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M!!E- bes T\ne.o%

1 Diaisibility  oud  Gaugewseuce.

L. Distscblity.

Notakion: lnteqas- Z= 10, =! 22, 5

| Dl‘\!l(ﬂ.loy\

UL Rasic Goncepls.

abeondy « 6= Y B2, o %

Well ~orleing principle - (woP) : Euery non-empby subset SCIN codning a munimal

elomest.  Nobt! woop<=> Prﬁ.noipqle of  mathemabical laduckion.

bG?QMHOni Have A, € il S.uj A ldﬂ‘w}i‘o‘ﬁ € T3¢l such Haak Y= xz Wate X[ﬂ.

BM xlo, [ V xe Z.

i Gven xe L, ye ZN303, Hhen there (s @ wmque paiv g7
such Habt x= 44+, v heee q€ Z (s Y %u.o{‘t‘ewh re 30{ 'r'r‘t)"} is Hee remocnder,

| 1.1.2. Greatest Comamen Divlsor.

2 auwd zlY

.\lgé}‘\i‘(.‘foa’l" G{U&ﬂ A€ Zf an ;Nthe-( 2e L s e CoMM O {M‘:J&;&f } a!: A, vy I\F {kii ouned (j\?. )

?w?gs&{an'- Fee Hoo € I\ioff thee is c We dowaion olusee d%o of x4 Alvisible
hj wh common uvisors of Ay Wate Gl: QCJ [:{.,g)‘—‘ (2.9).

Noket 2l <> 2[-%. Thas, %cd (n.y) = gcd (lﬂ‘l,lgl).

Shekdy Pooft  Unigueness:Td,d' > dld et d'[d > d=d', e dd >0
€tsbence: - 5ax+b5r a,be L, axsby >of e v, Luel 215 7P 5 ﬂ.ch‘E.w\P{—(j.
By Wob, b d be the miniwmal element of S.IF 2x, 2ly, then 2 dividles
every element of S D 2ld. Must show dix, dly.
Diviston algoathm =2 x::q,al-rrl 0¢v<d. S c:x-qlax+by) €S, so =0 by
minimaliby of d. So dlx. Stmilady  For dly,

AE gedlug) 2V sany Hat » is  celabvely pame do g , or tat ANy are opame,

1.3 EBEuwdds HL%O,—;'H/LM.

CTwis  tekes  lnput ¢ oA e ZNIE > d - ged (y) = ax by (a,b net wiique).,
la ojmeml we  Can assume that um xTy>0. We we the duvision algovthm.



!Exm&i zjcol(?z,’lOJ, F2= %.20 + (2

T E Yo BT 2 B
\2 = . %+ 4 “ 3 ch[?-leo) = e,
£ = Sute  4.p
Bod L= 12-8 + 12-(20-12) = 2.12 - 20 = 2.(32-3.20) -2 = 2.32- 3.20,
L %ev\oml o=, My =é ez q X+ Xy, x,D %
X, = q x, + Ay, x, Vo3

)
%

Ap-r * ‘Ln-, An ""(M', ’ln>xwﬂ
N = %n X s + 0,

X.>X2>" S0 2 mwt s‘écp aflec o fimte  pumber of steps.

.aa).m! Hag = cacd(xuj].

Proel s L0 Kool e D Xl xacd D Tadunckivedy | sand e Ve P Xy 0y
(i) Hoase = Xane -(Lw N B ‘1,,_,(’('\—2"{1—: O axa-btg,

Xow® qed Drg) by SLLL.

L. Prome Nuumbes

.be%ﬁon: ﬂf\ :ml?-qer »f\>i s o amé  auwwber \‘(' ot Wasn rff_are!ﬂ 2 Pb&L‘HVQ ou.rfrors‘

bewmwa: Every iabeger w>1 05 divisitle by some  prime  awmber o,
I?mof-\ ne Ja>i: alnf=S cin - mw—em?’c'n. WoP D I minamal element PGS-

Note: f ad( dlp > deS > d-p.

Theorem: There are inﬂwl‘cdﬂ Wany ?A.me numbecs,
Prod 1 Glven pmes 9, Pe (k>1) ) P"‘k ne PR Pe %1, 50 n>l. Klj lewmma 3 Pn‘m-e. Fl"
\Foplps then pll ~#. S0 o4 Y6, RS

14.8, FuMmeu}:a){ Theoew of Antametrie.

Ap

| Moo, LETAJ: E\Iemj ‘wl‘eﬁe,r 02l can be wabka n g wMque Wiy Qs w= P:l"'i’n -@

Where - a; >0 ip; % didshuct prmes. \(Lm'%uucss wp to peamutabion of factors. ).

épreoF' Edisteuce: Lot S= ;_n?l ' al.zcomfus;.‘{?:m ® dee wet ?XL'stir-N wan: ‘o show €= &

€S2 WoP > I minimal neS. 14D ndl, 5o Hiwd I prme pla.
Mimmaliby > gﬂ SR I A .-.—,P.R“'- R
Ukﬁt 4 e €SS° Let S=1 n20 3 twe duffeedd Olaww\?osiﬁws & abwl Aga/'wg el K = 9,
ICS#‘P, 3 minimal weS 21D 3 prime ?‘n-
e, VP“" = §P‘at_- ?:R => ?=§o\na of the ¢
ﬁ,,b"‘ ‘{,:'1' one of e aq;.



EM&I!; Lemma: Let P be a ?Me, and x4 € W\ic} if ?"“ﬂ Huen P\x o P[‘ﬂ-
freof :  Asswume p»i’x, Waut to show ?\g. lech ab ol - ch (p,2).
Now dlp, b dtp > d=i 12 apt b (some abe 7.

P Yz apy + by buk plp, plag D ply.

oA, a [ by — )
M Lek x=f "'Phh r Y=h (?; - distinct Pruvles') Then,
o xly <= ap € bl e,
i Mmin (a,b,) min (ap, ba)
W@ gat tug) = o

z 7 -] - i 7 0o -©
Examele: 722 2.3.5°, 20:2.3°5" » gud(3,2):1.3°.5° =4,

1 1.6 . Least  Lommwon mwu‘u?&.

ngog{h‘oac For oy x9e ZNof, there & a msva.z common  mulbiple edo  wimch divicles
M common  wmudbples Wate €= Lewt (x.y).
Skebch Prosf ¢ Uw\..,q eness: 38,6' > C‘\?l efle => 6:6'.
5 . 4 ap ’ b, by max la, b,) marlaa,bs)
Exstewce: - tp --p, Yt P h - Then, e= g i
Sa)L:SF\'ES‘ a,u we

G)Nh%f gcd fxlj)-{(’ml’flj) = inyl

Pl minlaib:) + maxlaghbi) = a;+by.

' R

wank by ");-c»-n'ous w\rz:\ia..nj,

r minla b c) [ bl s il
Rewack: Can debine  ged(xg,?) = T ¢ , lemlxg )= T pr e bud

#

there 15 no velaben  ln genernl  between ged by 2, Lewmlty, ¥ amnd xyz.

|-2. Congruences.

1221, Rasic Facks.

veliudon: Fix w3l "‘mm“. Twew, abe Z axe . lo n if nla-b. NALe a;b(_modﬂ)

Note: "2" is qua q(w'ualwce chars cloablon on T (le, ceflecive, symmobnic, tvausibive),

B Wuwl.wu Aass for =z is Clled a

caidue _Aasy  (med n).

Twe cancdue  class rch-ue,uhd by ael s daneted bcj a (mod w).

Mse, { wsidue classes mod ) = Z/nZ aud s o olemeds (O(M«J,.., o=t lmodu)) .

1€ almedn) = xe 2z, blmeds) = ye 22, then %59 la L/aZ FF azb Imedu) .

- Resuhbs ¢ AEY (\M»o?a), x‘zg‘ (modu) =D ) a2’z ‘j-*‘:}' lwmedi) , Ui} x2'29y"  (weda/.
So the oyem.:{-\;our -, ¢ aake seuse w LT - ks a n:-l-a. .

i i -~ 3

Buk, x* % 47 (wedu) la gerd. Ba: 532 (med 3, 225 (mod 3) bk §'§ 52 (mad3)



i iz D"sh‘sfcv\ W Z/nZ.

