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Feld: A seb where + -, T ose :\ust as Ofd;v/\ﬂ-ﬂ‘j antlamebic,
ca: @ R C F. (o Z/z, 240 3%9 buk 2.520 ~not o Eeld]

B ectension  of Felds s J“fi e  pais of Relds one ilnside the okhes
Eyr R R, @ > €, R — C.
e wetbe "LIK s an exbnston Eo wtae L K g Felh aud KL

Gaiofs Thee is  the SE of He symm of sud o |'ofu.v£,
| %3 ?

A

i\

Vefiniion: V€ LK s oum exbeusion, then ts  aubomesphism aroup s
Rut(l'ff‘cl = {9:""-‘*"' XS V7N amtomov-?lw;suuj Sta) = x ‘dxc—K}

\

Veriby: e Ak(vin); s befuk > so do st and 57, s tue Ak > s(bd) = Gstu.
Just check:s'. s s a bCJCdtDHI se §': Lol exists as @ map of sebs.
Kaow s(xay) 2 s0) +sly) , so x+yg = §'(sesly), Now take acbituny
X, Yel. Slwee € s o b:jeo{'{onl 3, gel with X = sl Y=sly).
Equuvalently, skl =x, sT{VI=g, Swhsbibule: ¢7'(x) + s (¥ = s (x+Y). Etc

Suppose LIK i an  evbension. Thea the degree of HK, wovibren fLie], o jut
the dimemsion of L an o vedor space over K. Say that L/K is B te
F o the deﬁree_ s Rt

Galeis Theovwy s the study of Feld ectensions and Heir awbomorplism
groufs, e&peda/ufj when  the eeteusion s Raike.

DeCuction: A  number feld % o Falle ecbeusion of @

a,kqeb.:cu‘c nuwmbes theo,y

] / \’
Galos Theavy TS olgebruc  qeomebny, ey >
‘M“.‘e “&waﬂfs OF «‘(t’

( Cld = Reld of Frackous ofF Pe Lj\wwal n‘v.ﬂ (8 [t})
A Rvu' le ectension of c [E) s the Same Qs Hae C\m@):'ov\ Leld oF a
Com f(&f a,‘ﬂ&&:mu‘c Cuwve, ©OF C.Ow\f(lr/(: Riemomman swr face.

Croof of Feimalk's Last Thearem .-

2e¢Ct 2 Caw be wabten, wot necessarily uniquely, an tae

Exomple ! Griven we €, Q)= %r,,uo of bwo polywomials (n o each Wave weficients in @

‘ W

This s the subbeld of € gevemded by « over @ = B adjoln o .

Quesbions: 4 What is [ @l @] ? , W What s At ( Qo) / @/ ?

Stracture of AL (L/W as a group tells wa n  certadn  cvwmsbaness  abook
e natue of the eefzu\siow L/ Frow a fw&lﬂ Geld - dreoretic Fw’.«taF Vieas,

}



V. Fleld  Exteunsions.

D ¢ Fackion /Pm‘pos;‘,t&m -l - gu_,?Pas? LIK s an exteusion and xel. Thes there s a
\i\.oM.om\rP\M'sm e KOXI>L cuck  that ex) = o, Q(Iﬂt;xé}= Zﬂ;xi Cor a,eK.
KIXT s ¢ P so Rere: fFJ, Say.
fLisls o g Q%zbm“( over K oF £ 30, Thew £ 5 irveducible and &

wa que Quubj‘h‘): to b&'«j wowdc.  ta Has case, (o) = KLe],

Kloy= §zel: 2= P/q,, 29 polywomiads in w coeficlends in K f

Wlal= §2€L: 2 &5 a polynowiad ind, coeflicients n K]

So, KLal= imagele). Reason- ¢ R is a PO, and EeR \s loreducdble

nok a wut  wob e, then R(F) s a Reld.

Twis € is the mimmed polynomiod of ¥ over K.
(Li2): wel s  tromscendeskal F it s aot a(gebm.,tc over K.
(C13)o s separable F € s algebric and s minimal pdynomial

Fe[X] wor wo Npea.l‘t& voets  {a Gy exbeusion Feld wohatsoever,
Lig): LK s algebuale f enery del ¢ alﬁdamj{ over ¥. LIK s

Backe F the imension of L as a veder space over K Vs Falte.

Execcise: L acbualy (s a vedor spece over K.
LK s Bt we wale (L] for die degree of Lk,
ém VPl ten KOV 5 Balle > x is algebade over K.
| &
b Bl case, & B 15 the wwtied polyrewsal of w, Hiew LK K] = dey @

Lowans. 130 W A%F’“, [ — i\} M’,,d“—'i s 6 ¥K-basis of Hiw
foof: Recall teat € w is algcbrovc, they, Klx) = KT = KDI/(P)
if C’é\o“”‘;, G.A:{; ew o = —tg‘,C(;occ, Use Hauis relobion 0 chow
that every &7 Ledn] dan be walen & tewun of il,d,-,"‘m'a-
$q %‘!dl”( D(‘“"} span K lal over K.
L. T (F 1::: AL ut =0 ()\CPK): Has (s a Po&jwoulwl o ot OG de"j"ee £in
- # o mawmalily of £

W6 L/K is Gube then E s atgdomcc, becawse € wel then Y o Klx)e L.

Se Kla) (s e sub-K-vedor space ofFl. Co ou.MKK(od i Auaibe, so w (s a(g&lomc,
Conversely, an  algebpmic exbension need wot be Fmile, 241 K=& L =, ®(2)
Then L/IK s a[eje(owu‘c bk wot Gnite.

Theorem L3 (Tower baw): 16 M/L ound LIK are ectensions, thew [M:KT = [me].[Lie]
| ln parkiewdar, MK Galke <> ML aud LK Halle.

- Proof - Sd.g {“;%;el 's akbasis of L, amd gb;} s aun L-basis of M.
Clats iqlbﬂ

ieT

ypeng Vs @ Ko basis of M



ti) SPo.mnﬂ M over K: Ld: Y- N", so wm= Z-]_ Ay b (A el, ouly, Ruitey
Many A} o) . Now 4; (KJLeK ouly ('-l.utdﬂ wany K to).
Then, w = i Ki (az b ] - $o ‘Hne,ﬁ span.

207 s A 4 Z'K“a b; =0 then Z—{thd ) b; =
Now, b are LI, S0 ZKja; 20V, ‘owl: a; ore LI, so W) =0 Y5,

K a Ged, fe K[X]. Thea 3 exteusion LK such that £ splits ODMFW':;
Say €7 T Ix-o) owmd L- K(o,.., o).
”Au voots  of € Ue n Ll and L s ﬁwmbeé l"j Hiore coots |

Theorem 2.1° QFU&L% Felds evist aud are Waque  Up o 5o Morpusm.
Mare ?rtdsélg, o PK2K ic am somaphisv,  thew C evtends o o
\‘som?\misw KIx] - K [x], (% = KJ’ omd F LIK s a xf‘)m,\ﬁ Celod Lo F’
amd Li/K, s a splithng Redd (or @) then ¥ K=K camm be extended

g &
o oun  isowmorphism BloLl, & 0 gt necessanily \,uwlut(ue‘ F “-'—"’Fu
Yroof ©  See ”@uﬁs and Moob,.u;.“ N

2 Se?qfab{.e Ex!‘.'ww.

Delindtion: A  Falte extension YK s separable T every wel s separoble over K.
Te, if the wunmimal ?a\.jwovw;a)\ £ of o \as we N.Fealcal toots fn a SFUw@
Held of £

Lewma 3.0: 1 WK i Claite and char K20 Hhea LK s Sefofab(.:.
(CJM./ K=0 meaus ®c2 K The allerolive s MK’P, prime. Thea, \T’;‘/’K]
PfDoF’ (DM;&CA

So Hee are lobs of sepavable edteusions. Egr KZQR, L= algebaic pwmbe, Feld
K=C, L= K([E)

;lf_eﬁ_:'i_“_g_'i,: gupeo:e LIK s o fReld ecteasion and F,C-eKEX]_ Slﬁ-ffajP W= Web(F 6
tn K[X], Then His shll the WeF (a LExT.
Proof: We \awe F=Ma G-Hb Jhee abe KIX) and ave copime. (K[ & P > UFD).
Thew = ap \31 Seme P, q o KIX]. $s W= \—[Q{, & m’"lf = Fo+Gq,.
gu{fO;e Ke LD‘] divides € and G. So, % ond e ace polynonials.

