Toundabions of  Quantum Mechanics.
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For V40, thee plone woves are  wob solukions of P;‘V’E“’,‘ bt we canm build
5 P o
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- Reminder abouk Fowsies Twnsboms: applies to almest amy funchon that does wet
grow Yoo fast When Irfow. The essewtial fock is: § dx &= 21 8(w).
Ao, S(ER) = T S(R-R). o= here R axe b zemes of £
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T folows  notwally because of the sqmmekny dekoeen W and P {n the previous
eq uakows - f we hane wowalised W o ity so that theee s wamt Pmba,biutg of
gebhing Some amcwses for the mearurement of r, then thee is alse wat Probbilily
of aethng some amswer for g Thi U5 Wy we  lwbroduced the fucker e

| Kmhdge of either Mox @ Prov{ales a comploke lescripbion descripbion of the ?mrh'cl.z‘s state.



Yond @ are dehined only for stabionany states. Mere genecally, we okefine
35 T — de ?( - g-rin
§ [F,t’ = (‘Zfﬁj% ¥ r,‘t) € "

Analogous situghion: n classical wmechanics, veckors can be  represeuted (n dufferent
C ways  tn O bberenkt oordinake Sejste_MS. Aay r{fmuj;a,{-{m a.','ue: wm‘g\bl‘e infocmakion
- abouk the veckers. We winbe “vedker ecLuqi{om“, tnolepes deut of the coopelinate system.

Example: my = F , bkt dhey toke diffecent concrebe (orm in clifferent representations.

Similarly , {a Quamtum Medhanics, we wn tuiak of  the physical stakes of a

- syskem l‘adepenobwl'% of what sork of wavefunchon we choose o hepreful' thewm.
We watle €q’wvh'ows brat are brue in any rtpr-uenka.lﬁov\;, bt teke diffevent corcrete
fows tn duffereut representations- bothh the wavebunckions and the opemtor

A
Example: Suppose that, in the mW%wa representabion, H'-'zz..: Jhagex , then
in womentum- space, H= -f; * g lité%).
for then the momentum-space realisakien of fhe Schrddinges equakion
o (£ h2) Ple) 2 EQ), which 35 dlerived  from (2 7'y £.5) VBV
by applying fo it: s [ € FFT

Bras and Keks,

\nbroduez o Rek \w>  wwida Correspondls to a state. wm is o label , o a set of (abels.
gufupog:{-\'m posi panciple: Fm> and D> dre twe possible states of a oiven System,
bhent s0 s 1 XD=A1MD +'Mln> s Where A owe Lo mplex W bers,

W€, \n  toowlinake- space , Am> and > are duserbed by T, (rd and Tn(r,k),

ten I1X> s by definition descrbed by X\Iu[l:,f)-r/u'f“[r,ﬂ ; by “?P\’ﬂ““ﬁ Yd?re:g'”*'
to the wavebunckions we get a precisely simélar situakion bebiveen the e
MOmentum=space  oene Functions.

The vavow stakes s> aecessibe o a system Span  Qw abstrect vedker Space- am
({abinibe-limensionat) Hilbet space.

Define o cual space of beas. Wnte the bm c,onegfo.-.o{,{wg v the ket m> a <wl.
gg defnition, <xi= Aewml ,v/u*(n'l.

For auy bre amd owmy Rek, define o scalas product wlich 5 a (complec] wumber, by
<miay> = S ' ‘I}: [y,¥ Y (¢, 0 =f0lsp 5:.‘ (e &.(pt) = <M~>*,

- Bviduatly, <mind = fd,b’ \92..-[5,,{'”1 ’S"[S?IE'ML&H{: > 0.

 Actually,  Hais is >0, @ because [k Duz0 everyuhere, £ does not descibe o stake.
| {F <m|m>=C2, then by oUuioUM e .3 by Ceis (. amy real COvstont SJ

| we obtatn & wuw Reb such thet (wmiwm> =l, oand Yhe stake is udoMycd te u.nH:-ﬂ\.\

- For any constant A, ot 1a> and AMwd decnbe the e physics.

(€ <mid=0:= <nlad, we Say that 0D and 0> are odlwgenal.




Linear Opemgtors.

Operators wap frasd inko other Tomid. We cousider lineas opecators:

LIXx> 2 L (Awd> +ulad) = ALied +ulind.

<XPL = (A"<ml + p¥nl)l = A¥<mIl® 4 X <all

il o s b operates (L+ M) such that for any Ret 1D (Lamh\> = LID> +Mm >
cnd LILtm) = QL+ <M, awd 6 prduct, LMI>=L(MD) and <tm:= KW

Us’ualbj LM + ML,

- Example of & Unear opemtber: [(b><al, Arfaed such that when we apply ot to any
| Ret 1> (i <alli> = (6>.<al> , e, dhe Ret Ib> tmes the wwmber <al>,
Mso,  <L(b><al) = <ib>.<el e, the Number <1 Hmes the b <

Seleck o st of Rebs such dhat <nlwd = 8, = <miad. gu.?foose ot the seb is

. towplete: te, amy Ret o> Can be «expawwlad a a Unear combinakion: a4 * g‘(r\'>'
 Thew, <aldd = T o nir> = VI WEER SN ) S A o TITTON

SO, whea QFPL'Cd o any ket 1>, Hﬂe 0g&mi’0r Z‘lr)‘(rl a_’wt’s ‘Dack he same Reb.
Se, by defintion, ?‘-5("' 1. s s called the cowpletenesc celakion,

For any prodmck of operotess, Lin-= ?Llr)(d M,
A{w, Lo\ = ? Laled<el = ga £ d;

. Nemwbion  Operatoes,

, Weike <"“(L‘M>) = <“‘L‘*‘>‘ Yhe wakeix olm@uk of L bebween the stakes ™M, n. (Itef},
. Foe uo.w\?kg’ (r\th\D = Idgr «fnk[!,U{’:'—z Vz +V[!:|) fm{[‘l:].

