 20 mod €63 50 w s a
oot of F {n the ectension.

_ExM: L) XZ“Z s twedumable  over B/ Eicenstedn ot p:l),
Se RIX] /<> = QA where X wad X'-2 =7
Now, F0x)z (X-T2)X302)  splbs  complebely over ®(J2).

W Xl lpeducble over R RN /GAD = RUJ, wlhee Xaod X244 =L
We call HYais ectension €.

() POz 3 2Xe2 € RN | tieeducble by Eisensteln itk p=2.
Lok = X wed €00 1a QDX /46>, FIY = (x-w).glX) o GEHEHRERD Qb(X].
Uod o g rewnadus Vredaetble.
Let , be o real oot of Fe RIx] Lregaveled an a veak ?objmw;ai),
Thew, Map ®RIXT/<t> - “25 o = X pmod 62 V>,
Thew, F00= (X-) g0 € RIT, avd g0 &5 iveducible 10 R a0 £ has
9"1‘9 | vedd st So gfk) 5 lveducble ja Q[ol}{)(l

i Peslfex =2%-l. \E ot is & ek, s6 s dz-z, se b splts uuftdd,j
over R £z (-0 [x- (en][x- (En*-2)],
Execcise: verily Huak Hre ots of i € ave: 2@;%—;, ans%',r, 1 ces

|2



Delinition: B splibica field Gor FU) € FIXT (s an extemsion W/F ot the prperkes:
. ) £ (x) SPL{&S Comp(p,t'eLj over K - ie, flx) s a ?nwof Unear faclers
o A0~ 1, W bt ol el oF L.
) 16 M anether Reld with prpedy (), Hen T wevpluism KoM e M/K.

| T»le.ore&'d" ﬂ S?b\*{*ﬁ F\\dﬁl a‘ls‘ks a)/\-d is W{ﬂu-f (UMP ‘L’D ifomorplmkm).

Propesitions \F splabiag feld K ecists fhen & haa Gnibe dlegree over Fooie, K ois Fuite
Almensionak  as o veckor space ever F.
| Brogb: Lek £ wwoe dj_ﬂmo(' amd o otg bhe ets of F 1n K Then K s gwonf&f,
w a  vedker space, by N\Jl‘.,,dfi, L R a:{.-u,;f stnce K coun  oulny

towtain Pokﬂwowv;&lf i ecocts of F \‘Léu-t—(, A £ 4.
' Nole = The chegres & K & ackually ¢ d!

.?mgos{‘&'aaz\F si;\;u{‘.ﬂ Celd geists ot s g ue [up{-g i;om.-P\M’;a.J. - i, Ousy SPLH"“J
Gelde for Ce FIX) ave :Sowwp
Proof+ bek K K' both be splbkug Relds for Fe FIX] B, properky () we lLawe @
mocpletsm K> K. So K' odates o feld K'ZK, and [eF] 0% ] = (10 F]
By Yne some amumend (0:F)> [KF) ¢, [wefY= (k" F]=Cr"F]
Bk KK and S0 Aogeer equakion DK KL Bk K 2K > wEK!

Propositlont A sylbhay Reld exist fac fe FIX]

Pock Proceed by lnduckon on K. Agume splihy Qelds exist Vo polyremuals of
aleﬁ;u:(ci. E‘j ?,-u:{ou.a sl EF & Muf, eads &,
Let F(x) e FD‘] he a Pol.-jm:wu'.al of callﬁm d. Let P(X) be an ileveducble
facdor of FIX 1w FIXL VB € & elready split completely, we awe cdane, aud
Fois dhe splithag FReld.
Otherwise, FOx] /epd =L s « Reld Coufm&vtﬁ a oot of F.
Co onte Ex)= [X—a]£(x) ia L[X].
The 0{-93&1 of & s d'l‘ so by wducton 3 a SPuu'LLﬁ Reld K, For £, over L.
Sz ¥, Conkbeanmi oMl peeks of B sod contaies L, 5o condains .
So W, coukalus all the voots oF Fo, aud (ot K be dhe sublield oF K,
cokining oAl the rodts of B Te it b the Buke- climensioual ectession
spasmned as a veder spece by all P«w!noﬁ oF coctr o,
Tws K §s a SPLWM Feld for €, 50 such oo ecist.

We Mowe Huu proved the Haeoreun.

| Boplicakion b Flle thelds

;l}de wask Yo coustrut a Reld of oder Pﬂ, havackeristic p, o extemsion of (s
Caﬂ HAA'S Gdd K lF K &{S{'S, K* \ﬂM ovder ?A’\Ifo de" Vxel'(, X £0.



AL

n

So, ,L(’ sz e, S sy eloweak £ K e v peck oF X""-x, o e
K cousisks of voots oF Huis PO(AJMMC@[“.

Lok S be Ye spbibhng fetd of X7 -X da BIX]. Clatm S &5 of ouder o

We Rrow S s a Fadte Reld. Consider sets of recks b ®F -X i 5.

