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Mathematical Tripos Part IIB Dr J.P.Dougherty

METHODS OF MATHEMATICAL PHYSICS: Michaelmas Term 1995
Example Sheet 1
1. Evaluate the following integrals:

) g . *® dz 00 it
(z)PLw?dx (12) P g (m)’P.[-oo . dz .
2. Show that the function -
flzy=>_ ="
n=0

~annot be continued analytically beyond |z| = 1.
3. The function I(z) is defined for Imz > 0 by

1(z)=f°° .

iy B

Show how an analytic continuation of I(z) may be constructed to extend to any given z
with Imz < 0.
By a manipulation including integration by parts, show that I(z) satisfies

I'+22] = 211'%

and show also that I (0) = —mi. Hence obtain

I(z) = exp (—2?) {zw% f exp (s?) ds — m'}

0

4. What condition must z satisfy in order for the integral

*® du e%*®
F(z)_.f_m”eu

to converge? If, in addition, Imz > 0, show by closing the contour in the upper half plane
that
F(z) = 7 cosec mz (Imz > 0) .

How would this result differ if Imz < 07

For what region of the z-plane does the integral for F(z) define a holomorphic func-
tion? Explain carefully how the principle of analytic continuation can be used to deduce
the result for Imz < 0 from the result for Imz > 0.
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5. Let fi(z) be the branch of (2% — 1)% defined by branch cuts in the z-plane along the
real axis from —1 to —oo and from 1 to oo, with f;(z) real and positive just above the latter

cut. Let f2(z) be the branch of (22 — 1)§ defined by a cut along the real axis from —1 to
+1, with fo(z) real and positive for (z — 1) real and positive. Show that f;(z) = fi(—=2)
but f2(z) = —f2(—2).
Discuss briefly how to set up branch cuts for
fs(z) = (23 - 1)3

if (a) f3 is to be single valued in |z| < 1, (b) f3 is to be single valued, and approximately
z, at large z.

6. Evaluate by contour integration

/“’ dzr '[°° dz
1 z(z—1)3 1 a:(a:z—l)'i"

7. By integrating along a contour consisting of the positive real axis together with a line
inclined at an angle 27 /q to it, show that (for a range of real values of p and g to be stated)

*®  zP s
/ = dz = .
o z9+1 gsin (P_;'_l,r)

8. Show that the residue of I'(z) at z=—-n (n =0,1,2,...) is (—1)"*/n!.

9. By using a contour consisting of the boundary of a quadrant, indented at the origin,
show that (for a range of z to be stated)

e . 1 .
/ tz—le—xtdt - e—ﬁmzr(z)
0

oo o0
f t*lcost dt , / t*"lsint dt .
0 0

10. Show that for n real and positive and Rez > 1

n~F = -—1 /00 R e
I'(z) Jo

and deduce that for Rez > 1

Hence evaluate

1 ® pi-ldr
D=5 =1 )
By taking first the case Rez > 1, show that for z # 1,2,...
1 (0+) 4=-1 p
-2 [ S =), ()

where the path of integration is the Hankel path which here satisfies |Imt| < 2x. (Why
this restriction?)
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Example Sheet II

1. Airy’s equation is

— —zw =0

dz?

What singular points z € C does it have, if any? Classify the point z = oo .
Find series solutions in powers of z , such that (i) w(0) =1, (ii) w'(0) = 1.

2. Legendre’s equation and Laguerre’s equation are, respectively
(1-2)w —2:w' +n(n+w=0, (1)

2w+ (1+pu—z2)w' +nw=0 (2)

where in the first instance, n and yu are arbitrary, for each equation, find the singularities
in the finite complex plane, and the indices there. Classify the point at infinity.

Show how to construct series solutions of (2) in positive powers of z, and that one of
the series terminates (yielding polynomials) if n is a nonnegative integer.

3. Show that the most general linear second order ordinary differential equation which
has two regular singular points, at z = A and z = B, is

= 0, (3)

"y 1—1'\4'_{_1+Mr - N(A - B)? w
2—A4  z-B|" (z— A)?(2— B)?

where M and N are arbitrary constants; we also define a,a’ by a + o’ = M, aa’ = N.
Write down and solve the equation when the two singular points are at 0 and oo, in the
two cases a # a and a = a’. Use a Mdbius transformation to deduce the general solution
of (3). What is the significance of the two constants a and o' ?

4. By expanding (1 — tz)~¢, show that

I'(c — b) v I'(a + n)['(b + n) 2"
T(a) 2 T(c+n) n!

Y

1
/ 11 =) (1 ~t2)0dt =
0 0

where (1 — tz)™® takes its principal value, provided Rec > Reb >l0, and |z] < 1. You
should explain the reason for these conditions. State the regions of the complex z-plane
in which (i) the integral and (ii) the sum define an analytic function.

Explain how the integral provides an analytic continuation in z of the function defined by
the sum.
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1. Use the method of integration by parts to obtain asymptotic expansion of
o0
E.(z) =/ t™ve " dt (v >0);
1

for z real and positive.

2. The function I(z) is defined for —7 < argz < 7 by

1= [
z] = T
o t+=

Show that as z — c©

e . ml
Iz~ ) =0
= z

in |arg z| < 7™ — 4, for positive §. Explain carefully whether or not exactly this result could
have been obtained by changing variable to, for example 7 = t/z, expanding the integrand
binomially and using Watson’s lemma.

How do you reconcile the fact that the above asymptotic expansion is identical just above
and just below the negative real axis with the fact that I(z) has a branch cut on the
negative real axis, across which its value jumps by 2mie® ?

Let I(z) be the analytic continuation of I(z) to 0 < argz < 27 which satisfies
I(z€*™) = I(z) — 2mie? for —m<argz<O.

Does the asymptotic expansion for I(z) exhibit Stokes’ phenomenon?

3. A function occurring in the Debye theory of specific heats is

3 [* t3dt 3z z?

by writing foz = |57 — [°, obtain
T

D(z) ~ 57% —3e7* [1+0(1>] +0[e7*] +...

(Consult material on the ( function for the fooo part.)

1
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1. Obtain the Laplace transforms of sinh (at) and ¢~ sinh(at) where a is real and positive.
Confirm the relation between the behaviour of the transforms as p — oo and the behaviour
of the functions as t — 0.

2. If f(t) for ¢t > 0 is periodic with period T (i.e. f(t +T) = f(t)) show that its Laplace
transform is

. r
T ), S
- 0
Deduce the Laplace transform of |sint|.

3. Find the Laplace Transforms of the following, and verify the inversion formula

(i) tcosat , (ii) t*cosat, (iii) Z H(‘t —n)

n=1
where H(z) is the Heaviside function. Consider also
(iv) Y H(t-2")
n=0

What goes wrong with the inversion?

4. Use the inversion formula to find the functions whose Laplace transforms are (a, b being
real and positive, n a positive integer)

. p -
Vova) wrm 7Y W
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