N“mgr Eg’g!d; L

‘ ‘ Prereq srbegs * T ‘ZwowUJgP of risgs, v(:\‘elds, vectos spaces awmd rugbiacedls of Gralogs Theony .
© Mo, shall  assume basic Yepics w Discrete Malls.

- Shall aﬁlmal o e b&:)‘:v\w;u_e)‘l'ﬂ:

; Siqrwmdftc Funchon Theovewm : Let R \e amy rng . Every Sc:jwmeirfr_ Pabgwoma.,l on REm-q 0] i
expressidle w0 a pelynownal ever R in dhe dlametany symmetic funchions s,., 5.,
wheve (++"¢.}- (++x,) = _{:n & st_tn-l o d S, (8, S, Ay, Spr X e X Ny st A X
Thus e ngmmdﬁc plymownals form @ Rug=on Pa.l..ou,w.;a.l s 5w BBy el

P._ooi‘ See, Foe exwle’ PM. Coln | "Alqe bre, vl - [Ny 1282), A%

,Frectuv.i’bﬂ, one velers o dhe _aﬁvis(e)m olq}on"BAm. Fos im‘hgen, Hars states duak F ab ave
posthive  unlegegs, hen I inlegers q,r s sudh it azbg ve ik oS <h,

 For ?o\ﬂuw;\.ais it states U119 ity alxl, blx) ave Po%n.cm.‘alf over a beld R y Haew 3 peluguewnals
glul, rlx) Over R such ot ala)e blxdqid vital , =it digvix) < clee, bin).

\. Fowmdatious

Aok Mq@bm,:c N cunber.

Pa giggjgm,‘c wawbes ® 1S @ o of a Pohy-owviai Pl w ke wional coefliciedts. The

- avawial plomenaal For ¥ s Bee gobju_\\.w\‘al p as obove of loast Aﬂg.ree and  wda lenchine,
- coefRuedt of |, e, Hhe yb{@mwal VW aowic.

The (‘.Dyt';ﬂa*ed oF o art dhe Rmes o, wm of p, e winimal ?a\,.jww;\ai for o, Here He
Pol}gmow&a} i5 cowsideied 4o be defued over €, dhe compleduumbers, so dhe degree of p isn.
We call n the degree of .

M‘- i The wrniwed Pahjwuwial PL?« x v olgy Y “MMMJ Poldjvu:w:bl fov oy [_j:',.’ HJ‘
Peel: Lot ) b dhe winimal polumemicl For 5. Then by the divisien alyoribun,
v Aiviches P- Hence o 0 o 2ere of ecther P, or P/PJ* ; 52 Hegt P:F:ibﬂ
s st gt g
G AU e ¢ Gobpl ove distinck
E{e_&_-. \mj (i) we haxe (p,p) =1, wheve p' v Hee cdenvahve of e Heuce P canaict laase
G SVW binear facter | e the o« ae Adistiact,
@i\ R 35 a polyneaial suh Wit Rlxy) =0 for some j, then Rig)-0 ¥,
(Rere, R M rahioual coelicicts, daws the winimal polgnounial for x divickes R J.

| I‘Af dotelily of all atgfﬁa.mc avmbers Levws o Geld, Ueav, siace e +f v o rero of
g (z-(2i+48;)) | here ¥, #m amd Bi, fu ave the coujugates of and § vespechuelyy,
Here "fke ?oLijoMl Wans {d‘faual c,oeﬂ;w&«i? wm viewol He rgmwéi‘ﬂ'c fundhow Yhesrem.
Alse, g ,For p%0, is o o of x"p(z), a ?,olljmwéal with whoual welficiets,
wheve ¢ is the winimdl pelygrowial for B,



We S’bla/u alzuo’& "HA? Qelo! GF auU algebrm‘: W‘Mx: bg JL Ne‘k ‘Htai a Zeéerd aF a
?objmcwua.l P il ﬂlgevau'c coefRcients (s tself québma\ij 'GN if Pl dn%f*"" LR
i Pf“"o/ Lo Ra)=0 , i Rx) = JT: (e(,:l"z“+—- & n!,U") ; where djhi) fums

‘ ‘Hﬂd"o%\n q_u %2 w&tj%“i‘&c OF Dlj ()5 L .-.'n) omd e Qb)) s d‘ci‘lbvlal c..:peg:\g,@,d)
\)9 dae !g}ww‘da‘c Camchion Hreovem

Let « e anm algebmic nw\»r!amol et @ dewote Yhe biowal vumber Gield. We deGue
dthe feld K= R | de Q‘L@wﬁw oeuerated by o over B, osthe sk of
Aemends Olw) whee P is any polyy wonnmal it coefficiedts m R The set e be
.J‘lga.fdzd ar owbedded C, w\r\ev-ce we have dhe usual @Mws of addidtion and
wubbplication, W ia e, the set forms a Geld (o sdbleld of & 1) Tlus is duav,
eg, Pla)s Q)= [Pr@)(w) , Plt) QL) Pal(u). The owhy axiom Yuat nseds am elowret
of ?mof- is dhe division awiom. QGOML:Q, SU-Pf’ose fat Pledto. T\mem, tfﬁw\ Yo
davision GJ.%@-”{"HAM, we bhave POIRE) + QIS =1, Where Q%) is the wiwinad ‘av(gwmw.aL

b %, and Rlx),S(x) \Lave coellicents w Q. Note bhee dat (Pla), Q6)) =1, siuce Plu)+0.

Now, gty 226 in Yhe aboe equebion , we oblaia AR, aud o5 = RO &
w XK, an u-evtwwec{

‘ Tlme degfee o ¥ s Olﬂr’lﬂeo' a» e C‘e_g.—m of X, SamA. Thew, b«ﬂ dhe division
Ql.gor[‘{’hm, K cowsists of all Sloveits a, +o, X+ -+ qﬂ_‘o(“ql sl @o, -y Ay WA a,
Now ot o, .., K be the &owéu,e)aief of w. We deline 0,.,Tn an Hhe QM&L&
Koo € (Mwaw‘rpmsw) Qven by ()= o). Twis qgives coujugate Gelds
¥, 0 Kn, ohee K= QR()

\E 9 “pla) b the typical elemert m K, we defive Ye field cownjuaales ofF 0 as
g‘(.,f‘)ﬂ/ where §, :P[a(_-,)= 0'3{9)_ Fw:ﬂ-{r’ we cal dhe Pob.,w.,omal (.9(-9,)'-f2-'9u,
de Feld Qob:\'wa,[ of §

- The Reld ?,oijwwal s @ powes of dhe wpanmal fo\.«jumal.

E_“fi" Let 9 be Yae plelﬁ ?ol'gm»w{aj— €or g (e k] aund P dhe wminimed PDL‘:)MM(.U{ ﬁw .
We wale q- wa‘_ for same polynownel ¢ widh ('r,;):f- Now, iF v, e
c(8,)70 [ov some j. We have 9J‘— Plx;), ((asswming afpl#},. Hewce, r(plej)) =0
ot vpld € QL2 oamd so wote (ijy above gives rlplarj})-:o v . it fellows Yt
o divides v, Codrudickion - (r,p) =l (See also: Stemart & Tall, p.43).

