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2. Sopecial Fumekious.

T and < do act  arise Grom differential %ud‘iom. Meawy of tue Famous Tt eﬂ'uﬂﬂom:
do avise Erowm second eider linear DEs. Much cau be Lamed Fom Loufzi'-'-ﬂ ab these [0 the
com plx plaue. Mauy of these eq,uqkions come From sePa.nd'ian oF vanables ['a Ca-v-["?Siw,
Polavs, ...

4

2\ Ondivary Di€feseutial Equobions,

e duo
Oiscuss ectu.a.k{ovu of type, for wizl, da# * Pl%)&_{ e =g = _L_i
n Hre contert, (¥ is amaybic. So considaer Hre case where pla), ¥ are olso
amadghic. We Wil assume Hrat ey ave regular except ab o small wwmber of poles.
i 22a is an ordaary polt of (), we wmean ok there & o mcjhbowhoool of a
iw e bolta P q o€ r¢3ula.4'. ln Yais case, plzl= g?r(%'al g ‘L‘*"E‘h“ al”
So, bry wit)z Te(3-0)" - (2)
Net s‘uar?risiath, substitubion e () and eq,ugl'fg.g pow ess of 2 leeds o o soludion
wth ¢, ¢, arbitrouy , amd ¢3¢, producd by recwrence relabions.

Theo ceun (ne Praof— gim;): the rodius of convergjemee of Hie seqes Fov w s oF
Last equal to e wtwimum of Hee gocs  of plal, q(2).



2’1 NQ*MQ gE a So!“&r anear 43 Stgdmk:}

Ask about  amelybic conkiumation of (2] aiound peles of pl2Lqa. We shal alisay s
assume ok auney Sfﬂaula-v—li‘\'fs of P&L qle e {sclaked othenvize due DE ibself
wouldd be Mfferek after abup around a  swgulanty

ek aun LJ&O QF wiek  do .expe(k Evour Fus{: oider e$uaj:l.oa—' :!t_: t p@wr)I =0 - (I
SoLuba“: M= -f?p[‘f)d‘g, o, % recjulaur wherever p is. Give a pole at 2=0,
olels Goepudos itk v 5% % 8 ‘i—, - |
w (@ = §reguar ?M}KI-J' ew?§ ‘l, -l
Se o S:MPLQ Poh E.uphes e brawnda ?oiyJ: ok WLGJ, wn ess 6‘152' A double Po(.a
i pl@) imples an essenhal singularvity 1w w@) oL exp (da/2)

Au essedial siugulanly 1a plat, eg pl= (z-0 eplz) , teen l2)= evplreplil) | e o
very nas[ra smaulo-a":\j So in LL}, ouly vesy wald SCMJMH“ of 9 Wil be tolerted.

Leb 2:a be o singulanty. (b R be tie distamee to Hae next
neovest sigulanty . Stat at z=3% on lZ-al = p<R, We have
wmu&tjuk power senves o Some solubion., Codnue Huis
omalbically  Via  polks 2,%,-- 0w |E-alzf.

We coun tren dval wilha analy bic coukimuakion of W (B and a Uneardy iwdependant
solubon w,(®). Lek Yo, (3, u,ﬂ:}} hezowne . Jwt (3, o) *R)F ovia s Precess.

B second-omdec DE  Was ak wmest two LI solubions, se w! za@yu;@l -4, using
Sumwta}-{:m wonvewkion. The numencal  wakinx (q(;_-,) is the cowhuushoun w\g.f:n‘y_

We  Ruow tick  dekla) $O sine by  going clockwe abouk 2za we wodd lewe 9ok [0(-';)4.
e use lnear alejobm v fHad the eicaemval.ues and biojw.uecj.‘ors o dicgoualise (o

Note: (0(1'3, need not be hermibian , so (f Hue rools ave eq,ucul the subject s a
Utle more AlfCicudk-

Wrtke A, Ay G Une egenvalues; Gind &‘-ngeckors.

Case A #As:  Thew Heeve exisk dﬁemvec)cws Giving Funchons s, w, .

ldl,l~(o 4\1) ,w;")‘jwj ~ 151, Nocs debine d;.= 1; Wwaj - (¢

This Gaves 0  ind@herminake for the wmoment (by addition of meZ), Uery, Aj= op(tni ;).
e vopaller  Bizal =ewp§03im(z-a]}, 1F tese ace c,od:.‘mzd owmelybically avewnd
tza, they ac%w;re e factos Aj. Now wate ;@@= (3- a] v, - 3

The Funchions v, ase sé\agle.-uo.l»zd, So they have (ot Wbstlaniselaked essenhal Siug whanty
at z=a. The v; Vave lawvek expamsions: V(3= 3 £ tﬂ[% o) -8

\€, fbr o Pw’n’culax_), Hais sevies exbends back t0 az -0  thew the aumblguity in T
mecely  ameounts to  the possibility of tramsfemiag (2-a)” betieen the two Cactors in (F)

Bt if our sedes does have oulyy Guiiely moauy Y\'Eﬂabue powers, we cam cheose our ¢ Tf
so Mk the edpausion fox v, b&_)ms ot n=o0 2wy -"(1'0\1 i' Ca ol (2- “) o %0 ‘.ﬂ



Ve Hus \Aavpeus for  both 5=LT, ae s:'ucqulam'évg ek Tza s ?erueneb, called o
C singudarvity.  \n tuat case, w(z)® Aw (@) r Buw,(2) -lo) is fhe

| genevel solukion withh Wi as tw (4). Nebe AxA, D> 0,-0, ¢ 27

Case Azdy =N\; Either we canm shll choose a bdase el sl ik (u,))-(g?\
la wwick case all e ahove reslks shll Mold. \n Yue case w\/\eae \ww seqes
{'em{umkf, v,-r el Or, we cam cwoose @ base sucke Mgt ‘d' ) As \)e@ope,
w, (3)= [%-q)"'ul%) amd  Mie same duscussion a?Fch To Gud HAe com of w, (3
=all Y Wﬁq dea  of %a’aom of order a{;f\,zgl&okhe fovm of [D‘

Set w, (B uldu, (%)= w@ (2-4)" v (e -

Use (wi;) o Conkinue aroumd Z=a: W, TR v +dw, T (e Au) v, ’[X:?)aut

So, n @ seuse, u T N +u

Twis  wmeans ek wld) s e forun ulz)= 5".'_'5\‘{#1(2-0.) +S[?)‘ where sz s
stngle- valued bJ: MeA not be reqular. 5(2) would be Bixed by the origiual RE.

S0, w, e o (207 fv@ lz-a) « val2)} -0

At Wis  stage, Ye wustank factor 75 cam be deogped.

A.ugwm,), w(z)= A(%*a)c'u‘l%)-t— B(2-0)" Ju, (@ Wiz-e) + v, 1) -0113)

To qualiby &5 a reaular sivadanty v Huis case . V, ond Vo wmust botlh have trrwminali
9 9 9 - ‘ "5
\n bais case , choose @, so that v, ¥ as befove. Even then vy (w May

Lawreuk secies.
cam be

be (eft with a ?o(.e of €wite 0robzr, and the econknbubion [%'4)0-‘\'2“")
e en o (t-a)u“ Vg (¥, where vy (B s requlu, ilo) %0, v,-0, € L,

\$ 220 ir wt @ cegular singulavity , Tt is called qn  ieeediee Arregulay singulacity
- Foem of coefCigients Cor o : L £ .

| Ketwm o O). W log, ?ul’ siagulaxihg ak 220 WU+ plalu'(2) + w(z) =0
- lan we recogmise whether 220 s a regule.r siagulanty , and i€ so 9o ou te
i C\‘*A "c{tle Sokd:{onf Ty, Tq, Vi V2 ?

L M&E[ 1€ 2z0 b singdar, (E s @ regula;r sugulan by (€F zp(a) aud
2 1/(1) are regulaw' n a Mb@\r\\dwlnood ot =0,
| Pwo(: (sketck): N ecessasey: stat widh (o). Frow o, forw W and W' and foom Hie DE

sabised tbithey by diuinating A.B. Ths lads +o () withe plal, q(2) ‘a explict
G"tw\ \M-mu) qroperty 5 stated. Do same for (13) i€ dhere are to 'De &VM/L voots.

Sulbidenay: Start with Tamlor expansiow: 2 pll= £, 02", Tql2)- 5, 942
(ot all oF P, 4.4, zewo]. Proceed...

©

| Lok Gor soludione o M Gns winde2 & G227 , ¢, 20, Subekibie Wdn U, vnuliiohy

ted e@u«ake powers: . Fla)= 0, w\n(’.re Flo): alo-t) «p, v 44, -U4,
CHF(Q"HII)"'g "%(U'-IS)P " *1&&-:}! Al - (us).

Fle) v the indical e‘i«mho“ with roots 7,0, . Adopt couveukion: Re (v,-6] >0
 Fo¢ ead root  solwe (%) fr a2 L23, in tw® 7V e auvence relabionfor ¢4 3.

L ka‘:uds q}fves‘ a Soh,d,'{on,



Case | : 7-0; aet aun iateger - ge,f 2 LI sdukons.

| Cogelt =G, - method gives ouky oue solwhion. The second wust be lega ritwmic.