Quesbion:  Lhen does e evist w ZjnZ 2 le \f x=a (medn), Y= blmedn), e

wauk Ay =l € Z/wD | o abzl (medn). Given ae Z, s toere  sudn o be T 7
| L{mmg: Gleen e Z’ 3 be [/A Suo!n ‘Hdat ab:z| (wed n) ;FC SCd {Q,ﬂj =,
Precfi (D) (F abz V4nc amd d = ged (au) then dlab, diac D dlt D d=1.
(¢=) V6 d= %cd [Q‘n] =, then = aAxiuny , some AYE Z S axzl (modu) . Toke b=,
-j}_ec-iw{Hou: B wesidue class xe Z/oZ s colled taved bl f age ZIwL ot xyc| e Zlnk .

S The  lemma  aew  implies Hiat Hads is dhe case FF D x = a (medn) sucdh Hat ged (a0 =1

‘_ Notabion: (1/aﬁ)¥ = S taverd bz rescdue da;:esf = ;a (mace) ¢ \$a€n | ged [q‘...):|f,
} \F V\‘;P [P‘{w\(’ U\ﬂ.‘.’e le: Z/Pl g \F;:ﬁ.\fog‘

;NoLef Every nen-2ew xé€ Bl laverhbtle ¢S n & ?ﬂLMQ-

1 1.2.3. Buler FRunchon.

i Debinibion For w%i, Wb @0l = # (L/m)™ = l faricatn ged tam) =8

Propesttion: i) {F P peiwme then Pler) = ?h'fh" = o' (1 )
w @la) = o WIH-Yp),
Pin
Ppoef: (0 Pe® = [§a: t.cas,ahfl- |§P|,:|,sbg?‘1"j|= ?R__Ph.'l‘
i) Follews Eom ...

\nckusion- Exclusion Prseigle: | R v vlgl= Z, 10:0 - Z Wiasile.. —t-n"lapap,l

VEigTEN

] aN
Ncw, n: P\nl g G g oQ_}stof P({m-es_ q;\»o. Laf R;= i‘if '405"‘, Pi"‘"}
Then, @)z n- 18,0 084l = a- TN+ Tlarak;l - .. :n[i-ZT,'E ¥ I‘;:—PJ_-. J :V\‘IEH-T;J

X2l Theovews of Evler and Ferwmak.

iEuL?.r's Theovem: IF xe[_aln?l)yf Hren xw’) gt By BT “c, FoeZ ged (aa) =] 7')Q(Pw3! (Medn])_

| Rl w  iverbanly mulbplicaion by x s @ bljekion on (ZAWL)™

Ty = T (xy) zZ ’ = ot L i { = =
! gelringy e 9 & Jn WL s a A ) bt A (Xu‘l‘l i Z/nI > \ x

@ln)

iFWaf'J LitHe Theowwm: \Ea=p, P;ime! W apl‘fl {wcod p) Jae Z Pfa, () a\,Ea (med p) Vae Z.
| Pcf: 1 Follows fvom Eulor's Theovem.
} wil I pfa, Ellows Bom L, else f P\q, then both sides ogue wugiwent to O (wmect p).




Cocollary: W6 n=pq (pq, pames), aud if mzl (wod p-t) , m =zl (wod ¢-1) then a2 0 (wmed pq) Veel.
Reoef i \F pla, then a™ 20 (modp) , azo (mecdp) D a™ za (wed p).
VE pfa, them a™ = a(a®)® (vhee m= V4 p0s)  bot a” 2l lmed p) 50 2" o (modp).
The same cwgmek Mowi & o8 [l gl.
Hewee, pld"-a, qla™-a > pgla"-2, as pi9q.

1.5 The ZSA P{(@L&%m

Bacrgpbion- " public hey cryphogaphy’.  Tedb > Coher teck > Teck,

The idea s tual thee ave PBunclions F: Z/nl — B/nL such that, quen F,
6 {5 prackically impesible o compute F7

We take n=pq (pq pames) , Gs2 such Hat s 2l (med p-t), vs 2| lwed g1,
Fla) = x, Fr T = LinL.  (ovollany > F (%) = x5,

Puklic data: pg, v, Sewek daka: p,q, s ks e

CThis wevks  becawse i€ is alwmost impesibl do  evmepde n Ly lavge pig ) , aud it
s velabvely easy to gemewmle bl pames p,q -

3. Soludous of C.ou.@mwccs.

: ot :
Given Pxlz o, vax « pagx’ | aie Z, consider o cengruence Plel O (mods)

 Look for sdudions xe Z/a T

1-3.1. Chinese Rewainder Theoem. [CRT)

“\C‘N‘eﬂﬂ-' ‘F N, Ay ,),' 5 qco' (_ﬁ,_,(\:_) :I ¥ a“ql € Z i R‘e.m 'at\e Sasfem Oc C-Gﬁ.ﬁfb{waf

$xz o, mod n,, xza; mod vy} es o wneq e solhion (wed nyn,)

Remork : 1§ gcol (n”ﬂ;)>[, X Wy Aot exi:{:._E:g_f EJ’-E\{_MG)/ ocio(wuﬂ”#}}.

Voot of Thesvem: Umqueness:  solubions 2, ge Z. '\Fi’x;fj (modn,) } 5 { N x-g } 2 xzg (medniny)
nzy (wmedd,) Nalx-y

o-s.,‘.((e LCW‘ [ﬁ,‘,“i) = “.“1/§cd(“”n’) = A.ﬂLI (3(~¢:|)_
Exisbence: ged (n,na) =l D I uve Z such dat au +n,v =1l

Take %= v 400U D %z almed n), xIa, (med n,)

Remarhs: (i) Plgebeac ue:sion“‘- laye) Z/az x (a,e)Z/n, 7 ﬁﬂn (xe) Z/nn, 7.
Gl oxe (Z/ony D) €D agelT/em)®, =2,
Wy V6w, e sabisfy qed (ag,n;) = V (t) Hiea §xza; tmed ay)% L 2l k, \Mas
o u,w'.cbae Solul"’on wodulo N ng .



b jecklenn

L{a) (i) \wu)A Eo-( o So\.wlnow of (&1) 2 (Z/n, n'l) 4_')(76( 1) x x(ll....IJ
@lﬁm@i‘[. ?[l‘ v\g) = Cp(ﬂl} (p(ﬂgj "'> M'&{&Q{ Pmeg ‘F
a"] = qg(ﬂa‘J - ‘-Pfﬁ,_al) (R *PJ}

q;‘(P'all .= PR
be the

(a; e 'I)’ and w2l let N(P, nl

d
S ag X
of e form e Z-/V\Z.

F Pl =2 a, va x +-

Naeo«bfm‘tf
vwumber of colubbous of Pl¥) 20 (wmed n),
Rewak: |F Pllx): ‘1:.+0(.'x+--+ﬂrd?‘d such  Haak a; za; (med ) V%0,  thea
NP a) = NP, n). (Pl 2 ') (edn) Y xe Z),

thea NP an,) = NP o) N(Pa,)
Px) 20 (med mn,,}fl

]?Nas:Hm: {F qul(nun,) =\
Doof: Chinese Remainder Theowew. WSz |ixe Z/an 1
RUS= | S e Tfn T Olxd 20 (modn)F| ¥l T2 6 Bln, 20 Vlxy) 20 (wmoedn,) 31

Bad P 2 0 (mod n,1,)] <> § Plx) 20 (medn), Plx,) 20 (moduy)

2.5, So' nw, - loe.

Pl = w* =, o =t,
£ WE 0,1 (medu)

Eka.w«gke.f
Plx) 2 0 (wmod@) = x* 22 (wmodl
POot) 2 0 (Mmod 28) > e 2 (Mmod 28) 2 % 2 0 1 (mod 15)
Px) = 0 (mod 100) 2 x' 2 x (mod log D %2 © 1 28 36 (mecd log

n, =

A 3 2 L:u'\ea-r Conqu U ences,

Lewnma: Lek a2l be 2. Then, the cougruener axzb (wedn) har a solukion xe T €€ ged(an) Ib
Il axzb (medn) =D ax bwhj ye7Z7 2> Alb.