BefergeelDd s RN Thabis, W= WFF G W L(X]



 Theocem 3.2 ["Mesren of the Clavkive Element): gu.ﬂ?sse L/K s Bade and 9&()&%&-
Thew, 3 0l ot LK), (0 &5 a pawibive doment, wot necessamly wnique ).
Ceoof : \F i”"l,.., w,\} s a  K-basis  of L, Hen Ltk Dty | , e, auny elemedt
of L s a ct_u,oﬁfawb of Fe\‘ﬂuw«:ds in o, ., oa.
guﬂ:ase L’K(ﬁ,’..,[ﬂ,), where {(5,,..‘(3“? is  arbibravy subjet to gemevahuy
L an o Fedd overe K. Pk M=K[$,'.’[§M_‘), so MK s sepavable.
, W m=l, done so assume mDI and Utk the ceswlt s brue Cor wll
, s€pavoble erteusions genevated by £ m-t elements,
So, M= K8 by induckion wypothesis. So L= K(9R,), aud it subfces
prove the  Heorem for m=2. Reduced prblem to L= Kle,8),
Take ﬁgé er]/ moimal  polynommals of w, € , cespechively, omd ek M be
the splthug Feld over L of Fq.
F,g both  fador a» products of Unear lerwms ia M[XJJ Say, vects of
£ are o= o, ., o EM,  goots of o axe (ﬁ:&r?ﬂ‘em, (ch,d*_i.—)ﬁ,;tﬁ‘j)
Bssume K inFinite (Fiake care (oker). o
. Thew, FceK sucdh that all  elements wi+cf; eM are clisbinck. (c+ ;T:.‘_g—:,\“,i,ht)
| Pt 0= w+cB, and dehne F(x)= F(B-cX) € K(8)[X]
We have q(f) =0 and F()= F(8-cB] = Flx) =0.
Toke bhef M of ng in K9[X]. Thea H &5 the Uef in Mb(] . by e mma 3.1
B is a zew o H, since q(B)= F(B) =0. The 2emes of g ave F:8,., Ls.
Suppese B #f, Then F(B;) - F(9-<8:). We chose c so Huat O-cB; is
wob Etcud to Ay o S F(&;J#O, So  ia M, 6?5 e DWLj COMM OU
o of 91F.
Now, o 1< Se‘?o.mb[.e [u.o rq?eated veots) and s a ?moucck of distinck
linear 'f:trMS, se H is a me eF Some SuLS&b OF Hais S"/b OF Lincar
terwms. Bub He K(O[X), Be K(9), so o= 0-cp e K(9), a tix)= X-F.
So, L= Kl,§) € k() € Kla,Q). (Have woed only that B is separable].

iPro?oséHau 3.3: 1f char K20, then auy algebmic ecteusion Pk s sepavable.

Noke: Guen Fe KD, F= Zax'  can  define e = Zia x™ =i f

| Lemma 3.i: \F fe K[XJ is Sq?a.m,b(o, Hien @,(:' awe Coprime iwn M[X]

Procf: M/K, splibking Feld of . Wout to show (£ =1 n mx]
f-= T”X'd.:), oeM, <o i€ (C,F‘J :H, Hren FJ[e(;J:O seme ¢ Lek F‘—(X‘“Clg)
with g = T (X-;) . Apply Liebnitz : Flz= qelx-ol g,
By assumphion, (x-«JIF" 2 (x-«:Jlg ;50 x; s a tpeated poot of { - %

‘?an of ?ra'?osi{rf.ov« 2.3: gg,pgose o(eL, wMaivamal ?oLija.l e KEK]_ Souﬁ’ose (EF') %1
€ i ieceduecble, omd o[eg F'Cdeg £. th, F ireducble D F Coprime to
Qery  non- e po(g\.wwiai of S‘Enc)u-j Less G(Goj‘rez. S Flz0, iclewtcally.
(F £ 2 anX", then F2Z0 X" o g, 20 Ya. ln pakicalar, N0 inK.
Te  char K= p>0, pIN. Bt char Kz0-# (\n dMurK’f)@} wane €= Za, XP“&'K[X]).




k. Galojs Exteasiows - Flst P:oge.r{:{es.

- Debinition: Suppose L s o Gedd and G is a Bale gmup of aubomespluisms ofL.
Deline the Geld of invamrants, L= §xel: i) = VseGi‘
L% s a subleld of L)

( Exu-&‘:f. :

D_&G:M_H.QLL! A Geld evtension L/ik is Galols £ I Bauile growp G of a,ufvrvvausms
of L with Kal®

Remock: \F & € Aut(L) Uiew G Aut(Llx]), (s(Y:=x Vse&, ¢ acks on welfivicdts one byone
Exercise W K= LG’ trew K[x] = (L[XJJG.

From  wow on,  assume glven b, G, K=L% o above.
Lemma k.20 Euery wel s a,lqebrw‘c over K, of degree ot wmost #&.
(&g: O‘Q’j () = des FREN | fo(ajwcww'.ai) = [\‘((")’K]),
Crocfr PuE F’;’;f%-s(oﬁ) C—L[X], Qn&j tEGJ‘urt ?e{wmf the fades of £ since
Elx-stal) = X-(g)(a). Hence F is G-lavaviant, so FerDd.
dea P:#G, aud F[od=0, so  amammal Pelynomial of x divides £,

Lemme L3 L/K i ﬁcpamb(‘?-

M’ Suffore wel. Congcldler Hhe seb {sm): seG}, Su_ﬁmse o0 . o, Ow€ Hhe
diskinck  wembers of Hais seb. So the Wi ave cishinck and ave permuted by G
s, Tik-oz]l 5 G -tavaciont ;. 5o ge KX . Now, o,=w s0 glulz0, so
minimal  polynomial £ of « divides . g was distinet veols, so F cloes too.

Lemmo bl Lik (s Finite.
Proof’ By lwmma 4.2, [l K] ¢ #G Va. Pick xel such that [Klal €] &5 meximel.
Assume 12 el-Klo, ( {8 ${5, a‘.on.e). Now, [Kfﬁ,ﬂ)‘ K(-fl] = dtﬁ (avrimed Po‘qmmﬂﬂ-{ of
B over Klol] € deg (minimal polyncuiak of B over K] = [K(g): K] € #&
Q,’ by, the Tower Law, Kla,R) /K is Rwte.
Now, by lwmwma &3 K¥B)/K is sepavable , so Kla f/ = K(8), some B.
, [ictw, 82: 6]
Thea, [wa,8): ] ¢ (k) &] by, naecmakily of «. Bk, [K(”“"K(“']"m .
by the Tower Laws. So KlwB)= Klw). So Afe L- Kl and [L: K] = [Kl«): K] & %G

Theosem &-$: [LiK]= #6G.
ProgF: Eg Gmmas &3 oud ble, LIK s St{:ara‘o[t and Guale, so L= Klwl , some «.
So, €= (=5t i5 G -invanant, so FeKDT. So, the minimal polyromrad o
‘of o dividesa € clace Rlu)z0. So [L1K]= dey o ¢ deof= #G. So encugh o
show Huat € i liceduuble, so g=F So suppese F=Ff,, (re KOx].
i—[*] a U.FD, fo 3 C‘le(.owt.fwsi{-t'oa G- G,UG\-Z (who dn'jjm'wf Su&sdﬁ, et
€ = T, (X-stal. Whg, 1eG,. Choose teG,. Stace e K03, ave E(R) = Fr.
However, X-tla) is a foglev oF &(FJ, but wef of Fl.'#



Lepma L.6: \F S, Sa B Auk (L) are diskiack Hren Hey ave LI. over L-
Tuat is, F L, lael such that ZUis;0J =0 Vxel, 4hen (; =0 Ve
Proof: Sugpose L 5iliz0 - @, not oM Li=0. Wleg, Huis is a shockest
celokion. Then oM L 20 amd n% 2. Since 5,%5,, 3y el sud:‘\ Yrat s,(y)*53, ly)
Now, ZLlisilyn) 20 ¥xel, so T llis;ty)siti=0 Yxel, so & [lisitg))sizo -01)
Mulkiply ® by Sly) to get Lty st lisito)s, v = 0 - (2).
(- () & Ulsita)-5ul)$; =0 -~ o shocker relabion, so all Lilsity) - siv1) =0,
(¥ ?M’wa)\w’ L@[M;EL(/Q}) =0 so [ =0 -2
¥

el

(4

.Progosﬂ:fon L.} §uﬂ>ose ok YK s am a)r‘l'ht'l'mrg Fuaike ecbension. Then Auk(Lix) s Rate.

Croof t By Theorem &6, iF G Ak (LK) s Qucle then we have Ke LFclL.
So, [LiK] 2 [L:i%] = # & So every Fale subgroup of Auk(L/K) s of
ordes ok wost [Lex]. Souj [LfKJ=" owd {x““' Xa% s a K-basis of L
\F the cesult is False, I ciskinet S.,.., Say € Auk (L/K) .
Considor e wxan mabeix A = [SJ-D(.‘)), 1€¢,5;¢6n. \F det A=0 Haen cts colemns
are  Unearly dependlent, so 3 m,, ., ma €, wob all 2e0, with T M sj) =0 JL.
Aay xel i x= TAexg (Ared], 5o -Z;NJ'S_;UJ=3'Z:- mys;ou) Ay = TA Ji.-MJ' $jlx;) =O
- X to lmwma &-6. So det A £0, & e s
Thew, 3 Ly, ., la €l cuch that Z1;s; Ix;) = Sa,, xe) YV, from A [‘LL]: [ B (m]
S“'/ Ji:'-. Lis; ~san =0 = F o Lmma &.6

Covellany 42: \f G SAUEL and K=L%, Hhew G= Aok (L/K)

Rroof: Lek H= Auk (L/K). Thew R is Raik | and G SH. ByTheovew k5, #6G = [L1K] = #H> G=H.

Cemar: We Wwwe bLoken o {%r&pw\ﬁ\ Q.ff'.-vcwl\, S‘WLM woth L, &, then d.-er-{w\‘.vlg K=LG'-.
tn af?\;c«i:ﬂou}; we  usuelly stat woth L/IK omd tey o compube ALk (L/K).