Ca 3 a-gel". Ptemet to ure 07 s wm brouble when we veacdh  wEm W 05
because FlTG+m)c F(q) =6 so <, oppeass to be oo W so secoud soluhion must
be  (og arbunic. Si-\[} weore eXcephionally, e RUs of (15) might vawisk at that
peint. \E se, € = % ; con ek ¢ be avbitvery and coudh aning 4 g ives back
Wy, M Wiy n G-f'wue {W\M s{'tu -a\il.s‘tS.
We shll LWave to shows Uhow to Bud the Legavithune solution.
3_[¢j~‘ | sedes, N=A,, oud Log seluwhion vr«'.%u.weol
3): 7 series, N\:A,  WF 3 Z LI eise«vcufws_

16 b U rematins to shews, Mow, tn cases 2 and 3(a) Wow to gei‘ tie secoud sclubion,
hewer 0,(2). Twe wmebtheds: () put (21 ul@w, (2) ond gei’ a Qrst order G‘qua}{o,—. {‘wu‘,
di skt @ sliglitly frone 1bs Cn{-nul value and then do o clever Lmit it LHapitel's
rule , Momdl‘ldﬁ to Loohw.g arflsﬁ So{;.shﬁu}l

1.3, The poiuk gt o

Go bade to () w'+ pl@w +‘;[2)w=

' d
Put 974 and twmshorw: Sas {Z-el N2 FelBuzo —qg
Class.Fg 2:00 accodeng b behariews ak $:0.

Ocdinary poi ke -%’ -5:’:;’('/{) amd ?Efr?{l/ﬂ nad o be rcgulola,‘: 1= 0.
Te, 22-;?[11 and 2% (2) must be bouunded ar T -on  (13)

Reglac siugdarity: 1 §0(%) aud 14(73) wust be requlor ot $-0.
Te, zpm aud 11[2) wmust be bounded ot 2on:(8) |F so (e @"f’”L solubions of
e type 27 L0 near 2200, \wdidlad qquabion for o ot +li-p)asq 0

,F@.‘Uwﬁ (18), we Mane an Mm& ”.

z.f-v. Example: Ressel's Ee{,uni'l‘oa.

2

‘ wll+ _\iwl ™ (_‘ ; :—: )U = 0 -{1_q) , HL\Q\(?, {‘,‘ %‘W"\fﬂ)/ Y E (f_ COM\JEuL'.Oﬂf Re(vj),o
Packiclar inkecest Les on case vEIN, e 7°F Seramlied in cylindncal polars. Also,
nz €N avises Lhew we separate in sphenical polars, €g in quantum theowy of alteriug,

We e¢e Heat 20 v @ regu(a.r smaulo..nha 22n is an regular siv.gchwftg.

zplz) = |, zq,f-th 2 -

(W) > Flo) = o7-v . \ndicial equabeu: Flo): 1 o= " o=1Y.

(1§) reduce to : Ckﬂo'—rk)"ck_z oo g B 20y qe«e‘m,wj C,*0. ¢p=0 G ol odd k.

-z
c = =Ca,.2 - . ! T-v
2 1 ’
" (Gt »? :{"lr-rb)

e
Vitedar « T0F



Case|: 6,-0,4N, so Z'M'-N -
_C 2“’2 —r_i./-‘z)._..._‘r‘y,‘,'}

&
z
wizl= .2 § - ?.flnv) T elized = & o rif{vare)

| v 5 -
| Usual to define stamdavd Besel Cunchion: nm{_‘,/( 13 o
! gim{o«(ﬂ » second solubion: T y(2)= [21) .»% rAl :4-;-“) A \-[-?-9.-)-

Genesal solubon: w(z): AR(2)+ B, (e). Raduws of Convergente =00,

» : ‘

Casel: V=0, 5o G=z0,=0 (20> L(z)- 5 “_a%)‘ - () N“’

S NS——
We do st find awy secoud solukton. |

Case 3(a): TvelN, [a Cact velN, call i€ vzn,
Jal2) asin(20) - obay , standad Bessel Cunckon. a2 is merely a wmulbple
§ 26 Jn- noteing new Lal#¥) as in [20) appeas to hawe s Bust u teoms all ©
' bt Huis Vs aun artefak of owmi thng tae T(v+) factor. Lo.:ﬁau-iﬂamu‘c solubown \re%p“‘.reol.

Cose 3(b): 29eN , buk \ere odd.

| Ty Llooks ain'g\al’ abter ald. Exr[cmwyoui gows bock to ¢ FlT+R)= ~¢py | we can sek
20,c, =0 ; odd cocfficients vamsh iaitially. When we get o a @tain polut,
We odd coelficieds reappenc Resulbug secies gives Ty sgam So Ty Ty ave
ohmj after all.

} E Z " 7 'y
Ererie: Ty, (@17 3] sinz, T,0) - 1 ey
|
| The [ﬁgaﬂﬂlwﬁt soludion ’ N\\Q«\ v = 0’ |' 2{
| - cosym Ty ) - Ty@
S R
Let v=>01,2, or sometluug , and Yy (2) supwnves as a v\o“-i‘n'mol solubion. We use
f b

. i 3
L Hépital's rule and fje/{’ aun molzymalmf solubion twvolvig 5y 4 v Ty ek (See Copson, p.328- -a)

15  Global UagiCeation of Egggﬁons.

| We waut to classify any given w”*P(iJu‘-rcp(z)u:O, accoding to Hhe wumber

| and type of e shgula..-i‘c{es, i,\d,uob'..\g 2=0. The domain is alwmjs reﬂa.m{ea! ap Cuvimd
| Mébius Cransfoamakions map tuis oo itsel€ and ace wvertible, they eunable us +to

| traunstorm e%wzﬁom Uke () inte standard €orm.

{ Recall €ov reference some Runown vesulks: oo 0, if ordinary point
| 1 s
- € 220 15 a regular sigulanty of ), \ndites 0,0, then p(2)= —-‘""q' =% 0() }(z_g)_
1 () = ' S ": 0( ;) e =3 .‘FM'W'jpou!‘

‘ - 2200 45 o regulax ;mgu)mhj of () with {ndices 7, @ , theu ?(ﬂ- ‘:‘Mﬁ *O(/?- }_td_
|

| q,{zj-‘l—-r +Of/¢’} v O(34
Os: - 2 0, iF orddnoy peint
Thic s \mYOSsi'olz, O it weld r%u.irc X to be re@ula.«r wn &, ‘jef

pl2) -% + @0, 92 = 0% ar z2w -05. Ths is '.M?o,;;\,b by Liowsille's Theorem.



L geg;éax siggg]g;_‘,ts.

Pk it et 220 The ouly ?ﬂrihiuta s W' %““I =0 -126)
. This has ndices 0,-1 ot 2=0 , w(zl= Arg 4B,

!

Pk & ab 2:00 , thea u"=0, wi th  solukien w(z) = Az+ B

| 2_singulacibies :
| Pt them ot © and ®©. Varous condibions fore e %uai';om te take Hae G:um;.{ﬁ
e W a2y Ry c0 -3 This bas adices 0,0 ot 20, awd
-0, -G at 2=, The solukons are weEhe '« 8ar -l
| \f -0,k , tus st woks (case 30b)) !

If 0,-5, , we \Mave ouky one solubion (case 7)., To get the LOga.riEhmfc S?w“gns 2
| Solukion , stact with indices 0,0+8. Wnrte the scbion w the Corm wefz"+ € 2= -0q)
 UMpital's rule leads 2067 = las.a” o u_the Vsl e (Bt Clagla”.
See problem sheek for the case where singulanties are at 2= ASB.

: ldea of coablunence o(:,s{,ggm__ es -

ngress back T dhe Fst esder equation : w' +(%— 'i%,‘“’ =0 (32 I B = san> <P
Selubon ist w o E-‘r(%"i)w 5 (i' _i_]# 'ﬂl'
- Consider the Umit £-20 , bt 7¢ staying Constant, 72 = -u.
- The euabion becomes w' + ff“ =0 | aud the sdukion Fom (31) Dbecomes
w1+ Z)7 = e (Ma), omd His works!

T=anm

S ow'+ L—&&w'*i‘—ﬁu 0. -(3)

i Tﬂﬂ ‘)_‘5 k‘ﬁ’ 0-1:/\2 n, HMCI’? t\"’ Sba,;j (_.Dmsmb_ (Le gzt w“..f[.A“\'Az)pi-t )\‘/\:U:O «-(33)
%' - g | =AYy N

CwiBa (1- ) T R original sebbion), and wiz) = e g },e M2 o [33) Aircectly,

; in the case 7,=0, ,we get a ze tem, as expected.

! Trovides mawy of e ‘damed tramscendawtal Euncions: Legendae, Chebyshev, Bessel,
- Laguere, Yecmite, Piny  etc. R big but maunageable theovy. It leads to-

w3 skt pequ,l_a( singulax{{-ies,-

i) confluence oF two of Yne S%Mﬁef,-

i) confluence of all Yaree Sc'-ngulm'i:h'e;.

2.6 The Rq?e{g X4 0 o

: S ic & 0

Rk regular siagulantes ok 220,8,C with iaddces (o , (B,R), (V%) For 22w o be
S an erdunaiy poiJ: rectmre;: of 4o +G+@i+8+3‘=i -(34) .