Nole dat e deg.r-ae ofF K s ond.efeud.wk of e Moice of oyeme,mslo.r, fov e lhave K
a vectes space  over B with basis |, ¥ -, " Hewee de dlimension (v: @] of He vedor
Space e o[eg\pu, of K. Hewee iy other cjmwioa' B il have the sawme oleg e
| (MWNJH\J@L;, observe tat Hee wnnimal ?o\.‘jwowﬁal foc § ivides dhe Reld polyicanal,

hien ce d-ﬂgu-a.e(gé degree «; Si‘ww, Aoeypree « £ d.a?,.u B. Hence Yo mu,u.')



‘ NOL«J \.ei k’ @[5) be awn alqdﬂm‘c Ambe{ de w-? a‘(&ae K‘: k(ﬂd {:N Clan
dlqebmxc wamber o  as dhe \C-'dd Consisting of all @(fres:“ous f[c(l whee p s a
‘ ?cbﬂwouwxlal ot with coefhicieddts w R

?vaﬁf‘l-fow K s also an qlﬂe]om,cc o fid over R, Te e Vave K=k(a)= &(agﬁj:afuﬂvéﬁi
p"* Sowme M%@ﬂ “WN

Coot: Lot o, w omd B, fu be the conjugate oF « g We choose u,v such tat
ulw-oa) «v(B;-fule0 Y Lit, 55 ea(cq'f isil . Foc brevidy, let Wpsud +ufiy
amd asswme o=, Bzf,, so dat w: A ““’(‘“’P -
We whodumee dhe abgw«l Qx)= I, (x-wiy) gud f'u;t fhl _. e Bi Ql")/tx-w.;).
\'{H Rix) is a ?.oLija.i amd ‘)ﬁ dhe sywmetac Famckion dHreo vem, 1 baw
welficiewks (n @. Fwﬁ\“ﬂ-er, ?uﬂ'mg X=w, e qe;l' B= @, = R[u)/ﬁ)([u), whieee @ s
e dervalive of ®. Hemee Le Qlwl. Simidacly oe Qlw), and so (Q(n(l@}rQ(u-wF),

a5 requiced.

We define e dugyee of KoverR as Df(’k], Hre ol-egwea of X over R (r-e.%edwgm
‘ Of' e wdnimad pelopmomnal for 0 vndhe coefficiads or k). Then Gnn e dimension theeo rem
Cor vedkor spaces , we oJej: [«: s f] - [we R][l? ®)] . (‘“me Aimeusion Hheoven ctates Hk £
L ae Gelds amd Mg Kel "KAEM Ure dimensious 9a:115\3 [L H] [L K]k "0)

j L2, n{qeﬁm-«fc \n‘t&:\eﬁ.

, nv\ a.)ﬂet)mc MBU s Ccuuwl (e UV agebmc W‘iﬁ \P %\e W\AMwa. P,cbg Mmlaj- &vu
koo nteges wefhiciewts (sHU wile o (eaclina V). [Nvtz Rt G e @, Hre miwimad

chy,e\,maj s A~ OMG{ So d&\e &LM‘E\OM %;\J_ej ‘-UAQ Onrdu% wé«eg-evlf WA CHAAJ(‘_QIC]_
The ‘l-b‘{“nl\% of alﬂekm Gvu‘kge\:s foims e iy
Neta : covtjugcdfj @F aun ai@ebmc {M“:ege.r owre ai;o ax-gebrwtc w‘kg%

Let plx) be dhe miwwal golynounal for am algelom,«:c nuwber . One calls e

- Lowgest Commen w.,\.l;l-lpte ot Mo dvipsinidoes o Ve coclhicieits of p L He
Aonowmuglora of «. Thww, Yne dewoninaleor @ i» dae \east Rasibive wrleger sucha that
Cepl® e Nlo.‘i:l“’/{& prme  wikeger w@%o«w&

: Corou%h as v am elgebruc witeyer,
Brod: We bave  a'pliz Qlas) For some wmomic @ wih ordinany witeger coolficiedts.

A L4 - Y
(l{: ﬂot): 9(“46{“_‘)( +..+Q.,‘RMM (Q('xj*-' H & a.qn_|x“+--+ - S~ [ (.

jCorou e Ao, 1S QM a)@&kw ‘F&J J/S‘[TM(* aJl“f "/ . N oFx

;Proe@ we shall ?mue‘ﬂmf‘F B Bux +- +Bo€ @f’d,md FHY) =0 ‘{Lw e 0["J The w"ouauy
Pou,cum oA ‘l:a.LMg Flul= ap[w) Eor % ‘r?('i_';'dé 06’] ware. o PunS “Hwbwd"n wu‘ﬁht wij)aifi
of « lecthan o, ,xu , Whnce alx-w)- (x-sa) e O0), c.wol 2> Hre cowstond coellicied av, . a

(‘9‘“’“"“) SL%“’ V2] w 0 (e ¥)] W\NA
P'lf\-& 0.55‘64"&0./\ \s ?{pv@e‘ "3‘5 maluc*\m on h [aﬂ'muj sk#()j \t L\Atd)’ J(YlV‘LG.ud ka I



New cousider Cix) = F[""ﬁk X“b'(x“w. This s a ?abjmw..'ql of due%J-ee Sh'h
and we have P¥z0. Fudher, we have P)e O[T, stne Pe¥e@ asin eorollaml,
e, $:_' Fla): qfys) For some wewic gt € OB . Tue veguaned assedion follewss by

.
WA O,

Ll Units,

Q‘v’\ algebmu'c widege g i called a M NS _;'F W ooaa alge,’mw\‘c M‘L&jw
[N_rﬁ wA d;, e atg-ebm,\‘c Cw\-igen e CAM nd'{ouai M%&S. W%,iiram{ o E:i’l:l
;Df[*vmaiwcl»j e it o want Y gt , whee €. €. are e cowjuf)alu ofe
Reool \P €522l Hhow €7 258, aud 0 F 22660 | Hhen 5y, 8@ (by aite
| ai:ta..ioPﬂ-?)mA!o, since @ v a Ang , we bhave £ed.

Conversely, IF £€O0  Haen 2,5 , te dhe conjunabes of &, must bolowg

o (9( whence \79 e n"ug propety) of O, €, ,6, art tumts. Bt tien g8 is

a ra;Jc(Oual W‘L"-g@( and o uwmt, so g5, =t

| Nole: e produck of vl it @ & again & ik, and dhe wncls form & mubbipbodne
| Growp cabiohs. wae  elguate b") u.

Rewak: i R v an algebaic wwwber held dhen ogain He  alyebmic wegers w k
foem & r:-M) Cpk 10/“-9[ Mo wnidds v R i & MMH';PL\I(“:"{‘,Q Vo up Uk.