- Define e hernmibianm CJO»L‘;uq'a,k, LY of L sudh Yat e D c.p.-m?g.-.oh'.ua to Llwd is <miLt
L Then, <wiL*T[nd = <nlLim> ¥ wa. F LT=L Hea L is heomitian

Exawple: K is hepmibian wilthin the Spaw of pk«jn'cal stakes. (ie, Heose for whuich the
wewel wnchion goes Bilew  sullcently apdly ,aw ifi-w, for  taen
[P XV S, = rdgriﬂ* L7 Y. Alse V s veal }

Note: (Lt mr*

16 Lla> =alad (a-c numbed | we say that 16> v an eigenstate of L oith

| 2genvelne @ Thea olse, <ell* = "
DU LeLt so iF Lis henbian, then o s ceal. Fov then, <alllad = <a.lL+la‘>*= Lafliad™

<a\a$a= <ala>a" W g‘;‘ sg'“a <nl-‘>>0,we hﬂ»? aga*‘



. Suppose alse daat LI®>= 618> tda bsa. Then one cam deduce <bla? =0,
W bza, e do act necessanly Mave <ble> o, But, in s case, x> la>+A N (Aeq)

5 alre an G(‘.ca'wsf’a& " L’ with the Sauwme E«CijvM, We can cheose N such

ek b s or&eﬁom}. o Vo). T, we cam Movse  an oHUmgo.nai Pcdr of Rek a
L this 2- dumensionad S:J:s';aa of a'gthakes of L with d«.jwvwlue.a.

| §o we \Aawe an or'uwn.omwl S@“J OF U:gamrtwl‘?f oFL. We wmﬁﬂz ouvrelves o
. considenng trose opemt’orc L whee @{c_a,e,v\sfa.kef ave cowplete. (“\b is wet simple to
{aue:‘l'{gake in an  inBacte - dumensional f‘!ace!)

| We deF{ne e Cmc,{-{on Fu/) oF L cuch ’dnak, ‘:w Quy OF the comrl.zi'e set of
: ‘&lg%d:ai‘er of L, F[L) @ = Fla)1ad. Ths Me * be tue when v s o povies
- sedes Loy a Pely nemiad) | obhecwise it is just definbon.

Reminder abock Observgbles

W Observables are  associabed with  hermbian Unear opesators-

Ly Yhen the velue o‘:a.n observable @ 5 Raown o be q . the ch:i'em wwist be
 an dgemstake of @ Witk eigenvalue g RIg>=441¢>.

i) When we weasure Q@ ln o qenerol stake 1x> ) the ?WM;U{-B of gethng 1t

Ugenvale ¢ oo (ks volae i (<q,lx>12 , provided <xdx> =1

Check ek asrmP{-iw(i.-:J 15 cousisteat. The tad ?wbqbiu%j of rje,bh.nﬂ some wahue is
%‘ \(‘u">|2 - g <7¢|$$<q,|r'> = oD = I, <o e (;om?(otmsu' velabion s ;‘Mpwi'a.«k FNHAC w.wf:(‘&om-:’.

| [F we  prepase e state \> mawmy Hmes, amd  each Hime weasuie Q, the awerage
value st ?%,\lq,lsli = gq,,(lq,.}(q,r\} = ?01,,‘» <q 01> = I | the epatation

Cvalue of R in Yne stake 1> \F the stake 1> i wot nomelised to wnty, thi

o <ien
| becgmes: T - fa(zf ikf]?.ﬂ QREpY
This &5 @ nwmber - For exampls using momeabum-space wavebunchens, 1€ is: J&p ot 2ip e 7

! Wi @ exrngmi v 16 tonuele MMW-S?QQ vestion.

Conbimuwm stakes,

So far we lhave aphicitly wsumed o diswebe spedvam of stakes , b eauple %e?.“
Yowd stakes of an eleckron i an abowm, o a free particke confinedd woithiin @ box. (R;= T
\\ﬂ “‘.\«? Cowl:{nwm Uait L-"DO, e Ol"HAOVLOrMQ/uLj wla,Hon 5200mer <mind = S(M‘ﬂ’;
fnstedd of Smﬂ, The comp{eibenefr relobion becomes: Lbie Vs dains 3, Clheck Hals:

dwlpd = <aldln) = fdt Luledcasd = (e Sla-v) $G8-n) = Sim-—n)

\F w ctawds for a set of ‘.aJudS’, some cokmuows amd others discrete <mlad s o
: ?rOOlM(')-' OF S-FwW’/HOuS‘ FN' the cpw{-:mw@ ones o.,u.d Kronecher S’S fa-f the discrebe ones,
and Yo complebeness relokion is o Combinakon of {wbegrabious and Swmmakions.



C\F the obrrvable Q ha  wwkineus 2igeavalues ¢, Q\q> = qig>, we can wale
o genuak state as 1> = fdg 14><q 1> , fom the completeness relakion,

Now, | <q12° s @ relakive probabiliby , because the peobebiliby in the  coubinmun
case of gebing any parhituer value 15 O. Rather, the Qrobabilily of o gelthng
wn  omswer ia the (akervad (q,q+dq) s % As a chek the (ategral
of Hais over olk g is 1, g0 Were s unit prodebility of Q)E/ng Some ONSwer.

Sets of Obgervables.

Generally, o« stake &« wot labelled wm'cl(ud;j by the egenvalue of just ouwe
obseruable. Mow do we clwose a seb of obcervabler whore  eigeanalues umquely
(label all Yhe stokes?

) VF QR are tuwo ommuhng observables, fz,[@‘l?]=0’ and FI@) s o \evwHan
Funebion of B Ve [Qewr]-0. For Lok Va>, \b> be c,..‘gjm;ta}-fs ofF R itk
Ried>= alad, RI> =bIB> |, 5o <alR= <ala, <BIR=<bib.