- T CO\MP\EJEAJ, Adtermines f(%’,%[?-). - Tvey C(MMQ.:,



i Stﬂmd&uﬂl Fﬁﬁbﬁ\lﬂi‘@m
Puk st ties gk: 220 ladk O, |-
s "qula-n £ ces } 545

t=l ladies o c-a-b

2=, induces &, b
- The e@ua;l:{m st tlz-gw' + Tlavbe)z-c ' vabwz0.  This is the staundard
g pegeometnic equakion. Rewating, W'+ 3 -;- B “:—%’f—’l’gu' ‘fﬁ’g_-l-}u =0 ~(3¢)
| [Exeise: check ot e indices are as stated]

- Ray  other euahions of Huls dass can be relaked to (36) by trausormations:

0 Mo bius tramsFermakions e Cuind of bﬂf 5_9;3 Ci"" 101wl lhdices arve preserved.

(i) Transformakions of type wyy = (2-A) (2-8)"(2- a* Whew, T ¢ ot A would
become 7- ? v’—ff ?mwoled Sr+44%=0 We can then re%u.re two tnolices
{"D VaMlSl\

Rewrite (36) as: (23 +a)2fsd)e = (24+d) 2 -09
. Lock fac o semes sdwkon near 220 far mdex 0.  w(z) 2" | €, %0
C Then (33 2> (r+d)(net) &, = (nia)lnb) Co, Ao

wiz): Flabez2) = a:,b Ll W? +. -(38) - The Huperg oustric Funchion

1€ ¢z 0-4-2,..  Huis fails and we geb e Lgarlmic case.
\6 aorb=0-1-2 ., the sees tenuinakes aud we tjf/t' Jacobi poluy nownials.
Radins of couvergence ¥ of (32) is1, excepb in the ?ohj-wm.;al case.

The second sdubion ot 220 is w,(2) =2 . F(ixa-¢, \xb-c; 'l-C;i:’ - {39
| The two sclubons colncicle at 2=l - case Z,
C Pay ce Z . wakes one or obrer of Y senes €ail- case S
| The otler pairs o soubions vear 22|70 can alse be epressed {n teams of F
Cusiang Méblus trmushormations, that  permite § 9, ,wf. the argument T becomes \-Z of Va.

| 2

| E&uﬂi Legeno‘fes ecluahw\ and &w\oh ((- lz)u I - TR gn(nﬁ) - !:}w = 0 -'('l.fo)

' This anses Grom Seram,{w.g 4 * in sphecical polars. Gret -5 m-.} " (cosd) € -n5w$n.
nelN. P () s the non-si ulnw solubion of lko) -a Pohjwmﬂl
Solubions awet wi(z) & (l-t‘} F[n+m+l M- WAk = ‘} 2,,' '[1 d’ (‘;,o—i

- associaked Legendre polunownal.

| 2.3 The Conllueuk ﬁ!ﬂg‘[gepme\:&c.

Retwm & (36) ; ceplace 2 by % -0 + Slasbrl)S-cfu' vabuw=o.

Thn \na.a SL ul.a,n{'le}’ at ol 0, Move 2=\ SLM@M&:\J ‘;-o 2:').
$-3 d p A
Puk » 4% “dad

| i )
] E@ua)aou becomes: %(%")b :f—{,, + %(a_+b+f]—— -C}b;—{-i +baw = O.

Nt
) (2*-y"

Lo }[%4)4—‘{+{[°~‘§+1)1«c}ﬁ—‘;+m=o.



Now let bown : 2w' + (c-2)w' - aw =0~ (&)
This (s the confluent hg&gggmg‘tﬁ‘c equahiea. b has @ fegular Sw\%wlo..rt f«j at
220, indices O,1-¢, and am iregular siugulanty at 2=00.

Do the same & our soludhion (39 pquaCt 2 with b

2 ) e 4 ab 2 aaei) blbyD (5 B

w(#)= F(Q,b,(,‘ (b) = ¥ T .Y 2l clewid I:) :
New let bom: w2tz Ela )= 1+ f2 + %‘,2 g -(6)

= Hae g‘mﬂg‘] &Fg;gggmg&jc EM'DQ.

Second solubion: w(@)=2 - E(\ta-c;, 2-¢;2) - 43)

Greneral propecties: radkus of convemeuee of (L2) s m - an eukire Funckion

ks behaviouws ab @i can be :nkwﬁ% seew that Foc ‘.o.qe (zl, w'-w! =0, QPPr’DkITMwé"L”
neary 2= Solbonst wr neiﬁ—s, S‘Mw'u.a am essenhial 5¢-ﬂﬂwtﬂqﬂ:‘7'j at .
Dihcdt to connect Hhese two solubiovs witte (b2, (&3).

Somg ggﬁ‘ ﬂJ:ﬂE cases
a i aze we qc): expl?).
i) F ce T, either (W2 or (43) fails. One solbion Was to be lajantmic.
w fF -—aelN, (€2 terminakes to give @ Pahjuu.u'.ai Standard netaktion: a: ~n, e= ltu.

Gves Ew + (lep-2)w' vaw= O - Laguewe’s Eguahion. Gret Lagu.erre pelyncanals:

+pat)
wl2) L, m-{'—.‘%ﬁ F (-n; Wap; 3).

(v Hﬂm-‘ : Eﬁiéﬂhoﬂ‘ -2z200' 1 Z2nw =0, Nat & s olaj‘s, but fwt’ ‘; i . T‘Mgﬂfm!
Q«Luatfcu. L ooubbital L‘j{;y%eomein‘l’. w(f) = g;ﬁf;:’ Vi Fg)n g:uc;-\d
“",' o

(v Bessed Punchions. After some manipulabion, Ty % 2 Te® %{\H';, 1v+l; 2iz)
For lage 121, T oukains cobnbukien | or g I.adi ed,e Q’) - wany b ead 2.

3[1

Tr' (&) :
of k] Ly
A Pl B2, Lk Waes,

Start with singulantes t K, Ke , Ke ; with  adeees

Eq/ue./{"cm becomes : w“-—?w:o ~(gs‘2. 'Eing‘i leﬁﬂﬂ

No ';:t\!abvl.ﬂm‘n{.f n p\‘mk C. gt‘q one A, |

o)

i ?
Put 3= 227 WY Then: SW .7 5E - (1-mlWe00 - Gasels apadion

for WI(iE). So u[z)‘?.’jsl,(&‘ )

29 Coptau \nteaml Solubions,

Ano‘a«er useFuk afFrOﬁcL to $uﬁ:l2.ueuk Power senes. C(an qe}T thew : o, Jm«t Crt’m the
equation, ui dicect Grom power seves.

(a) L .

Look foe a solubon in e form wizl- {é
E(y Cree[g T‘nza w'l(?) = Sa.wle with an et
t seted. 2w = .rZe FLe At = L'e‘*F(eﬂ ! 4

F(H de -l3). Can clwesse C aud
insected , w'(2) = same with au edve
Edb. Siuilady v 2u12), et



- Now  comsidder bemporany aotabion) 1 Ca_razlu' + (b, +b2) W@ +(c,+calw = 0.

subficiently ilwtrakive to deal with the case

Subsbitute and ae/t' an %bul}.'\"'u taveluing
Nete that not both aga, vamish. € a 20,

cu-e sufficiently qev«eml- A??Lﬂ metod B oowr
tlM:\fe\rgcw\wt‘.n'c and A—'trtj.

(b) ConPluct \ypergeometvic equabion - Uel)

{
\
\
F
¥

2w’ ¥ (C-2W —a.wa: o. Silhstituke (&)«
So, $ 610 { (€43t + ke-al} &t i -o.

Vntegrate
qrate
by parks.

leawr
as /s,

move  Orioja to 2°

Fl a%t-,

aO .
.y g0 of s
0,20, a:l V\fa-0 setaq, =l. Thee

twe standacd Gq,uairims- com Fluent

J; P {%ta +(c—ub‘a}ﬂﬂ dF =0.

Gt po: Lot « ] 28 {-Alrwee] « (b-o b0} . =0
This is bue b allz. To cjb{:uﬂ w{-egml{wuamsh e a.u'%, set §-3=0.

S", - (¢'- {TJF"”{’—{)F « (ck-a)f =0O. N
FI -2t 4l web-a = -l » c-a-| = ) =t e (-a-
Te, Falaatn s e # Flo < £ (1-9)
w@= ] T e e
ln 0e), [l =0  condiBen is: [Eq [l-b)c‘a e}b o (G.Q)

I€ Re (c)> Rela)>0, 'E Caun bei, so  wilF =
OSe€l with “sensible” pn’.«c.if»ql values,

Detailed calawdation shows Hhak wiz)= e

Aacther choice bov € is (‘W,O]. We have
Tl&if (s Hﬂ.e Satuﬁou ukmotn

i's

j-l

T l‘-’cu_ -(59).

o

M c-ala) i(d( %)

wlac ¥ : fﬁa"(i-—e)"“" & b,

bounoled as 2-m.

| ) ﬁﬂms equaben

\

w —?.—w =Q. So w g{‘_" ‘I

We qee ['F(Hezj f e gl:ﬂ&i'*“}dt N '_{_Sl’_.
T A aP(-—;Q)‘ ) at-3t°
The standard sodion: w(z)z Ri(z) = 35 £. e dt  -(52)
C\\\\ E (z)= Z,r ( fc“ J:?J ’ﬂ.
1 NG (
\FT‘P\;\AI\\
o : —More abouk A Bi(z) laben




i (d} Besfei Fum&t‘@ﬂs; SOL\(:F{J:'S !m{.'eg_rgl

. -t A
Recall Hankel's i.n.(?egmi and  couteowr : f';",:i;'&f _etf: dt :)Cu:

v"“' -n" f!h]lr
Use Huis in Besel series (2ol: Ty = (3) & Fomrmrt
Use Hankel woith Te¥aral . = zﬁ (iijyc‘: ap(‘"t%“ej _(':* dk - (54

[F Y=nel Hiere s vo ueed Foc the branch cut: j;(*”fn"—} §uf(%i(w&"jﬁ 'ﬂ;
whese, for ‘5’, simply go  aroumd  the pele ak z=0.
(55) is the (ormula b the nth coefficient in the Lawveuk expansion about uz0 of
expl 72lu-3)). . o
Bub Hals wmeans, edp ['z“*[“'iﬂ "éufﬁf%} - 58, so we bhave o genewakieg
function Cor %j-a(?)}nezz.
. Take the todowr in 55 o be the unit trcle : u=e£9.
 Then, T (20 2 d explinsing —ia®) dS = & { cor(2sind a) dO -(53)
D This 15 the Fourer coefficienk ta the secies fer et\}u‘“g, So
e.‘isiaQ, 2 o9 T(2) = T,(2) + 2 ?'I_A(g, torinl & ¢ ?::. L., (2 sia(2nn)8 -(s3).