€ oty ase cocks of X=X {a S Hen xF“:", ‘ﬂpn“j. Se, (x'ﬂ)Fw= xeﬂ‘;j"A:X'ﬂt
So A is @ eob

QLSQ o‘i oNe ree‘ES. i
- f e foe
Nc,_,,’ (?U”j-)i’ = 9¢P + fr) xP Y oo ﬂF % J!‘ L WA Otﬂaraci@ishc P-
" P - P.P- " n
Sq (xﬂ,)f' = (xq—j}PP? = ()(P% \j‘a) = ..z x" +-3" T X4y , S x+y s @ q‘ﬁo‘.

Meuce, sek & rocts is o Red aud of oder f“, Stuce XP“’X splits Cvmfl.e)l'dg nf
omd Whas  we \r{fcaked socks (@ it Vas we Fdoe n common ot 5 olenvakive wluck
' ?“ XF"'I -1, le -l ) Bt SftUn% Celd (s smallest \90534.‘5(.2/ hewe S is Hur
subbield of ocder p". Memce o Held of owler p” exists aul is wmigue.

The w{q’ue freld s Aewoted b:j \FF“ [ o~ (;’rF(e“‘J.

We  coustrucked ﬂ’;.v ab SFUEHJ.% Geld of X?“dx over . Roots  of ‘Dotnmmal
are peecisely lements of  Reld

Exauple: F,, splitbug feld of X*-X over W . F 2§01, &, wstzt].
x*-X = (x -0) (X-N(x-) (X -« owr IF
= =] (%] [x" +X +)  over I, whaewe X" Xl s {eedueble oves 1.
Fo. = BT Z7¢t+x 4D

Exomple: W > splitking Gield of WX ower B, XX = 00 (XA) OCH X)) (X 4x4) sver .
\Fy - \T';[X] /{)(3+Kz+l> = iﬁ_[xj/()(".&)(-i'l)' These aue Hie sawme @-eM, Cw

. 3 2 . 3

d % g oo of K'eXal B W e o ook of X AN
’ - : i

Grr 10\, o ot ot a'zdt, L eut ue et

7."_—'———‘/
ruah oF ‘K”“PXLH Notf Op XZ'PXH

Fix  an exteusion W/F of Rube degree. Let e K, wee E'L d,ofz,-.j ol an

LI ek So Here is a Unear velakion of the fom o™ = Combination of lower powes,
Te¢ o sahisfies a po\.«gmmai " F[XJ, Sudh ous 0 S a_%ébm.«'c over F

Lot T,- 16efFD: €@=0F 0e T, | not only elomek. Ty is anm sl of FI¥]:

¢ fla)=2 gle) =0 , e FLX] e (Figlle) =0 amd hia) fla) =0,

Since Ty s am \'O{aal, Mave Ty = <Md{x)> for some M“GFD‘].

Fix my H be wenic (\'?’ (.eaa(o\:nﬂ coellicient 71) The my is Yee gadnimal
gcgﬁgu'd o o amd * (H mowic qo\.jmmal of feast O{Egr-ef with ¢ aa et

) diwoles amy obher Fe Pl il o o root .

Example: \n W, - 20,1, “¢d“} yoWe 2 X X My e My, G XXl



; ?fugog&inﬂ: my s leeduable  n ¢ Ix].
i P;‘Jf: My —-Fg " ch]/ S My o) =6 = F(d) \3[4’1) , Se [wqu Fla) =0,
By Iamper{*\j W), mulf, and Flug, o my is iyweoucble,

R(7) = RDT/x7-2>.  Check Yt equabion X'=2 lasoluble over ®R(J2)
So, RINBUB) = Q(KH, &) (s of olujree 32 Ler Q.

et W=0isle 06 ¥ = 24 2068 +3 = 520 & -5 = (23"

So WY 0¥ 120, Hewce W sahisfies X4-tox*«|

Now ¥& Q) , ose §3:=%-02 e RIB), S5 ALY Z RH)

So [RYW ! Q] =l Memce 1%, ¥% ¥’ are Laeady tudlepenclest.

Thus, X 10X% +1 & aciwimel pelgremaal.

:a S;.;MPll extws;'ou ap I :S oun extusfw K‘;F[¢)

:_FLC& Evu‘j ebension tn chavederisbic © s simp(.c.
' E\i{nd erbession e wwich ¢ o Gwbte Red ¢ QCMFLL.

;We.a!ﬁw ﬁ" A Ciau‘k Su.barou-? oF -ane Mulb\.{)ucak\‘\le gwu-t: oc' [« Qdﬁl \S ugauc‘

| Coeollangt Mikiglicabive guoup B 15 wyolie  (of adler -

|
H:\ M\KM of (ﬁ,u s e q&/\mz{:t)r of TF@,*.

?fcgﬁ"l‘{OM e \€ P is om abelan grewp and LR wibh ovdess W, n MPE:@:’ML;,
. Lo, c,of‘-;me} Yoew theve (¢ aun element of oder wn v B,
PNchg“:\.Oﬂ (b): \F & is o Eute Subﬂrou.fr of F* mdt lcl= N- ‘\TP.e." P.-ef , then
Here s an  elomead of ovdar ? w G Piec‘ N.
ijcF of Theorew A: Lek A, be elemet of G of ovder P‘el ; %2 with ondes flel Pfl,
amd so o, b oxe* with order P\er" P,.er = N.
| New G is uﬂdu'c wiolde camemi*or Ky,

‘?ﬂw £ of ?woasdnau (e Let o hawe osder ™, [3 ocdey vy omd musav =\ = Ve € (m, ).
| Lk Y= w8 2 YT LMY s B e T Y g T
| Se dhe group %wweﬂ[ by ¥ s Aevneuts of ocdes m omd .