LS. Novw aud Trmee

CLet o be oy algebmic nwmber, with onjugaks o, o, We olefine e (absoluts )
Ao omd trace of w as N zofdn amd Tz daor %, Thas, £ s @ waltiF Ng -2l
iNGw U.i k be an algefam:c wuanber c\&{ol MD. (.J 0',,.,0'.\ be e Mcuom‘:p\nasws
‘Grow\ Rto €. 1€ Y S oy elemedt of R, we Aefve  de celohive worm  amol draca
Coak by Nl o0 o) Teld)= 000+ 5 (6)

Tven clealy, Nig 199 = Ny 00 Ny (€, Tig (04 9= T (8 + Ty (4,

Mso, by Hue property of dhre Feld pelyuonial, we have Niyq & (NO)™, T, 07 w T3,

i e Sowe Ov\‘LdgM wm. Nt "'Umi' w\wv\ o V) amn o,lp)elam‘c \'M“cege,.r, NQ_JTQ o riliowal n‘»:[‘az)eﬁ_

\ b Basis and Detesminaut,

Le*kb? cun O.L@damfa w\wx Leid Then thee 15 @ \:Lﬂs ‘\(l,»,’?:\ of R an o v;.dor
;sf)au over Q. We deline dne Q‘SEH‘M.IM of dhe bosis as B[ \Fn) 3[0[0*[09(4{3»]

Loy

Thien e Yome B, 0 = et ?"‘“*'""?“‘:'“’)M(GEM‘ m’m) s Aok ( Toge (%)),
T () - Galea) T, (% « - Gul¥n)

Now sugpose we  have austuer basts for R over & s -, W Thea % S0,
roioual Q. Let A= ot (a;j) £0 an daam)e-o@- basis madvix.

l C,UAA/-, we \Mw-e, b["f,',..,“{’,.l)zﬂiﬂf‘(,’.l‘(,,,J &



\f R= QReo), thew we can toke Wj"’( ; omd A[ g > is He g‘f/“““"“"ﬁ a
 Nndimends devimnit, olevss S0, y, S i (vm 7).

Siace o ¥ @ gemernber e B oy 1B e \We 0. (0 % 0;la) (i%)) ,u\»we
‘ A(\,d,‘,d“h')*o W Fellens G ® Wt A(‘V ‘V ,#O for oll bases ¥, br-y ¥a
of R over @,

- Now  cousidder e ({M) 0k of algebm/ic &A‘t&j&rs wmR. A basis 'pﬂ' 0!2 ovee L
Eos called oun wgﬂ bascs for k. Thus W, dgWa VvV ous uwla)m) basis Lor k
2113 ey ehoment 8 oF Olz Cam be -@J(,Orﬁf-?d w o foran 9 UYWLt F U Cor

. Some mﬁk‘iovwl Ln{r-eqews‘ U, o, Uy

Theowem : Prn w‘Legml Dasis a/lnda.&gs exists Cor k.

Peock: Note Hut ot dhee cotainly exists an Op-basts for R over ® oidhe elonents
wm @fz} Foc instance, we cowdd eke \, as,,., (ax)™ where a s dhe dewominador
pw «. Nowf amy 0];_- \DanILK R over (Q, Sy Wy, .., w.,., e c’l&s\:,r{Mlv\aMi‘
Alw,, ., w,) is a vohoual nteger by symmetn, (stuce w; ¢ G, vhere Ae O). Thus
e 2xtst Gloments v, . wn i o such Huat \Dlw,, ., w,)| dekes b smallest velue .
We proceed d» prove okt v, we s an wtegval basis [oc R
Acwrouwg\-g, (et & by be  any edemet of Cr. Then cer’{'wbg Yoore ceist vahionals
U, ., Uy Such dat 9’“.w,+--+ U - We have to show Haat , stnee De g, Hhrese
ws are wm fad M‘tfgus. fut fF, Sy, U= UV, v woam wdeger and ©<v<],
dhron |, on wating wi= $-uw, = v Ctdy b+ uwa , we woudd  have an
Ok - basts Fer R ouu@,ﬁmgbj W, wy o, omd frow 8, we would Lave
Blw,, wa, o wa) = V Bl w,) | whee V= olei'(v o u) cv. Slnee o<v<l, Hus
Cpﬂ*.rud»\ci‘s »mmwi ?{‘D(’-Q/A‘\) op \D{w” o w.n)l , The Heoren ﬁouﬁw

M is clear From dee proef above Hagt Blw,. . Hokes dhe sapme vae For anmy witeg ral basis
i Car R, Cor e Aetesaiant oF de Tandormahon From oune kaegmi basis t¢ anmothesr s cun
‘\hM{‘aaar anmd So ti, NOW,. b‘d @, Ane al-e'{'e‘rw{mdt is Sqlbtaf-eal omd 5o Hae vglu.e. of

L O, ] umchanged.

We define A(w.,..,w,\j for am wrkegm,l basis as +the discdmingnt of k.

Exercise: prove dat € 0,..,0, we elements of 0;; sudh ok A(S,, ., 8.) s
Squore -Free Hen 8,.. % is an wikegal  basis for R

‘7‘. Q ‘e Freld.

- Consider k= R ,ee d v a S%W—Qu 'wiec\;)e,r (Faf[‘lsiue &r.necaa:‘:iue}.

Then dhe elemeits of R bave dhe fom A+ yld, Witk xye @ We dotewnme
imlegeel basis for k.

ﬂccmwﬂb, Suppeose x+3f e O, . Tren Niglatn @) and Tyg (e id) € Z. (Mo clear

G it sl P"\"OM“‘"“’[ Kemee | x-al,ﬂz and 2x € L. Sipce A s S%M-Fm, ot

Follows Hat 2= 74, y=1v , where v ave wilggess. Futhe, b divide u*-dv?.



Now, 16 d=20e2 (mod &), then slace @ square = Oorl (wodl), it Pollows thot
w=v =0 (wmed &) , ie. w,v ase even, wheace x  awmd Yy awe wmlgers | amd Ly

is an  witegrad basis fer k.

\¢ dz\ (wodb) , tee a«Lﬁ other 9.;55'519«;&;@ , ten wv have e same ?M%
(ce, usv wod 2/, aud 30, ou w-f.‘-ﬁuﬂ A+y 'z Slu-v) +3v(1443) |, amd weting Hat
Caley) amd N aw< ;\J\{‘eﬁedfl we see that \,%“*J) S o ;.:v\"c%rci basis fov R.

The dhscrimminont of R 15 dus bd when d=? or2 (wmodle), omd ol when ozl (medd),

| . Voa(e/a
Sad \y s ) = Yd.