CLémmac
Reof: Wale A= ged (qu).
\E d[ b Hen d= au+rny (a,ueﬁ) MML:) b9 bfd. bxa(bﬂj+ﬂ( )-)a[ ) L(Mnj

_(ZQM@.J.Q: 14 0(\’9, then e A ber of s.;Lu.Hou,; [w,gdﬁ} 's eq,u.aJ to d,
Proof:  x Y soluhons > nlalz-y) 3 (3 (x~9) = 3 [ x 9 an ¢ q,cd(m/ﬂ’t, a/a] =\
) is a solutlon.

(ﬂﬂumdﬁ, {F 9 is a Sobu'uo\" O\Mﬂ{ ‘C 5‘{)( Y  dhen ¥
pu 5,,[“,{1'0‘&5 (Moal anJ ! Y, Yt d BCE; 5(01-—‘)
.33 Lagranges Theovew.
4 ’
{ Zax ‘aez,drof.

Lt p bec prlme wumber, Lekb P(x)e ZLY Z ax"
Congruences ,P(X) 20 (mod p) — ® 6 mokes seuse do cowmsider PN (wmed p).
Te, P(x) Z’a Xt ams Bl = Z a (modp) X' € T IX] Auew @ <> P00 =0 i Fp.

be prime CQUUEH:P[X] G own - o po(‘jmmai aF

Laﬂme‘s Theovem: Lek P ! ,
MJ{E d .ﬂé\ﬁul Q(Y):OEFF \ras 0/{' MUS& d sob,.Jnom; A \FP

ge,wu—k Fov Q—’-ﬁ, @ o=l <='>a).' Last one toefficicut of P & wot o s ble \)ca e



| Proek of Theorea: Observe, i€ Q%) € DA H QU = (x-u) Q(x) + Qu), ue F.
Assume R(x) = b +bX + - +b,,>(d (by $0 in \'\"'p) vousshes fer Xz u o, ua, €,
(u; sBactl. Now, Qx)= (X-u,) @ (x) + M:D'
Lek X 2u, & 0= Qlug)=z Wa-u) Qus) > &) 20, an y -« +0 = lavedible uald),
Conbinue... Get Q0= by (X-w) -(x-ua) € Fp. Let X=ugy.
D 0= by lug ~u) (ugemud) D b0 as cach (ugy - i) 20 aud so is iuvekble 36

Corollavey, [ W0:Lson's Theorem) i 1F pis pame then G- 2 -1 (med p)
| Peocft Comsider  Ple) = &7 Al = (x-uix-2)o (-(p-0) , € ZLx), olagree <p-2.
Terwat's Theorew D P(w) 20 (medd p) for uzl, -, p-L.
So, Logrange > all cocthicients of Plx) are livible byp > p\Plo) » -\ - (-0 (p-u!

D W/ gon's Theovem.

L.l Prmibive Rosts  and Couguruences.

\beel. Ovcless  amd Exponents,

Definition: The omler of o (medn) € (L/n2)" s Whe smallst d>0 such taak
o 2l (modw) . (4 exists, and o § Pla) by Eder’s Theoveud.
The aegne,wl: of ('l/nll“‘ is the smallst dd0 sudh that o2 5l [neodta)
V atmeds) € (Z(n 7)™
®a s a pamblve yeok (wod u )62t s bas o vder P8 {<=‘>§a¢ latecl ) : iscswn)fe{?/nzﬂ

Proposcbion: Let o be Hhe odder of a (wmods) € (Z/ B | and bceZ.
Then, 0.53| (modu) <=> dib  aud @:a  tmoda) ¢=> bzc (med d).
Proof: iF dlb, then a’ = &“)w z | (med )
¢ abE\ (modn) , wate b= q’al el ocecd H a' = ab[a
M\‘M'm,u{g of d > rz0 D o[lb
a’za (modal <D a 2l (moda) |, aud apply Hast vesdt,

AU

‘*J—“ [ (wod v)

Cocterton: The ooder of o lmeda) € (™ is cgual to o given dDO F
ad 2l (medal awd ¥ pn'vMS p\d’, aﬂpil {wmod a) N )
Proof: 12> G‘j Bl llin,
(42 Pssume @ \«,ougl ound ?.,J: - oder of a (.\wo{wj Ve waut d=e.
New, P@posu:{—fcn » eld. (¢ dé‘i’d,%w e'd/P, Some pprme F‘O(
o o Y o Geta] = 8,

COmM‘ ExPoweAi‘ of (Z/a EJ)(’ [Cmg ocders of OCWo{nJ}.
Example: n=12. (Z/n)™ = § | luod 12), Slmedi2z) , #(medki2) | |1 (med 12 f

Ocoleys : \ Z 1 2
1 2._- i == 2 )
Expone.d' =2 (a.a sz ¥ = 2(* 2t lwisd l2})



Le;MmoL:

‘ ?raor"

| Lo,

d
\F d= order of o (meda) € (E/nl}k amel m20, then owder of a (Moc(»] /cd(d,m)_

b e bt
a™ = (") sl Lwwds) o3 dlbem ¢ ged (d,m) b qudidnl 7 gcd(a(, ) (b

A ?n',,w[Hve vook (e w) exisks <=2 n=), 24 , ov FR,QPR (p>2-, ?a{.meJ,

For n-= zR R>2 euu omeat can be a‘,,_med in (Z/2°Z)° o
M{q’ud.j as @ = t‘; (Mool 2") $0¢ 3 CP(z"} = g¥* -2

Existence oF  Primbive Reots.
' Theoyem:
Remark:
Exponw«f of (/2% ZEJ is 2“ 2.
|- 4.3 Q)umgrumczs.

Notakion: Let Nyln) = Hie number of solubions of Xd?[ (wed v) v Z/aZL.

' Obsecvakions: v \F ged (ma) =1 Huen  Na(mn)= Nj(w) Nalo) - Collows Gom CRT.

Rewk-’

\.

£ xam ple

be- b .

() |€ e erponent oF(Z/.aJ“’ £ qco((d ¢), then Nulal = Ne (w.
Pock: Cloim that™ X 2 [ (medw) ¢> X% 21 (mod)
(=>) Obulgus, an Fld.
() F=duaev (uve z} 2 X [Xol) (}(e) 2 Twad al.
() \F Hrere is a anl:vfue voot [wmod ul, thea d| Pla) = Nyts) =d-
Preof: Let a (moda) be o pamibive ook, z a™ (modn) Lor some m.
0% (modul This 15 =l (weda) <=> Plo) imd <> G im
ok ¢ o2 BV (31 -1 o d selu
Cio] \F a=2" (h)Z) Fod=27 (j<r-2) ( aa &me £ (212..”;(:2&-1)
> M,;(Z"J 2 {“«m;

Proof ¢ Wake Az o [vud ZR), Now wre same a»ejmu\k oy Tw ()

4

[ & ()’ «,‘7"'“),
Q- v gjive  forumulae for Nalal in general.
3o = 3 3 t 7
woozl (med 216), 216 = 273 0 Wt s N, (216) ¢
Nio(®2%) = Ng, (&). Ny (27), by L.

(| Z/ 0™ \/\M aponawt 2 E'Z/z.?zJ \wan apanew\: @23 = (8.
t t
Now, N3 (%) = N ?) = &, Nm“'ﬁ' N‘(‘L?) "€ D Nao (UE): bbb = 2.

lnd ex. (D{cue}e Lea_‘\aw-{{‘hml.

Debnibion: 1€ a (meda) (s @ P Hve yoot [mod ) | the incley of xe (1/“?1)* wiet Hhe base a

is dhe wM'ntue eloment me Z/OL sudn aak x za" (wmed n) (Wak m= tnd, () .



CRule: tad, (xyi = oind, (0 * indoly) , € Z/ %,

,‘*_:’5 2 ik 23) P(23) =22 = 2.\, . Chede Hiat § s o ‘,dw‘{{\,e ol (MchZZ)

ula u-ft{:eu{an Lo Le (_See: 5—2;[' S-Hff (mwg'lyj
So, Linde(d) 2 lado 13 (wmed 20 | and g nd, (3 (wed 22) s 6.
Sa_ 2 "r"‘df (M) H g (wwA H} :’) ;V\CQ.; (Jt—) = ""’ LMOG‘ \l) ’ "(_’ t‘v\d{(”} = azig_ (M»O’ 12}

o 2% §% &7 (oad 28 5 x 2 24 (mad 23

EXMDT

Theowen V4.2 R primf\:iue voob exists (modu) ¢=D n=12 4, rn, 2t (p> ?n’meJ.