-

(SV) omd (58 are (avesse Founier Seqes formulae.

e

<.r o —k‘ -
F(a"”("*)=f‘t3(p)k4,,r:r Lo S e o™ b - ts)
This l‘j?? of -'n.tegmi; {Auolwl\mg LE—-%)_“ U5 Ca.u.w! Qun Mﬂi This Cawn be

- uted W gethug  cotnechion forwula

2. Qmm?{-o{m‘c Expansions.

| 3.0 1ak

- Refer {; (so) of o‘na?l-a L, puk azc=l - an lategial for wlLz). Now call Hais wiz)
Cw@sf T, Redo. (). (ledy w0 as 2.
L wl)= df“e-*tu,b el o) dbe Tom T Frogrw <ft)

There are probloms : Hhis s divegeat V2 ; we lave wisused expausion bor [H—f)", ao
€ i vekid ewdy R TE <L _

Bk  take wlio) = 0.1 —0.01 £0.002 -0:0006 = 0.00(k, oud e  read owswes, cdone
u‘lu.w\ericq,lbﬁ, s O0.o0%¢.

{ -£)”

‘ . | 2 = '
i APP roaglh  (2)  wove ccu)'wdll‘j- Ge. - L4k +2. +(-t) " ;..__g', C;v a—u:_.,_rt [-e,chH
New, with ao dal'uygeacz wemnes, w(#)= ';'. -}L" ot e ["”-n-" L’:‘g_:"'i *£ (-_:'J.;{__ dt.

The “remaindesr teoms has wmodulus < u‘wtﬂe'ztou’l = (351,
 Usivg the st o teams of (2) gives am afpmmd;{w of Wi sudk Hat Yre erver is
animencally less than the Fust tean neglected. Fox lawge 2, the forms at Rt



- decrease and  Haen beg{n Yo lacsons sden wniiwl  Valale L lewolion  tie be
- erbrcked Fom sudh  an affmyiuah'ou, 2ven U«owﬁ\a it eveutually A:N'Mlﬁ. This s on
, examfu of  om asgjmpi:o‘h\c e\’?o.usion. '

Breguse: Shows that w(@ sahsfies w'-w - 'i‘/ so thet ©(2)= 61‘ s
(:o,fxumqae_w\ee NS, gs@_@(ﬁk‘q
Let S, (z) be e ath ?a.r-Ha,l sum ofF some semes Hat  caiws to calve alermation
about sowme P(2). Dishuquish betwseen:
o) omu%wcz; Co( p‘t‘KeA , \ﬁf:,'ghfi}[")o ap a-> R - (3) .
(0 asgwpbetics, fFor Fixed \gﬁ,l-"l as > a - (&, where a is the Uwt
point wnder consilesahion. Usually, but rot necessanly, azeo , ar i abeve ecample.

Wually 220 is an essewhal singulanty of €(2), possibly even a brawch point.
It s very difficdt to descbe the behaviews of 7 asz>a Gow the Lawrend Senes.
Often, with prser senes the msult may Wold ouly n sator w<r <@ for same wf.
[dea is that €R) s wnfamliar, wlnle the S AP we olso esenhal swgwlantes, but ave

faumiar.

@
Recall: notation, 0,6 ~: fl2)2 Olgz) ’>R'gm| = const, anz-ow
(@)= olglz) » ‘j’%l =0 won
f) ~ gy > \g%l‘" P

Coincave’s debiubion of an  as tic '
Detipi tiow: A seq uence {q)n}, we O1,2,... of Funchons {S am %ﬂm.h&"_‘-‘ as 220, ja
come secher (fowbe spec{ﬁzd)‘ i q?a."= o(F) Y

Example: €i) Fa =277 - no sector rcequired.
- w
iy Fa=e€™ - sedor F<om2<3
v
twy Cac e - sedor shviphs o g =0.

o %%z 27 -~ @ & ffe;m'w - the comn common case.

6 €@ s o given Punchon aud 1) i o guen 1 asquptobic sequence  amd 3 coustants fa.d
CSuck Wat Pl - Za %@ o8y NN -, ten we wate FRINENE () azon (o)
C Tas Aeflmbion  makes wo -‘Mfuuﬁ{cm for fhe convergemce of e Rus.

Say Hat Zac®l2) s om asymphebic epawsieon o F(2)

We canm say sometling about the ewer wumitted (F we step after N terws, by
1 rq[auug N b9 NH 1n (5)F 'F(Q) - § a. €. - T Cos: T o(Pun) = O(‘PN,“), ~{%.
S Hthe Grvev ab He N pmﬁo} Swme 15 of ovder of e Bot terw owutted.

 Glven Hz), wually implicitly i the sewe of an inbegml, of Y solubiow of
| differehal equahon , the Aiffiwdby s o dliscover a swtable seqicace $Rul. A clever



isice of (¥ often leads b example W) above. One tae §@f Uane been selacted,
the coefficients exist and are wnique owd are defemunal recsivel; by

i F(‘j - S QA ¢ (2)
= L _.__.....n._u___ i | 9)
R R W EY)

However, a senes given by (6) does wet  Lumguely speccly  the functien F(2) -
For F €-g2of@ ) Yn, thew [ and g lowe He same asympbotic eepausion,
Exampl: qlt- €6) + €72, slee €™ o(a™) Y

flz) "2’ da,

% a,
LE R ., en"iE . =W,

CAs X ous 5S¢ Flzla

Sl El.umeuimrq Pmp@ﬁcs,

Go back to (8). \tis €asy 4o show Hab odding twe asguptotc expausious Healt we
the same set §Fn) dees ar expecked. Saalardy For wulbplicabion by scalas.

When we by mulbipication, Tn1€a(t) will often uct belowg Lo L %5 Stmlacl,
w  th dAF\Cereuid:\w, we don't Brow Yhe celabve onder oF {93,

g€>, from wos o, ref'(?not Rﬂ'&ﬁOu e case (q)( with (P (%) &J/kﬁw e OF sepaﬂ\.te/tg.
Then there (s @ Sc_,}s#emi{c theony of Wow uffju{bﬁﬁc senes can be  wmampulated.

it Fzr~ Saa™  oud 9@ ~ LT g 2 2w, thea.

i) the seaes o aan be added, and wwlbighed by scalaws.

@ te senes b FRIgI) can be found by fovwal Mﬁl?la‘caﬂow audd r-cw-a.mjeme«}:.
¢ty Saame MfUtS to F/‘i , provided ), #0,

v the requts  fow devaa— 5,9 ~tern. Affecentiabion hold. -
) mm-b‘j-l&w inkeejm)c{o» is valid wt Focm: f {@fi) ﬂo"}dl ~ _1! ¥ 2_3 = R
Proofs o€ G = tv) ave vouhne. (See Ecdelyi, ppi?- ).

Swpfoft’ Hat F s sI.Lg\.e-wulueJ and  aualytic oulside 121>R , and 3 a velateon
fa)na,+ 5+ :—:' vl which Wolds Lov ol ag2. Thew the senes ise wwmjew{-
senes. o as 2om, FR)>a, , Faud FR) s duw von-singuler, aud has @ power
{enef Uf’auﬁfon in povies of Y2, Bt s must be the senes Fist 1:4,0595{1
Similarly, F tae poves Senes sbadty wot ot nz0 bt at some loter powser, it (s
sy & Lawcesk senes of Finite odes.
\pentably, genuine asymptotle  expausions rmust work v veskricked seacters. Usually, different
senes are velid w dafferent s*edars/ with it Dl)’s. Twis is  called W
Stokes' Phanomenon. The Gowhess belveen the sectors ave called $obes' Lines.

2.3 Expansion of \nbegumls

-3t : Sp—
- (-
= (i) Wl%) = oj@ i+t GL& ; R'ELZ) >0‘ »o ;

w@: € PR, where Ha)= § F€7ds (vig: 1eb=5).

0o aun wmlegahion by pack owm £(z):



)
, gaw P s -2 Qs -2 L Ve s
- =i =l = = B & = B o[ —e
Ctee[£ ] -] =Sl {5 * [g.?‘"}z J 5 a
= =% -2 ¢ 5 {-‘—--’- PR
e T B = 0 e

! 2 Ie) %4
- Lewwma: cj e ds on cowtour showan : W( S - plane.