?-— . ‘O{GQES,

L L, Opialag.
2]

o Net 2n ey glc_;)e‘muic W ber F\@U Wwad a u-w-'otug Foctosisation . C‘Own'otuf \fw-examrle,
Rz Q3. An inbeaval basis is V5 Thew, 212332 (W 2F)(-275).
Now, dusrajarcing wmts, 3,7, 122/ canaot be Fudther fagtonsed wm Gh.
| gupfwk, Fo( fms‘to.mu, 3= “s, whee « be 0;;- Thea Na Ng = q‘l so b neiiher Mn:ﬂ;ﬁ
week a wmb we wold hawe Nao=3. && fuis s wpossible since H implies
‘ x"-\'gnz:g for {M%e_;s‘ %y, omd dhew s we such solubion.
Note Hut dhe wuits v Q(FF) are givew by x+Sy™=d 2l (stuee Nlxry [F)= <4547,
wohege m:il/ 9= 0. 55, de o..ulaj wints bk ave 2(,
| S.L'MC(;MLQ, F, 12 UT camnct fudonse Futher. Homee R(FF) does uet bowe «
JI.MM%M &dm{sd'l'oﬂ.

C\degls were bodnawd by Kummer, Dedebiud, ete. do restore Hue Prof’-e-'i‘j.

7, Oelilio e

Let k be aan algetowco{c nsder feld and gt 0,; be <he iy s L.A{eqe,\;gprk.
Bn idkegh w ks @ won-empty sihset ofF Gk, dewoted by g, say, such At
i GF o, o, €8, then o, % € .
@) iFxe &, Be O, hen wfe 2.

Theogm: eveny (el & a R s Fiw\-’:(b) weol Tt is, e exist ehomests
diyo, X @ suck that @ 05 the set of all elomets B + 4 duPu with

: B, Bm w Fi Ue wate g% . )

et Cleady Oivem %, Hm G ohow, the set of ol it Xnf  with By fu
wm Tr sabishes 1 and e/, whenee & 15 an cokeed .
Conversehy, tF ¢ © cun itdheal, Pren doee 0 an ntegual basis fov ¢,

=

€ o st U, % of demewts of a such Ut ewey eloment ¥ @ g coum be

Lt ¥

expressed o Hae Jorm a8+ xu Tu with ratowal wdegers ., ua. The



verification follows as i seddion V.6 for iF W, 10, i an imtegral basis for Gr
amd X is Quy Aemet of g, dthewn M, ow, ave W G (o P[ﬂda"&ve Some
cole as Vab, . @) in 18] amd then we dedince Hut we can toke fr
%, B oy set of cloments of @ such dhat VB0, %) takes s swrallest value.
Now, if By Bn. s oot witegral Dasis for & e e hane g=[3’1, ,X,.]_

We dehne te product ab of ideals g, b R ao the set of all elemedts ab+rak
Wwitha,,a wma and b, b b M.J%,iﬁ a=[x, ., «n], b=[F.,~,EJ,~Unm 2‘2:[«'&/": “Be,.., %]
| Futher, we have aob =ba (c,ommui'aﬁl-ivil«j) omd (ab)e =albg) [Moanﬁu:%]'

‘We say at o divides b iF there s an idead ¢ sk Hat Brgog.

We defipe gt as @.g (kR ".'fme.s) and ga—'§=[1]‘—' Ok.

23 Princiggl \ksals

: b idead 2 ¥ said o be prngpal iF a:[«] Cor come oce Oy \6 [DLf), Yhew T8 aud
.G/‘* eQ&,ie e & wnt n @k,amﬂl we Scu.)"HAai o(a»d[& awk a,ssoc;Q.Jeo[ ;.uh,

M For Cure) ke ) a wmk thee » B i R such Rt ab s ?«iaa’.?c.l‘ \H(:ac/f( Heere
s am idead B osuchh ot alrle]l it cel.
[Tt suw gl 27 o Y 5 of el B0 Wi 5 twe e slbidan 2 5]
termed a &é‘gud E fd,g“é , bg UJ@V\O{A&Q e Odgi.n.al def—iw'd-iom b allewe
genecctors in R of dhe foum e with Be Op, ceZ The onigiuad idsals are dotun

calMedl fﬂ&ﬂ! ,’dgnjx. TL\Q.«\ va—iourLj gg"=£ __J

1Pl cnatabiasl: bh @ ol ) ot o, ok B 06, Pk Flbs mand™es o . Comsialiy e

C pebyemdd P00z N (F00), b, P = [T {0 d wVF, e 07, 0 e
0; (%), -, Tjldn) rerpechively , the Field Qeujv.ga*{l. Then Flx)= Flx)glx) amd e Oul=],
siace Pl € ZLx1,  (Note Yk cortoinly %oV, o € O, whence gt € Gals1).
Now et gz Bin's v fo amd put b-[@,.B).
Further, Wt € be dhe Wigleil common Foctor of dne welfecieits of Fl. We lane
to show tat a.b =ld. Fist, we venky Hat 2b toitoined wm [c]. \n fack, it
subbice: bo shea el o« R €lc] For oM o,s. Bt " is an eLﬂm&i‘am.ﬂ Sgwmei\n‘g
polyroamal U due 2erces of B aud siwlandy bo PUB n derms of guu.
Hence, wef;= xubiBes , where Bix 0 o f»rod,u.ci‘ of alo.unuicmo S:ommein‘( Funclions in the
2erves of Famd o amd <these ave Qr«eo\‘wl.«:, e zevoes of . Since ¢ ' Bl v e
ading coclhicient in 'F amd the ltter € Z0, it Follows bowm Corollany 2 i seckion 1.3
Haat o Bs € (Q\Cwq,u s amd Huner 2‘3;}) wui'mneol \M[‘J
Secon , we show et le] is coukoined in a b. New ¢ s boe Wef oF dee coelficieits
of Fla), uhewte it is @ Unane cowbingbion of dhese coelficiedds with wulbpliess w I,
(Note- oF c= Wek(a,,., a,) then C=a b, va by with b, b€ T), aud the cocllicedts of
F oovre e selves (J\mzew oc.,m\o{m:l{m; ok Hthe o(,-f;‘ (oéré.u, 055_44 L)/ Slvce
Fzfq Henee ¢ s W 2l owd te dreorem follows.




- Corollami: \F ac=bs then o =b,
M; Obsious ou MMP(‘@"“‘? bj g., (ch*{oua.l io[eal-\'}/ e wnsic!&n'-, vdheal é 4 winch exists
Frow dhe tooovew, such et cold] Then gsdzbed,ie ald]=bld ond it s wow char
At a=b ( consicles ﬁmﬂd‘o«s},

Coyoilagy 27 g b <= Query elament of B s n 2.
EW_J” SN all Yhen gi’?ﬁ foc some idkeal ¢. From e &L’M‘Hm .Fg.g in Wowy of
ﬁ%érai?)u, we ij)* beca, "Lv{q{wu;ﬂ,
(¢5) iF every cloment of B (s in @ thew Ba” s cowkained w Tk, e brae for
Some & an vequired. Abkernatively , aveiding Fractiondd iclels, we oberve dat I ¢
suche Yot &g :fc]i when ce ~uery elemet of e o []. Hene [] divides
be, te gc divides bg , and Mre cepdt wown follows Frm  corellanm \.