5 Galols Extewsions oud Separable Splithag Fields

Taeorew 5.0 (0) A Fake ecbewsion s Graleis W b 15 sepavsble and s Hae
spbibiig Geld  of some fer(x]. :
) L/K s Gaeis FF & is Yae SfL-Ur\‘Aj fed of some sefa.mbkﬂ fer(x])
Precf: (i) (¢ Pssume LK sepaceble aud is the ‘5("4"***5 feld of €=€.F,, €. e k(x]
trreducble. So cack £, U separable, wnd we way awsume they are isbinck,
Use induckion on degf.  degb =l <> L=K awd we are done. So assume dog €71
\€ oleﬂ(:.t:(‘dé, hew LK. So cuppose of ¥0 are rects al of F,.
Thew, 3 isomorgwism ¥ Kl — K(B) , with oo f awd A VieK.
Thew, “/Kld s a sp\;‘d-iq c'{df fov q:= ;"E';" € Ka)[x] ,  ound L/
s spltdey Reld for Wi S e KQRIIX] . By lnduckion, these awe Galots.
Sebt W7 Auk (YK, G= Auk (LW, and K, = LY. Cleardy W <G
So, as K(a): L", have K SK(#). Simlacdy, K, € K(8).
Assume K % K. Then, (Kle) K] < (ki) K] = deq F, so §, fadorses over K,



Sy €7 Pqr, with pgq irreducible. Siue F s sepavably, 9.4, are
Potrwise Coprime. S0 we  way Meose % 4o be a oot oF p ,amd B ofg,.
Note Huat K () = Kle) and K (B)= KIB). Let F:Lol be tie eckousion of
W Twen P induces o Somorphism K (@) =2 K(f) sudh that B, bk
Plx) = Y xeK, , cince PeAuk (Lik), Henece o \ave the sawme
manimal polynonmal  over K, - B So K =K,
() Seppre VK s Galols. Twen & s wepasable, by Umma &3, so L= K(=).
Lek ¥, ., o Ve the Aisback dlements € 1 sle):se G—f,a.m! cet €:= Er!x-.r;},
£ i G-ivanant, so FEKIX], Hw)z0, aud € is sepambl, by construckion.
L2 Kly, ., %) 2 Klee) =L, Wence equalily Haroughout.
Co L= K(coots of £l = spltbing Reld for F.

(& Assume LIK (s a sfuwaﬂ Geld (o SCPM[A Fe KLX]. So_j tee oets
of Foave Lo, ] sa Lz Kloy,., a0) . Sebt L= Klw,., o), 50 Li=Le, (a;).
Eachh o is sepavable over K stace F is, so «; is sepamble over L.

By core Uavy 33 (see Wandlowt: L/K, M7 separable 2> Mk sepavable ],
hZane /K sq;qm,l:(ff ond 52 Haleis bj Pcwi.‘ ).

6. The Fundamental Tweorem of Gele is T‘néar&

- Theoyewm 61: Assume HK s a Gake Galois ectewsion. Let G = Auk (L]
() 2 bijeckion between ?,Subfdrou-fs of G and helds bebween K aud L;,
desceibed as Collows
(a) Griven suﬂogww? H, the “"“l"’wl% feld s ’d‘r— ¢h :{xe"L-' Winl=x \Jhel’(}’
) Gioen KEMel, the coresponcling subgroup i M= 356G 560 =x ¥ xem
We have H'=® m'=m,
(i) This coreespondance  reverses inckusions: ¥, SH <D W2 K, M €My < m'zm, .
(i) V6 R e My are Edq-mu.ps of G, and M;:Hcf, thea [M,:MJ"—' f\";’HJ'
(10 Given ang WE G, tne atension LW’ i Galois, with Auk(L/w')=H.
(v) H is a norwmal subgroup of & ifF WK s Galois.
VB M \Ao.ﬁ‘ed«) Huen Huk (“‘/K) = G/H ¢ VG 3 grovp \/Lomm,o.rPusM
Q: G > Pk (M/K) such Yuak (a) @ is savjeckve (b) Rer €= H.
Prock: (i) Suppose KCMcl. Lok W= M' G Nobe thak H= Auk (L/m). [ ¢ i ol
Buy se Aut (LW ads onl, so trivially on MK, S0 Se Pk (L/K) S H].
By Thwesrew &1, LK s a  sepamble splithng  Geld, say, for ferx],
So Lim s alse a S’f’(amu\ﬂ Leld Cor ¢ D LM s Galsis, 2 M= LY = ' =
Conoe»selg/ Suppose WC G Pk m=u '@UJ debialbon, Lim s GPLN‘,’ ol
Ak (Lm) =0 by Popoition &3 So m'= fseG:spres M} =R e, M = =H.
50, tae ¥ wmaps HieH' omd MoM' ae wverse t eack ofher, so deme.
te) Obvlous
Wi gu.proce K¢ N\,CM,,CL( H;=M£ ,‘H‘DH,_. L/imy s Cmi.\-{s’ qeoup Hi. Se *H;,'-'U'"MJ
by Teowem &5 So [Widi] ¥y, = ed g = Tiezm] , bythe Tovser bauw.
(19 Follows Grom  (orollany &. 8.



(v) Seqpose MG and M=y Let ce G, xeM, el So s ws(5u) = (ki) 2570x).

Cs £ 05wl {v—éuialbj on sT(M L, so s'Hs ¢ (s'm),

gt L5 W] = [ «T, 5o 5" Ms = (st

Now suppose M is aoewmal, then s'Hs=H, so s (M =M by pact ().
So, 3 wmap @ G 2> AL(M/K] | gluen by Plsi(x) = six). Cleac tuat
® s o Womomerphism, amd Hrak ke @2 H. Qud, X is Surjechve '
siuce - AWk (M/K) ¢ [mik]) = BRIy = H6 ey = # (G rw),
Convessely, suppore M/K is Golois. Thew, MWK s the splithiyg
Reld of come S‘ePcu*abLQ e w[x). S'u-(’?ose Hat o s a reet of F
se . Thew, ©7 slo)= s(Fad = f( ()], 50 thet & f@md‘« Hee
cooks  ofF £ BuE M i gmemkeol over K by dhe joobtsr of £, 5o
& presecves M. I:’ 3 b\amwr?h&sm @ G > aAau (M k), Givea by
Qisix) = s6). By debnibion, he @ = m'=H <, thak

#C%/*H = [L‘M]‘: #FAk(mrk) , Se @ s Swrjeol:l'ue.

aund

Laolary: Glen YK Golols, 3 <o ubermediate Fidds
Prock: A Racle group has <w Suhjrauups.

Notadiow: (¢ YK s Galois ther owe Fre.iuea.kL‘., wkes Gal(Lr) f Ak(L/K)

Theovem 6.2 Grves M/K Sc?a.mb[ﬂ and QMk’ 3 mevemal Goalols evbemsion L/K i LM,

Lo um'.q’ut’. wp o isowovplusm,

froof: Say M= W(9). Let L= splithyy Reld over M of the wimmel pelynomaad of O, say FeK[x]
LIK s separable, amd so Galois by Theorem SL Suppese Li/K is Gabsis and L, > M.

Clatm: € Sfut! completely over L.
Ceoof! Lek G= AL/, S'.,_Woxf 9-9,.,8, are Hue Aisbinct cloments of

{sfﬁ)e[ﬂf ;e&—f, Pk 9= i{(x-a.‘,}. Ay se & ?u.muk&: he 9;, <o qéK["l
Now, 3(3}:0, S0 Hg. % 4 g gtoUB wmuidg over L, so b dees too.
So L| (,owtaowu' a ;?UEH@ Qdd bLa over M of F‘ So, bg Mw«ar oF
splbling fetds, 3 isopmorphism @ L1y with @6)zx YxeM Bub, L punemel > b= La,

i!!ec-\'./uﬂ:rfcna-' This exbension Lk is  the Galoir e of MIK,

j%vrCM 6.3: 16 LK s Galots aud fe K[X] s ‘wreob.&dh‘l' thena € SFU{:S
‘ COMP\E,&GL) P L- ;F a& \l«aa a l‘cal‘ ‘\,n L

FProof: Suppese wel is o oot of £, Noke Haat flswl =0 Vse &= Gal (Lik),
Suppose By, ., B, ove tre lisbiack elements of Tslw): se&}. Puk o= TiX-£).
5o, g \s B-iwariant, so jeK[x]. Now, qlf in LIX), sinee wmveny oct of g
s a voot of Foaud g har ao epeated sooks. Hewce, by lLwma 2, gif w KIx].
Bub £ s lwedmuibly so F=9.
Defiuction: 16 FerOd 35 separable, then the Galois groue of € i RuE(A), Lhee

LiK s [ s?uﬂ-{uﬂ Reld fov F.



i Com?os e

Assuime glven subelds KL of o Keld M. Thew the composike of K, L (inm), Aensted
KL, is the swallest subReld of M coutaining beth K and L.
Concrekely, iF K= R(e,,. o), L= R(B, Rs), then KL= R(w,., % B, fs).

Example: k=@ M= €. K= OH) L= Q(3%), KL= Q1,37

Theoceam F-15 B KL M as before. Assume L/R, K/R are Fate Galeis ectewsions, G Aok (K/R),
W= Ak (L/R). Then KL/R is  Galois and & Galels group S
of GxH such ek each Pw}eoﬂon prit S &; pelg, W =9
swryedive.

i$ @ Suu‘agrcuf
UMOI f’f‘,'-s“‘H \‘S

Preck: Say K/r s a splbhiug Reld Gor fe RDI, and LR o spuu\'aﬂ feld Cor ae KL<,
Then, ¥t/R 5 @ splitking Geld for Fg. Moveover, K/h oawd L/R are sepavable,
so KL/R is sepacable (Proposition 3.6). So ¥l/k is Galels by Theowewm S L.
Lek $= Auk(®BL/r). By Tweorem 6,\, K aug L comcspond to  subgrowps K',L' of S,
Mowoves, snce KL ave Galols over R, Theorew 6.1 says Mk W, L' are wovwmod
subaww{s of S, and I surjeckive Wowmomorphasms F: S Auk (K/R)= &, ke @ =x!,
owd ¥ S AkIR) U, Rer WL So get (Gw)iS> GxM Lebu= (B9
39 wv\stfuol-fow, Priew = X, pri-w=¥ (Suxjeoyud. Sw?pos'e se ker

Then s acks brvially en K andL , so trivially on KL, ie s=1. Sow fwjechive.