SL\OW u{\keaﬂi.t\ N Mﬂd’ ’qul; 20 Qs R-"m CH k] (I-h‘l'ﬂ'llz

iy "

- H T - _o
Pk 5= € %k on inchined pack. Ueélar =™ Fde <™ 7 -

g , [ ca«rffl2 . sinth
WSH A

{nws{:!aU::f siab’ Ak = 77 -
2
e (i) Fresnel mi:egm: C(z2 = f cos b dr SG) = ! ;ane‘#.
Wov i".A“‘d‘ F[?J‘ (Z} + LSCE‘J B
| F&):{e‘*&-f di' f Ou'

it
ey - fp Me*‘auc y +£w%£au P T

2z
| fiu-u) o (2ns) e‘.t‘l
| = I AT 1|?. i (1 }1 t } (li’n'ﬂ 2 t‘-l-ul di
I remainder
' (l HJrr - j=3 N
Flz)~ {' + 2 7 L }, qgtjwlp{d»ic expausion, Fov 2 veal, posibive.

2 o
Foc 2 ced aud a ai-wg,wa.u)c ‘r f , 50 de Hae sawe.

JrA
flz) ~ SL':;;"_ + 1.: {so.me reaef}

. For 2e : consider behaviows of e

[ The teel and lmoeginary ares aue both Stokes' lines.

Exaump\e (i) : Cﬂmplzwe«kug erver Funchon: erfc(?) ’,;%Fz.{e-kdt. ({a Olver, pe3,6F fov wto.'el.
. : _IN =g &

 Exawmple Liv): lﬂwww Pactoral Cunchion: F(a2) = s ¢ t Jdt

.E_MLE’_EL Debuje Bosialioa, (See ex ample cheet ‘;)_

3(.? EKIL%S_;QH 0£ \Wtegmb" wﬂksav‘" LM-

! = &I"

| This  considless (ategrals of the form: ((2)= fe} gl dt, o Lo
wlhece qUﬂ 15N reg.,J.ax W Some hucjb\’aowlnaool of t20 and has « Tagl.w senes

| '-HﬂQrei Q(H ni:a Cn 'L_L M£ 3%%% wwveaqa,.f A CO 00]

\
1
i
|



.

:Nokf ownr {n’mv&uo'l‘ovﬂ @(MPLR in sechion 34 was of Huis {:Om, with =l auwd
(6 = (1+¢)".
9

Wakson's lowma s o Lorwmal statement of conditons undes wluch Hae precediwe
L we wed wm Yhe evample gives a  vald asymptotic expansion.
| Reecall Hiet we suhshtuded (1) fvdo (o) and :n{-eﬂm,i-ed terun by teum (ufwf{hs{'auou-‘ﬁ

N Ca =(nri)
dlisergeacel. \n the wove Geneval case (iel, Hals gives fz) ~ ,%6 = Nzl e , Retas >0 ¢y
- To do the wntggrakion, owe nceds {7¢e 2 = 3" (s
, (OHAe; vession: € s veplaced  with s, so exponewkel is e—ls)
| ity © ~tt -31 2l -"tl e
E les: %"ech(z}= {e At = e F e " ei dr  [via t'=1*ilt]
ns e o5,

3[17} G-r mgtiﬁu‘s L&nua._

0 €

) e o
i) Plasma Mspession Funchonr €(2) = W 1;[; 2-t dE, Toa> 0, ool its
aumakuic coa{::awn.i'xm.i g : 3 } iy
leads to: F(R)~ 3 214 gt Fog b P mEAY e,
o {f wmado
w\«e're £= { i +F \m%=o0

€ ma<o (See Sloample sheek 3, guestion 4)

25 Laplags's Mekmod, Mebhod of Stespest Desconks.  (soddle-peink medeod)

' & w

Example (i) ' ' E (=1 sule ] €48

Example (i)' The fadorial f'u.vﬁ{-w% 94“”&, (atl). xf(f‘i' xl- L Eetde oo,
P‘J' t-xt: Hx): o ! e dr = x . € dr -_{_[_32 -

-2 3 'n('t‘]:(.nt-t
As Wit “ar g wavimum ok T2+l with W' )=0, L()=-1 B

webte T=l4¢ f;‘/n"’
)L! = xx“_e-x_;l‘.‘,' -@(P {x [M(l'*ﬁ?,] - g?(’l} ds‘ ( o aﬂ;m)&maj:{ﬂn S G:»J

‘ Fox l‘“’aen"f ”F\{7 a fual)o_{nu 23 {} aud \eh x—=n.
_3‘_!- ~ __,L eep{—% Slr O(x'”’J} ds . (21,—)"‘ - (i

w: -
ﬂ‘%e"

\l
o4y -

Se. 2! o~ (lrr)”l.x . B = SHJ‘UM‘; &m,és,

CThis loohs Uke die  ading ke 1a am asympic expansion. To see how later
teans Cam be found (in princige!), go bek to (13), aud tuke a differenk bumn, by
tbroducing @ pew defibion of s, S'aft'ségf:g Wy -T=-\-s"  -0s)

Thte dums 13) doker Hu) = 3™, & f Q::g ‘ i_: de

Vg, S
Wakien's lwmma.

UF) ) _\__.s'i__z &
.Ea,ua)ce teims: el‘c:ll;r'l.s-v;s +q_2:,s st e
L2 2 b .

Fra . I Ak i T e

When substitubed iwko the (ategral, oudy even povess oF < cotrnbute, giving [by Watsen's
|

| \mma] . l"[un).- x.' ~ ('ltrrhi x:n{‘ e"(- {l* o T YT f} i Eag;ggre- G‘H in dhe Maj[s'



Creueml caje - Lap{ace‘r moHAod.

£ (%
Consicher takayals of bype « Pl & 9O dE U, xeR,2>0, Wl bk
A Flesenkiablz, 98 cowkimowus.

Ekred' M por xon the {MPOA‘MJ: Cowtn.lmu}feu! o (16) ufu be Mad.e Ve Mok Ma
of WH. Twis ceudd occur af an end-poink, with W(H40- owmt Hus pesibili by
Usually Hie woawimum occuws ok an  itemal poink, ol th WiH=0, aud h'(H<o,
(F thece are severad of then, SPUE (e ) inko subiabervals, each conkaining oae wawimum.

So, wg, assume 3 ju,sl— one Maximum , ab £, so hk'[})z0 W'lE)<o.
Follews proceduve used above For !

)~ elﬁi’”“f ep§sle-a) wiedr (we uie) s plee) Wi o]
So, B+ glt) B S 22 1R U1

—xﬁ"“ﬂ

——

- Example (i) Toipos \AA/T/22.
‘ I'fa'o)‘fexp{ ( 1"5'}0“7,
Tutendod that a Yo lame and b be swall.

oo BEME, Whetse ;..3=-(fl"‘f"‘—(%)r. Cuoose A & wake the
two ce)efﬁmeab Hre sa.ww So ’ab This bums I

inko
T-a m‘f a{’i - (1 4'1:)} dt , w\r\ae x= (%" 2/3
Leb Witl= %+, So WiHz0 > v -l 20 > T=
|(\(2-1/;’ = _z'r‘z _9 '1f3_ _.3.2-2/3
u _3 -572 " -2/3 -3 s/3 -/3
e , 5o W"(2 l=;-? = -3.2 iow o
s ) - reGE : 167 a K
b e al: b'm.e x.3.277 %;_%"L-'Bi 2 s W (______ ) af'{ a} }

Method of Steppest Descout  (Debye, V4 08)

€ xtend Laplace's methed to contour Mb@gd‘ﬂolS

Consicle 2e €. F@)= [ " ot)dt -08, where a patn € is preseribed,
not closed, amd we cam“T close it aund apply resiclues.

(o we cjc,t: an o.fmxi.vw\-\'ou as =P n sowme oh'rer}(ou, or jn  some sectos |
Mso  asswme q and W axe .requlax i such dﬂcucuf.nt ar s needed W what fo UWowes.

F we ?Maw)?nse C by tel, Pmblz,«n Looks the Same as Laplace's metlod . Babt we'd
Lche to be chble to distout C ac Follows: L:?B

o %, e Pin“

- Resulk oppaus o depeud on cheice of C | since mox 1Re(2)] eould be different ou

- differenk cdroices. Distort € to choose Hae case where the wmavimum is least
Stact with 2 real aund pesitive. Theu war iee[h):f{-‘C} will be diffeent b eack
doice  of Ct bt 't will be loast € L passes -\.’Lrouﬁb o soddle—poik. There, W'(%,) =0,

and 50 by the (aucky-Riemawn equations, both vl aud imaginary paks of b ave
stabionary. Recall Huakt u and v comnet Uave wavima oc wimma as they sohisfy
Veu= 9= 0.

; pe - fo we \awve W [5)20. Pssume L\”(“;,,J#O.



12,

w: consth

N
& £

W e The curves v= coustawk give the patha of steepest decrease i u.

U Const

%ln‘ U

So whewz is reek and pesitive, le | ze oumd  decveases as capi as
I -
~possible elther side  of %o alowg the desiced path. So the desiced path is given

bg:) [VE e,oud‘.