Proof: Step |t Claim: F n=an, , (0 n) =1, A, D2 D edponent of (L/aW)* ddoiden ;3 P/

D e primibive vect.
PmaF; 0, ﬂ1,.>2 = Q(ﬂ) ‘P(ﬂz) £ en. qﬂo{ (“ltﬂ’) | C{’(JIJ - CP(WIJ ‘-P(ﬂa)
‘I‘PM] ( ‘?(m])’lwﬂj =| (M.of ﬂj } = a.%'Q(“) =\ (Mdo’u)/ h‘.’} CRT.

[GQ(ﬂz))lw"‘5 2l (aaslng)

Stepl' p:z) 2 (I/“RJ*’ §‘(maoln”, nelet 3 (medt) 5 oo pdwmibive veot.
Stepd Agsume thet o s @ ?dm.;h'ue ceot  (med fk) , P2l pame. Let b be
Hhe OM etﬂme.ui' ameng f-h.
Obsere: b 20 (wod 2p°) <—>2§ 2l (wmed ) <> a™ 2l (med F
™) (mod2) [maﬂ; bl
FlzR) = @l2) QP = PpP) D ocdas of pmed 248 - ofa Laod %) = @(ph) = Pl2,%
Db i @ PWH“ veot [Moﬂt pr)_
Pdm.{{-,{ue coot [med p). Thea A xe Z suchh that b=a=+ p

Foc (q(,,.] .-l’

_SE?_LE: Assume et a s a
s @ pamibive  coof  (wod Ph) ¥ k2.
Prosf: @' =l wpy (3¢ W . Uk & avange o %1 (wedg?) - @
e M tp-1 oH?x (wmod PH = |y ?(.j-a ) Twad P
As p‘fa_"_z , we can Had x such ook t._‘,-a?- ¥ 30 (med p) > & halds,
Ugim: d = order 6F blamed pf) = @P) = (p-0 " ¥V k1.
Procf:  R=1 - aubomakic
R we kuno dl pop™, and -0ld , as @ is @ pamcbve goct (medp).
> d= (p-up, 065 ¢k e wank j= R-L
Nou, " e ";‘*lﬂ' P’fi (hg@
Se. bd= ()" = (1+?¢)? = \e ppz ¥ {"}?t +-
Buk A=l (med 9 > J=Rt (i <Rt then "2 $0 (wad p?) = /.

> % clacm > shep b.

‘4_ PJU;: [ wecd J‘+L) {mp>l)

W

E{Mg"“ We showed : b @ pu'm;h‘ve tect (mod p*) 2 b & fr\'\mfu-‘{ root (wmod pn) Vv RYZ.
- Te Gaish e ?fecc' of  Theorem Vil e \ave Owhj to prove!

S-ub%\.eogm'. V€ P is Fr{we renw I xe [FP¥ Gud.- Yok fF'P" = <.
Preof: Mdew: x il hawe  Llogest posscble  order.
' Sulsbepl V6 xe K™ has oeder o, then SLx-, o] = E_.,e:ﬁ,"‘: .j"‘zt:‘i,

! Voo F: LU € Rus. But \LHsj =4, (rusi €d Lhy Lagrenge's Theowm) . -5 LHS = 2HS,



S‘wksf:sel'- WF x{.jeﬁ:?* of oidess de wida eld, dwen Y= =™ { Sem€ W,
Rioof © 22E X1 2218 = g\j,j,- f },*’)aj-x
‘Z-%éva"?-d""j = {[,M x, :
S'ubs{:ggi’»l \E oxe FP* Was  wwacimad UWOQU N, then oceler oF gje\ﬁ: civides N.
Prockt Assume 3y of occlr N D I pime Ld, UN. > 2 =4 YR oedker L.
Caim: ocder of w=xz s NL.

%ol ¢ Wlie calbevion teled. o LG e 1. p L
P %H*l , a LN \F qI\N i a.?‘{mg’ UNLQ': (K’:/:L #l, an L *q,
D oo ofF w s NL - #¥ o waximaloby of N, at
So e |ave PJNCA Theorea |-&-2.
1. Quaduaki Qeoﬁ?m-h« Law.
2\ Quadgkc Couggucnces
1201, Quadrakte Residues [QR) amd Noa-vesidues (LN).
L.l')(l 4% +¢ 20 [mod . \F (an)zl , cam on'te as: (2ax +hJ1 = 'bz—l-t—ac [ et Len)

SFecLal q,uad-raz{-t‘c quadsatic Congruence | x' 2 (medn) - @

Definkion: For acZ, (qn)=l, saq ek = () @ s o c%malmi—t‘c cesidue (moda) € @ Was soludions
| (Vo s & quadeekic nen-rsidue (medu) F not,

Obseve: 1F nz an, W (o, n) = (2a) =, then a v a GR (wmeodn)
a is QR bt (med w) and (mod a,) (bg, CRT)

T_‘f\eg..mi“_ \F F\? pame, pta, thea a is a @R (wedp) F a isa QR (med ?") Vi
Proof = (¢2) brvial.
(D) Use induckion on a: T x ¢ Z such that x! za (med p)-
We  wont solhons of 9(“1 2 a (mod p“J- Assume T xa. We wvank xp..

Toy Apu=Xat piy — Lok for 4. ok o

xlvazx:"ar‘l’(?'j*?‘jb o _?.—+Zx..cj ( med p) .

N4t

- Linear cowgruence for 4. $1.3.2 D soluble ao (2%, p) =l D we  canm
E
F{Mi Y such Yot 7—‘“‘:—;& ~* 27(.,\3 20 (m,ool P) = x',:'“ za (meod fnﬂ)_

ggmoi Mebed € N ewstons et od Coc Sa[»wﬂ \ /
uLaJEany el g, iR, l —

F()t) x Q} F(:d-?.x.

:Qenmrk for ?=2-/ \z?,lf a is a @R (mod 2'2) <=2 a s a GR (med ®)
| <2 az] (wed® =G 2l



142

Le&@v\dxeli Sqm‘)o‘,
J =
From wow oun F)Z /Prn‘me
o F pla
a ) N vot
Defincbion: For ae Z, (',EJ ={,|l 'FF: ;: a @R (med p)
Obsecue: o
\?rocF" \F (%J =~ : 'Hf\e(e
W (8-

a @N (med pJ
Minmum number of solutions of 2" za (wmed P) in \F‘: 'S ?q’ual o 1+ (3)
O, se P‘ﬂ i Haen
(31, dien T

>

a
¢
s wo sol,whom, by Adefnition
Leg L aiask rj 2 xzo (mod p} = | solubien
<17 §aLuJ:wm (Lo.ejm,wa(- $1.3.3), There s ab laat one
s;:[Ayl-wvx P bt <2 s anether, {ﬁs’ f:(*2, P‘fa = F‘fZ-x = x o2 (Medpj}
Lemma: Let aq be o pramibie oot (mool pl amd azg" (mdpl.
roof ﬁ[<=) F e s even, Hen a: {5/) (wnadp)
'5) if & is a QR [wmod p)

a4 g @ f»n‘M"ch weal, Some 0
D M enen

i, (5= e=a™
D a is a R (wmdp)
a 2" (mod p), some x
So, 3“ : gzn
(ar p-t 2ven)
Cocollagy: (i) Number of @R (Medp)