Examgkﬂsf(iisu?faosc wEe W., L Y Squowe. Let K= Q(Jn). Minimal Poh.jmmiai oF Fa s :zl-.q.
g", [K: al=2. K/® s S'Bfaxab('l end it is a SPLQ:\@ feld for )L?"v' sl
b towkasas both gools tda. S K/@ s Galois. Let = Auk(K/a@)-

So ¥G=2, 50 G2C. Suy G= <>, b=l vkl o is determned by
b effeck on Jh. gcu, vl&hl= 9. e 9= u-(ﬁ”’ olw) =0, sinee o0z x Uxe Q.
So

8=*Ja. 8k D=0a Dozl -% .5 olfa) = -Jn, ond a(x2ffa) = ot-Bln Vo, feR
Y Su_()Poge € b wae disbinck primes; et K= ®(J, {e.).
Swow Hak K@ i Gakois with qroup (G)7 aud tak K> @(Z e
Use wrduckion on ¢ ¢\, see ccample () Suppese «%L, awd tuak veswll
Wolds for .., B, Lot Kiz @UJe, Jr:) . Giz Auk (Ki/@)
By Theorew 3L, K/ @ i Galets amd & < T Ak (@B /@) ¥ ()7 by part G
fave R K, = €, [+ @)= 27" (iaduokion), [K:€,.] 2.
By Theorcw ¥, G > Cr, xCy. Assume (KK )=V, i fp e ¥
So, R R(§,) < Ky 56, by Theon 6.4, B(J,) cowespouds to an
fndlex 2 subg\rm«.f of G, Nedt, counk all wndex 2 Sm‘lgrﬂwrs ob By
Now, C{—\: LAY Say, om (¢-U)-dumensionak Jeckor space over B 7 Tha.
Thew, bodlet-2 subgroup = Subspace of V of dimerwsion v-2.
Thew, ‘{thfam £V 1 su.luyfaw; W% of Llawstn U
Veo U e U’ e vF
¥ liges s V¥ = # [non- o vedors {a VY modide  wow -3 swlm) = B lasn- e ueo@orsMU*J
= 170 = # (nou-emply subsels of a seb it -l elements)



Nect  cownk subfields oF K., quadtiabic over ®. Here are some: take any
non-empty  subsel $iu, 5 o L. eal and comside Q({e; ;. I

Suppose @[m} = @ (ml awd  §3,,., 5.5 % ik, wf

l"’ug, hté {J‘,,“, jsf i

Now G, = Ak, /@)= T AK(QRUE)/Q). S0 ¥ 3 ar el suck
ok o (§p;) "'@, by unduckion hypothesis , aud o (§7;) = do; , c#y, ) <R-L
R, U_Rk( ?“n""‘;u} ety ¢ O—ﬂt('lfi."?dxj - J?J." Pie -

So the Filelds ove ouxynabf conbrary to assaumpton. $o | Qi) MOVE
WN)HC exbesslions of ® lasidle H,_,.

Bt &(E,JC-”K"” 5o R§R) = @(m), some 15, jsf.

Say Gl (@(F,)/ @ = 0, . We Ruow o) T, 5o 5 (U5 % 7=l 0y,
Sy T 7 B0 1 . Peply 70 = Jg = == By py,

b w0 gad g - ﬁ e @ - A& \)5 ?gﬁm.gomr'wgmw.

S, [K,J K,-,‘]‘;Z , @t (K, @122, andse e wmap &, e [C )" x s

s am  isomocplasm.

16 QTR 4K, then Ise G, o2l Wit s(TH:) =005 . Bk s(p) = 205 9,

so 33 suckh Haak <(fp;)= -8 . Bt iF 7<.,~-,:t,.elflz|f 0> 0, comnet lhave
Toae = TEh wnless all sigas are +,

Definiton Suﬂ»;e LiIK s am a)ﬂefomi: evteunsion. Thew, Q' Pel pre w»u',ggak wet K
or K-conjugebe if Yede mamamal polynowials ae the same (over K ),
Equivalestly, 3 o K- Gsomorphism st K(8) = (@), ()= &

Nolet The definibion s ladepemdont of L.

Remark: \E ViK1 G\“alﬁ‘éflgmu.? Cr’ Hien 9,‘? C,o“_‘juﬁaﬁ <> 3 f:é&- with 0= @
Proo(l: [:31 d g Kle)‘*Kf@, g- ¢ Now, LIK s a Sftﬂ&{&a Cw.lcl, Say for
CeK(x). S5 “/wt¥ i a splithug Reld for B an is L/KI®.

By wmgueness of splithug Felds t ebeds o t:it2l ds teG.
(¢=) Easy eXeruse.

Theopen F.2¢ Su..??oj-(’ Lz K[al‘-v, 9;—, omd Hak YK s ke and SJE,{)MU.-
Thew, Lik s Galsis <> L conkains ewery  Low)un ake of eacdn 9.

Pooefi [€2) Assume L cowtouns all  cowjugakes of each 9:. Say Rre[x] wis
e  amanmal potymwol of 9., 85 AQC(MHO.A! L cowkbouins oll
ook of F= TWE:. So L conkotar a SPUH{.A@ feld L, of F-
Gt M 8 ely, 5o Lely, so L=bi. So L s a seporable
s\oUUn'u-g feld ower K. So 3t i Galels,

() From Chapler 6.



e

‘Prof'osm'l-t‘ow 13" Asume K glvew and “c.w\_;uﬂakqs K'oa»u'ugok“. Assume also all Fmbe
ebeuslons of K aue Sepavable - true (f s Kz0 o if K is FRaite.
L) Swppese ., ap and B, b ove Hhe  couugaks of a aud b ngolweLj
Then, the wm)ugakd of axb ave a subset of 5&;+b‘;f' S&wla,l.j £ a-b ab, “/%b.
WA a,a, are cojugak and LekD] then Fla) and Flay) are conjugote.
) Suppe X, ar are the c,w__jugoki of o, amd suppee MU, a, 18 the root 0«;“
of a;. Suppese alse  given am W ek &7 oF Thew, the CaOu.Juﬂai'@ of
a™ Cormn a subsel of {IJ U"},w\/\u( 5 % & ?nw;{—{qe A gk of L.
(‘Coas-.oﬁu S(Jla&wﬂ Gad /K of X" -, then wside K, Y set of pols of |
Form o wyhic grovp. By defiation, « ?rm{uoc At veot of | s @ genesater,
Example: K2 R. The wth rodts of | ave (27ida)?, = ol
Prook: (1) Rick o Galets extension YK containing M al,by  (say a sphibug Feld o
F,g, the Wwanemal Pcl,jmm;o.ls of o.,b), Thew, e ag b, are Hhe {Mﬁes
of ag, by, cespeckvely, wnder the elements of G = Ak (LK) Thew G permntes
tre Untac faddes of F= T [x-taieb;)), awd Flavh)zo. So the wninimal
?ﬂ‘\-amu.\;.nl of  a+b livider F. So Hhe c-.m_ju.gqlea of asb logwm o subsel
of the seb T of roote oF F. Bk Z= Jaieh].
ti) 3 K- Gomorpliism 3¢ Kla) = Klay), sla) > ay. So Flag) - Cila) = slflad) | so Fla,)

is op€ Pﬂ.mﬁ“’ veot. _[

and Flay)  awe c"“_}"“ﬂwk-
(¢x) S'u.ffagf 8 @ wwjuﬁa,k of all“ Then Lbsj i) w «H‘ F[X) XnJ B e Oou_,.,\.ﬂwk
of a. So, 8"z a; seme <. 8% ( o )" ) 2V | se 2 S some .

a-'n
S \SJ 1 ,« .
o

Example: 87 V(24 BN+ (%), W= RO). Examine Galois propecties of K/&
D= (2+ f2)(3+ £)e QL& H). s s Galos over ®, growp (x4 7 o
whae T 2o -t Ball, ad il fie -5
S, ¢899 = (1-R)(3-(6) £ 9, (897 (2T2)(3-06) % &,
et (9% = (2-fU(3+(6) + 0%,
The pepe subgroups of CaxG me <90, 443 <>, 5o Q) = ®(2, )
So, ®t> QLA E)c-—a R(Y). Does 9€ R T s, thew 9€ QR G,
Wy - BE o (m-8) 5. -‘é- 22 (B-f) =l Aply vt o 7 H-5B-R).
Mulkiply : get 1= +(-) = x_ S, 9¢ QY. S, [®R(Y: ®] =K.
s QUI/Q Galeis! Euugla o fud whether R(Y wabobs all cowjugeles
of 9. g(j ?N?OS;H 3.3 Cowjuﬂn,kﬂ of 9 are o sohsek of ¢
= (2+)3+G), PE= (1 R)3-3), ¥'=(2-RI(3+ (), X' =(2-52)(3-%).
So, e Cow"}u.eq_,k’a ac 9 a Q SuL.rd' oc {*’9 P "q" *'X}, [:+ue S%Wmob)
Stuce [®Y:@RI=Z alk of these ave wn fack cosjua s
Thew, Y@ ° ““ . Bt QY2 QD) so fcfeﬁ(g) so tPe Q(9).

/

5 &_ g = hi-a
Ci "/ = tzté:;.{m&; =4 “'ﬁ' = ((fet = Jiale RI). 5.+ ¥e Q)

Fuaally | /W Plx, 5o % XE 6?(9) Se RIV/@ is Galois.

Lek G- Puk (/@) Wik 15 &7

Fack: 3 fue qroups of oidler ¥° Cg’ Cq.k(1, ey =, [aJ)e,Lq.k}) ad Dg( (e,
Counk e wumber of elemends of oder T 1n Yhee &y Fowps.



P { D[Q)-:K
](‘! l C@ x (, (2 x G » Dg G e haue: * @ = Qi fy

3 3 5 \ “lE qeless.