So F v= osder ofF W= oo of <UD, Hhen wlr,ale D wmaler (00 (Hlvlltl)

Rk ¥ =, 50 arder ol ¥ = mn

‘PrvoF of Pwpos&:ww (b): \€ ?e N = owler o¢G thew I eloment of eoder l’
Cousides wap: A G = G‘J; xl—-‘-):cwr = g %ﬂ?uf h.aWWr?WSaM So image, kemel
awe su.bcarcuf:s of & Cam Rer)= G \F S0, Hhen N elomends of & - all wdbs of X" =1+
et me

So Txe & suh ot A 41, u ,\w)- ol Lok y= P gt el AL
bukt j"= x~’1,50 gy has . ovder 9 Y Nslwmvl




o L. Modules,
‘fo a {Lnﬁ R. fn Q'Mbotulf M s @ Cet pacth ofa’al"""‘f + -, aund al.bmev\t o, a-v‘al al:vem.{'\‘em

bR on™M [ie reR ueMé’t‘meM) such Mgt M s am abelian grewp wt +o.

CTe, (A wmt (mptwg) = (M +My) +,

L.
Cendomocplism  oF V. Thew W makes UV lubs an FD-madule an Fellovs -

(A2)! M+ O = &+m =W
(a3)) mtl-wm) = -m +tm =0
(AW M +wMy T My b

(ci):  (e4s)m = cmssm

ey clmav) = e 2 vn

(a3)r (es)m = vlsm)

ewy: Lm =m

.Exmetes: V¢ R s o Fed, an R-medule is exao!:{,.j o weckor space oves €,

W6 R i auy abelion gqreup then A Was a viebural  (unque) structue an «
ﬂ—moabu(,g: F wD0 then wi \+--+f! Weuwe paz (1+-4)e = sla= as 2o
F o then (Wazo4ra D aas (~a)+--+(-a).

- ek Mok these obey €1,¢2,¢3 Rew A har wwrue studidre a0 a T -modele
et N be o yeder spawe over Geld F - se N 5 am Fomedule Lok x be an

1€ ceF, then cv = scalar multply, aud Xv = w(v). So F(x) = Zax' ade an ves ZCL“L("L
So we cay V becomes anm FOJ-wedule via a.

Example: R Is an R ~module by Wy tug mwlbphication aa ous scalar M-»ﬂ.-;fv\'ica}llon.

_Ld’ X be Ourey sek. De,f\'ﬁe Rx= gFX-?Q} This Moo ?m'wlfwfsc o?uaj:\lons.

[ e Frg: x> Fiedaql), -F:xes =Fla), 0 x> O)\

L So R is am ohelaain Growp- Clalum B* i an R-module by b x> bl

Specich case: X = L. b, Bay Funcbon i descrded ¥y valwes £z (F0)., Ho

Te, Cug = (F490), ., Fla) sglall , ehbe.
¥ - olz,uwl-‘f R'A: { (fl,.kr Ta) f‘;,eE'_f , wida (,o.M_Poy\{uJ.‘— wise OPQJG-/{'LAO.AS,
We pall Rn o Gree wmodule ower R (o any wedule someorphic 4o ")

‘Lek S be -3 S'u.lﬂfek "c MDGLA-"- M De&af <S»= {r‘sl o d,8,0 s-;';saesr "‘-<D°}
W UD =M gay Yab S geneamtes ov s M.

F M Ve o Hale sek of Qweuw{?ocs“i we cadl M M.gﬂﬁ@kd ("&), ov

 flade Aimensionad .

VP S Lo pojecky Het fs + v nasezo Dallvi=0 den S s Unely indepesct (T)
W& € & LE gud CDMSM{MS s o bass  fer M.



€M s FE itk o basts %, %] then ey elemenk  of M is wnigudly
‘ evpmxib[a 08 WMT AN+ with  co-ovdinates vy, owd B we>(r,.., T
CThen M RY - fee wmedule. Te F& -wodule with basis > free  wodule.

Nobe: Not every jmodudz s Fiee.

IF N is a sibret of Romodule M lich  §s alse  an R-wodhde b He jalented
opawokiows | thew N s @ submodude oF @M.

N o cdowmedule ¢  chosed wnder aﬂowcfov\, omd  wulbio\U calion by elomedds oF R.
Teoied  submedales: © 2 fof  amd M cbself

dave € an R-wodule. What ave shvedila? =w sbgroup of (Ra+) wlMch s
Aosed  pudder  wlbplicaklon by wlele of R Te subiedules ave ickals.
CWhen i ideal T Free? We need o sigle eloment x such dak L= <IxD s
Cam R-module: Meww T Rx D T i @ pelacipel  iokeal .

Thus, nou-Pnﬁwi.PaJ- idead s act  Gee.

f Ekcu-tg‘e! (Z/GZZ, 4) is o abeliaum greuf , Wenmee ¢  Z -wmodule . it is 3%?.~YJ£A
by TV mod 65, Bub the seb 15 aot L3, sinee 6 Uipedb) =0 s o won-trivial
Uneanr Mai‘t.eu.