() Lﬂ;S Cﬂ‘?&ncn (_J
(] [F

s [- ’
7_( 1} i
i) (—J‘ (- " {'
Proct: (i) By lemma,

A
e wane J£26 [maﬂl P)J
P (mod p) D mz Zm lmed p-1)
z number of AN (medp)
‘1(1’ ') [N\-Od P’
(s & b2 ®
f- p=! (mad lk)
-t, ‘» ';7.3 (Mdft)
Gﬁ()m-’l;, V£
a M ?\Q Hhem botha sidles
IF pfa, thew

s L

s4lp-0, ON&d>m=2i-l, 1€i€ 5 (p)
ual O (mod p) .y .
1( (F) '] a =z ﬁzw\ [ modd ?) / di B [ﬁP’I, £ (Macl P)
e _ Hoioen
F lf’ 5k tjlm” (Mﬂo{?) " a:(!’ UE QLP,M.gi(P JE ("j 5 lp- J-:t\ (modp]
—ar He b molu ac Eﬂscj ) N ?—1. "
L) [;,j (). Yo -1} oLus = ( &P} s b)“"" . a‘“") pile-d %)[ﬁ) = Rys € o, |‘-|j‘/ (uodp)
" 1(p - s ‘
i By s pus —( ) (-t RUS  (wed p) L= o % Gdl.
LS, Bupdieakic faegd'Fm;.'{;B, Law. [@RL)
_i 12( -1)
R-chwk-’ (?} -) ’

Theoream (Qru)!

ar pames (>2)
7 ('F’) G
Qecwrmula}.{ov\ of @RL:

, then

'Sawxhl«j of 2 =-| (Mool \:) OLQ{&AA ONL) on PCMG“&-J
AddHonal Facks

(%J = (¥
=) Sipt-1)
)ﬂP J} ( ?p;j i [ zle

% lp-0(g-Y
? A=<l]
I, 73z 2 (medd)
1) ={-l
i
Ld‘ Q"=
(§)-(%

5 P'Ei3 [od %)
ic l)
[7}:)1 @
I

(=) -

{eough\‘j 5{)%&‘“@ QRL states: <olube LE:] of x Ta d.q:e,u.d/) &9 = \;(MA&lal) infq
\F p#@f%

@RL bﬁwmes

-

z(g,—d ﬁttl"t“ﬁ") q, )
(%) -y LY



|

!

1.2 @uacﬂfcul:tc ReaPde Law - Fmoﬁ'
2.2.1.  \dea
Example: fs above, for g3+ X' }'3 Cmodp) is soluble ¢ p =l (wmod3)
rg exists mIF, (deﬂ:(_, of @mﬂug
. -ic = Cu.'ln. wc{' oF .
'lvn/g j
La af’ g;:c =j(.h\['—"3) D (3=2%-
\n ﬂev\wai, \91 I gt woot of wa by .
Wast a labon bebzen “21’ cw.ﬂ'.f;;
- 1 g M
xaumple ! 1=3, (‘_3:32‘%1.1 g . 7; G,
T g g s Re B
122 Ga.uss gu.ms.
5 ) g % _ q-1 =9 &
| Netablen: g,>2, prime. \g.”: e i B R o =] ¢ T r T "0l 2 0,
1= ax
Grauss Sums:  For ace "5/#, et Gq = KZ}‘ (gj ‘51, " wei (%
| Theowew: ), &, = (%,i@, ,ff:JC*.thL.
| P aF Ll‘) CT'. = KEE; [,é) S,;( = 'jfzfg‘ (%/ ‘S@Oﬂ r Leﬂ-fag = ou_.j {ﬂéu‘%*
! = [%) Gy = Ga— ‘lr) C: (@JC
iy P r x(luf

= 2

(med 3)

| B Pl - Ve
.Efgw_\gb'- c{’,g, q/n = -3, [ 2 = (_..) T, PR 2 (mod?3)
So} 'y( = -‘3 (mo{ P) sah»':tt <=> P:‘ [_M,od 3)
Example: | :—*—i) =7 sl laed 93 . %= L5% = L6809 = 235"
1 z <3 s | 4_2} &
S (B (lRE) 2 CFLFL = ey =0
= )Lz z i {Wt.ad q.‘}) Wwan 2 $aLA,Ham5_

B o 32 - 2%
Ll ! ’mf* ‘jﬁﬁ"' ‘5’ ‘u q XEIRT qelR* @ %

, e gzaz fer Eixed .

| x 1+ 1 +fF 2=~
';E'Faf %J,“.,F( (.gq,+}J , owd f‘t '{aq’ﬁ" voot  of uniby (wotl) if 2 £ -
JG f?;J(wM::t‘r B/ T e Tao
- (‘lj) eewg ct,J = C{,w, Staee e sum (5 Tevo,
1P gzl (med ), then & = g
i %53 (moclle) Ehen Q, = {Ji (Pmc; A el



' ; ) g eV 3 s
Remoke: The same methat proves ok [%, - ('j)r - Use G"‘rg‘\;‘ —‘Ss, iz 15?_

2.2.3  Froof of @RL.

‘ . 4
Theowm:  For p*4 Primes (>2), ('@J’[F)

Creef: e shall ok width  wumbers of the foem @(Sq,):qn*'q.g@ F o4 “.u\sr:-
We www Pl%) 20, whee P> TV ¢ TV 40,
Diwsion D QM =PM (Y +R(T). R has tw&egml coefficieats, ollﬁree £q-1
Let Z[g@]= {G°+ a"gq' % - +10¢-.‘§:_'= a.e Zf
fadks: (i1 wye ZL%] 2 xty xye ZL%]
(5 Givea xe Z[%] , the a;'s ave wque.
L) Z[“‘Jn =2
Definton: Teor N,y € Z[’Sw] , wnke XEj(w.eol p_n[gg]) 6F -y ZP? Some ZE Z[‘;q,]
Facks: (t9) xzy and ')(_'Ecj' S s Ecj(a‘
(V) ()(-ug)?”:’ x" +ij (med p20%]) , by blhowmal Hheaem.
We  wmawy wow proceed:

6f - (2. SN 22 G Y (e (2041, bk GG 20 672 6,5 2 (B

1(?"’

Matkiply b 6 67" 2 (BIGT = (50 (mad p2T%D) , ot L= 67063 - (g0
= 7 “(( “)w” (£)) P2 whee ze Z[3 ] Rk WHseZ s, z€ Ra 2ls]<Z
> q7 (g~ )m "2 [P)CL (wed p) .

As !vfct ) gd Haok [cf)w Tz (%) (medp) , bk LHS E[g"J (medp) by Euley's crierion,
Se, (?,5' : (%) (medp), ‘wence (q,) (&) o p>2.

e %

‘7.2|-r Gaugj' LQMM&L

Chsepve ! Eue‘;ﬁ xE Z, ‘,1’;(, So.{:'isct'es o [Mo&f) ER S %.{P") e r, owne $v‘jn.

Gousd Lemma: Let ae Z, pfa. For eacdh 15 % %[p—l)} wate az €0 (mod p),
U, e 0o 3, Thew W5 = (F)

oot Dencke P = (3(p- i))’ by A (5o P‘fﬁ)_ Have ai z €. ¢; (med pl.

Take  product * q“” YAz (Te) e Bt Tvi=A
(FW‘, Srecneisitpul= TU2., 46-07 since ai *a) (modp) VY ixy, VSt 4 "ifP"'J)
D vidke \-"j A 2 a e : Weg (mod P) amd LHS = (%), bug Euler's cntedon

" Llp*-1)
Cora% 3 k ?} = (=)
Peaaf* 1.4, 2.2, ., 2 Léle-)  ‘ome €2 | , aud 21_;,,([:03]_‘) 2.(50pe0) \awe 72 |-

‘ o _ Flp-0 - Lite-n) L,rum)J S ez (med)
Gauss' Lewma D f) Te = (-1 = {-1) {—\ .'sz'!.f (mod €)



1.2.5 . Jacobi Sv)mbot.

i oy G
,ir)jﬂ&'e ﬂ:?l ' Pu

al
Dg&g((—fou-’ For w,m 2l sudh nat [n,'zml-'—l-, e Gine [%]:(%"J (;\f}

COb%serve:  Whenever ofegned, (M—Lr‘r_} [TJ(MIJ " (I%)’(%L”%J

Thasess [Boeuraibo bow for Toli Sl oy (B = i= ) gy L (24a)
w (%)= 9¥" 7" (2fm)
Gy (%)= (,%.J.{-,;a(m-.m-u! (m, 20) =1, (210)

W

Dok Wake wa= T = Tg™ | py q; pmes. Apply @AL.
Observe: 3 (m,my —t) = %(m ~l)*1(mr‘), ( Aeed ?/J/ 2w m, .