Let = AG (R B)/R) = Gx G Let L= R(&{B). By e Fundametal
i Theorem of Galets Theory [(FTGT), L' s of erder 2 i &
:\ MOu‘(auﬂl siuce L/R (s Gakods, greep #, 3 a s, ective \Awwulm
i 7:G53H with Remel L. S, & uch‘c S H u.gc/L‘c -k S, G ¥ g
Counk Tse@: 2= (25F 3 Usuch wn L. So suppose seG, ¥=l4s.
Recal thak vIs) s “s acking on L, by construckion onr
s(9 s a conjugale of S Su,Pfase s(9) = @ so s(9%) = e?
s((2+ )3+ ) = (24 BY(3-85) .
Now s seuds J’?.f-?i\rl/ J-lh-)(ifl, s )=, ()= -8,
S BT eT Ane AWy s T Bene Mokl geb 1= -l -
| We c}d: a shuclar contradidion Loy s(8)= —® 2 ¥ TX (siunlavly).
| So s(8] = %)
| Fos0): 8, Hew sel
So, se L', So, &
lylug L. S0 &

r

sive K= ®EO) . So <(9):-8, 5o 5(89=9", 5, ey =

a u.w\'q,ue hemet of ocdev 2, V\mdﬂ Huak
Qg

~

5

e

g. ggmetv’fc Funckious.

\2, o commutakive n‘uo‘j- Sa adts on \?[X.,_Txn] by Péfmw{n'ﬂg the X

Sa

C Definbon:  Twe ¢ of y olynomaals s Hae ﬂu.g of  wvanents A
-“\C :UI\ s '&tﬂ‘t o . N e; - ‘sj'zt',_,_'jisﬂxilu xul..“

Nole: ¢ depends on A For evamply, 2,2 X - +Xa, €37 XX ¢ KXy + ¥ X Kia

J

i € = ¥ M Also, dlefine ezl amd €;:0 Fo <O i >a
Lewwa BV T an indoterminee. Then, T (Toxp) 2T g 77k ccte s T e T

?_‘Eig Obureus.

|

Theorem 4.2 (Newtou): A= Rle,., €], andt is somorphic 42 o polywouual wug
] n n \)MT-.O-BQS- M:S, gy Sgwmdv{c ‘?O(AJMUW\.OJ» con  be i Hen
j MCM as @ ?ohju,owu;a! in He e with  oeffaends w R.

;M‘ DeCine tae tﬂtwgm.()\r\n.ta/‘- oddu on the sel of wmoncanals X.M'-x:\"=§m,
ap Lollowsse X% %% 103 Lo ¢ such ek MR, e Mo T B, MO
Twis s ¢ ‘l-ofal ovdering.

Swppese  Fe At e e B= = T Lbee B2 B \tomcqenuus of degree d.
EMug\A o swow taat FdeR[el,-',en]’;C, W€ WMy QSSiume tat € i
\«Oa.wgem&ous amd d 0.

Yick  de \axajesk monomiak M appeaving W £ say with cocfhicent veR.




™, M

Sm__, M= X,M'~ m'\. e Hut, a F syumebnc we wave Xpy, - Xow

appeaiing w £ ¢ ﬁ'ES So, M 2my3. 3 m,. Couside E= o e e

Nole Uik Hee \,o.rg.es‘: monomiak (a E (s M, omd appeass (n B weithe coefficient |.
(\Woc of Hais: La-vges(f monowaal on € is X - Xi , wite cotlbcient |, so
Lawqes& wowomaal in e;. R B (x,- %) . , again  with oefficied|.
Aand, I ™™ [ s ™ ™% oo Dt s )™ =l __[

So‘ A F-J'E, ’nvery snowewived 15 <M. Bk F-c€ & o sﬂwme}v&

P"LjMW““.’“)‘, so F-c€ e R[Q.,..,e,\j, by wduction.

rTo be pveuse, ot the start suppese F is @  coumber example with
minimadl M. Then, F-rE 35 o smaller counberevample. i\

S FeRIET ; 5u ™ BRIl &

Now &o pove the € are uvndependent. Suppose Ple,,.. €)= 0 wit

P & woew-vacwow polynounal. By wduckion on w, (F we sek X=0,

dhew P20 Thew, P- @%d, with @e E[X.,_.,XHJ, P Snmmbﬁw[c’ so F
Auisible by Xa, dhen  dduisible by oMl Xp.o Se P= Uea.

Thew, W€, eu =0, a polynonual of smaller degree. Hanlig chesen

P of mimmal drgice, get U0, Wwunee P20 So e & awe wnchepenclent.

De_ﬂltms=3“=gj(¥¢—xﬂ ’Mof A‘=An: 82

g K:"

I o=
ff_pmb_w_ (o (Namolesmondle) . & = ole&( o ’fn)
k,“"_

Uy M se SA, s(8)=2+§

) D is @ symmebnc ponomial:

(o D s o Functon of o,.., € €y alepim'l-{on, B s dae duscrimanand

of T eT as o polyronaal in To Thew,
Bz0 < polynomial han wpeaked voots.
Pk () Brough o prove the dedkily in Z[¥%,., X]. Call the determuantol.
This vlg is @ UFD, amd esde Xi-% s lreduchle ln (F,
W we set Xo=X , (5], Hea d=0, s» A s divisible by X=X
SteiMy sFeahMJ’ we have a homoworphism, @: E[X,;_,’ x,] = E[xh_/'"i, XJ;:S)
quen by Plxe) = X iF REy, Plx) = ¥;. Rk suryechve. Rer €= (X -X;) .
Sugpose Feke ¥ Fe Bl%;1 | 50 ,if—'xj =q, vewsinder 1.
£= ‘?L(X.:'Xj) + W, wheve €8 (Gauss). Thew, O @(F)= F(v) so v=©:
Se, (xi-%)ld Vi The Xi-%X; ave wpame, subjeck o I3, so
ueo > T (x -xg) [, Te §ld.
By nspechion, deg (§) = (z) ond degld) = oxlv-- +(a-d) = (2)
Meace S *dN, some NEZ. 7o wmfw':e N, Lompase woeflhcients of
Mz X0 X, w8, M ok He Lot wmoscwial  appraning. IE agpeas
with  wefued |, siae eveny Xi-X; coatrbubing oM qgivesr * o the welfivedt.
ln o M comes fow e prockuct of He au'asom.! ewbnes, so0 with woclhdent !
So N =L
(w) Let se Sﬂ. s(X; X3l = )(S[;,'X;(j,.so 4 ?e,.r.MwLu the [:aobrs of s;“-{’ 4o 5{39'\.5" S(S)Fﬁsl



iy 508 =28, 5. (8] =Y co s(B) =B, te B i symmebeic.
LW A is @ ?o(ﬂMMaJs Fwo,:{ou OF the Coeﬁﬁtuut-‘ ofF % Olﬂgr-ﬂl "
polynown ol E(r). D=0 &> X;: X;, some ¢ j €2 £ \Aaaav{feolécl Joet .

Rewmark: Aay seSe can be waten @ o product of trauspsibionw (in wany ways,
Crom 3(8) =+§ . we gd-' a hammp.rfuﬁut sigw * Sa = frf 2 <,
debabiou, s(8) = sigu(s). 8. Check s s a2  woweworphism:

sigulst) § = (st)(§) = s(els) = stlgw(tJ‘S) > slgn (). (508)) = sign(t]sioguls).§.

Uadn: ¢gn (t) = -1 Y trawsposibions .

Proct: Chek for T=012). (1) OG=x)P>[x-%) , i) (Xe-%) > (Xp-%;), R23,
) (X =X) e (Xe=-%], 23, (o (Xe-x)m (X~X) ®L23
% c)«.maes sign tall, swaps (i) amd (i), vl Hxes every tvuy else. 5o slgn ez -1

So sign IS a  hemowmospbwm, Suvyechive  ewk £

8y

S Rer (sign) s a subgeewp of Sa of lader 2. Nobee ok F se Su amd

% B by = 'f;‘l‘.:; it {'C;, f\,} twws?os;kwu‘, then sign(s) = (Sigalv)) - (signlt,) = -y"
Aud, slgnls) s Isigu(S) - [siguly )l = CUY. So gze (wmed).

So, Rer (sign) wowslsh of thore seS. that can be wethn ar o product of

om  ewen  wumber of Erausposibions.

? s «a ?NJMJE of am 2ven wwmbes of l:m.uspos{Hou:}.

So' A fogw) Q ;uJ)gmu,P oF Sn op I'KOLZK - & w&u—ole‘:i«a{ S“'L-‘e’é-

Compukig A

Lewwa 8.4° Smﬂno:é F,ﬁet(f’(], deﬂF_ﬂ\. Theu Jda&_., have o common fFacler
[Ou&d‘ Some QPUM G@u} 3 om %uaﬁom PF'— 9 , where p,cteh’fﬂ,
Wow - R0 it oieg ?Colegg ’ déﬁq’ <n.
Proof: (¢2) Extend ¢ a splubhing Feld of F%Cg, Hhen fackorise  botla sides
wwplekely. € Wor w Unear fedders amel degq <n, so 21 oF e
Cackors  diu cles Q.
(D) \¢ PUF aud P9, take p= Yo, q= e

D ebinibion: gq.ffo:e F=Q,\Xn teta, o= b X e Do, Thew the
Rea (C,B), is the (nam)x (ntw) determinant @ | En ;ﬂ-_-_,.?‘qo O

Exqm?_[a' "= : il
& {27 Ay d, a‘ q,

b'l- b' Y O o

o b, b, bho

g o b:_ b, bc



?m?os.;‘:fo.\ .5 1k C,g Wane o common Fadtor, Htaen Reg “.g]zo
Prock: By Lemma B, wawe pFrgg. Wk = 6 X"e vc,, @'dmx“‘" v do

-1

Expand ef, 19 , amd COompare wellivients of ™™ S

Ge{" CM'\ a“ = d'\- b“‘ m-\ T
[ Cw\_z a, = dm-u bm‘. +dn-‘.‘, b wn‘.k as: Ml"ﬁ'l
‘.‘ '- "dn 1
< ao ¥ g Q, = 0\, ba - do bl -
CeQ = d b
g‘ﬁ fy»sPedn'o“, M s {&M’. wmabix  above. Bcj assumpbion, veder 2 2, so deb M = O,

Nobakion: Su{o‘\oose €(T) = a, (T-5,) - (T-x,) , 9= b (T-4,) - (T-9.),

Wate =ab) T Ut -ay).
e "M " ™
LCNMG 3& P S' = q.‘ ;‘Z- g(,(:) = {,l) bm '3: F[ﬂp}

Qioof: gOx) = b T O -9) 5o M) = b0 T () . Mulliply by al > a Tolu)= .
Seadlady, Fly) = an Ty ~2:) = ()" au Tt -9p)
So, T €lg) = (0™"al T 06 -g) . Mulkiply by G077 S (0™ b TTEG,) = 5.