Then, Oz <bIQR-RQIe> = (a-b) <hialed. So either azb o <bidic>=0.
0= (Fe)- €m) <bi @red> ChIQF(R) - HRIALRS ,  Since dals vomishes for auy
16, 1> Fom o complole st of stater (asume), QHR)- HR)Q = 0.

"

"

| Lio \f EQ,ﬂ:O , they have ¢ cgu?l.zke seb of common elgenstates, te. encugh to span
the whele Space of states. For ok \q;> be the k(asgwed cpni,[‘,/tg} set of %Wf
of @. Tuem, Rlg>= R @lg:> - {-’QP"L;>' [We_need act Wovey abouk the case
420, For Hew we anm  work dnstead with Q¥C, W C o cwwple —
$o, R\g:> s am eigenstate of Q Wil eigenvalue G .
There are bwo ?osslb{ut-iu!
@ thee (s oMy one MM@\M e"gw;ko,l:( 8@ e &'quwe q; , owd
R1g:> = comsb x1q> | e V4> &5 alse an eigeastake of R
(h) tue eigenvade q,; of @ belowys to sevewak eugenstabes, \4e>, 14>, 19,5
(e, thee is Q“E‘J@"e’a“ﬂ)- Then R Mmaps Hais subspace of stakes tudo itcel €.
Becww R s hw&}"faﬂ, dree 15 a \dnear trauslocmation that O{A'aqouﬁser Huis
wapping 1 140D 7 2 A\ d> il RVGLD 2 constr 145,

\n the Bt case whese an eigenstake of Q@ isweb dogenerate, & figenvalise
speubies dne stebe uniquely. W the Secend case, Sowe of the degeneate states
{MM the Same &hmm fr @) waly be §F€a:{'t'£e‘ Mq'wbj hg San ing alse what
s the  edgeuvalue of R The vest €l ko classes, such thak wolthin cack class
each stake s aun ‘e;’qwsfql‘e of both @ aund R, with the same Pm‘r_ of elgen valuss.
Te Mrtluguish these bow one auether , we lhoduw a duied  obremabler oincl
Commukes with both Q@ amd R, aund N?Ga)c the W{‘]w‘w{‘

Codinme \whrodueing  Pamubing dosenables  uuh( ol degrneracy i vese bed.

How many suck observobles do we ueed {



(i) Define « Go.mg‘dt et of wmd-{u_o} obsesvableg @m, such that awy obcervable
ot commutes withh all of them is @ funchion of them. Let Iq,w,qf”,..> be «
Common  Rugenstabe of all Hee Q¥ S @wh;m,q,“’,.): q,'“‘q,“ﬁ L
Thes & umigue. For, suppose Yhere ae two such ctates 11> and 125 ortheqeual
to eocl etier. Defne dhe Opantor Jl by A2 UD=1> Y =0, vhere V> s owy
othes state of the basis othagonal o “'>,:nd..uab‘-g D
Then, (2R - @YW S = (47w =0 = (2@~ @“)1>.
Se, [J?., C?w]=0 when aplied to sy state of He basis, 5o L2 s a Funchon
of  the (Qw.
Bt s camot be, as FIQ7 Q7 IUS = €(g" g™ ) 1>, qud FIG" @) 05 08 )1,

Conkea oh’c)riuﬂ the definition of 2.

‘ C!-M'/lﬂsa'nv\: a stake s u-u:%u,olg {abelled b«ﬁ the -e,ha.aurd.uef of o COMPue set of
L commubing  observables,

| u—'“ 7. 1ens.

Lebk U be a wwitary operater, ie U - U+, Wt =T s TrausBine all e biervables,
Q> UAU"  aud ot statec: 1> > UN> > <IUY . Then, any wabnx element
CBIQIA> = > <BIU UQU UIAD = <BIGIAS , Te, the expenmental quanhbies are

w undaugeal. So, by wna,hi.\g the trandormation we obtain o FFerent operatevs ouwd

‘ state \red'o”, bt da@(r;bi.ﬂg the same fLﬂs&S as be(;or{. Maklﬂg Such o troacbormation

U called d@-ﬂﬂiﬂ the ?idwt.

‘ S‘decéd:‘msc Pictuse.

- This is the ‘I-M.;uﬂl?ia{'wﬁ' wmost o€ Yee observables Cortespoudd ko operatess that do
wot olepwa[ w?udﬂg on b, but the stake vectess Ny with £ ouwd ob-ag the

NP -
Scheidinger Oquabien: W= thiE 1D o dat 1= " 1> -0y

| Oheck ot sutubion by subhbibing it back \kwe the differedial equabion , using
D -t g il ~iREA (L iH . )
sE# =R =& (5], a0 N commutes with axg  fundiion of K. N
-iMe/f
1 We Ca,u e e gf)ﬂl‘sérl_lgﬂ— gu’;&ue 'Hﬁg--euuwﬂw @ ez \F 167 {san .QAﬁe«sfan
of H le>= e“““lc) oud the Hme-depenolonce (s trivied &%amj state)

Most watrix elements £B1QAUAS of obsermablyy vam widh b because the stake vedkes do.

24 Pichre
) thoje U= Uw = €mt“‘, so that ":5“ 36:“”“ H")s : “’55, 'bng (%) . t‘f the state veckoss
: in  Hae 'A&'seubenj ?{J‘w‘e aie f«A{P&uM f & @;ﬁ e.“tli & e-"“/ﬁ , Se the Heisenbes
.?\‘dfwfe obgervahles wortly  hase e«t'?utﬂ: qu?%ollm eu k. |€ dr:o/ [ ':t'.ﬂ @ut O"[-"%ﬂ,: ‘:‘—[H’ G?H]‘
which {5 Y eguakion of woken in the Meisendey plobwe.



i Hs tlﬁ -~ Hy tlt

e—equhs:nM U the came in beth QH:u.:es: He=e W, e = W
w V¢ [6,2]7C (o wmber), thew also [ R]=C.
lis The hwo 9{M; w;‘\dd_e ok B0, ' TP T iv\slead N ei!{(&-—tolf'h, =
obtaln quther “ﬁ'.remkg picture, which oinudes withh Hae Schvdoling es ke

d k-k.