-;-,( 2 ?.-UE f»(.n aJ+-(m, ~t) (wmeod z)'

M, My
(oubivue. [Exercise).
‘ W o, 3q3 3y i) 323 Lt 43
Erample (3R] = (55 -() =" - (&)= -(iG) = &
o i 2 g G
=« L) v @8y = ~lah] &= =18« —f2i= o
L (¥ (n-) § 1 Fmaz3 (med)

nga,r\tf (-1) = i otheswise

Waswiag: 16 n=pq, P9 primes (>2), ptq , and (awl=l, Hen:
B} & s a @R lmdal <> a isa @R (medp) and (medgq) <> (3)2(5) =1
wy (Sh=l <> ($)=1(5)

ln porkicdar, @ @5 @ @R (mde) @ (8] =]

n
@\9
~—
]

1. Acdhmebc Funchiens Pame N umbes,

2.0 Anthmelic  Functons.

b0 Rasic Defarbous.

Considler wMaps N, — .

" -
Exgumples: (o) () = {o Ay
.
(dJ wn
Uy @a) = Flicicn: iw=1]
rR

thi) Tela) = dﬁ"‘ | )
. A E(nTm] =
ey Fix m 2\, F(“j - { c f%wfse
() Mebius Funchion ! bl =t }"[P;' Pr) = (-!}R Aistainct ‘orbnﬂ, /A(pq'W) =3a,

;QQAMH&A' £ N* > L W S{;ma_(db !‘!!éhﬁum’u"e F F(Mn]f Hmjp(n} X W, n yi. _E_céf (9L, (iv)
' Fring > € 1o mudbplicabive iF Elmn): F) Ba) iE Tan) sl B L), G, 9




Obsewe: F £ is nqi,{rnlg&ta:l—{de,-anm Elnt) = Fla) FlY D Bz 0 > fluz0 | o, FLJ =1,
So c\mw' Wow On, Fl =i,

i!gg‘m‘h‘ow A convolubion of F,q o L= € i [Farj) (o) = F[cﬂg["‘/d)
Nake: q *F = F*g

Special case: L=1 va.  (FeT)l)= da: fle) - strougly wudbiplicatie.

\n ?MM, o = axd.

Lewmwa: if F’g axe MMH?UQ)A\:?_, Yea Fig  is wulbiphicative.
Poof ! Lek (ma) =1 Wiwma) = dE,,. #(d) g (wn /) A com be wabm U-"“'"U“"LJ an
dddy, it dlw dln. > W maB B, Flds) 9 252),
Bk, Fldd,)= rwpuu glaa) = 9(%)alT)
So lwmn) = (d\w Fa,) 9["/0()}(‘,",, ¢ () q("/d,)) = Wlwm) hin),
Corcllony® @ = ateld, as r,a“' f’:‘ . P; Aisbnck  primes.
s T (p%) = TT([i—?L. :lh) - f Tr{aw) h=o

fc )R’}

342 Generaking Funchions

DQL\\M‘HO‘«: For (‘ N+ =5 i dep{ne e qwe‘mlﬂ,.q c‘umc‘w 'Z‘,[,j - Fls) = Z ; c["j/‘s

View as ecther o fomal eprssion, & ad  a funckion ofs € oglon of € If come-nje»i‘.

Noke : ZF = zﬁ <=7 F=(3

(¢" !
Proposchion: () IF £ &5 aulkiplicakive  dren Fl) 2 f;;, (1,, L A FP’/u # 5  )

ty V6 F s Stm*g\.«j Muu'\fbaakue en Fls) = , P*"“"' {l-”f"/SJ
Prook: 1) wabng n = P.m BlR, berwn on RWS i clewowinabor w® s
(H"a()/”] (Flta™faps) = EW/s _ s
) Vexe, ‘%o L )/“‘ . & (HPJ/‘) (1~ Fley ‘J
€ xample: Riemann ?etﬁ-ﬁ.uad.'tan. Lk B4 Z‘l“) $ts) = ,:% ;‘E
?mfosc'HOu =S \g{SJ = Pfﬂ‘ﬂf “-P‘] ) ‘j Euler.

4 : £ 2,
.Lemma ?r_* (s F{s)) “l‘;) - % f () ge )
Pk s = Z (B FHa (V)5 =& &7 T RN Ldkdeg ez Y.

Cowollawy: Frg= g B Fxlgsn) = (Frg) 'k,
Prof: F.&=&F F.(Gw=(F&)H

s



xamples (o) Zgls) =V a0 e
() o e> Z X7 Z 55 =5(s-h)

n n=El n we
) Rzo: 1 &> G(s). :
g E U'n{wl
L) U= v\h*l — fts‘h")g[” T an & o
) @ln), Fact: d?-:\ (Pld) =4 [@*1 :ﬂJ . For en.(/tr\ or' {.':i, e 'E} , e te
a &o'l where din aud [R,dlﬂrmm for Fxed A dhen are @) of them.
(ewwma > ?‘P“) S(s) = Ss-1) = E. ?,ﬁ = ‘g(s—‘)/ﬁ(ﬂ.

‘ T3 Mobius lavesion Foemula.

|
L {n)
| Theorew ! (U,ﬁﬂ S = V(.
Gif d mld) = Sla) =

i, =l
O, n2

| i (mie): (E qla)= gF Fd Va2l Wiea fla) = gy 4@ 9 (5) = T gl (%)
Euler B .
ProoF: () '/g(,) = P:l-:me (1 - |/‘J5J :g% ( ”/n‘ . T mleys

P w2
G Aathmelic funcbion . Gr::»\‘:v:i{ng Funckon
M — i/‘(s)
1 =" $(s)
wxl > 7t - St = §—
S e |

= M % 1 =8 = [/ua; 4 (a) =d&-,uuj = §(n). £
ey € &> Fls), g <> Gls). o)zF* 1 > ¢6) = Fls) Sl <> Fl) = /$ts)
q *p &> C-(J]-'/'f(d = Fls) > gxu = £

n&_?.fmﬂ_ﬂ fla)= @la) :j(n}:dE @lo) =n,

(d)
NPV S o S S, ST

13-'2. Pime  Numbers,

| _-_-.N°t°"7b“: Enumual'f the ?n’MC-‘ “ ’L.v 31 g/ ?f"' e F., P-n., F; e’ LPL{"J <=2 "“J‘)
‘ Lek 0o ==ﬁ={‘:£—w3 ??n’mc}: wmax $n:p <x}

3.2 Facks.

: . (%) . J
{ Lum _— = = b 2 =
- Theorm A (?Me Nuuwber -“r\eoﬁmj' xarn  Aflegx i ( <= N0 alegn I)

|
\

| . A T 1.
i’ﬂne,om.‘@ ( Euler) ?;Lf-?-"‘ g in c'od':, :&"; (p%t-:e v (pg((m),c)) ask and & Faute
|

1’T‘v\eoum C(Riddaled): Fov oy am¥!, fa,mhl, 3 hntely wany puimes pz a wedm .

n fd, T p = W

1 ? Falmodwm) e
‘ P




 Theoem D (Bectiound Pastilatel : Pan < 20,. -preved by C&eﬁa_.,s‘aeu_

:‘5-2/2- Wean belwnd Theoewms A- D

‘ LAl |
r[S) Zanw ® 1;1'(1 f 3) This is (ab%udﬁ) mnuzut_le,ul“ for Rels) <|
Yecause E ;s f a.m , oumd f ‘31 <m for <.

. Riemann: - 5(s)  cam be defined ¥ se €\EE by aunalybic conhauakion.
- uA&'Q 'S a r@la_,’:{om be,h,oeu ‘€(SJ O-M-d ‘g(l-SJ.

‘g(l): v%i:t La. = 1;_1 => t[-—l,: —il,_‘

For deceat fumckloss owe can expeess p%ﬁ Flo) o something  lavoloig 36) € , wbegeals.

P prime

‘ROQ‘:S oC Y(S]:O— Haese a_?mu' LA the ‘\OTMUJA(’_
EL‘E’.M::_:._J&V\ ﬂggeﬁrnzus F \gfs) = %\em = ’Zf’t",”éw'-, or 5% %. +eb, Ee R

4
u

i &
tE true, Py <fa * c(r,)f ¥ VYo, TOU- g 15 smald .

w & Tr_( ‘J.J
_PreoF OF T\'\Ww\ @.' .‘Z_.,; n - P ‘.. ;’- W (A!)e WOM} $="-| | b |
— N ) = & o 1 s £ =
LR (1-5) =,,;£ A +some other m 7 v:{;x L :>PZ'; log ! ,:Ja L°9(..§.¢ n), os »° 2,

Lﬂt’ F(x) E = LOa (l n}
Pl =  F'l): oo YO, 4

/

2 for 0§21 Fly) ¢ 16(3)x » T

-2

‘EU-M&»"Q:& Jessious of  4heorem C.