Pro?osc'{:v'o» £3: lek R= fZes[F-ﬂ)- Thew, =R
oo E«\ouﬁ\a o prove i when ay by, T, gy, ove Criligmansdsns’ e AEReminters
over  feld K. By ?Fofusﬁ{n‘ou RS, Reo when % -9 20, 5o (x:-9,) IR
b SR, b & & andd bi. 5o, to prove $: R emsugh to show
dat an by bhas effvieat | i each.
(w Rt an b comes just Gow the (odiug abmj,m > coeflicienk L.
5 B & courbik e ol 83 BB yw, . Sealbp TV tnoug), 85 4 8
gt tesm ar b (0™ g 5" ar (b (0" g9, )", il lvwn a0 b, celRicied |
g=R,

pr__%__g_u ,S’_: 16 R=0 , Huen F‘S have o (cowmwmoun Factor.
Proof: S =0 by Peopesibion €3, aud dhew, by definkion of S, SowmE ;T Some 4, .
Proposcbion 8.7 Res(EE = (0 S a™! A(H.
Pucof: F(T)Z @, T"+. va, > @y T (T-n). ‘et R=Res(6F), g F. So mzn-l
Twea, R= 8¢ a""vc‘(m 33 product ke, €'lT) = an FTT (T-x)
S, Fr(xk) = a, Ix, -x;) , R= ah ' TF]‘T (X -%;) = z, ‘[T L%~ x;} (UM/
whese ma wwhef of c,.d:.—ws ia Axn sl:not(,y ahboye o&a.,o.,‘e,l— (2). So, R= [-Um

D,

Copollavy B.10: Discrinminant (X 4pX 1q,) = ~le g '1711
v 7 9 © i e
Pocf: Rua(EF)=]a § & ¢ sl = e = ? i. " Slglegei + By el
3 e ¢ 0o o -p -3 _ q :
° 1 e Po S - T Es = L w2 = (1A,
L # 3 © \a o o 3 [e] r

Compuke Adsc. [ x" tpX 1q)  simdlaly . {lnlerior wetiodl of compulation ew evample
sheek 1),



A Galois G‘\‘Ou.{‘)s OF Equakions.

Koo Geld P=FoferDd (g

wredeeble ' and ou.éw, S we M‘PM roots .
CLeb L= sphibig Field s £ over K. H/K is Galois
 Defibon: Golods Gvoup of £, Gal (€)= Aut(tra).

Wrte G= Gal(Fl. (What & g1 Say deﬂF;=n,; degF =n= In;.

E ?_gﬂ Heow q (: (== S,A x-xSn(, a,..«ol G Frojeo‘r-‘ o ¢ a fmsféiae Qrowp oFearJn Snﬂ.‘,-
(TN (?a.rina.lar s veducble then & P54 and s a tramsctive

Su.[oara-wp & ?&th‘ef {L\e voots of F

Follows Gom  Lask fawf" Assume € (rreducbla. g«.ﬁwe ¥fel ove rosts of F
G Gawsbve » I se G with sle) =R,

w\/«ue cﬂﬂ!J '«B 5

Rioef - 3 150 wosplaisn @ Kl = K(8)
becawse L s a stbH.ua Reld for £ over Klx) and K(f).
M%\Aw{ﬂ' of SFU(*iuﬂ felds > 3 u‘saw.PLXsm Ve Ll atc.uau“q L4
Tuen Y€ ALK awd ¥ = B. Take s= ¥. $o done for F ireducible.
Genesg) case: Lek L= sﬁUUn'.Ae Reld for €; oves K. Then, L= composite of it L.
So, Auk (LK) & A(Li/k)x x fuk(br/r), amd  wags suryeckively owte
cat  Factor, Eacl Ao (L 7) rérmd:m sools of F *:\rwsulﬁ-{ﬁ&’j-
| Co.nuexsda,/ € G s tramsihive Sa, thea € s weeducble.

| LoWad  is

G ar a subgiewp of g ! Y bt Boab % Jeblad up o seajunasy,
Cbven TeSq,

camnot olis(rl}wjudsh bebveen G aud o' G o, So what s & wp +o
1 w»kjugquj?

| a=2: O*Lj Yransibve ‘,Fu.bgmuf of Sy is S,
(i char K £2) Hew cither F Fuclor
Lk s iuaﬂ«m‘n“c axd G=35, 2G.

, ie, given quadvakic fe k(x]
[ thew G=t) o £ aloesu.‘t, Heen

az3 The trasscbive Su)ogrowfj of S3 are 51 and A EC
(Rlaket assumphion- all fabe ockemsions of K are sepamble]

Gven Uredumedle b €e K["J G= Ry o S
G S Ag

3)
<> disc(F) 35 o squace in K. disc (F)= I Res(Ff) = - Res(FF) | n=3

Propost{:\ow 9.2 Grven S%(#Maa&{ﬂ FE K(,X] deq F =, Ga[(”gn.«
5 Square i K. (Asume chor K = 0)

| Proof: disc(€) = AF) =8 | Lhee §- Tl -x) el where x
Let seG=Gal(FeS,. We buow s(8)= signls).S.

' Se G € P> s(§)=8 VseG, <D belb=w <> D s

6 disc(Fl &5
Loy Xa  Oue goots of F.



| EEQ!!!Q[‘Q: F: Xg—3X+[ € 0{}(] A": -2?4"-4&: -1% —Lk[-z)?: -2 + L1217 "%'=qz.
So Gakl(El e A; = Gal(f)= Az or
Gal(f) =1 (fF & Fackers prf‘.@td{j > ¢ Vas ® -rock F bhas Z-veot “?3 Gaus).
Check X:0 2142 - a0 €'23x-3%0 f X2 » no Dot So Gad [F) = As.

| n=l’ TrauscHve Suldgrowps of Su ase: S¢, Ay Gx o (normal), and €, g (3 towjugake c.oi:ie_r).
i Let V= ?1, L) (3e), (B3I, (1wpi231} . S‘ ads eaV-{if by wujuﬂab'on. So hanve
[ W R =>9<, Gjiven bﬂ Hals ?ennuh}t'ov\ ackion. Sct —"SS; Ac=Rs D&. Ly g Y= I
Gven Fe K[X], deg L, Say ceots owe X, Xy, X3, Xy,
Deline & = [, +x, )24, , b= (2,420 004%,), €37 (6t X)X+ X3)
Key foiwl?' the bt are wvanank Mg‘.({ GaV. X
The vesolwenk adbic of € s 3[X)=£(X-b.-) = Xj'-é“x 1 2,X-¢; , e -e: (t),
Co €, s wvanant wndes S¢-
The pombt & tabt S¢ perwuber ., %, and so permutes £, b
tn €act, given Te S;,, T permukes t‘wb,. That is, Su, pe,wnuieg by, b wia
howmemospliism TT.
So{ g: & LCd(FJ=K, 5o ge K[X_]- @ﬂ (.cu-sﬁ\ma{-t'on/ Grad lg) = T(Gmlff-f) = .
Aswme € iveducble. So Golly determines Gallf) wp b ambiguity
between V3 owd € F Gallg) = &,

 Propes (ton Al () Dlg)= AP
s \F k= X“’+PX1+ qX +7 [v-e‘;lg_ce X by X4&, some o, obtaiu UM‘:L Hhen
= x* - 7-93(1 + (Pt -t r)X +q,l.
Proof © Direckt  calowdakion {a betlh cases.

10. Flade Fields.

Lewma 10-10 IF K is o Galte fetd, then char K= p>0. Twat &5 KoK, Mo [K"iﬁ’]:",
sagy, is Fmke and K= ¢
Proof: \F char K£p, then char K=o D R K -%,
[K—'ﬁ] Giaile ts obuieus. Rickk Yosts 100t eloments of ¥ as  column vedkers,
2ukiies € [Fo. Thea, ¥ (posscble vedkors) = p¥.

We shall cee that V 9', 3 a Mic‘/ue fead with P elemenks.

Proposclion 10.2° 1F K is amy Fetd and F AcK™ s a finte subgroup, thew A s egclic.
Peoof ! A s o faute abelan geovp, So (froma sEruckure theorea) I a sudh Kok o= Vleﬂ,
avd 3 2eh of order ecoctlya. Then every xR s o root of X'-L.

This Wao dugeee v, So Was € rooks w K. So #A <A and «l*A.