- L4, Pime \deals

Paideal g i B 05 swid do be pame IF 1€ is divisible ouly by ibself and & Our object is
to establish the anclogue o B Fumdomedtal Hheocm of avthmetic, i€, every iclead o un R
- tam be cpeessed esseshally wnnguely as g 2:&: o some pame idecks @i and  some

| v\ovmeaahqe ‘w‘kgeﬂ? Ju“; Ju-

. Proof: 0 To cﬁe/t g=€,J'--E: , ot swhe do show et eveny jdeal bas oy Cta;u‘ow%oumms,
' i Te cy-i' wmi queness, " suffices b show diat P plab dhen plg or plb.
Nesbabien: @ By the treovem above, 3 b such that ab [, ceZ, where every diviser d of
: 2 waot divide (d. Now, by corsllany 1, ¢ is i d. Futher, every elomedt « e Gy can
be witten a5 R +¥ ,whee %fe G and ¥ canm teke af wost " values, for we
have o=Uw t- +u,w, n tems of & basis fork, and e obsevakivon follows om
woty o = cqore with 060 <o o Rt B2 quit squmn, T rw e faian.
Appling tuis do €ack of e Geuecateors oA, oy Sayy, oF 4, so Heak o7 < +¥j, -
we obtuia @308, %, whence e ave ouly Huilely wawy possibilities for 4.

00 For s we  weed the cdebikibion of gak . Mamely, IF g2 [¥,., 0] and
g=£F-,“,$-t’J I‘Hneu g-q—h:[“',.,a’w,ﬂ”.,&l N ote tuatit (s Yo came a» the set of
ah Wit ama and b b, ad So 0 wolpeudad of chancw of gentrmitou.
ﬂl:al C:?_‘= & +b 0w e gfedfst Compdn divisen of ‘34@ T g‘([g-/ g”b g Mo‘ Lvery
Aivisor of 2 amd b alo divides d. Now (Fplab, and pfe , e atp=e. This
dlfue; ab+ 2}3:? and Whence ;Hg, Thus eatablisles hirn e Liksriiihisn e dobinls.

B e il

Ba cloweid o oF Tk is sk do be divisdle by oun iceal @ i & F allel IF pous
B E Dk amd & olivides w-f, we write «=f (mod 2). Twis v o 2quvelence relaKion,
amd Yre wumber of quu)\uuiw& clomes i Filate, bor we bave alb=(c], ceZ, Loy
Some B , ond by 6., there ave owly Gudely wany clases (wmed [<)). Note Ut F
% B (mod 2) Han K $8 (meod [<). The wumber of Qeva;.ualiwce classes mod @ Aebined a

e nouwm, Na, of g,



‘?rao.r'-' ta View of ‘Hm F‘Mdmenfa—l “U'\-ec».m ewn ruelodr-e;i‘ai'l'ou \>..J ?n'me ((,hp,lc (ie,g=?.j'"£:t),
b suffices do pove dhe vesult when @ b are prame wleals. tn fadk we shadk assume

Mcum ?ra?eu-{‘c: NQNE '»N[QL’, {:O'f all I\OLlaflf 9‘.,_‘__’ w R,

=1

ou ot Eﬂg ), a ?.;{Me ldeal. Thus we Uave 4o show  dhiat Na Ng =N(£$}.
Now, it % b an elomet o g bt wot m 2g (suh o = axists, else
ag divdes o  hence ple) We dall show that o4 xp vums tuwegl oll
represeitahives i dhe  Cougruence classes wmed 2 ar 7,0 vua gl the
vepoesedahives mod g, medip. Tuew N(eg) = NaNg
We weed two hacks: v Hhe T+ue ave mcou«g.rwd: med 2§,
W AR e G HenP2ornp (mod gpg) fox some 7,p. The esult duen (o llowss.
; New, i) is obuious, for iF T4 se = o' +otp' (med g@) , Yoo T2 0 (mod g), as oea.
Twic cx\'«zs T=a and then we oblain FE(" wed @), so Huat (:la‘.
To establish i), we wek Aot Wk Bz (mod a) Fov some o. But az[«Jrag,
Sineg R is & puime ideal . Hemce B-o s 9iven by o(ﬁ‘*-x, whe p'e O amd ¥eag,
Thig qives Bz T+ «B' (ool ap). Futher, B'zp (modp/ , whence x@'zap (modt 2 ).

Thus, 32 T rop (mod g, wikidn s L.

Formua for Nai\F 0, Ua is ¢ basis Foea [ie 0¥ s vl ges all chumeds of g for
wtegens w,..,u..l amd W, wa IS am 3'"‘{"’-9"41 basis Foc R, then Ng= [ft—(&fﬂ]h‘

A (Nete: Bl wa) is the ciscrimimant of RI.

Rroof: We sall show dat 3 @ basis B, Ve for 2 of te form: Bz ayw,

err o iy e gy g ')5”': Ay W, et Ay, whege Q) awe va"'@%eﬁ, a;; >©-

Since Q(F.',..,B’“I)=Afb’”.,3'n]?we Uave o vealy Nag = (‘:%".i,’)& B,

L\(K.I;',Xu')’ (r.\“..ét.w,)l D(N.,-,NJ, s we woave Yo uen'F\j that N2 =a, - aun.

Bt 4 il be clear frow the coustruchion of 3., %a' dhat Yhe wumbers

Uw, 4o g, with OSw oy (1060 sn) ave Mm«awﬂ: wmod g | and Yy

ceprsed all congrasmce lasses mod g Houce Ng = dudun  as vequived.

To contteuct 3., %, cousider te elamedt Gy -+ auw, ¢ @ , amd cloose

Tk go that awdo omd wuiwiwal (We aunst hane o, =0 Fv all elomewts in g,

Since there i @ basis 3’,,,‘,3’.‘]- Call s B’ Now F Rl W, N Py

Aemed g,%en Upz 70 15 e O55<au,, amd en n(-—rb’,'z A RN R

amd here 5= 0 by the wimimal e of au. Now, preceeding siunlandy with

B, WO T W , taking an . posihve aud wimiaal o dﬂr’lw\v&% s as

5, we cﬁei e M{w{r&l basis.

(3,

]

Locollary 1© N[T *|Neg e
IMT Aﬂﬂ[‘o ‘Hne Co'rw\ula_ W.“Hﬂ KJ'-: B(wi (\Sjé"‘). C{,ca..A»j X,,.,‘d’,. it a ba;;'j F-w [of]a.wi
| D%, 3a) = (00 gutan) Bl ). Fudther, by delivibion, Nygl® 71+ 7, (4).

; Ccrroll&uﬂ-‘ Theve s @ wmqne Prame P suchh Heak {L; s a frfme (dead Bia lt, Hien 2—\?.
ProoFr Fist we obsevve that alNg G amy eleal a k, for 9:,-‘,9~ reprereui' all
the  cougruence dassec modd @ so Mt N-= Ng__\ , dew also 91, , 9y fﬁprffeti-

oM Yre conguaeace classes.