- Quanhsabion (onguitiows,

- Direc tied o build up Quankwum Mechanics as a (_,)we.ml.isqi-ion of  lassical wedhnouics
i (aut\ouﬁ\n wet all ci/u.cu\ku-w Sxﬂr&ms have o clossical q.uaiﬂg%)

Classical wiechauics:  inkroduce cﬂe.«mwumd coomdhantakes q, avd uu:'}.&gwbe momenta p, .
Fov amy twe  dynamical vanable, LM, define neir Poisson Biecket an

= oL oM T oL a_
{L"M] 3‘},,'3p 9?.' a9,

\€ W the pre :

(o) FLmi= -fmL]

o \f C does wt ciz’zu.al or the duynamic; of the systew awd s :V‘GLZ(’%M of pE
and g, taen fe,Lf=0

© flols, ME> TL Tt +{L, m]

ld) EL,L-&, mnt- {L.,M}Lt "ngl‘f, mi

© fL, fmngy + S fvad xS, fumife o (Facobian idewk by)

(6) The Risson bradeeds is \M\QW of the go-ﬁoslcu dheice of ﬂwmbsed coovhanakes -

AU of thee ?mperl\a remaun true £ we rq[ace the Poisson brackel Loith  Commubaters
of Hhe \ne-rw..'lﬂ.w opevatews ot  conespond  tv W&M— wmechanical obseryables:

§t, Mi-“’ [L,m] where % is some constomk , WO is redd iF the Rus is hegm bian,
(ﬁ-MJ*’(LM M)tz M- = pein = (L) Experiment Fxs the value of .

| am; Carckesian coordlivabes: 3%, %f 207 Loy},
: o, [, "] Qs [P. FJ {’h, P,i =3 omd [’l\} Pj].= h S;J- R
So %o the Fuumha.r q/uaui't"j W coorclinate space f; = —lhé‘;’(j ;) Ond for duy
e Binkion FLE |, (=, E,’] P65, Hovew, $2% p2% = bxp . B, ."t". B’ &I]thﬂ-l.‘t’
So we owly et the stated comespondance in the Ut
Cl.aJS'tCoJ-l@, Pr i a“/éﬁ, E ’i” ﬂr? F cL /BP 'f'{.n H} (Muot‘-s aiuai'imu)
— p'{ - é,l'[li, rr], "v H 1,] the Heisenbeny pac}‘w e%ua/{'\on of wmetien.

Linear  Maomgnic Oscillater.

! ¢ :
H:. 'F/ + il\ﬂw x* i DeFM-e 2 Fabe (f-' tvmwx’ - a Oums{omliff an.*o.r.
Then , [ﬂt, a"] =( ( at- f‘;—:‘ Wpeismisg . o gl = Ef\) So, H= hsfa*a +1)

Let W be an &cjmtai‘e FH, Hin> = (0 +9) % W, vith <nlwd= =\
Then, Hoab> = alied+ [Ha]la, o [Wede o [0, 8] = Fuletale = bus,
. Halad = (("*{’t‘“'t“)“\o # (n-3) Bl



So eiher ald 2O, or it is an etigenstate of H with elgomvabue (a-i)tw
L ald s Gl , whee G s o comstant, and  Sn-ila-d = L
r Argue similady with oln-i>  ebe Each time we ‘jd: an  wigeavalue which (s Bw
| swaller dhan defe. We chows that Hais S%Kmee of {:mjcuuduex must  termivade ot
ift“", and therefore n has to b o new-negakive labeger.
| Twe worwm of alwd is: <nla*. almd = VGt a-ila-d> = lea?
Mo, Solatalad T < |21 2 wdald = on. So n= el 5o w20, with Nz O
C-DW‘CSP&AOU\&Q the case alnwd =0,
So, because wnless dHae seéquence kerminates we aaive ak \qu‘-we n, awmd bDecause we
have showa that w30, the sequence must tenminate by our Withwg u=0, and se we wust
have stosbed with o wen-aegakive \ateger .

| Now, ¢, = F‘em". We can choose the velakive phases of In-D oud > s tat 9,:0

T alw = Fla-D.
CThen, <idat  JWdael L Cnlattad SUR el = R 5,
atl> = T hidcalated = TSRS, s e L),

:Cﬂﬂ‘/{uﬂl@t\s: B has o lowest -Uq-wst'ai? \07’ Lot Ha -&’iﬁje«oaiue it-t‘*' The other wevmalised
ec'aepu-twbcs e i 1S = J;“l"—} f‘ﬂ“\o), pai e Ogmw&ue (n+3) hes.

CThe stabe may be d,ege«era}:e, and we enced olher labels to specify b uuiquely
| Then  all the states WD il be similadly degenemte, becase of does web affect the
- othe, Labels,

i Ct* |‘§ Cwufd o W 't creah: [ C‘Mm P of wﬂ
a s colled an guniilakion opesgtv; it anviclates cv,(omku.w‘ e o b eueryyy.