A wap ¥ M>N betueen R-wmodules s an Lomodule Womomophism 1F (E preserves
| a.u. fz'motub. S‘Tm‘l‘m.
Lo, @ lmarwgl = Pla) + Clwy)
@ (-wm) = -~ @ q? i o wmr‘:\;\,{cm of Greipi-
@lon) = O
@ (r) = @~

’wawHw ot Unear VAGpS.

v @ MAN | lomomoepiisn, dene  Rec (@ = 3 mem: @i = Ouf, iw (9= { P wem]
| Define vdwl'{ow Z¢ ow " by EY D Qx) = Ply). aeo.r\ﬂ T s am eq’w'wo.ie“c.q W"ow.
Sot  xzx t‘_’};‘ﬂl > Pl = ChY) Oly)= Ay D Clasy) - Plivg) > Xty 2 x4y
owd, @lex)= Cr@ix) = ¢ Pla) = @vy) ;S0 wx = cn M IER.

\\

Define aun  abrbreck Conquuene on M, aa %w;ualw\cz tlakonw 2 sucla Yrak f
:,(‘:‘x|, ‘35‘0' then 249 ixig  oamd vxzex! Vel
Let [5J: dewbe Hhe equvakence dags o x  wnder =z,
- Cousides (0], Cladm et [0] s @ suhwedule of M.
AW xgelo] Hhen xzo LY IO , 50 Xty TO+0 O, le wayy €[] = clored wwoles addi blow,
Msd, T 0 =20 So r’ff[C‘], do dp;eo‘. wwdlesr  scalar Mwun-pl,t‘cai'fon.
So () i a subwodule



i3,

Goven N a  submodule oF M, b x~y F x-gye iN. Uoim ~ s & congruence.
Cellecve: xamn (€ x-xeN, 0eN V.

Sf-jMM@trt'c“ K~y =D Y ~x EF x-(jeN Dy-xe N v

Trwsiblve:  Avg yvr D AR i ey, y-mEN D x-zeN v

So ~ {s am ‘Z%u.;vaiuﬁu lakion: Need o shiow Cowgy e .

xwx g vy D ')(-kl,cj-j(eN D (y) - (' ayl) €N D xey ~oaky'.
I

‘ F(\.-\GM»J, Yo-x) EN D vn-en e N D en ~rx,

So, abstreck tongrucness > subamsdules -

= - (]

= == N
Mso  s\uowed Mocphism 9 defired ont gives rise b 2, @l = Fly).
Su«hwtgatvu Ga&a(’,’/lw‘ e s E°:| = iv‘"’ ©@m) = @(a)? = gle' CP(,\.) :of = ke (P

Cownstrach sinciienk e MIN o M/ Lo A~ N Blaments of MIv ave dasses
(], OPQAGI!-L.O\IJ‘ t"]‘ftg]t (—K#g], "["J B ["‘l E“]-‘"’, ¢ [2]) = [""].

Ned bo clnedh ok taare woke sewse; ie, (x1-0T, [5): 1y] ’>f o i
Cex] = [ex]

x-«%l, “j”‘:l. , 50 x+-j~ﬁ'+:|' and ¢x ~ % o8 5o Covg r i e %Mans wel) -efined.
Need o e chedk fhat MV s a modele wib Heese orenhbus.

Eq (o) (0F+(y])+ [ = (xagd +[2) = [txeg +2) = Inegpv] =6 4Ly +a) &7 (34 (974 C=])
€3)¢  ¢(sIxn]) = v(sal = Cotsw] = (testa] = ()], -ebc.

Hewae ™MIN 5 a  wedamle

. (Obuiwﬂzj o M,ofpl«i:m).

M.mr?\m'.s-,\,n o? R'M,oo{.u‘.u’ "{hm,
2 in®, e N leer @

Dctne QX Od | Hee hewh

Lsowooghism Theocem For Modules: Let P ML be
Ree ¥ s o sdamedule of M, im@ s a submedile of L, amd M/n

FrecF: N W oa gwhmco.mle of M as N 5 c°]§’ u\qe;e = s Hae COwamenc.e fo @.
Delfire ¢ My L by € - (»]> Pel. Calm ? s a weﬂ-olaf-{nd ‘o{je:}lwe

M¢?\~)SM. Note: (m@= (m @, Preve WEU‘MA-QA and {njeoku Haus ¢
=[xl xzx <> Pd= @) <> @(00) = @(0x]),

e is cheady  sudechue, so we must show oudy Hat € 5 2 werplusm.
qr[c,h[:,]) = T(fny]) = Plrsyg) = Cx)+ ¥Uy) = @OF)+ t'?{c.,JJ. Sl lady, @lefxd) = ¢ @L02D).

Ruetients, Kewels aund Su-bob\ec*ﬁ'.

Swbobiecks Kermels
G coups gujogmufs_ Nowwal Sajoeawu.fs Suhsek
N eckor Spaces 5«JOJPW, qunS?a.w same
Ziag s Seotugs. \ heals AtPercnt



: Plouj submodale s the Rewmel of swpse some wmocphism, i, quotient M = M/N
i ?a.rjnwlmg ony Suiasincg of a ueckor spece is the Rervel of a [inear wmap.