Corollawy 10.3* Vf K s Finbe, say ¥K=p 2q, thea K¥ s wolic of ocder g-1.
Pock: Obilows frowm albove. [




??ro.posd:fo“ 10.4t W& K s Gadde it K= 4= o, Yhew the wap Fob, t K=K, x v’
j 1§ Qua au,t0w¢p\u&m of K. Moceover, Yue Celd of tavauriomts = ZZGK x Pz § is IFP'
.‘_%_agﬁ: (15j?= ,c'oﬂ"_ [z«nj) f x” " | rJ. W lergpa, Haeu (%) - e fP—d' )
New, plp!, buk ?‘rr.,fflp-‘r}.' , so (f)=0 (wmoslp). % [rcey)f = ,c".,j"_
So, Frob, K=K i 0 Womowmospusw of Relds. 11 5o Rer(Froby) is an
ideal {n K #K 3020 Te Frob, is lnjeche. X s Quile, se Frob, is an isemomplusm.
: fI-c, wery xek how a wiq,u.e p“’ sook in K}. Now, x',=-x <> % is a veot oF X fene,
i Ths s & ?ol.gm....;al of de_,ree p, S has S€p voots  la K. AU elements of P
ade foat‘), e xe F‘:-
Lorolany 105 \F HK=q | ten K/IF, is Galois. Auk(K/R) is cycic amd  genented by Fiob,.
| Proof: Lek s=Froby. Them 4O € AUk, 5o R > P K S by PTGT, AL (K/IR) = <s>.

Tweocem 1060 16 gzp", 3 Reld ¢ Wik $K=gq, amd K s wnigue up to isemorphism.
?!ODF Leb K= splibhing Reld Cor X¥-X over WFp. So K=ifRplw, ., o), «; coots of X¥-x =€,
So a¥= ws Lok xeK, Them x= ZX, . oM u™ CAge®l Soa®s TaY (%1
Now f\: Ay, s Mg e Fp. Aud w:-"- «, so x¥=x, So every xe s a seot of E.
So #K= #(ects of ). Now, F is a procuct of q Unear berms ta KIX]. Notice Fi=-L.
% 160)= I, so £ Was wo .rePo_ai‘ed voots. So #k= degf=q.
u“ll%ue.rtefs' F ¥L=q L* s of order g-l, se ¥l Ymeil® B, xq'-x;o Vel
- e, every xel is a oot of £ So, L& (all reoks of F) = spla bhiug feld (oc b = K.
| Buk ¥L:zq= #K 5o L=K

i

| Thegrewm 0. F: Sa.ﬂ K= ‘F‘h L=ﬂ:a 4° P , @= S_ Then, KL <=> s
. PreoF: Su.??ase WKeal, Then #L:= (#k )[I KJ So
' Convassely, sappose (3. Meed K L. \F a:eK*’ Bes o =l , e xrr" = .
Sugy ® Biben. Hetg R R N {(P")w'*“*fr'{'}ﬁo e p* -t

S = M, w have M:CLIK].

? So 9('7" gly Sa wery xeK |5 a seo b of 9z XP"X_
b was consbrucked ap bhe vauu{uﬂ Reld  ofF R So xel ¥ xeK , e, KslL.

-\ﬂeofgm \o.8 " S“’P?ox H.S so Mk K= lFr C—‘L'F‘, S04y Sz O TL\M’ L/ik is Galois.
| Aok (L/K) s ujd».c omd g%etated l"_'j \'fob? = [Frob)
froof: ek 5= Frob,. Easy to see bhak se ALK aud L =k
Lek %4 el. sty =x". So, sx1siy)=z slxay), sluy) = s(xsly), cw aleady seea.
If xe K%, Htaen x¥" = , 5@ xVin Yxe K. So s A
Suppese el awd ski=3, (g 2V:r. Then 2 & @ oot of F=XY-X
a ?o(ﬁjn,ow.;g,l v ope se(;bl{“g Fed s K. So 2eK 0 K= L“\",m feq’i.u:MaL
i Fix p. Then He Rale Relds ify of characterishic p Forw a labhce:
fﬁbc [FQ <= G=1’M_ mf&.‘ulf.u




il. Cgo’w{mm{c Foelds ound Po(tmoa»;als over @

T‘ﬂ( U"\,H/\ (‘.A;o!o{wwu'c. C\ldd is &(gﬂ)’ wip\e.r-e -gﬂ_‘—' ek")(,'r‘:/n)

Lemma L. O: laside €, e ath rodks of | focrm a yclic growp of erde w, called pta,
| Preof:  The b ooty ofF | ave )'.,u[: e ‘Srf where 0¢€ cen,

Debinitiont A primbive abh oot ofF uniby is o genwater oFua (Eg: Sn &5 primitive)

&
i The ?n‘.wu'\n've roobs ase Hae ‘gn i e [v;nJ =l. There owe Pln ?r;.m.'h’.;e nb  voots.
So, F NIp, peime, Pla)= p-l, 5o evevy CHl s p;{mit{va_

We shall examne e Galois watuwre of ®REBJ/@. Twis is a Galels ectension of
olegree ), and At (Q(1)/8) L2 (Zrap)*, Yis) = s (3.

DGC{ALHM= The wha c;lc(a\bm't polunoamal 15 .00 = T (x-%). Te, ouver Y’“P(?'"T;rj, (rul =L.

3, Prind bive

Noke: ¥ ‘G/‘*n, 3 wnigue dln  such taat S 5 & pamibive db ook of (. Take d= ovder of $.

Se T (y-%) = T = M=l
' Yo 3) - 3,0

?ro‘pos({:{o» I B (X)€ Z0x]1.

Proof: lnduckion onn. E =x-I. Assame w>i, then ¥'-i = B, (x). ;t‘ln 2,04
Ss, g (X)E ZD‘] by nduchion \AﬁPo{hesu \_/\':,’-;rx).
AU polynomals apprarisy Ue in @(Su[X). By eoustruckion, Wk (g, X" -U) =g i R(S,)DI.
e hn.Ow M UWM w; Aoes aot Me \A-th So \ﬁ[G'[CJ‘ '!J 9 la @[XJ

S . 9\)( '( WA th] M 0 [btj GWJ MECX]' 18, x ER[\] (Sf-vt x _’ én()d

Theorewn 020 Eu(%) (s Uredueble i RDD andt so w Z[x) by Gauss

- froof Pick jeﬂ«, primitive. Sa..:) e Manimald Po\ﬂnmdni w 20x]) i €. £, (%) =0 so €l§v«
‘W Z[X] Picle Sowme pyime pia. Thea 3° EM, IS Pdw{:fue, woth manamad Pu‘gmwﬁd 9 ,50y.
Assume F#9. 5 fg are coprime, amd divide X", s X" = Fdg (30 Wi, some b —®
Noke g(X%) kas seot X= 5, 50 #01gIXY, say gfx"J Hm(x) Some k.
Let ba.rs denele mdenov\ wod p. Recdd fr « U’o!e(F So S(X”J g{){‘,)
S, 3 (0)°7= FOOR(X. Suppose € is o peime Fackor i BOIEE, 50 € 15 a Fadter
of g a well
From &, P divides X"~ in (0. Buk B0 = ax" " %0 an pha
S i T = U( i) =l , 52 X "l wa wne fQPeaJId root, ia auy evbrusion of 'IFP.
#F e ?ziY'l,So FCJ e gprm{wc )K olse o oot ofF F.
Now eneny ()nmhqe element of mn s of tue Lorm i ; whece (m,a) =1
Wit wm= .2, , p: peime, p An. S i a reot of £, s th g ow st of €
sx (U0 5 6 it £ C..o 5 3" boa wab B
S every oot oF B, is ¢ oot oF €& € o lreducible in 2[:"‘], as £ isa
FVOIIVEVYS | Po(-_')womial, so €, =F



| Corollary 12 RISJ/@ is Gobots, and G- Ak (O5/@) B> (Thw)* | 5(3) >3,
| Proot: B[%a) conkains ol $n. The Conjugabes of Su ave the roots of its wdwimal pelynownal
, E., aud so ave e T, (nacl. So R(%a) contains every coujugake of S, omd
| is sepavoble, so is Galeis.
! v sel, s(%4) =5, Sauy, Sobisbies "=l (F Tw=|, some wm<n  bthea S, w15} sae i
:. Sahisfy Stel- # Se S s psiie. S B= 4, lenl sl and # & wmque, subject
| Lo 16rcn. So we Mawe o well-cdlefined mop ¥: G2 (Z/nB)*, s(%)> Iu
| Suppose s,te Gy say s(8)= 35, €34 = 8. Thew, (s6(50)=5(4(5,) = s(%Y) = (g P-(52) %= <85,
‘ SQI Yist) = pq = Yi5)WE, 5o % is o grewp Wemewmerphism.
1 g‘-'-fPose se RerY. Then ‘i’(.f):l' e S8 = 5. Buk X gemua,kf ®(S.), se szl on
i ak  of R(S), e, s=l. So ke W=, 50 & is Cnjeckve.

Finally #G=(®(%.): @] =dey Ba = Pln) = $(LHW™ |, 50 € is am isomorphise
| oy
‘Qemuh: \F nw=p, ?rg¢,%@ §p= §‘,: =7 ° 2 . X +l,
f Basy <cercise tv  prove  Hals s treducible, via E isenstein.

*

|

| Corollary Wlei \F K is amy Retd of chowackesistic O, then K (3 /K I Galels, aud

| AL (K ($07K) €2 (Tl B)® is surjechve. (So AWt(K(3.)/K) is  abeliaw).

;?_rgi! K(‘gu) wontains ol powess of f“' se all ('ou_juga,b?f of gﬂ,So K (S.) 7 s CTaLOiS_',

' Sasy group H. Geb WiH = (Z(wT)™ exackly as  before. Same Fmoc shows Haat

€ s an  ljechive homomorphism. (Buk we  camwo b deduce dat W is am  {somovplrism J.

112, Kummer meﬂﬁé

|
|
|
|
i
|
|

By defnlblon, tais conterns ebensions LIK tak are Golols with abelian Galsis
growp, say &, (e, VK s abelian), seck that G s of  eqpovent n Lie, s"=1 Vse&)
Cawd K owkains g priambive wbh joot ofF waity, and char K Tn.