Oefine N= °‘+°; so thet Nl = (“ *f)\br alnd. N 5 the wumber oporater;
whose Q,:-ﬁ-enual.utj n are the number of quantum P of eveny, obove Hie g;omdstqke eneigy.

g—d/\r. i e Oswi

4%“ + .L,..ur _ :
‘“\e go‘o\molamgex e%qu-‘o.q’ HY )= EYle) 5 ‘z‘:f B:c,, <z ) o }'U’lrl : Ewir).
When H is o sum lLke Hus, Yaere are elomentary s.ol.w{-wﬂ.c W)= ‘i;'lﬁ.)*(;l’g)‘g[:,;
L with KoY TEY et MUl and E- Br6egy
- Se, Bz (i 4310w, and the e»qem(:ai‘&s are: W s> = W S lag> | ¢ dived produd  ov
tenser  prduck of Rets  wolich by definibion s fackevised  vuave funchion

- \ntroduce “2=Jﬁ{ﬁ't“‘“" , U403 "
| Thesx, [G,'_ af‘]: 5:3, and  \a, A, n3S> :\,ﬂ—'ﬁq la,*} 'fﬂ:)ﬂz[ﬂ:l"x \O‘}I where (0> s
- the  greuma state loeo>.

H=(N+ T hw, N7 Zata.



Tn‘me-hd&?mdg&t Pecbuybation  Theowy,

 Used  Fov 3o Lwi.\g sto):io\mmj- stale  Qroblems.
Clet M= Het Y, omd M \NOD FEg i), 2123~ Asume Hut the eigenstabe

| and &}jwqg)ue; of o may  be expanded i powess o 2. HID-EID

! Casem: no o@m_ s ; :
As €20 el stake LD = one of the -e,thwgtu,i'ﬂi of Hp,

;OMd we cam cloose the \abellivg such drak WH—= 10>
Expand 11> = ?ﬂejl03>:

5 2 . .
a; t \vEby 4 gl v (not summabion conveakion —1
2
Az Ebg e+
IONCIN

‘b7Eo“‘t€Alg*€A

LMD = E LD gives (H°+€H‘) {(Hib;; 1':”2&; ) lOS +‘_§: (25, *‘l("i *---)‘055}
| = (B +€A] v v )] 1
Terms of ovder §° . (0> = Eau10:>.
' Eqbeto> ¢ HIOD + & big B0 O;> = EbrTES m o> « 2 by €ar 05>
Take scalas prodack it “gort: Lopiu (o> B

with <op | R b = «’Mmlo}
Eol:- Ech

e W, oex \OD » Z‘ be; W, l@>— E,LZ. ey to;> + A 27 b 105> + AY (o>,
(o,lu.m oI O)>

Toke scalar ?rod,wk woth <op: ge/l: ﬁ” Z' b; <o, IH l03) Z e
oL OJ

St

: - | o | wioS
| So, Ecr <Ol + & T g .+ Olf)

L % Jtt
| ln prackice, tuis  glves a good o.pf.amxi.uq,{-'on € e shift n the lovels Ey
- Camed by adding H € b Ho &« Spacing between bie lovels.
\E Yhere s olngmm‘.g, one O wove of e demowinglors vamish!

Simples® Ex of No e fetusbabio 2o

(onsider o FM—A“O& in  one dumension conFmed to O¢xfa, (ot possible
- wone bunchion  Wa (4 2 Cnstn 5T ; ey *;"'ff"‘ Te aﬂ’(aj ‘an theowy, It s
‘ iM?oM to wonmalise the wanebunchon @ € = g‘rdx sin® m%
Reply a constank elackric Geld (n  the x -cliceckion, so Hak a pelewhal -afo
s added {.:o e &c{q{m Lamiitoman. Te  lovest ovder in %G, Hee Runewyy) ewels
skt by \_fﬂlx leal® sie® 82X (-q €

E"M?(ﬂ'- The  Anhaamgnic O:ckﬂéo_i" i

2
- R°+£x?, K= G ramwis (le e Ugeustates 19> of U, | E = (neg) hoo.
To lowest odor in € He eigenvalues of H are! aldd = Eope £ <nix’ind




Wete a= goeole-ime®) , ot A toriwed > #=f2—,,£: (a+a®)

Cal £3l1.S = £ (:':";,)%(n \[a-ra")’h».

tasd?l® = o » laa" & odfa wglel]+ [do = dtaa® ¢ 8™ ek + a+3

Use aled = Fala-d , atind = Jrelaed>.

lh ocder to gt a  neu-vanisking expeckabion valwe, we need teews thak

bove an equad  mumber of o aud o¥ mulkiplied dogether Fox esaumpls, <nla®ied o Cala-1>=0

oo Kalx > 20 for A, aud hesefove e energy sl e Cr:wsed b;j adau.ua S

b W s O
(:Fa»r §2% instead of fxg, weld g(’/t O[ﬂ],
” 2
£ 13 1 <mifava®) ln>l
51{5::;) Z (A-w) .

't Y

CFoe X', the O(8) tew tn dhe Cuergy shift s
The Bons fa Bhe Sum Wk codibde we 7= asT Bow o and 0", owd

[ w= n¥l me the olher tesms,

Degenecabe Pertiurbation Theory.

\€ Huere s dﬂgemem,a, of the &9&4:&,&5 of Ho, the caladation of e
energy shife 6o Quwy Maoligmerq):e sEake g ees ‘Huvug\n an befve. Byt Fova
- set of Olzqewuuke stakes, adﬂuwa in M, b W 15 lLkely o sefo.m}e thew v
enerqy , amd we comuot Immediabely idewhify smda stekes 10> of the degenerate
subspace i assocated wi bt eack ex'rjust’ah 1> of H.
- Pick some  octhowormal basis 1 0;> , jel N 4 the subspace. For the stakes associaded
Cwith Hew, Bpand: WD T D Ayled> s’j;; bylo> + o), =l N
By c.o.tC{.u’ug the swmmabion in dhe secoud berw to IR, e Uave fu cluoled euny

L O(¢)  cowtnbibions Fow J‘N in the Gt term
Call e energy lovel of the degenembe states Eo Also expaud for the allered