Reuee, .44z O 1) +-x (9,,14) (nwolgl/ so N2 O (medla) | So @ \Ng_
Now (et g be a pime (dek. Then pivg. Plaidly, the st tndegerpsucl
Yot glp © a pame, since plm> gla o plm. Fwther, p s wunigue, far o F
gl¢ for some f‘t—P ) fhew 3 a,a’ such that ar?a‘?':f, whenee gl(él whch 15
iMposM.e.

Corauaqg We Wwave Ng:= F foc sowe N;L{@ml m‘tfqe/f' whide 15 called Hae oleg ree ofp.
Pmef' we \Aewe Efﬂ §g for some  (deal a. Bg e  maim f?‘”’l"ﬂ fov novms, “E(mr
9ives p = Ng Na , siace by cmuml NLP)= INgg ol sp" Hemee Np= f

!De(:i-\.;"t{aw \¢ ?'ﬂ?:‘--?:‘ (we omt die square brockets avewnd F) as a camomeal
P‘”"M of pame deals thew we call e, . e ‘the vouns Reghion jndices of g, p .

!Carou%gb-' Te degrees and rawibaton wdices f‘ MA?.j oF ¥j;(I5J£LJ

Sa*isf-g Qtf-+ +€F- ", where n= [\2 Ql
E’&_of' Wwe hawve N[?I (Ng‘ : (NgL)L,h)\AZMCﬂ ? e{l. ‘F‘ oud HYr  assestion Lou,o,n.

3. Umits,

Ll Jhibesschis Thgeen

i 83 G Lonv o we wean @ bowndad opeu set of Po[mfj v Eucliclean n-space |, €
St codains  Ax 4 [‘—r\)g (0crc) wheneer it coubcins 2 and 9. A set of Po:.;b: is saxd
e be g;;ﬁ:ﬁeﬁ aed abod dhe o,q%,“ WF H cowtains - wheneves .'i‘ coutouns 2. EUJ a
ot N, we wiean & set of poluts A= (%, x0) , el Lot m=150u ¢j  where dhe
 wiakel (%; Voo veod eubaes and U, un vun buosgl oll the wtegers. The defenuadt
dlA) of A is dehned a \det(ay)l. '

Min kowskis Theoem: if € v« conve bocly Sgwme:h"[CaJ abot the ongin and 1F Hhe velume
V of 4 s‘d-isﬂ'e; V\)Q“J{AJ‘M < covbouns o ?o{.& aF A sther tan dhre o.n',c-jm.
| Pk X< 1t suffices o estoblih Mk iF £ 15 o bounded set withh veluwme \=d(A) Hren Fpoluts
X,y R such Haat A-y e A (This s QUidheldt's Theorew). To qei Mithowski's Theorews,
we  opply Rudfeldd woide R=1S, then 29 =3(2x-29) awd sinee Ix, 21y ave n S cud
S \$ Cowvex (MA Stjmmeinfcl we hawe a_(-tg eSS,
To establsh Blchbeldt, we consider the pat Ku of R n dhne cell of A with Lowes
veytex u. \f R‘ij s the trewslobion of Ru do e wdt el it lowes verter Hae
origia ud i Vu b the volume of Ry, thew siuee VZEY%7 IV and VAU by bupetass
welawe ¥,w in Alvte) sud daat Ry, R e ueelnp, Hc.ucz-]ﬂujmﬂ Sucs Heat ¥-xzw-y. Thea X-94 = 3- , €N, as equavecl.
‘n"i wacn a.rflaccdlau of Miukewsks Theorem s Minkowskis Liregy Foous Theoew, This sTales
et o L m 2% U€itn) ave ead  Unear foms with A= det (¢;) %0, and (F A>e. A0,
’\ Aa 2 18], ““M:ME \M{(gz.rs Ky A, ast all 2ere , with ol <A U‘L‘m)
EM Mply  Midkoudeits Theoem with S as Hae \gpeveke <AL Lon velume V= 7 Y
The lattice s defned by dhe Ly




e s a refned vesion ofF Be Unear Forms Yhoovein bo the efat Haat i€ A A, 2 Al fhen

| the  same assephion Wolds vl VLl < A. r{r\chd b‘o {1} —‘/\,

RNLF_ F""w the Crw;ie NEHIOA Wk \mﬂe’ Fw Mg-;l\'tege.r M)O’ {a‘i’&ger; d.IhJ,.,lej Sw»l'\ et
L) < Alt.:.“ LA (24060 Thew, b«_-) wwfmt\es;’ a So«bse%mna Cony evoyes o e
pot %, % as veguaved

3.2. Diggchlet’s Unit Theorem.

This asseds tat 3 v zsato) Cudamendal wwts £, 8 i R= B} sud Yt eveny it ia R
tan Do epresied wmquely w the for es,m'-.::"' , where Wy, m, are vahonal witegens cnd

P b a sost of umty Heve s i the wimber  OF vead numbers (n @l 0n () and tis

the  number of cowplex wmju_gui& pawvs v tais set. Thus vz s¢2t, The dhearem shows Heat Uy

is o Fackely %wdﬂl Mu,u-\',‘oh‘cd-iue groug. ProcF [avelves anm affumiiw of dhe linear Fonms theorem,

5.2 oadedh Fabl

i Let R-= (Q[JJ}I d & s’ccme-Fme ‘M{'eger, \¢ Ad<Oo e sa) R & an | : e beld
Cand e wave 520, t=i, c:satol, wherce, by Dindhll every wwt kR U @ oit of Lty -
\ € d>0, say R is real ggddmﬁc ond we \awe 22, tzo, v= set -1, whenee, by, Pivichiel,

| eveny wit bn R 5 given by TET for some £, where wmz G112,
CHee we are wiing the fad it tae only vewd racts of by ave 31 (Fw a divet prock, see
i bev &*Mf(g ; Coucise \nbroduchon o the Theery of M.unbersu }9 gajtwi

Determinahion of wwits w imaginary quedvshic belds s easy. Recall R(Jd) hao (utegeal basis
LA (223 med W) and 1, Tle ) (A2 modls), and  discriminant D) which is bd (422 2wmedt]
or d (dzl mod), New F c(=9<*:jfd, ® then No= ')ti-dj", vud TF oz x-+;!_tg(l+J;c),
Hen N o= (edyf -2dg".  Thas the wnits are givew by  x'-dy > * (d223 medt) omd
' exg 4 Lli—df =5 (A2l med i),

NED <l dhen Hoese equations bave oaly  Yhe soluit jons (i ird’.éger: x,g) Given by x=2l, y= 0.
.Hﬁhoe waiks axe *L.