We shall assume clar k=0, se @K, so that +he hypotiesis  on  nta roots
means R(3,) < K.

| Theorewn 12-1° Pssume VYK  sohisfies all the above (ie, a Kummer ectension, dm.«—:O)’ pasic]

' et G s cﬂdic of order w dividiug v, Thew, I aeK such that L=« (')

| Proof: Pk €2 5. = apl - 3), then $7%n, a priwbive wth oot o I

5 Pk Ol with L=K(Y. Say G= <> Pk 9= sH(0), 55 1920, 0. ] ave e
c.mJ'.Ljakes &£ B Bk oot= 938 +-'+‘$M-‘9,-.. Thew sted = s(9,) + 3509, +--e‘Sm_’5(3m_J
= 8.+ 79,2 %0 S a2 (3= ™, S0 «Me K.

We have Kem k(e em L. By FTGT, wia) =L, REG.  Say H= <7D

Thew s (x) = o, So «:‘S"«/ so wlv. .. sf‘—'l, se H 'L-riu.'.al, so Klal =L.

:@ia»bek assumpbion: AU finibe ovbensions of K are sepavable.




\

;Praas&{au 12.3: e > K awd L= K{a'/‘")’ Yew YK s u‘.’da‘c, with ylie Galo’s Greup
ioof! Put o = a,,", so Laila), \E m, = Z"§>J Hoen Hae wnjuﬂaies of o are a subsetof
i o, | - '] (Mwis is o Usk of all voets of X"-a. Minimed polyrownal £ ofx
Ahoides Hals So  rects ok F Covis o subeel). 5o L conlndis olh wujugaifs of e,
/K 35 sepavable so Galets. tek C-—Aui(l—/rd Get G 5 (2/mn)"™ by slw)—> tis)o.
(stw) s sewme coujugake of w, 5o 15 3 Tu), Exackly as before, ¥ (s am  injeckive
Wemomorphusw, so G < ma.
% 260
Brawmples: (o G=Sar ) el Cupd > Vg, ids Sa (No_l-t_-' <Li> AV et of g
) abeliowm lamd Fnite) D solubla.
ey F G s soluble omd HEG, then H s sa‘w.«‘o(.t Let o=
[ € G.,c (;, & € g = B Then, ¥ 6 , bub RMS s puime.
$o,~¢.,cﬂ. --cujseu_ H FG.
s 1F WG oud iF W oawd G/H are bota solubly thew so 15 G. [ Recall ot i G
aud & weks Belilally, Uow BTH wct owk] Wty = ¥R
(W) Bay okmedwal group is solubler He sobakion group s eydic and wormal of iacler 2.
(vi) I pon- soluble groeps For evomple, amy non- abelian simple groups.
Example: G2 Au (w2 5) . (Auis solubly, A12¢s, Ay =1). See Wamdout, ov Vamder Woarden.
\ L(3.)
Prook of Theorewn 12.k: fssume L€ C, $.= -EA’?(?"“‘/MI. Flast,  cougbruct : LO‘:L&.}), w here
wots dluelsible ‘o.j alk W, say,n= Wek. Take Galois closuce L of LF‘S,.J/KH“J
To qet L, odjoia bl coujugakes of all aeneiakers of LS /K(3u). Do Mty ta ;tw,
Lek K(34) = K3 w) | & e K. Then Yae cowjugakes of o, Lie in e subsek 150
Since Sn€ K(Sa), tuese cowjugates alh Ue wm K (S, So W (Sul/K(S.) is Gales
and  han ujouc Galo is oy voup ('-—?,M..l SL'uwlluLJ, e, Bl f 5. s Gralois it
Chjd-‘-a Galois group Gy —> pan. Geel Li%a)= K_;['S,.L Wow (Sa) = Ki(Su)lns).
Adjoln  conjugate & ofw, wit KI(3.). o, ¢ K, (%.), Galois ever K(Sa).
So & e K (3. So, KIS)/(1GY) is obbained by adjoleing o collackon of
abe poots.  Eoch Wi 15 obtauned Fowm K. s ianlany.

~

- "H;
L s Galois over K(%.]) say with gproup G. FTeTe W = L v, € &

Je M e e Bl e a2 B, Wi * Kol ), Bwi.

This (s a Galeis ectension, wth Galels grwwp a YuLgmu.r of o XA
I3 ) by Y1 =l wa) € BB = Wi, wiesa

So (FT&T, Wiy s a  aowmal subgrowp of Wi, amd Hiw /M 2T

Te @"-/t a cdroun evhubibing G o so(«-'a(e, onsert move suhgrauf.,- bebiseen
Riw and K, or wre lLoamma ‘V“‘M Lo tue effect that H aomed v G and
H, G/v bolh soluble » G solukle. 5o agcum G s saluble.

Walk NK:=: Caloss closwe of ik

we lhawe ?muwl Yook given LK obkauned by adjoiing o successiow of
0oty Haem afber adjoining Sa, geb  soluble Galols closwre. Ned & cleduce
Bok LIK has Gatois chosuve NI vt Auk (W) solble,

= {ua) ©



| Thesremtl b (Take?): Grven Kol sudh Hrak L is obbained by sucessively adjoiuiug
rocts. (Assume rar K=O’ o TPRO wotha piwng, and el Ruite ecteusious of K ave
gg‘;o_;qblgj S, K=KoFKeraar, =L, v = Ko (w), o™ =a;e K.
Twen 3 Goalels MK, it Kaloam  sudh tuab Aub(M/k) (s soluble.
Prso? Pk N=Ta, $= 5% Let Tw;} be iue seb of K-conjugakes of g, fayl thoe of ay.
Loz (g0 0es] S) Back L is qenersbed over K by K-conjugakes, so s Galeis
over K. Mso Wy erly Vs Lpy=bg leg,, o) V_j) u(s;s els, B 42 reots of | e ¢n L,
So bLsu/ls s Galels, say with group Hg. W s abekaw ( For: vy ome)b. Tuis
ewbedding s given By TiS(w,., W), whee Tlag) = v g (/un‘ Sun an ng i8] Scnce
“‘[u’f}‘) = “:: e bs. So Mg is abww}. So we e KHosloeal, - 21
lek G= Alk(L, /). FT6T = \-;=L,.GLr some G € &. Moseover, siwe Li s Galeois
over K, we have (FT&Y G G aund Aukb(Li/n) ¥ G/a..
Mo Bp= Auk(binri) ® S/6. At grouwp vel, G« Goe G e o G =1 -@
G/Go= Puklles) = AL(K/) | slich we Ruowa (s abellan (€ (Z42)%)
Se e awe Lesl, | LK ~Galeds group G, wwkaimng chain of subgmufs ®
all wormal tn &, such Hak each successive quebient s obeliom. So G is soluble.

COﬁugdﬁe: S“‘Ft”sz bk (To.lﬂbl and  G= Aut(tm) s SaLuM-l, S oy N = *CT, -g "Su . Then
LiSI/k 1s obbained Frow K bc_., edjo{uinﬂ Rest 3 ound Yneun Succesn'ueb) a;l:]'o«;«,iu.g coots.
Prock: Soy L= Klx): U conbaius all K-conjugakes of « Then L(3) = K(a3) conkaias all K-Cou_juse}ﬁ
oF « oud 3. So LISI/K s Galeis, say grwp [ KIS = L(3)%, by FTGT
New, Lik s Galots, so L= LlS)" here WOl tn fack T presecves L, so D cloes too.
So gek B Aut(lin). I SeA, S(A =XV xet. New §(3)=3, by debuition of B,
S0 8(x) =x Vxel($l,50 8§=1, ie Doutlirn =& 5o D s s.luble. Greb:
12 Do D B2 A B9y, BN/ wykic  of orderiag clividkiug #5  wolnich
divides G =N. The Ny ‘-O*N-‘wal to LIS =L e, = KIS}, cack L; Galots omd
Qjouc over LU, of Glégfee we obo..dn.uﬂ M. Se Li= Laﬂ(a;l““) Oy Wummer,
Dro% G‘lwc./u. PO(“jMwu F&K(..X] Li’/{'L Srkn.u:xu_a Fldd oF p ovesr K G‘GI (FJ A‘wt(L/K)
T"\e.u F aun be solued \79 SucceSSWCLj addung vachicals (6F Gadlf s soluble.

'__Lexa‘” le: ®= R, €= ks"’?-ox #5 .CT=G°1(H, Elseustein at S 2 ¢ {evedmedble. Degree F"S-; 5o
G <355 (s tramschive, as € leredweible. Now,  complex Conjugakion is a tromspesition
i G‘, so £ has just 3 veal roots. ¢'= S 10 =0 n.u!..ja,).' w=247 .

F-§2) = -Lfi +2052 +S 20, F(J2) = Ll -208i +5 <0 . S5 oreph ist 7Q<{7L

GT:SS'/ wb\-lo‘w is wot Sdtbb‘f' $0  Comnob Glﬂal rooks bcj ad.d'o:.v\ﬂn.q rodAcals.

Example: L R T i TR L S Qle, ., e, &, indepenclent (ngleterminakes, was

| Gal(€) = Sa. V€ rooks of b ave o ., o Bren = 8 elemenkowy sgmmebeic Funchion
of Une o's. S, P-eofw\uutes e o, wWdh awe alse wokependent  {ndeberminakes,
oud ®le] = @{g)s“



12,

is abelian. Su s the value of 2> .evp(lnizl, evaluated ab tie special
of B with (Gralels qroup Af' for aa.wrl.ef

&S] /R

point r= o Mo wmpm-cblgj exbeusions

can be obbauned by evaluabing wmore  complicated Welowo rpluc Funchions ok Sreu'al
povwks. So, in fack,  \Mawing wou- souble Galois group s wob e end of Hhe story
bt the stack of somekiving were witeresting.