Lewma: 3 ia&'wMﬂ Masy primes  of the foom L1 p-zﬁuool‘s) (i) pzl (mod3.
Pock: (1) 4,9 2 L (mod ¥, q primes, K%, Lk N> (Tq] 412 2 (ned$)
2> if 3 pame plN, o= 2Cmod 3) [ F ? q; 2 p\l - abswid) , 50 piqgy. 9
(&) Given 4, . g,z (med3) , b N= (IT‘H t3 21 (med 3)
16 pIN, pame, thea 32 and t: -3 [mod p) Was a solubion (x=2ﬂ—4,;,-
QRL > pzl mod3, buk, as befoe, P#% q,, ., q,.

Dmc!/\(bt' wses . ?__:‘ ’i#} ﬂ' [t %lp}) - X sh-o..nshj w -fu“)‘ive, ?Qn.coUc (mod m).

n

0 3.2.3. Unknowan Facks.

Are  Haese MGm% many pames of Hue form niel, §%&1, 2" j
I p—ﬂ’. Ht\exf w\C\v\.uthj er ?MQ t‘wmg (_;.q P‘-,,Mei P, .91—2) 5“_(,!A ao I"F lol oV \o‘-l- loq?
6 s Rrewe Hak [T, 7 <R)
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n-t ]

o 20 (medkn) , (ba) =L

,EkMQ&g: b'w‘?.’ v\;“. -S’ £ 3&-'

?L&CJ&L"] Test LPNWUSH(P Gven w>I  odd:
() weoe b comdom b 1£ b<n
(0 compbe A= Lol | (Eukid) . V6 A, w5 composite.
¢y Fod=t : uMng @z 4l (wod n) (use blaary e pansion of the Wn'lj
w o Fag| (mednl, n 5 o

i azl (wedn)  Haen ge +° step 1), i€ geu  awe oot Heed
\F yeu aat ‘Hrﬂi, oeduee bt w s ?ro\m\‘(«j a«  pawme.

Noke ou shep it blaasy apavsion . Compude  azx(wmada). 202 2%42°
‘ X’ (weda) W s [sde) w5 2" Coada) > L (modn) +> ' (moda).
Ly

oy ‘(‘.‘
az aa, (wmodn)

;_?mkkzm- Buere are  Comporibe w5 cuch  Heok S (medw) ~ ® welds Y b (b=l

M \E oW Fa:ls @ for w{: [ﬂ.a.at one b, fb'n)=l‘. Haen N3 f-a_;[_, Coe ok [ﬂew'f
Walf ofF the b, 1£b<n  [pul =)
Bk F @ s trae for b, by (diskiadt wedw) bt Pl Lo bt it abe falls

foe  bby L bb . For BT 2l lmadl, DA (meda) D (05" £ ( (wed) .

| g2, Carmidhaed N wwbes.

Debindions Aa odd  compet WDl is o Carmichad wwmbe iF B3l (atede) Vb, (ha).

Tak: There are Jabiattely wany of thea.

?mgos(‘h‘on-’ Let A1 be odd aud cowm ?c,,\'l& Thew,
w ¢ O"Ll" for  some A , ther w s wot Garwnchacl
W on= P (oo disbiudk primes>2) & Garwackae (B (ﬂ-nlhw-ﬂ , 1stéR
() W=, % s Caviiichast D 33
e w  lacaichael D 5" 2b [Mmedw) ¥ be Z.

Example:  az 5617 3.00%F, a-l:z 560 =2%.5.7,
AT oS = 5.130% a-ts ok =2 3.2%,
wx 13243 30399 ooz 24 3



Boof: (1) IF fq(i\‘, P22 pimg Baew n: pqvm pfm, a2?2. Toke o pamibve oo
Cwod %) ) : 3 G " o il
g Cmed ¢ [ sudn extsts).  CRT: be 2 SMW{ b vl b=l
Cladm 7 51 (medka). :
b 2 (e then  wo) i o wmekbiple of ordes of b [wedu)
D ot o mulbple of ewder of glwed pY = F(p*) = §*Lp-.
> fa—' (p-dl(ﬂ-U ~ ‘.Mposs'\\:u, as ?\v\-
W cer: Bzl (mode) <> Bzl [wmed p) | 140€¢ R
(&) tF otz (o) A Hea V70 (60D 2 (med ), by FRerwad,
() \F n i (armichael, take bz prinitive oot (med p;) (i )
b“—' el (wu:of P;) D -l aUuisiM.P. ‘g% Hae o.rplu c‘: B(_wu;a[fc] = ?i -1
Lew) \¢ W= pq, is Ca.-rwc)»\a,d-, Ll => Lp—l}\(n-t} ; n-i= l?%.—\ = (?-[)ql.f [%—d_
('S(“‘j ’w\og’ ?’3%). So we  \awe [.?-—!)\(I‘b"l) - &,
[t} @3 CRT, e Vave +o dhedk bﬂ':"\) Lmd p:)’ FES 3 35(&2, w= @ P
-l "
W opAb, Hen B2 0 medpp) D b Eb (med 72
if ?" “)} \‘Lle,m \)“Eb o [Wd ?:)

A3 euer Pfeudz.ogfimes.

ferwmol: )tPi 2% (aad p) PR prime, prx.

Bder: %WV (5 laed o), ¢ peiwe >2.

bé{m i RAn GJLOI ch?asCR n‘>i s Caﬂ.ﬂ?‘ aun EW\U ?sw.Dp_{‘mi é wr‘t lﬂa.oe b
\.F bi(ﬁ-" = (\%) (Maﬁ V\“® F ud\/\?n’f [b,w)=1 and [%I is the Tacobl Stjmbﬂl—-

w u‘f- w s anm Euler ?seu&o?rlmf wik b D n i oa fswalc\on'me wit b,
(Squarivg & = ™" 21 Lonodkid)
o an Buler pendepdme Wit BLb, D on an Buler preudopdme vk b=bb,.

Soleowa - Strassen Tost (gNWCUs{'\RO) L Grlaen wl odd:
) cheose af vpadom 1<b<n
W compule > (b (Eudid) (A, w5 web  pelme.
idn o d=t Cou?uh az b‘ﬂmIJ (wod w), CDM{Juh (%)= (m,;fmg;{-j laws, Eu;).al]
s if a$ (2 (weda) Hew w is ast pame.
i a2z (Y leedd sud we pee ot Heed | go %o W)
W we  ave Hed, dedave s ?\m’babhj o priwme,

i

?ragosukou: \{’ OCLJ CDMPos\k V\'>i' HA.Q Gowamwcz bl(‘—‘l':' (%J tMJﬁJ ‘Fm{.s' fw' GJ'
ast hatf o b5 14b&n (bl =L

Ragiartz W w passes ke dests Lil” Ik \)I.SJ, we e'(feaﬂ' n oo obe at a
i
prime weotla Y‘m\x’\‘;’ub ¢ 2"



‘?reoF of Proposction: \F is sufficent to Giad one v such dual b

Ln-t)

% (B} [wsabinl

(Twen  use same mgwml' as bn S D half ave bad).

Suppese (B2 BV (madw) ¥ b ()= > 12 6" (made) Vb

D a s lwchael D = ppp, Mbud prwes.  Seled  oue.

3 v sucl Yok beb Coed e:) 240 SR, Te, b'= b+ Re,--

Stae (9, 7, pa) =\, wiay seledt A 5o Yok (‘%‘:) £ < b)

Now , () =l ¥ 5o 6, o)z W 5o [bn) =1 Aad, ('5%} * [%;) e T

So, {b') = ‘ﬁ_ { b ) ¥ [b) bJ' (b )“‘ - \)r“-”h [ wmeed f,_)

S (b IJ};“\ Y b1 [la (wmecd ?z) = (b j‘("’ E [%-'J (M.oc’ n), an ﬂ%\f‘-‘lf(c‘\.
Exampl:  n=1$. bb ol £2 = =1
(.?J > 1 £yt
ke | B T
G i, Stong Pseadopaimes.
Obsewve , p>1  pawme, x 2\ Lmed p) D x=E (wod p) .