E gu- A - an abelion Grouvp Nﬂaxdtd an a T~ medule. wa’ﬂmeo{‘,({a of A awe xvlagroufi
i E\ij Su}bamu'o of o abelian ﬂmu.r I - mel, ewce \ZQJ\AQ“ Op Some€ %’tw': WL\}!M’
| M @U&ﬂj Group M‘.-Fusw en A s a H'Wotu.lf .M.cw-p\n.l‘sm.

Let A8 be submodulis of M. Define A8 = favbi ach beRT - ocleady o submodule oF M.
| \F, la addibion, AnB = {0} , we wate A@8 - (wdewnal) divect sum.
L BAaB = fof <D cveny lemenk of A48 s wac uely epeesitble an ok Wia ach, beB

Corollavy (2% (soprphism Theoew): (A+BI/B 2 A/(anR)

Boock Leb g0 Mo M/E be the quibient wap Lot Xz fxem: g 00 € 4, ()}

| Aaim  tat X = A8 Fort xeX <> q, ) = 4gla) | scmemach <> q  (x-a) = Y3lo)

! D x-ael €D x zarb some beB.

; Now  cousider the cesteickion of 48 R, e "VB\R ! ﬁﬂ%s(ﬁ]

; S", by isowmerphism M\‘{W\’ iwacg € of vestyickion, q,‘[ﬂ] = A/ker [%glﬂ)

| Se, (A} 2 Mand) . So e Mawer X/& 4R T o), te, (MBR % Al (a8

%Let B be an Posardale, The omilalador of M &5 awliil> L76R: rmzd VaaM].
i n the care where R=Z owd WM an abelian grewp Husr s aloe colled Hae &goy\e«.‘t
| of Hhe 9&'::»&?
| Uadae Yat aun(®) s an icded of R

- For example, M- 2/t an Z-medule, amwmbilater =<n> evpoenkt “n.

| So  auny Hbe abelian Group A LW acu-tritdh anndilotor ann(d) 2 <N>’ Lok necesfax{lﬂ =)

o V= g & Zpa - {] ()], (1302, [16&)[23)?
t:uu-gj Bliinink oF N G Mm[n«ta,’:epl by 2,50 amn (V) ><, bk acder of V = 4.

;thldcoe- of om elomet meM (s:canlm = {fezfrm :o} - aﬂa.in o ideal ofF R.
am«(M) = MDM o (wm).

‘Eka.wel.l-’ M adoLc g rewp o{: °f0'~&r 6, SCU& 1/(2 as Z’N..ao{ﬂ,[g

m 0 | 2 3 Le 5
il 0% g D B3 OG> LB S aanlil) = €8

- ‘

Let V be o FBalbe-dimensiowad vedor spec€ bves €, o an eudlomov pWASma of V, aund

WOJ&Q N e cD(] ~Modude wia . 1-9 F(kj acks o#m o veV b‘ﬁﬂuJ apn (V) = EFG(D‘] ﬂﬂ()\’—o}
Now, €] s an ED, hemee a PO, o amn (V) 7 i )>, where e 0 B o pelynemial

W em=0 ¥ weM , sm=0 YweM , then (rishn = O dmeM, and if £eR Hiew (to)m= tHirm) =t.0 =0,



Ve

Wik s of lowest de@pee such  Hhat iyl =0 ao'n'u.g on V.
Fix M \)9 Further condation thak e be Wowic - te ; '\.Eaf)hvtﬂ coellicient (.
Thea  Hais %PEQI.C&) Mg Cvmplﬂ/b{-gl omd Mot w the mnimed pelyneanal b x,

k' amnV) = <> stabes tub any polyrowdied amibilabivg ¢ lie, f) =0
is. @ MM:L{T\PL( OF M.

C%%—Kwuom Thesem: Lek ’X,(tholwt(cz—x.il be e Aarackeristic pelyncmnal.
Then X, (x| =0, deg Xy =n.

go/ /"(D( {x) A;‘FLO!M 'Xg ()(). l’\ paot"

,?mgog{h‘eui xa,/;.‘ have 4ae same coots.
| Proofr Xyl 70 <D dek [-A1) =0 ¢> o=AT & ss--ju.iar <D Rer(o-AT] noa-trvied
<> 3 30 such Hiab ocexzAx <> A is anm g envalue-
Suppese N s ast a oot of g, te (x-Mlu, (x). New, Xx-A s {rredaccs ble
("ejﬁtu IJ{ So Cofa.’w.? = M {x). 59’ 3 ulx), vix) € CD‘] S’uoL duat (X—A}u()'f}’)-l,lx)v("]’l-
Substibide ¥=x amd obtain: wla)le-A) -0 =1 idewhiy
So, wla)lo-)) () =1.%=x, Buk LUS =@ ulwi(o) =0 ar 2 an agmvec&er — ¥,
Se py s N @ 2 eoth
Cﬂ*”wekjr s{wce /.Al’)(, roets of P alse rooti of .

W Gunlm) # <6>, te 3 20 such Wabt w:z0, Hen we say Hat m s @
torsion  lement of M.