V= consh

Exugle: . %

B B, v i ek medl e, Rl g 0 [ ,{Pedt
Stk ST Badkir Douen, Sk T by gk 5ot nupplbered

Resulk (1) 15 formally umaltered fwikially, Buk by the Hme the phase facter bas
ceached 5, hils & \ml.lerjs! M sowme Poid,‘, we ol haye de Na.ht e c,l/\owﬂe
in bhre celeckion of U, These would be a succesion of dixrete struckural changes,
ot eadhn s{:cw)e VeQuidiag o N B ek fually veveding to the original s

The clhauges predmen Stokes Uies .

For examples, see seckhion 1Y

3.6‘ m;,&od OG S'fa;t{omacq Phge__

No‘.—E! T\nese two Me)uaoolf oinude (n <f T‘M‘Jj CL\“:@( ) m

f ot
Retwen 4o el vaviable reoy aud cousidec: F(xi= £ e A qu‘i ok -(1a),
L ooks smlcu e [15] MQ(& ereao{'Or il
To c}d o ml.ca start with Founes w\kea)gd, so Wit becowmes jusf =3

T = fp fiek qld db, and ask abeuk Hthe Liwit xow.

Ricmona- Lebegue Luma. (Ol P,

Provided ¢l is cowbiaums, Wave )= oll) as x->wn .- of
i \F Fu.raaef (iw is dn“&twhdjﬂtl; awn L.\kﬂﬁﬂjﬂw\ by Pq,«{‘; Tix)= [ ']‘ £ £ 2 = O(x"""o(x'}.
. \G twic Aiffeentichle same again shows Tz Ol ) VE (wbaitely diffeseutiable, have

o afg.upi:vh‘c 2Rpassion.

- Ketuwen o (19). (F \nq owe Cowhuwous amd W is wondtewic, could con vert (19) o
Bt = L% o™ Golul dh | obore. GUW tagerpecates (1')
Ko Lebecgue lewma tells us tat Flx) zoll) gy now. Get sfmw"u cesults €
%) s Ou“&r&«)najﬂll, eke. Qai?ml aji(uak{oﬂy e Ca.uceua'uq m.Ml:,

V6 Wl (s wot wenotowic, the gbove would apply in seckions, buk \arger coukeibubions
come Crom the Mgl bowrhoods of hwvw-g ?oiwbs - Gl wedd be lage
nbcbvely, e osallakious ”s’fwj in fhase“ neay where W (=0, Be To work tals out,



Csupere W 35 ak Lot bwie diffecentiable aud Was just one stakovary poit.

N Wik s Wik <o
i

e aPPﬁ?WrLl %Fa&md va"_‘oﬂ apcwd Wi about f:{:, amd \gt vawvye of integrahion
- exbend o (-», ). Ffz)~_ﬂ expi xhlt) + File-6)"L"H)S (“}dt

Lok sty B X gin) £ e Linkie1sth ds ~ 2o, ait) exp fixh () + a9,
usig :Ee ézgsiols= (w). . (See ecavlier]). Oul come is fla) ot 56 { - plane

C1E we  lacked ot Hais in the cwmplex dowaim: }ta ;{:\-p‘

m \)
| Hone o system govemed in space and Hwe by Pdes with cowstant coefficients.
 These have wavelike soluhion. (Keep o | spubial dimension).
l (’-[*,9 g ul'I‘ w 15 @ funchion of k. This Follows frowm the definition of the Pde.
- lnilal vakue problem, F7 €06 0). We construck Fourer Traustomm:
A E 57 6R) o Ak
ARG i

gtry hiRr)

AR. Note: Hals omsiu?uﬁts - Hhepe uu.w!hi be seveval wodes!

AR bt Flxd Goo lame b Dowinant cobnbubions will be determined by
A SRt} 0 Tk s, = et 00 (B geup veloaby).

3.7, Exaugles of the Mebuod of Sterpest Descouks.

{f-"‘ Priry's tqua.a{non RMFM“\

Reca.U wz;uli‘s Gnm sechion 1.8 (c) for w'-2w=0 by Laplace's method:

Cw@e Bl s b eplat- 3Pl b NSO eptene

| “Fra

Nt suitalle for_sadale-poluk welhod in disform. Rk £ 2", giving

Q (2) = 3= fe\'r $2°%13- $8311 48,

| This is wow  of dhe form vequired for (16) | but with 2 replacing 2, aund ol3)=,
| aud W(3)=3-35¢"

| Sadoul—?mw{'s occus ok L'[\ﬁzo‘,ie ‘;:ﬂ, ot wlich ln[‘;J’:%, ""“(‘g]:'ggz ¥2.
| Stat with 2 real, 220. Then the coukours (n the {"Pla.ue ove similar to the E-plane
| amd e can \mw“e Ci go turough =t N apply U8 qu-'

| 2 e " iy 3l
| CHORE XN -2_1"‘1}1”1 1 a?("‘* J'[n)

! Nous Let - \)ec.ome cowpi.u, Say 2-‘-\’6‘9, The ‘:"f(mne di“Fefs F\mm te {"Plaue B-J

| beiug rotaked Hrough 39, the saddli-poink stayiug bixed. For small O tais makes wo

| Actlecence, bt when B * ceadhes Y Hhe situabion s such tat ¢ has to be deformed
o pass ﬂuau@\n the other saddle- Pamk aund Hhe -e\‘?ouewt n (23) hay o F(Ap over
R (+3‘*y2, Note duat when D=, 15 veached, the @ypautwﬁal n [13) s fuu-ebj
omua,ko% aiwle ok Vel ik _ous ai-t’cmjm@



13,

| (h) Ressel's Eq'u.a.{n'em and Funchions.
| Start frowm Schaldflits u‘nd‘eg-.;ai, %\.Lab'on (5%) ; n cechion 2.3(d).
To) = m(3) Jerpd -3 L R~ .

This needs Preuw»{m traws Formakions ¢ ¢
1G) E=fa.  R(D)= m CJ: aff%%‘u*&)}_u"" Au
Branch cuk 15 wow (nckined ot augle arg(z) to the negakive ieel axis.
Take Re(z) >0 Gowm wow on; Pranch cwk caw be SPow S0 uie) back to the negahve
ek auis. (\F Re2) <o, it war o go 4o the pesibive real ax(s, ehe.) Thew vedeCont

condows o taclude wmt civdde as showon - : - plome.
o \wl=l
i ' - B A
e we e Tar i r{ p (lsiv\iw-vv] dv -(s). 4 , V-plane.
e

Buk, on substituhug  iategrals of foew (257, with C at Qusk uMo!-bl;WMA, A

ok Lo.flzce‘.s..md‘hed]; ceveals sevesred po.ﬁsib(\&{es (Rec21>0) —t
=

- Clearly Tyu(2)= ‘ﬁ; S'c;'.'", bk < and G give. standard soluhous  called ; :
< ¥ ) G, (r
- Hawkel Euucbions, H Q) aud H(;J(?J, H;jlil B = f("",“”,”- So Tr@): 2 g Hy B+ H, ti}}.

. Oue can wow apply the wmekhod of stegpest desceuks. (a the staps W which € aud
L (o ae conbined, awaslable seddhe-poiuts ave found frowm hiv) =sinhy , L'(@) = cosbev | se
. coshvz0 s reqdm}ed, givivg V=£%'ﬂ'c; o of which kiviz WV)= tive r-espeo':iud‘ﬂ,
 The sheepest olesceuts pats are very wuch Libe those skown for €, G Using the
 stepest desceuks forwmuda For  Hrie lading teom of e semes Hien gives:

D We) v (E et T DY, We ~ (R)" ep i 1))

| Reoia Vil Gually, Lot () T ente= 5. =28

- Detailed work on e above Lines can yleld the foom of e asqmplotic expausion
e wlidh (26) Foems  the "P, ()" tesm. Twis is set oul {n several tert-bocks buk
e dekails somehimes seem eonbusivgly different!

CBpother use Gy (2S) s o Gud asgwtp‘coh‘c formwla Fov Tu@) e both 2 aundvy
et do be lamge, fay ¥z k2 for fixed B ln Hals case, the whole ecponet of (257
W b be regarded s 2h(v), so W)= sluby cRue This gives @ complebely clffesent
Csek of reslls, widh shew Afereak  behamiows depending on whethey R <, 5>

| (S‘ez uakSavt‘S hﬁzsw\ f-_umai’l'ﬁus“).

T The Liswyile- Greem Solukious.

A s quetion- here funchions acise @ the solibion of @ differebial equation, can we 3;;):
Ay fo an asguplobic expansion without geivg Vi au i.daﬂml?