- levels: E; - £, 4 £4;" + o(¢Y

‘ \fot these exXpansions o HL> = El‘) then ug{'n 0(f) owe obbains:
Z WA + T by lo)> = A €A;J10J> B0 3, by10p>.
‘ Take Hie scalar Produat wid 40{1\ F RSN ¢ 3§ f\éJ <0g‘ﬂ‘\033 = A‘: )\:h_
- Thege are \'Low\ogmuur simul taneous eq’uq;l-wns for the A.
- T qd a  wowtriviel solukien, weed ol,ét( <Opin\ o> - A Sjp)
lT‘I\( M%ﬂaﬁt ¥ MXN, sa the QtLuv.aJ-'lOV\ s d&juzN 'Y Au} aund u,,sua,uﬂ lda._\'
N ek solubions The soluhiows are veal Yecause W, is heswitian,
One  can c’lafa.(ama,usﬂ <ol 10> btg a Unear transformakied, so ge/uiuwj o
diffecet  ovthonoomal basis a the Subspace. These are tee stales ot of hich
e &ujwhffs 1> of R grow dureckly when we Switch on dhe teamn EH,.



Example: The Stack Effect

\‘Ljolroqem okowr in anm eledric Reld: H=H,-e®  For o waiform Reld, = €.x .
n Prockie, the ditaunee scale on which & vavies » due ¢odius of the atowm,

So it s a geed a..?‘:nauw&fon to supese £ 05 wniform.  In prockice also |« the
clecic Reld  nside dhe atow, which = 10° V™.

- H, + e

There fove one expecks perturbabion theory to gme glve a goed approximation to the

near &gy LW&!S

Nou-deg everate pedturbabion theary gives the buwet order enengy shibtas e £. <Olrior)

2 2
VSR PR LA el W
So one can foom solubows & the Sohré'aua’er ecbmﬁw having defiaite ?aril:-j}
| Yoi (e)= 2 Yaul-8 omd -Une;e solukieus fom a m%ﬁ set
- For these fal rl%‘,lrn c=0 and so the enery y sWiEE & O[G.lj.

‘ eth,u utwt; Go( the ‘A.ljd-wc‘fm otowm with  hamiUowan ﬂ., we  have -?,;‘qeusta,l‘(ﬂ of
defiube obital angdar wmeomentim | amd  definibe panty (4. Reawll alre Uk the
enegy  lovels dopend  owky  an the ”pﬁhu'pw{ quankum Avder o, and owe 2 Y.
Grownd stake 5. A=) =0 - wot degenevake.
| Next {g: as 2 L= Oor\- dzgeuua}*
Se the resalt i Hak the enemy sibt oY) opphies the ground stake, andl.
b He excilel  stoles we wwst ue Gstedd  deqenenbe  pecturbation  thewwy.
- For a2, tee per‘:uxlwd states cowespoud to fuperposctions of the Llzo aud L=l
Wu—tw—kaﬁ sfa}:ff(f-ouuol luj solrlag  the deterainant eq‘u.aj.-imj. Thece Suferpogfl':ous
Cde wot e delinle panly , oxd He  euemy shibt s Ol

| Poguler mopmbun,

- Obital augular womentm of o pcwkclﬂ, W= eaf W Mas fhe  propesties:
| ) ‘\;‘ =L (because £ @ are beth hera Rau]
W) \n the ondimabe- space representobion, where = -, L ks Hak pak of 17
‘ which  lavolues Uae pelar angles D and ¢
i) [l- Lz] o, foL- MLE Ve  simultoneous &ge«(—’u.uo{-tous' which ave
Y\,_ fe ‘P] = C,Sf‘ ﬂ, U}’em " wrresrouotug to &cjwud.uﬂ L[LHJ Q.ud WA,
W ocder fuok B0 (9) Dehavesat 87 07, need 2l (20,12 (b) w=-l, Lt~ L

ilqvw\ﬂcn‘s Crom commakabion rMMS.

| [L"Ll'] - .E.i‘ [*1?3" -ngh 9(1?I_ g(‘pa] 2 .;‘\.1 7(1[&’ "‘s]f‘ *wéxl[ﬂl'&] “ = T{"(lﬂ & £
{u‘é"ﬁ L P)]' “"S‘j) Gel two other velatious by ojdﬁ. pevwutatious.
SD; L Lj’] ’nghl—h e, LAL—(L

- Note: lao&edto wate L=eap, Then s a [LWL] ‘e L,




!Fww\ Hiese um&ojlriw qﬂou ot Finds [\:?; L,‘,]’ O' Seo l-_—l oud oy ene of
' the Compovents Lo have common ecgmtabes Cam,,\;c.",.m,uﬂ, we cheese L, " il Ly
| Deine (L wm> such Huat L.\L,wb L(L‘l““r,w) \-3 \L;w> = lMlL;w>.
C Noke Mt Llbe) s unchauged undler L - “L-, S0 we cam defiue L2 -7,
| Defne L* 2 L, * LZ L;: T"‘“‘, [l-:lrl'i] = 1 aumd [L':',Lf] - 'tL.‘!.
o LlLsibed) = LebPted = LLa(Leltad).
| L,(L,tmj SLols +[L5 Lf]}\w- Con 20 (Ls (L))
So ether Lillud =0 o Lillad = C( “. w ).
Bk o<l - <L...(L+L 1L..> Kl |80, w0 LL;llw =Ll LF ey w5l L]0
F Elul Lowly wbs W & WL =ulen = (L) - (m-2)?
Slaslady, © ¢\ [“l “*"z‘lz‘(w*%)l. So wm cammct be DL o <-L.