(n abelian qroups of Fiaite onles, amnlm) = <>, uhere © is Sloment of occter ).
P owmedule 5 torston-Cree iF the ownky tesin dlament 15 CeM,

fFrom wow ou, R s an ED, and we shall pe \M{:uﬂ{'td ta Cimd-l:slnj'ﬁewa}:ea' Meadhal2a |

Sfru.otuff {:i»\eavj i5 ‘DGJ‘{"!AJO':VLj ‘ihﬂ-\”{-e

we sw Eond Yok M % R ®T ) \,.l\r\Ue R“ s Free wwcf.u,l.tz o.md T consists aF tosion
Cdemedds of M. Rawk w1 ell-olefived, and T s winique strackune,

1 = R/tpf'> & © R/Lpf‘"> L, with 9 wedmeble .

Theowm ( Struckure Theowm, \waviaut Fador): Lek R be aw ED, aud Mo Fanitely- gqenemled
i -omodedt - Thew, M= m,@"@Mt, where  eadn ™M (s cﬂdA‘L, omd ann(M) 2 2 ana (M)

The %eﬂuutwr a: for annlMy) ave pranank fackess of M - esrewHaJl\J wmdque. Te, £ cud
{olﬂois (‘M) are MWV\ZA b-j M. Mok M aliali"iat.



Corollary [S{:WMEW Déw&cr)’. Q[M an before. Then M“.—:’Q“@d\:
whare  R" 45 Free and T is deslon (e, an(m#<ed), TE M@ @ M5 Lovh

Mo c-joUc. aud  omn(M) a powes of a, ?.r{me dement of R, Soy fifi.

| The Pfu are M@g A aisecs ot MJ n
CNele:  we s\aell nebt be ?"“{"ﬂ M%uues;, bt wild T‘ue alﬁmanm-fp{ Cmduma iwrariant
Fadess aud olduu.»g lree gault aund dlz,weﬂt’a.wj Alvlsors,

is the Bee-youk of M, gud et ave

(—oase{umw of Struckure Theorm.

FG&  abelicun gueaps, L s o ED‘, se am F& obeliom grevp s e FG Z-module
So amy F& chelian goup A i oF form: I"¢ Zh%z e e Zhtz, wlwe
z/P;Ciz s a  yohic growp of eudas ?ée; awnd  Haus is wamgue.

6 A G Qute, tien  Frre-rak st be e, Wenee A s o pedudt of  cyeldc
com  Ust  all  oheliaun Groups of qiveu

Orowps & prme  powes  oveler. Hence ue
ordker 1A = T lﬂ/P,& zl - TrPiea bj Fad‘owishng the oley 1AL
Examples: VAL = Z/hn, Zhz ® Z/z

TRE 2 Tz o 8 [ sud | csn-dbebin).

4

g, Z/sz
6

4 Zhpe Zhz © 24z, (7 wu-sbelian olso)

Z/a, Zuze iy,

Leok ak {AQM foctor  Loom. ‘Rb@thv\ Growp A%z A\Q--@Ab wokdh AL G‘jOL‘(,udL\E-v-e
At Z/a2 o6 Taz | uhee ala,l-la.

oun (R = q., Te
2y - W

So we \4\M¢ e

oo By - 22
Lisg - 6
Zigp - g

Zhg ® ﬂ/aq = 2\ ¥

hae Zhge Bz - 22z

@ g&aﬂ -a«l St"ua.&cvt oc {:iﬁik Subg.rouf G: oF MMU&@H\PG’ 'i[reuf eF Q &dd ;. 'L.ei’ ‘G“ :V\, anl-'
emeeJ: gF G( be Qa, &‘.9 ?ro?gs;ﬁ}ou’ 6(‘ \*M aun e»l%l.v\t O'F OJ‘AM a. Bu—t ‘)Cﬁ :[ b xe G-,
v gctue*{ov\ w:{{n ' No‘:t w F D d_nﬁ\[‘ét ?.—"\)I 5o acun &> n- Guk xv\ =\ (Ldﬁfﬂd‘gf} ¢ Se

Benae (& o  ocder wn, e, & is ogcitc.
caple ®

athn, Hewer a=n.

So (e Memw&uw@%aﬁ@b

So iF a Grovp Was  peme power  oveler (M,wm), form is same ao
ED Coem- For {nvavat fades; leb a,za - the lﬂtje‘t or k. bt ;. Thew a aniloles

ey Aemesk ofF growp. So, ann (A= <a> Te g i apeent of growp.



Observe Huat A coutains an elament of owder o, since ZATZ s a  qoushituent Qiveck
Csummand  of A

‘Ldv beaueat‘o( Seace c)uefaw&‘:opmwﬂ:o% w,o,ud tﬁi’dhecw\
endomorpluism of V. Nake V am FJ-wmedule vio x Te, fx): v s Fly).

V s FG& ever F, Wene over FLX] . We Ruowe N 15 a2 Yersien medide | an
dun ¥ = €S, pliee My 1S Hee wniwak Pebﬂvwm'ual v &k o awd py  olivoles
chaveckerstic  pelynomial %= dheblo-x.31, aud Map sawme rocks.

So free-cawhk of V  over FIX] is 2.

| By struckuve theovem, V= M @, hee each My s ¢ Cljf‘/bc FOJ- medude
wieth  ama (M) = <a 00D

I{4 Al

Need do wndastand & wckic FIX-moduole  with  asilulater a 09 .
(yelic - aj.e,v\uuied over  FIX] by omne eloment N, Say).