Rgain comider W rp) 4q(Rlur=0 —[26), Lhee Hee is o sigulanty of ZTE O,
- Onpe O?Proacla is o try anm javere powes senes Combined with Mﬂfm@uﬁd wfi-‘fﬂ'eAij—d.vécri .
: gw‘nsﬁfd&, reacrunge, qe}t' o~ %Jalm,‘kc e%ua,{'{an foc X,



- The Liowsle- Greep So\.@m (also callzd the WKB method)
: _S_fﬁp_‘ (convenieak buk wet paesary): Get d of the Gt ocder term n (26) by Olmacoiu,g
Varables: wlz) > Wizl exp § 5 fipf‘g)df} D> W'+ RE)WGEI=0, where
Q2 - 50" - 2P Assome Huis kas been dowe, aud vevedt to swell
| letheys - w'rg(Rwzo0. o
Igbe?'?_! Look For soludnows of Yuelowwm: wi(z) = Q{%)eb -(27).
(¢ q were cowstank, tis would work with alz):= const, 9(%)=3‘{:&%. Suppose
(¥ vans slowly with 2. Theu al? wilk also vary slowly (in R). q () vaues
ouly sUgwtly oves am iwkervel Lwg _
Frow (29, w #lals aiel)eie , wi'= (o 2 2i0 #ai 0 —a@'q)elg_
The differekial equation requices o' + 2400' +ai0" «(g-0"") a -0,
\M?osc e condibion Hiak q- B’ '5—0.% .
\n dae case C((\/'O/ Yape: B(z)= * f {Q(-Z)-ﬁ ldz' - (29.
ald) wust sakisby: at el 4500 =6 ~jad)
So far, wo approsimakion’ We skl Wave a secoud evdar equakion for ().
The agpmx(ua)n'on “c,ausisb of vegleckiug a' (verby Lates) s s
(€& so 29% 9/9120, wes ol = wetask. Se ad {9’} o {‘i(*ﬁ

L}

i 2 t . £ '
We \Mave solukions: wiz) = q/" {Aexp(t—r ‘Lh df) *Bexp('t-f thzalf]% "'_[S_‘Q,.
we ﬂ,s Mﬁstﬂ*\k-
These are the Liowwitle- Green /WKB/WKBT  soldions.

To check dowain of validity, wok with the case q(2) = o(\21") as 2>m.
Thew 8'= 000™) |, a= 002 ™). Tue Bt beew of (2a) is O(12  ); tee obher
two terms ase O((%liﬂ-l-;"’. The a.ﬂ?wﬁwa.i'l'ﬂu is ju.s{'iﬁeo\ NS %">'2, € h>-2,

This 15 exackly Ye conveise of the conclition thak the equakion Mas a vegular sigulan’y
ok t»w. For ua}uioh'Eg e e:cua)n'm must have an lnregula.r siuuaulm'\-g ok 22w
Sucﬂesb ot the stakus of (30) s @ as awn RSch{){!’HC @Pwstu as 22w, (2% (s QPProhiamif
for q%0. If g0, the meMied shU woprks, with etpouents real- use ® iastead of &i°.
‘ ' e
Ex%glﬁ: i) Bessels equotion: w? el (1- iT)U=0- . 8
Trauslowe: wim= W1z, Get W'+ {1+ AW =0
(1) 8z)-+ (1« 'f‘-’;’.l’l)"‘o{;_ O <
For La.rqe 12, 3_19 = I[‘ alz)= (l * ﬁ_;;'_y) “,w[i)’i'i.( |+'f:;;+”) q’ (Ae“%irgc-ﬂ)
a) Heqw be's quuak\'onf ul‘:-;l%u' 4 Vi O;
Tramsfoam: w@)z Wler . Get W' +(2an-2 /W =0 (| Quavtiun wmechomics -
SCMP’Q Warwm owic DSLZLLGJ:D().
ql¥= 2n+l—%2, For lame (21, gl = o , 8z = t% 2"
o] pﬁﬁj‘; Eebud{an: w'-2w =z )
gl2)=-2. For lamed, 2>0, w ~ %

exP (:9] x e,s(’ofl'ilz) ,eft-

o 3/2} o
(3 - 2 3ip
i 240,1.:#1* :‘fj §i'2i }

exp{‘—“%?



Nature of Huis asymplotic evpausion (cf39).
Oue m.!:etp.‘eta.bav\ is  as the (ﬁad.mg term of anm asﬂm#,dﬂc e{?eu«sm»\ as AN,

Buothes O-H?ruMMcd:wu is 4o jatredme a l.cuge ?wd?u W gR)w =0 -(3Y),
Cand concive of the s«lwhou as w(z;A) as Aon.

(70)  Dbecomes (2 A= CL {RQP(/\LI‘?. ﬁdf) +Ee€9( AL f q!ha{‘“} ‘(“)

ln Hls sebiig w(ZN 15 belng owscered v o rmnge of values of A over e
€l faung € of z, aufal: Yuak ploces wolrere q=0 have to be excluded by a scatable
iaberval. Twis jatesvad 130{25 smelley a2 A lacqeases. ;}'\ne exrecl:ahw is thak (3#3) ic dhe

A ~harmewic,

U.ada.ng em  ta an RS%MP{U{'\\C exfaus{on wet A\

Exomple:  Consbruck the DE of winich (33) is the solubion.
e o w.“l-gActq- ‘:,“L u(‘)}}w 20 - (34
\W i
e Wit A=2hn lLave His  termn Mqhgihte.

L. Toawsform  Metliods

l('{ : The Foor.n'er T‘M&“‘_‘.

ol .
' Gven ), cm<xcon . define the Founes Tmuskrm (FT) by FIR) = 5 ) ™ dx -~
Tais requises that the 'akagra)« i W be conveqgent. \F so, we have the Founer lavess on
bormula : €)= & L7 rkl ™k -(2)

CLeo[e USL’ of 'PWWHES-
le) Duq,l,{bﬂ: fe F, x e>R. _
(b SWibbing: FT of Eld) is e P FIR) , FT of ¢ F1) is FlR-A).
¢ Dertuarve: €ty has £ RFlR).
@ Convslubion: bz Fxg i defined by w(x)= L, Fi‘j)ﬂl/j ») Ay, FT of Fxg is Flk)G(R) -

@) Cocollawiess % , ?aufeval(; Thesicm.

k.2 The \aplace Trausfoem,

- »
The laplece Teansfoom (LT) of €Y s defined as: Flp)= S e-Pt FlH bt -(3)
Neke: £ s often ” Hue.,
Were, ¢ way Do wwplet, buk Relp)>¥ s required , e ¥ is whatever s jaguired
b (3) b convenmge.
Mawg Fimd‘fsm Such as ‘: t eak, hove anlT bk nob auw FT. Some Fumehious
do wet Lave am LT, eg e

Nobte Hat (3) eaks €U (0 t20. Bag EBY [0 <E<w) | lace
hak ouly fep:,-c;osc t y Y [w w) s veplaced by

WY HY, whee WiH= Lo e<o.



1 N _ e v
CExamlss  FlH=) Fpz e abs %
flo- e, Flp - £°° e“ Pt = Yo, Relp)>Rela) -
Y- ™ Flp)z %ot :
(W cosak, Flp) = Wta ; E(B= stubab, Flp)z s,
€l couk, Flp): et | Fo- stawt F(p): /r ot
€1= Slt-to), 6,50, Flp)= £ SLe.f)e"’*OLt- LA te 20", e Vave Flp)7).

\
L (-t v\ F[P)_ _r ¢ G'Ptdf - _Pn [ f " o 0[1» = g F»f‘"‘ Retn)>-I
|

‘_ G‘@nerﬁl ?ra‘ptuﬁes oc e LO-E’[MTMJ&M_ : :
| ) Uaeari by, }fn'v{wl.
) change of scale: LT of Flat) s 3 F(7x)
iy derivabive: X (R L7 P 8 Ak - L6 - LT0pe™ N £ db = pFlp) <o) -t
Misume &7 FLB >0 as E>n.
o Swlady, L) = 7 F(p) —oflol = €'le), A[F)= g E[p)- ¢ bl + ¢ Flohes £ L0108
oo 2 ewdd: B -0 [ Cnvere of ua]
() Swifking theorems: w 2( e fn) = F(p- ..,)
(b) Let gi0= {“b e end  Zlgtd s ‘P F(f‘*a)gu: f
| o) :([e*cw] - F[rﬁ - (9). [( b0 o tu)]
L) \aitad value $eorem: t-o F’.H— p-an PF(P , iF both Uaits exist. - L10). [uhu) () i th P—*N]
tvii) Fiaal value theocem: Vo FLO = 2 oo PFlR) | iF both Limibs exist. -(u).

Y wdz - (). -w

(rivea €14), ?.%” with LT Flpl, Gelp), what Fw&m o€ t \an LT = Flpalp
€ (p) Glp) = P e de [ glw) du - aaad " q(q} du dv

N TEE o T i 9m Sl e He-w ok du

= j -?t i-( F(t-u)glu)du}cU: = i(p*g) -02)

d -du,  bowm b

l wm.g H
| d*'f‘:wwobst

Iy
{
|
ihx) (ouw oludion Theo;
|
|

| &

| Ronge of S;"'ﬂ"“ is cwabined by requiemest tiak the amuments of Flt-u)
; aud gla) wust be >0

|

! ef)_ 2F

1(;) i bbereakiakion wit a pacameter: (ven £lEa) with LT=F(pa), have Lisl: 5. ,

| ixt) Easbonm. 9€ & ?erim(a\c Fw&iom Let F“’J o, -ex’cepf w ost<a s £ s m

\/_ﬂf' -

o 2a

Lgt ¢, ij,‘,g;@(t—-nu) so by is

: 5 T

| 8y ity oo, Bi(p) = SR - 2 R -
. Rs cuﬁjeﬂ’w' by the wualul'wn theosem, Glp) is LT of Z:S“"wa) “e

| - g ?._e-bP

l Ex.a.wg\ls: Li) €4 o showa: I_;[:L_ F[F)"’ P

w - tounh (op/2)
j () Squese wane Ean akion Flp) = P

KRk
op

- - e
iy sEakrease Funchion : ?[ = 3 LJ: F[P)= l:(i-e'”]

o “4a ';a



% -€76)™
(o) FlYy= To“;)=£“° ) e Gl
o i t ” ____.____’__”-" p——
F[F’:"gl s 'g ettt dt = Z Tt g
& éz"""l&{’;}ﬂu”'”"' (leqaudre‘;_ olupucm{'l‘on &mulq,)
. ] "/
» FOCAT Rinowiad), = (pHe0

Jo lat) has & L7 (fl-to.l)_llz , ,
Yoo of His, then sek a=!: cam get LT of T. (4, ohx.