A dsl, gt is o RUA) b5 the Gausianm feld, then te wnits are guen by %ty = Tl aud
bhe solubons are x=f,yz0 ; x: 0,47t Menee dhe wmts ave SN, Xl

16 ds-5 (e ouly other posibilibyif D<O), then Yhe wats are gien by * +xg +9'= 31, and the
solukions  are x:El gz o =0 yIri; ozl oz o x: - ye). Hewee ue wadts ane ¥, NI
Note Yot Hoge agvee  with Dirchlet's Theovem, since e wmts ave iodks of wmdy , namely
ewwen of A -\ (0<-4), »*~+ (d=~1), xui [de=3

The diueorey of wmits  al quedvoic felds is slosely related to the solabions of the fell equathon
Yoot s 9‘1'-392: I. Cowides meove qemexa.u_g xi'ah_')z’m. This can be wathn as N(’C+9J¢;I=M)
and we shall aswme mdo, The, N g Ja] M, wWhepe Larg 3] s Ye privelpad ieleal ia R,
Now, siwa alNa, avd we ot wmigue  Facterisatiom of ideals, Yhewe ave ouly Eundely
Many ) ed%; such, Yaad N L8] =m, wrthes, [0)-09] i€ 0 aud B ave aweciated. Hewce



I-x“gﬂ i afoaated te ewe ofF a Rake set 5, 5, of Ms of O (detesminable Froa, the
Fadtecsahion of Twl iato ?v\w\e teads). This 9wes 1*‘3(— = 2£°§ ) For some nteger j cund some
; g et Henee, x= *7 (¢’ $+£ Sq), Y = N“ (2 % - £ S ] whee e bar s lguabes conmplex
| w«jm@aﬂon.

The queshion vewains as o the dz‘l:m«m,{—m of €. This \volves dinued Cackions  [n fack
\Cx—d‘j =|,~E{Aeux J?g'x+/"g , wanere { & - 5l<1_j | aud so % is ca«wemae.& 4o Yol .
. (J—: [qnf ﬂl.-al,:'”lq‘l'r“ulqo])

L{». l:a(j:orfsgé*oﬂ
bl Elewests in ideals

;b\)e need o esalt of Ye Coimn: N4 & is an deal iﬂk and d s e d/lfc'r;,ui.{wd' of h,
Aren3 o domed 8 in ¢ such tuat  INI L eNafidl, where ¢ v o comtaud depencling
Couly en the degree of R, or , moge Fredsdy, on st whee n=s5+2t @ wm the last o!m.[;{ef

1

| We  shald Prove Buts mere with c=l aund remack on  dther valwes loter
Tbveorm ln eveny W{M 2 of R= Rlx) dheve is o elowent 9 such that ‘NR/G. ol S’Ngﬂd—lll
| a.o\/\-&rc ‘ﬂ«‘? otxscnwwm:t oF k
?moF & Telalky mut coe. ™ot e Wk Bl Ginl ape ol el (nz[oe €3) LA ¥, K
be abasis for a and let Ay-, Aa be ?vu‘hv? real  wwmbers w*‘H« A-Adn=Nag Jial. Thea,
by Hne cefined Coom oF Midkowskis Unear Cooms theoem, thee exist wbegers ., %,
such tuat 0= B4+, sohshes lq@l €4, (i€;€n). Note tat Hhe hypotheses
oF Minhowshis Theorem awe satishied siuce dhe diteainawt oF Yhe g;19) is
JIB05, 00 awd by chapler 2 wae bave Ng = T80, ¥ )l //iar, ¢ the
determinad is A An by clehuition of the As. Now we have Nyg9:6,0)-4,19),
omd S0 lNh/a(9”$ /\‘--/\“, whene Hhe resulb
v The @evneml case. We Suppese ‘et G lx),., sl are veal, G la),., Gl ave compley
with wowplex L-Dst_)uﬂa.*fj Oty L00), o) Tsapy (& gﬂchfiuoLj lnz s+2t). ‘
Proof, a» abovg Hat we solve e m%m-hc Loy (91 €A (1€5¢35), \ea (9)!“,%’
(For set € jm< st} , \IMG @l < .n; ([ sabvi g€ $+2fJ. Then the Wypotheres of Mikowskit
fmeu fows Yheovem ave again sa.i:sFlad, since the  Actenminait of dhre Unar systen (s
SN0, A A A e 3) s W 7). To verby e caleudabion of dhe deteawivasdt;
Fwsf add e G‘J[9) (S-H..) Ssip) to um WJ[SJ (.Sfls_,’ﬁsﬁz) %geﬂt (FJ(QJ [rouvss s¢l o s-r{))
Hhen mubh?lg b cows setel bow by?, toke ot o fader 27Y Yo compensate, amd
e subbradt rows s+l do sit (c‘e 0‘{9)) Rrom vows Stbel 4o . This oiues, a/c.e,a‘f‘gvr
Stgv\, fhe wu,Juqai‘ea of T 19,., ¥ [ 1@ Ty (O, @, (). tm.,u.g nek Mgt e \ewe
Ay Wle)y bty (Usieg 5 (9= Jire GO i 00"




b.?. \deal Classes.

We say el g, b w R are guveled it 3 pdacipel ideals (0 (F] suctettat
(Fa=[¥Th. Mis is quivalence  velahon, avd the wwmber of Sguivalence classes s Cinide.

Lewma: Bueny icheal a s ectm'-wt&d 4o an ideal b ok, N <l
?\rooFf There ¢ an (el ¢ such Heat 8¢ ¢ ?n'uwf?ai- Fufune{, by the Hreoveun a)oa-\;g
39 g suh Bk INgg®| S Neda. Now sI0] 5o (8)=be, and [Ny @1=NbNg.

So we get Nb SVl Fudes, a i equivaleat 40 b sinee g (bl = blag) aud

be=[3]  ac:[®] ave princdped.

The wumdber  of jolaal clases i dewsted by i W s called dhe lag wumber of R. The classes

F"‘”W\ ® dgrowp ey Muui\)'\«'a::l:'rm [I‘f (C(S)-(cib)=dfe.|2ﬂ. The Group is a.,ﬂeua.u’ aud e

idachly elemed i the cdlass of prncipal ickeals

The ordes of e class growp v b, aud hence 2‘\ is peincipd fow all ideals @ in k.

a the car Wl we ke g pancipal for eens g i R oaud  Huw B s wuique Facterisakion.

' ()t )

.N.._".{:S: n every rdeal class Hhere s am ideal E such Mgt thrc,ﬁ;l“’ whave ¢ I
Heve , ¢ 0 Called Minkowski’s constaut The vesult followos Growm a  ateve velined application
of dhe Geometry of Nuwmbers; it depeuo[x ovn the W%U(djﬂ‘l‘\j of dhe antumehc and
cae.pw@\m‘c means i€, [a'-a.,,)"" < ﬁ(aw---rq") ) [g{,e Strusadt aupl Ta.u:l_

Exauple: Lot k= Q(FF). Here w22, 520,421, aud d= =20, Mewe, by the wole chove  these
i am ideal b o Buch et NY £ (£)($)f16 €3, Tius gives Nb ={ o 2.
Now, (F Nb=l dranb-e, \€ Nb=2 deu b12. Bt 2= [1,l+J-">'—'T ar o produd
oF prime icleals [eithes diveck e by et section), whence b=[2, 1+F]. Fusther,
LV prvcipal sinee Ne=7, amd Wl*fvl’z e wot soluble (n wnkegert > amdy.
We conduat&*.‘mi ‘nzz,

.8, Dedebind's Theo e

This fouef wen Ok [ﬁug of ini-@n)en OH’—) has « power \;Wkgml basis , je when Gk Z(d), or

| D) ™ o ondegial basis For R Fw_some W wm Tp, We take [ an dhe wimime!  poly newniol

b . gu.«’asf Yat p v any pame. Let _F be He pelyrcmial obtaied by replocing eack

ceelliiat inF by s vesidue wodp, e € 2F modp, i Z[pR  (modp-Reld).