Te M= § FOv : HNe FX]] = Ty FReFOQT = § Eve Qe+ (o) el dlewf,

So M s spraned opuer F by v, (9, oL, ..

ﬂwt M \as Mml«uloi-u Lalx)D> , ysheve alM = QAX 4 4 ts Loy %0}, s
I S (P V]
%0 «? V] = Lmecu combination of o G, wl), e, omd for owy v2d, « ()
W & sfanlar  Lucar  cowdsnakion 5

={

So, M is  spouned oves ¥ by v (3, ., oL (Y

We daim et g\',ot(ﬁ, -, V(dd(")? s @ Vasis lover F)  for M.
We  need to skow that they ave LI VW aet, suppose bov r by 44 by K V=0
e, blelv =20, some b of 0‘931'26 <d.

Thea, b0 FOIw = EYbIX) v = fla)bla)jv = F«)O =0, 5. »(N annhilates M.

| 3N 5 Ol-ﬂgt"dﬂgc\ and <a> am M - 3K,
Se M W  Pasis 5“, oY, ., rx‘“\’f- So ddm M [M MF—dtderSPﬂcq_) = 0(29(0((‘}).

Acon of o o basis: Ve v
Ao > o2
O . _ a
O‘A\H‘—"u g e g ',,i)(\ﬂ.
-a
Se. makcix of &« Compdmen  wakvix aF alX © O = o “lay
. wap
\ [e) . 0 ’cf'/qd
6 © ' 'q"'"/ad.

- VJ\J\W'E Gy Xd +- 44, = alx is Yoe O.MM\}M‘.l}irof oF W']

New, by the strucbwe  Hocovem, V= Me. @ M, of eyl gu.LMooLJmf il

avnlulators al a1 lag. Uneosing eychic vedov [ov cach M e see thalt we lLave o
St bl wek aalatl e boas m)cm:(“""ao ) L ulere cfa) is Hee companlen wabrix

SO T el withd.

Twis s {:he UWHOMI WMMJ- (_Mmo.i) Coem.

e



The amnililater of ¥V ¢ fnal ‘\L—D‘); Yee  minenad QMMMJ of .

s e MG&W exercge  to chow tab @ wupanion watrix Cla) haa wadwaned

?ohdn,owdai alx) omd Jrarvsckerilic ?o\..ﬂnow.&q,l 2lse a(x) (wp & coustaut Cadogs ).

| Mewe chaveckeristic ?ob.jmowula} of o s a, (X - q. (%), and e wmmimal ?c[;j»ww-:wt s
Cgeew to be  a (x). 5o, minimel pelynomial ividesr Masackeristic polynoumal.

i

Hence deducee Coyley - Hamulton Theorem.

QOJ{’OML[ Caﬁoualcal (ornn wow’-ﬂs over M.u) Pelpl F

We  cam alse obtain o version willh lementary Fedos, bt we weed o Rnew what

Cprime  lewents ave  w FIX So we specialise 4o F> €, a0 the prime  elomeds of

; «(x] ave ‘_\usk Linear Fcbj..wmlalr X-N\, ler Ne&.

| 50’ elﬂmeufcwj Aviser fem of Struchure Theorem s e \ = M\@"@MR, o heve
ann(M;] = <Pf“> with P o prwe ement of €Lx]. Le, p.= X-AL, Ared,
5S¢ eadl “-“jd’é( submodule M wan  an  annmlalader ofF Hee Coom (K'A}G,SDNG

Ned, aud e\

{ We  Lave ok o(—,\.i acks ev M W a & obenk eMd-warP\alsw‘ (t‘e,sme pewer achs o,pO)’
5o\ wowpaimon  wakinix t?@ ) ,as wdwimal polywondal of o= g x¢ -o.
'+

S¢ x Mas  wabvix  fevmed by akeve + AT, c‘et():."-o)\) et Jola)
o\

= Cd.uﬂ.d TO«'OQaM 8(_9,_-}1 FOM.

Scz V \JLM bw: w\rt LJ\/JGQA M-a.j?fix oc [V T ( ._Ie'(,\') O )
C 1)

| ~ ealled Toedas bloswmal [Conoutiat) Cone, [Tiupl

CINE s (Lowes) triangular, so  dagonal enbres awe elgenvalues.  \noud, charackevistic
PGLOMUDH‘JI o("' o e & Tr(K‘).L)eu', ar & Toed o block Te (kj lan t[x“/\Je ol a

| c)/amoteﬁs’c:‘t walalwial Pc\a,wmlwl- e

- Minwal PcLJ)WJ of x i least common Muuﬁf(z of Ir\—/\é}ei , e )‘EM(XFA) p
Cwhere Fr o macmuwm aumbes of e altached 4o A

‘ So na @ Cotsequeance ot %mml theory , we obtala:
| L Mmbuwal Pc(gww‘iai I M‘uc ?cL,)waxa). Lt‘é’, Cgﬁkbj- Hamulbowian T‘AMM)
) wiwewad awd  chavodreistie plywonaals  Wave mume yoobs (e, elgewvalue.

| Ao
Loolt ok Tordow blodk To()) :(o'" VA),
iA« Here any 4&&1‘3‘?

i Ie(A)-AI=(g‘_-,QO) Cowd M cank -1, o auwllity =|.
- So Rer (T-AT) = < lask basis vedosd

1,“1444\:2, aalier of -1 z.écjwidﬂcr b W weiiar ¥ Todao Wadks:

Ao M [M{T basris vedder is am e;l‘OAm\aCeJlJ-f-



\6.