A}

So if e apply be or I repeakedly , we wwot Wit a value of w  for winch
- ‘l(: oc ¢ =0, so Mt W sequence Teiwumates aud we do web veack {or bidden
values for w The Sequences tevwineke af wzl amd wz -l aud dhe allowed vakues
L of wm are belween Huese oumd Se.Pa;vJ:wl fow tew by lakegers:
o=l b b s 2 st be anm 1“,1725@,-’ e, either | is aun inkeger , and
5 also wm, with Wwsl, o b %is Wb an odd ﬂd‘eﬁa, aud also m, poith \misl.

| Delining arbibmay phase fudos dobel, Lylladz {(Le3)- (medP Il msd.

;we call Ly o is.

Whea L is Walf an  odd integer, (€ Ccomnst Cowespoud b orbital aunquler
momentum, 1€, £ {r wit  asodaked with the wmobon of fhe paticle, bulb refheris
abinsic Lo b We Ml Wis intvinsic ongular wewmestum spin.

CWiRe  ia classical ?\ujsic.r, ek ?o(uﬂf&e gw&id—“ cn  Cany spln augulos wementum.

- Elecbrous Mave Spin ' te, L=, but wwle 571, a0 do wuons, frotous, weukrons,
. %Wk‘; Pions  \awe spin O Photous Wane spin | , B do W, 2.
[ we wse S For spin, L L bor odtad angular mowmewtum aud the dotal cugular

mometum i T baZ ]

ngn V’-.
. e N 3 he.
n e special case of spin-'A ?ar\-\'def, we torte S 73T, whed gk spia madni.
| _27%;2'1 £ e,cg.enuable sls4) = '(z*ll—; < crrz Vs eiggenvalue 3 Wb wmake
CSemge b0 jabvoduw to the opetor T oWy F we afply it & a state of a
spla- G pukicle. We wate 15 3, [ by which we wmean Hiak §F and 3 e e
§ Same efFfet wohen appUed to dhese <t'a,l‘es)
- Now, ¢ - ’T.z+°-: +g-;’ bt S35 e e,{qwua.lu-e; % aud "21' So S;' has edgenvalice
Y, qud o o Was eoenvalue UoSo af 20 [in dhe same sease  as belwe).
- Becawse any Mreckion  cam be chosen s e 2-axis, g =0t ol alge.



G Vawes S=30g, TS06T= W Eesy, Qert bllows Unnagln
S ie. [0 5Te s fop S Cooer] = % e o

0 0-n0 2 2ic, -0 D G -0o0 2i0,0 and o0, -0 5 Zigy
Pdding > T 034 00, 20, o 10,6170 =[0,6] - He qubicommutator
Grenerally, Loial, = 0, taj. W parkicdlar, - 9,0, = 030, , 50 9,0, 2 iay (bom 00l
We  can wabe eveylag together an: 05 7 L8y, Tu + 3y

The  usual representation ap tuis algebea, oitn @3 dliageaal , is:
Goe L5 s, wslf
_M&& \S" ’1 S;"‘V2>’(o) ' " »(0)

ie
A geneel state s o linear w»bmaiwa of basis states: w= \;i[r,l a
tuwo - wmponent spinor.
Neowallies §d'r uwuz | s Sdi (U5 e8] = Ta¥ L1 s’

This eti(uals < (thabda(v.j ot a weaswrement cama 53—*;) A (Prv\bahbk‘j Hat it gives 55 "lz)

Addtion of Angular Momeda.

Te I  Supee Wbk I~ aed 1ol inolzpa-d.ut- Aegrees of Lroeclon,
Such a» the spin  aumd orbtadl amgular womenkum of fcu-‘;\olﬂ, Or dhe ovhobed
angular womenta of  two separate packiclss 5o thak [:1 7% leo.,
E"ngWe: 77 geavakues j 1§ +) , Tz “ \as evjenvalues m, ,

Im \was -ugaeuuai.u-e; L N U, +), I “ ha, elgenvalues W,

2'1 has .e,iqmvalues JGd, T3 has eAopenvalues m.
Eigenstates: 13m>, L3, wmd \jwd.

Consider the gtakes \J.N‘>l:th "JM.J AP MY (T\-\e wave Funchion iw oLy
‘ fipreszu}a*ww 5 oa ?rod.u& of ""n:wetumd'lms)

NOW, I3 = Tw + Tz pus Ny lJ.IM. 3 i m,) = (m4m,) l:},M. 3 ).

So ‘.‘1*\.,hm> Is on eigenstate of T3 with -eiqeuua.l.ue M= M, AWM.

My T -[T‘” m)" Iw’q l—l‘lﬂ'* ZJW.IM & IM*IW ZJ.U ) :u T_'.” +Tf',J:_u_
Wowe aply dals tv the product state, dthe last fwo  berws olna.uge wm, = m, B,
Ma = M8 (waless bhey give 2eno)|, ga, {n  most cases the pnatuo{ stake s wot an
‘ o'gwsl'qi-e o %

To get the simulbuneows eigeastates \ju> of T° aud T, | we mead suwitable
Unear combinations of Yhe ?mo?.ud' states |J, m.jjzm,>, Wwoling differet values of

Ly ound W, wi ta M oYM, T

‘rﬂ\e Convewhonal wotahon [§ud is lncomplebe: it is wnderstood that Hhe stobe i also
o uojmstah of T el and T, ie, the states th e Untar combination all

have the same §, amd all have the same j, |}

COvtStd-br the  stake \j Y 3‘2 J,> %ecwse T+W aud J;.m o wlate the Sl’wfé/
s d?aie is an  <igenstate of T The,
\ J' Jl i J:. j'!> - (J l‘j +f’ i J‘{"h—“} *?'J 3:\ lj 1-1 31 11> % lj,+j1)lj'+j)~r|,‘j' in i jl .|1>