Dede Rard's Theogew - (F £= ﬁe' " Pf‘ W o produdt of rreducchble  powic peluynemmals
Boife in 2T, Yeew [p- g'e'.-g:‘ ar o product of pame idawls g, pc , wheot
gJ — f?‘, ﬁ(ﬁd]

E@_G_F_ We howe & =CP/ Fj [u')] as the Remnel of Hhe Maffinj lfdj") (Z/Pl)(%) / walhere ;j '
amey ero of g - Obuioush,, B coitained wm the kesmel (Siv\w P20 owd ?J(d)') IZ(JJ} :O)i
wad 1B g ¢ Z(y aud g(n=0, Haean @(,?J‘:o (@E q(moo{p), bt 'Pj S ;weducibte, vheace
4= 9,5, with 50 € (ZHT(¥ ond so qlx) is in g; , thatis the bemel b n gy \t




Fcuows From ?ryfui-\'-ef of esnels Hat p; 6 @ prime i cheal.

(o, daredtly : considdes @= gb aud clccse Teg, peb So dat 7o al, ¢7b
o some @b €Z(x), and fowm B(5)b(T) =0 we lave ethes AZ)zo or
blZ)=0, 50 ple woth ]

Now, we have gﬁ = (hmy ) g‘ 3.,“[?: g.(a)) (&m)] [P, F’(af)] ij

stae FzFaedp aud Flw)=0. .

It remains do show Huat CP’SCE‘ Bt Ngy =PJ Iw\r\eve CJ » ddhe degree

of 25, aud Hais s the some as dhe ahzgfex of 3;(2). [5mce eveny hewedt of gy s

Cﬂ«(gw&? Mool¥_] %mdw&ioc%ecwu da-rd,qu- +o¢p' (O‘q‘.£p)

FMJ)«:\, N{e) = p ouad N(g, ) = e.F* R , aumd slner [ Monic we lave

Azgfee(-’ nzgfy reos i Tlmr 9rves f?] gi QL (@) eguived.

be e The @‘,Ladl&*l'c Fw{ol

Let ke RUA, Suppuse Bt bt d22,7 ekl Tuen Gz Z (). Thus by Derle hinel s

- Theoyemn, we awe daree possibities:

G otd peduces modp 1o two cistnct Fackes, Thow (§)7 1 and popp!, whee plep
a-uol N,g !\)g P

@i % - Olfe.c!uceg wo olp 4:9 a Squaie. Then x'~d = [ﬂ'fl) v"‘-"dp, whence  pl=bd, 5o
-H«cJ:( 5)=o0 " & ? Ng = p.

Q) -x—al s 1rf€otuuu2 Maotpf "HMM (P} ’ ] Ng :Plf ?:‘g

Now su_frosﬁ «Hmt A?fl Mﬂoll!' .ﬂr\% @[z: Z(%{H*JQJ) .TL\Q M.{Ntuai PbLij,OMA“aA @or
L 0+d3) s P +i([-d}{ Say F(x}/ and  Leflx) = (?.x-pt)z*d. Womee (€ pis odd , Hhen we

have dhe Pom‘bfu-[{es L, W), i) o a)aoue_

\F P=?—, Yhen we \Aﬂ.»t’_ ko cousicdley e wre df‘ w S wmad 8.
When Azl wmod®, then Filz X)) wmod? aud so ?=gg' as aa (i)
When Az § wod®, Yhew FHx V5 {ceducble wmodl awd 50 p=f as w il

By i 44,( c,nwm ®(p)= (D) wescee Mt for d223 mod b and 551 we hane
- Lng)“) -¢7) F X))

et \Muxcw Ao\ meke e e b e X 5, Ak X001+ (55) ;

This gives: 5 Lis, X wheve B8 is the Decleleind Zetn Funckion :K6/= & ha)? =] T (1-Ing) )

'S W *the Q\OMW Téta Fwd:tﬂﬂ 4"‘ -";r“’P"j)-'l and L o Yhe L-funcboun:

Lis, )= 2 %= Tli-xipp) ™,

Hege, dhe sums aud produdcs ol comveme Cor 51, and wn Fact {zwawg complox 5= Teit

wilh e 1.

Note on cawilicabion mdices: \£ (’=$\Ql"¥ft w canonical Foctoriabion Huen €€
ave callid He maibicahon mdices of 2, B¢ They 5“*"“9 EQJEJ’:" - \F €= we
Say g 0 Gtally wilfied (siace p= ). ¥ =t we say gy ¥ wasamifred .



k.S, The Q,oto‘l‘oﬁr‘ Fl'gjg!

Let q bt an iw«fegw>2. ,!T‘Ae iﬂn cgol.otws Geld s defined as Q(‘)‘, where S 0
Ame
e q"ﬁa roct of wmky e q,. We shall discass Oij Hhe case 9, fn'me.

\Y M%M Wwe \ave S%:‘ and So < i o 2ese of Hie CU{{" ojd.o%vu-ic
Fotﬂvww\.{cd ibm z %q"*n".-za—--rl. Thas s iveducble  awd ‘HMQS'-&e Wani wead (’“L‘Z}"‘CW‘J
Cor §, b by Biseasteins tocorem, Yo pelyuomial Tl = 5 =0 (.0 (G2
s ivedumeble. Newee we coneluole ok QY Vs Aeg see q}ﬂl , aud e wuéuﬂa;ler of 5
e G B, .

kel baastr. Twis i given by 1,55 (Beok - ee,eq, Boveuicn [ Sferevich). Tuds
qives oo discrisniiaatd o 1«;-1 (exevcise!)

G Factos isgbion of primes, We have Oy = Z(3) awnd so Dedehivds Theovew s aplcakle.
Fudhar, %1 aud s deivehve are veladivily prine ta e wodp Reld | whawe Fq ) Was
e wepecked Foctors wadp. We wncluele Wuat P2 21~ 2 v ishuet prime (deeks 2., &
i€, Al Yhe ?v\'wme Wheals  1a (3) et  sastomamiited

Thee s an uation f’11(9)" T{S),ZT,; L(S,Qd cuwisbgoun o Bt Cov Hae q’uﬁoLvn'ﬂntc Eeld.