SO, a  wabix or eMdLOuwr?Wsm s o’-iago.u.a_hsmm <> 3 hauis of dc_)uued:ou
<> 3 ant.I &‘52»\\160{0-:! <> all TJocdaw blocks lave sie | =D ¢ =| Vi
(:> MM&'- Pokﬂm“d \n_aa ol}.sk«'ml' u'AQM ‘:do‘-drf (’) Mo:m'w.a.i Pobjmmaj \A-M d;i‘l"'v'ot‘ Wa’fs,
Can wiew Hus omclles wa,.j! W o wodnx 5 ln THNE willk oll blaks oF
(ua?rwed \o.wl' ef)  Struckure Theoewm. This &5 diasewal.

| sile i oad TNF s u.nwkbuf bg

:EM{.U h’lfz- ) WSHL POL‘-_')MWG'I \as dis‘mwl' roab A,/.{ We s
one bleck fov ek | 50 wust Wave T(A)® T, (w | te: (oﬁ

mer(: X w€ \AME

| (We
have at loaat

s \F Mackmsh‘c ?O\dmuMl-(u‘. has e..er\U
L e - 105l e S s[TY

The Gt s Aagonglisable, the second s
wuwmber of  blecks :‘(“ wo

wot, s wuwber of LT
baris of dgaueé‘ot;.

adﬂmu e,o!ew; =

INF  cowkales data fer: (1) eigruvalue
() Mareckeristic  pdywonmal

Ul wiwamal  pelynomaal
9 auwber of efo‘\wuakueg.

Unlgueness fually auswers question - whak s ‘stavdard’ form of am  eudommerplrisw faaohein 7

EmgoS&‘vat: wxn  walries AR, 8 over € aue ,c,onJ'uﬂuA‘z (e 3 tavedble P sucladlet F.‘ﬂi‘“g)
€ A owd 8 wave e same TNF,

hawe do pove struche Hreoewm, at Uart @ bav  as ecistnce. e oo Haks
ivarank Rackoss. We geed some tedmical vesuMs. Rewewhesr Heok R azlma.gy

"2 ¥4
| ew ED, oud F\'mk@% %&ayﬂl‘ed weodu2a oujuj.

, We

Dropoitioals Lok € MR be o suqeckine R-module  lomowarphism: Thea M ¥ R" @K,
K= Rer @ - "mk—v\wU&Lj“,
e (s shamcavel basis

H\«\Er{
CH e T WA

-EE_F_{ Lek Koo Xn eM  \aue ?mgul:uj Rlxz) = e, where
Cor Eﬂ- let X= (:K!,--, 2>, We daim et M Z XK and X ="
Xa K = Z"} , Slaw oo, € K > @(Trx) =0 o Er;t?(:(:) o » ZNe o 2 all 120 an R"Ee{,_

ll} Qam llsovmorpl’\d.u"ﬂn.
| 3
Yo w' T m-Tr A, i

FWJJM’—J, frc gz Q(rccx;}' So CP X—‘)R"
Flaadly, XeX =M, siwa F me M then Plm) = Teley, some
So doue.

schisiies An!) = @m)-Trie. 20, te, w'eK.
;’?mga;{.ﬁaa'll A subamodile of o Cree wadule N’tg[?ﬂ Vs aﬁm{u Free amd of romk €n.
Te, M = [ZW, Som€ SN,
‘ CDMM‘ The feee ~vankt of o Free Mod.u.l.e is m&q,w‘oj debermmined .
Rk € R ERY Bew nEm and wERn by pupmtion L Se mIa



‘Prooc of gm?a!cuon 2: Su{fost: R, , @, is a |basis of |,2n’ amvd M s a submeclole
R Lok G= <o, 6. Then by indickion on w, MaG is a submoddle
of G2R™. Hewe MaG ¥R, some Len-l.

New, R"/& = @1, amd M > Mfcam) s injecive (lmege of R Pn/GJ

So Mo submodule of R*. Buk R is an ED, Weuee PID, so amy swbmeddle
of Ri 5 an  dead  of ‘2, omd s pawcipal , say <>, Hemw E s Free.
<g>* Rg.  So M- R" sudiedive. Hewe M3 R'® (Cam),

Now GaM ir o foee wedile of rauk Lén-l, So MZ R™=R™ Ltk wmen.
For w=l: thaue cl.ﬂaobj seen Huak Wiy subwmodue  of R s awm ioleal,
heunce p-:{\w.‘?g,l, Wenee  Free.

Peopasition 37 R am ED. A finilely-geacrated dorsion-free R-module M s firee.

Nele: Free D {mw-ﬁee, Mﬂn,uzj

Proof : Proceed by vduedion on  wumber w of gemeratoss o gemeraking cet Cor M,
nzo: qM‘-(O)’é’e°
azfe M= Rg 3R, an 9, w boisiou-Free.
So, cmsume WDl aud that the vesulls Wolds fr  a-L.
Suppese  9,,..,9, el M. Eiher: (@ €3> n <gy, . a,> = 1o
o 1b) €93 n <9, . 9,> ¥ {of.
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