Wete p-i= 25'5/ 2¥E. Toke pty, puk s}:iﬁb [aod p). 1z Wz 2t

1

The Fest number n the sequenae ‘.’,2,22 1o 2, T (emedp) Wik s et 21 (meolp)

Cucf: a-t: &, 24k, o'z b

i

mast be = A (modtp)

9e(:|‘.,\it-\'om ‘n')\’ add, WPOSL’R‘ s a Strpm ?sserd.ap({uf wit base b 2 H),rtj=| iF
e Bk ok Doobil o B B° oy B, 0 ealdd B 3 Sddeale)
and  dbviowsly Bzl lmedw).  (This also tncludes the  case  when
Besis . wnn ol 5T fenud )

‘\,e.».mar for wz?3 (.wdﬂrJ/ A is a ;h'vu) pmdo‘:ﬁue lact B) FF & & ax

Eule, pseadspome  Lwet b) ,
it bL— g ha.(rwl

J g
& an EFP &> B2 [2) [M»v!nJ, aanSBPe® 4 2 8B laad ol
E=>S! obilous

S B su{??ose M bt_Z r =c (M«oalﬂf). HS (\':'?(M-w“k}’ we hgu)!

Example:

(® - (Gl b oso (8) =60 We vk ()=
(hls [222) o () (5= (F) =c.

wiBE S, nel v BE 26, grl, 528, w & as 5P web hetig
bt R s e am PP wet b= ExIE
2" = ¢ -l (wmed w) 8" = (walw).
188 2 3262 -1 (medu] . € 2V (wedn).

So (219721 (moda) | buk &€ 3 1G BI Comod o).



E .—1\} Lot

e .\31/ oald, c..athoS{k, a’,v’l) =, then:
()
(]

LAS OJ\SW wet b A MEPPwH:b,
n o S kb for ot wmest 257 6 b's |, 14bin.

X Pl See Koblite, ppi3o-133. %,

M Uer - Rabin Test [fnbabiurh‘c)-’ Gluen wOl, odd, Wnle wn-= 2.t 21€

ty

L)
L)
(iv)

oose ok  mdow B [ <b<n.

owmpute  d = (ba). 1P a>L n {5 composike,

o Ol-"‘, compui‘? Y= bt (Med o).

gz 2l (meda) | ga'(?ﬂ (vif) 4

(w) f R L (wed ), comlﬂm!f Sucess e $quands \911.,9?‘, y. F ok

(a})

Sem e Staﬁ@ we gﬁt g@ = - (M.colﬂJ, 304,‘0 (Vﬁl,}
F owone of there s -l (mode) D wn cpm‘:m'k.

i) F wet  Hred gets Gl else dedave n s gmbnﬂ_-, prime.

i

Tweopens: F w passes e tesb Yy < 1((»9‘&]1, Haen A oLs @ pame.

( Fq‘ecio[%e G'CMUGLS&[ R(Q_Ma.uu Htj?g;'adesfs \led!) .

i l)" 2 Fﬁ(kof{saﬂon,

M: qlam y\.>\/ GM, C.OM?OS':R, ua.,wb a daviser d—l“, A ¥l a.

if;.l,t. PoUardd’s  p-l  Mebthod.

S This Aads

a Pn'ome J\mb-&r P\'\, Fram-dkd we kveow Sowae qullpu.,k,op P-l-

CWe  cam tehe R= B, o Rz e (,Bl, for  some “small’ B. (Twis wevls
'owlﬁ o<l prime v (sas an,aL-M) B ave smalll.

| ﬂﬁwl&w :

() Cheose 8. Compude R tam [, B).
ty Cheose (<a< n-2, Comp: - bsak (modn).

-

) Coupuk A= gcd(m,\:-d (Euclid) . \F d4ln, \ave o wontrvial Fader.

o) \F ol=|,n, owud .,Wm#ml, ge te (¢)
(9 16 fuwed, step

5h~2-2- Fc;r&k Fﬂd!io«risaiw' A,

\oea: \F 532t (modn) ~®, bt E s (wmede). D Fagdorisabion (tes)(b-s) = £>-5"= -
2 d-= ﬂcd (t“*s, w ’ divisor aFv'l’ d t'[,ﬂ hsg D.
Yoo OL"' wé Had b’ s, k ?



Teied and Ervor- tey woodl WEY LS , and Lor
\f ez' Rn  » «a Squart, we  are€ dove .
(See Koblite pht  Fo exa»v\f\-lf)-

£.1.1 Far)to.' Gqse&
Am: Fid &5 suckh Hat P’ (neda)
ldea: Fipd Several y\mbeﬂ‘ & such ok E; = \dmofauaf of small Primes CM-bCle
Fad some wombinakion E= .. btr such Yok t s ( smald rdm{s..)z (meoda).
Example: n: k3. 671 2 —{uzs;z‘*.z’ todn), B8 £-9% =8 (ouda)
2 .80 2 (1.5) laeded & Rdimsabion v 4
DeCibion: A fudlor base is a skt BE $0,., 0uf , with ¢ distinct prime
mumbuf, el)uowuah we ot allae. P‘_ -1
[N aboove exwle/ %= {’l, Z 3}.
_Dﬁmuou: A 8- nmbi’.( is an mkﬁﬁd’ 2’ SU-CJA W n = b(mdu’l) ‘bi‘n/ll
and b* prool.uof of  eloments oF 6
s Alealt Bl ek b & s Brsades
%od&mi Gloen >l wdd, c,pw.fgsik
L” C{I\GOSG B i t 2(3’5" ?‘, } = EP‘ ﬂ‘lg ;QM?AMQ\' & Ci Somée CC"'J,
orh o
(i) Gwml& Moy u'\umb&d's k‘(. SU.JA ‘H}la.t t‘ ! i PR & [_mq[n)

£ SN, (Edher by
()

Wank o  ciminale Hae

caddn
\€ et ty the aet value.

-E\a‘olawle.rw o b g 12

£ H & ‘
Weile oy = 20 v 5y, whae g ESon} 2t ol g (pPueg ]
WOL - Square Pcwf:oc' ¥,

R tey b= [Jen]sl [2743...

wﬁ‘-ﬁd {A§S'ZQJ

Wok t2 €7 6% e $01, such et £ T (squave) Cweda).
But €3 (7 o357 %5 Gsquare) (wod w).
So we wed Y, s ¥ £ ZO (el 2) ¥ 3:1. B, p
W we canm Solwe  Huese 24 wotiouns e ¥, LU, we lsz (wmed n)
i19) Comfmk ged (€15, .o W6 dtha, Wwwe wou- tngW\ fachov d\n.
w W odsLn bty awther (Y, %)

—

xamples: (See Hoblity, pisg). a= 1329
Tog b cese o [IW] 6 R -123 0
For "'*W\ﬂ‘ E'?- 2 P 0l (M""Q“‘J;
Nad o combimakion of Unes
(See teble...)

- 1-12,3 s 31 13}

Compuke ;" (medu)

b2 7 B P (wedw) | ebe
wh all  eutnes ewem.
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E 6 o o 1 o \ [} o
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lt,l—‘]l = [lg.f)z (.u,_-jn) D o T 40" (uedu) - wseles.
et bt 7 (235.20)7 (medd D 5" = 401" [aeed o).
A= (r1usa s q01,n) = §9 » 1829 = 13), 59,

‘

5.4 Cowl:tmed Fmal:'éan Mesdod |

We want to caemu‘aul:e b sudh Yok {T"_l S (Somdz{m’wg swell) Comed w] .

?megﬁ&ﬁm Lek VLEN’ V\>f} ne . Lt %; be @ c;owue.vaul' to .

Then f. T & lmeda) wite lal <28,

back: Jo  Ueo  bebuan 55 and o2, |% - R ® .
> { ?C/‘?r; - fal < i/q.;ru‘\,. ipt'fq,; f TRl 2288 & ‘/q';.hﬂ.
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