£t )" pt
Fo; T“ [ai') . F[P) = ;'l_‘ FP:""H.,‘

ﬁ-g The Kromw? aversten Feo a

Groen Flp) wliclh Pwr?o.t-s o be the LT of some FlE), can we vecove fH? This is often

the Gnal step n  applications , eg DEs. \F flt) exsbts, it s M@e.[wdﬁ'swm LF(pzo> FlY = o]‘
One  agpoach s o buld wp @ “dickionasy  of UTs | dogether with peopeties, 2g s hifhag.
IS thee o wore systemahc method, as with fauer Tansasboom |

| F[k}:o Cv«( t<o. As yobed W se‘i‘l.vu ll—-i ; :F F(H \as an LT’ then 336@ Sucha w
Flp) cowvemes tor Re(p)>¥, and Haew Flp) s veqular for Rel(p)>¥.  When presented Lolth am
Flp) , we  wust ched ety tials s so. [F act, Flp) camet be an \T.

}#m i e fo pe-pt! i
Now comsider: 17 ¢y € Flde = J 3 ¢ R dp. [uk p= Beig)
E ‘C' prglone P F bl g
%k T SRR TR Piad {0 WY
Smgu.lmhts OF F(P’ u\n\ere we atw M *‘-iﬁ& ra*{o“ *ﬂ e &pm -2 *DN y l:[.l"jzo ‘t‘<a.
“

I te Left of contour,

The douhle {-.k.egml v3 busb the ounes Tiansform  aud & Javession of

6T HDT Lt FT vadable . So Heis gives 2m(e¥F (), so T2 2mifly.

e ‘o
Findly, we \wave: (9 = {,‘;,fu 0] dp -0l Tuis s the ich \nveusiop Foim

The  wbowr is called the Bromwidn toubour. \n  applying (W) to €0, we can close e
toukowr tn te rgwt Viand Wlf plane, so we gqeb Fzo as it shedd. To wmake wse of
W fe £50, we  wowld Uke to conkuwe Flp) anelytically oo Relp) < Bub s way
ot be possible. \E lmpessible W) way be tvue bk difficlk %o wahe wse of.
- Cowmenly, Flp) cam be  coukinued. F it is  meromerphic (isol abect peles ouly), we cam ure
pesidues to compuke Cld. la other cases, bramch ?o{w{‘s occur in Re(p)< ¥, omd we lave

t'o ol-o w\/\a}-‘ we  tan,
! : o _
Exouglss: &1 Flp)zgior.  Sluple gl pr2ia Yo 0% R
Residues of er,-r;'-cf- at xio are ye . Q!
BGUES Dhals ERaie s |
]
W) F[p) 5(-‘?_‘—:)1 . Double Po‘f at r:a
e
T: 9# FCS\HM'Eﬂtai 9::. of {:__;jz , Ue Taﬂl,o: fxpws{o“ ,C
GP abeut pea: q,%ﬁz =t£7ﬁ { 1y [p-ajt + 5 [p-a) & +--

D cellinent of (p-o)” is enk,t , $o £0- l:eaf




—ap  -bp
Gy Flp) = T, 556> 0, ceal. o) Vs o sznﬂdmm
1€ t<a, cloe UM conkous o Hhe rua\/.k P[l—)‘
\E e <Ct<b, close contoun to the ng\»‘: for €-¢ /F’/ and to
the \eft For e/f, - qives cesdue \, so Fli=),
1B b, lose contounr to Et Cor both terms: 2 cesiduss,

- CM&O{f Sv F[ﬂ'— 0. It":Ff-ﬂ

A b

W) Flp) - P’"': [weNJ CLasea wy\kow o the \oft.
r t R g R .
W A Le Pgﬂ—i'n_ i Pﬂ—n + PT; ¥ 2™ ¥ w‘."; i

les [? "o - t/w-' , a»  expecked from cechion 4-2.
if n&N we %ej o branch Qm'wl? Net oble %o close 4he contour,

A o

f - i { ,:m' © Vo Coas shown, Toke t cead amd posibive, p= o/t
%a new ua.naﬂ& . " ‘
Fla: 6" 5 oo dF 20, by Mawbel expresion for o) -
Twis shll works for t>0 aiﬂaaugh t  hot real .
w Flp = [p‘ﬂ)'”’ ($s #19= Tolt).

l. | - asfjmﬁo{-tc evpamsion of T, LH).
i P
"""'"""'D -t _> ;D-

1' —

bl Vse of Trausfoons in Differenkiol Equatvens.

Example (0 x" - %' +2x = 4 hae wlo) =3, x'lol =5
Take Hhe LT of Hie equation, |necludking the whal condition:
[r X ‘P{-'S) ‘5] “?[?K-}'S] +2X = F‘—L‘i
iy -3p L

Tidy wp dﬂ&hﬂt XIP)‘ fp-Dlp-2 d (p-nlp-2)* i
Find vesidues of e k[p) X(p)==Ffpy t “o-r * “Mperpt
Then o) = -Feb +he* + kbe®

Ql’cma.i'iudg, %~ 3% +ln = flo. (an e ge)t' a Green's Cunchion u:HAFfU
uwmspecified, x(0)z20, x'(9) 74,
(Pl-?p r2) X = Flp) « (prot2,) ~3%,.

X(p) = Gip) sFlpJ + [px, xx,) -3a, } whete Glp)= 7 1-3“2

XUt glthx $EH 4 xwa}
.31

C.F.

Eg: x"+Rx= ) . Gek glth= K sinkl



Ex%'ﬂg Lig) ¢ SCM,AI_'QM' goys  9PEg,

')i-',or-azg :eu}x:q:o at €= 0,
Lx & ,5 -x = 0 '
P N \-2¢
To.k? LT3 x{P)’ (p-(p-2? {P) T tp-ulp-2)

Example (i) PDEg M&Mda&m_z@um
a__ 'u

wi, B ia x,t20. 7= Ay with ulyo)z 0, ulot)= @Y, v bownded ar xsw.

Tokhe LT wrt b, U.a.umg x wnaltered. Call Hais Ul p) . Let (@)= E (p).

Get: pU= A4 | Lhere Ulo,p)= E ()

Tkis is am obE- wet 2, it a parameker. Discanl the growing sobdion as x=w.
Ulxp) = Efp) exp - (W %} ulxt)= Pled % g(xd).

Gl = ep 1 - 1PN}, 9lY = zn:” ep§ pt - (p/2)"x§ dop

= ~ .1 y. =
- Sm— ——H- B ..t
et q - pleme v-plome | (q= irfpa)

p-plane (p=q) !
30x = im Jerp £47c - %52 . 1?%’ oy TR
=k . =k Y 2 TR W
& 1m -9 @Y? Slpr & "A"} [ er T mit _'_ RrE S LT R
U . 1 -2 fleaeh
T G ge _£ &P[ e z:’u“‘l}] 2‘:,"’:' — eV

\,
1.1.!3

T\r\e wqpe equgkwn m? d&msmns, *{A‘Z CQMSRi GHQ?MS FMO’Gon
(5% -V uls, 0= b,

aet
Take FT web v (new vanable ), LT wit bt (new vasable P)f
-pt-iB-r
\A(E,p) =*f r{ﬂg e : wir,t) dr dk . FlR,p) debned similarly wusiag Clet),

Tc:ke transtorms of DE. F cau also [ncorperate laitiad daka.
(P2 + KU = F .
Wik, p)= Glk,p) Flk,p), whee GlR,p) = Fa et
wlr b= glet) % Elrt). gl is Yne Feld gemerabed if €: SIS b = lngkokeon,
To lsotet C”lp), stork by dolug the FT.
@ lED T (omember Re(p) D0 ot Rist].

CdnSgdef X = (wa‘ Rs '/‘ "'l?

Example_liw):

Use ?oloa (RO, 9 in k-space, with 920 poisking alowgr-

= f ) } gplibreed  p k. siud do d 9.

\V\begﬂd 09@' ¢ UR h“l.v.gl' over e is ea;g Pu't COSB ﬂ’ ?L

‘ _‘1—2 : = X o E LR e i g
- {2""1 R=0 "'" e R dk (2;()‘ z ,,'J; ity - gy gR k- dk.
‘giv‘hfke ?olﬁs a).‘ k= £ LPI(_ e.‘kr

((ose witl Eu&ti Walb- ol Bor  terms ig“’“} rerpegHueLj; Cj
The twe coubmbubions ave the same.

@ —rpl =vple
T _’_-'Zvrt..\_.?,.erpt-_-e

[21)]" 2 ¥ 3 z A-'!Tf



;Egga’ge:

~rplc

q([,{’) = lnvese LT of 'ﬁ_’;‘,—' .

Recall Yagt | s e LT of SU:,, omd  unre Yae ;\A(H{MJ theovem ;

we oek gled): ‘é,{:..b;_:m-'rekafroléd potential.

\ . d
(a5

S\,\a,t t'-r, (zuast-io.»\s: \j({:’) *‘L_J)['H ) U:-l): F[H

“Vo vl G2F > Bl Bontin

aud 'x+z\>r+Car

Q%uwl"l‘ov\

_tele-1)
%(T) e