Walte Huis eigeavalue an  jj+1) | whence j=ji+dy, te, Vi+da 5452 U id, 5>

Recall, Ty \iw> = V(jri) -(m2d) l DS
1 \ . . ¥ . L) . e i § - - i M ‘ . ' 5
New, T 1j4j,,5,+i> = VG, viaet ) #- Gotia =30 Ieds, 405D =YY L eda, d, i -0

Also, duis equals (T + T¥N05 500> =850 UiV s 5 i> + V25, Vidds 5, 5,0

(3, 32, §,+i-D =EH,;,A,— Jujs ¥ s.i’;, Vidy; 3,48,
The swum of 4he Squaves of Hue coeflicients s | - the state is womalsed +o |.
The orhogonal Uner combinahon of the seme two product states s (it a cleoice
ot plaredt ST Vadoi 5,003 = Iog Yid oD
This s alse an egenstalbe of Ty, wilh egeavalue M= j +j,-1. I\t wmut comerpoud

L jli—jz-' , not facludivg 3= § 4,5,
R AT AL TR LT L SR SRS - 18 -

So e ldenkfy Hee stake @ 1N wii-l, Seiy oD . This can be seen alse frow
the Fact Wik we camot hawe > 5.+, Decause the wavimum value for m s
max T+ max T2 44,

Now apply T_= TV T 4o bi#ie 0 dovds -3 aud o \jg\—j,_ 5 J'-“’J‘1“'>J fhing
Uiy, 3,43, and 1wl 5o as Uinear coubinoblons of 54725 5.5,
U3ih-U 3ud, =, and L33, 5 5.4, -2,

The Haivd Unear combinakion of these Muvee PNM states, orthogonal b0 Hrese,  wust
be lj‘+j,_ g +j1-2>- Conkbinue wnhl all \;raobuo{: stakes ave bean used.

J: jl+j1 / jl“""l" ' J‘l+\i:-1, L

W o= ), 4], £
8, vy~ e ‘
§3l . P ,
Vi -ad . ‘ ¢ et Tt € e yalue of m o wlaich
b, -3, ‘ $ T T e e wumber of product states
I | ‘ ‘ | stops (ncrencian wnem vae apply 3.
"J’,-j;‘ . ¢ e - . —— 0
o T " = =
. =14 . 8
-h=h .

Ac  a check we calelate &f«j Auaber of fnolefenola«i stakers «
The wumbes of stakes Ljwd i 2 (254]) & Be numbe of values of m behueen -] amd 4.

! PTVi-
The wumber of prool.uc)c states is: L?,J"ﬁ){ij .n)
So. 3,4k ¥ 02 -3l Just as (n dassieal plysics.

iadal = (Bualal = O, «1
24 +0 = 19



; lqu'{m LW te notation does wot say so eplictly, Y states | jmd ape eigen states of
TJtu ?‘d Ttu . Wikin e Su.bspace of such states, coe lhave the @Mpweﬂ reladion:
m:j' m:e-j, \Ju‘Ml iy M1>< I, ), M,‘ =

T““’" ave Uebsh - Gowlon cefficients.
A'PPL‘:] 'H-Mf “70 \Jm!> le> Z ‘JM. J J; M.)( oM™ ,hm’_ l J,,)

We (’_al(’ai@zl:&i <.1J ,JzJ,‘JHs '/Jsz") JJ:

By construckon, and by cheice of arbitvary phases, the Cleksch - Growdon coefficients
e real -“n-eﬂ Qe Ca.(eulww fromt  the al.ﬂd‘)ra of Mgultu- mewu, and so cuwe
- Unabfected bg the introduchon of any other labels o oclesanbe  the stake :

\le oo T -t \J M Jlﬂll‘m3<j.M.,‘J’M,“M>

Example: 3 %1 Wole the single- parkidle states, 524, 523> 8> \szd 55230 210D,
Se \“‘»‘1‘3 '\s l, s,-|>
BB ID) = (soL 520> [ Tigle stabes: supumebic wnder parkicle ntechaug
WS> \s fl,s,,=-—l>
FUDID> > = |52 9 5:0 Staglet sabe: cubiscpmumebric.

- Cowsider two parkicles, allke 'n oMl vespeds  evcpt M #m,. Solve for their wobon
wad ot wm > my . dn classicel plysics, one obtains the solukion For [cludical
?N’hdq, but wobt in 1wr'?m medhoulcs. Baalc reascst, Were , the trajedony oF @

parkicle 15 wobt well- debined , because of the wnertainty friu.'fl.e. W e Ruow 65

- positlon predsely, we canmact also Ruow B mowesbum, so we camtct Ruce where i€

e just wwe ehom. Se a faur of idewkiead pakicdes Mave wo  aclividualiby )

we camct say that this eue came from heve oud the othes From Uiere amd wee versa,

: Let la > be o stabe of two (denbicad ?M&-{olls, where @ dewnebes ?on‘ﬁoﬂ e

| spin fer ome of dhe parkiches, cwd b (o te other. Thew, e states Va bD aud 1bed
| are p\w;tcw«j equivaliat: The  siwpist way o relie Hais is b olecree bt

iba> = Ya 0, wibth & cowtant. Then, \o b> = eﬂlha) Mde"9= lgoe?"'il’ aud
the i:ua-—pa.-lﬂcb stabe s either  syumebric or  awhisgmmebnc wnoler parkicle twberchauge.
pru fwa-fax“dé states of o ?m-‘\nudu pade of ideak cak ro.,.-h'd-t; must have Hie same

‘3%#*‘3, becauwe otherwise Su.fngs{HoM of stobes would (ese s‘ch.M-eo{‘n.:’.

|FO{ two I:M(C(i ?a.r{'lo!% H(1,2) = H(ll} and sc fhe ('/L\Mﬂe Ala,b> hew bHme AE
dnpses Ala, by = Ty Hie b L the sawme sijmm-d‘rg as \ab>,

M stades of two \dawheal parkicles whose spin is an waleger ave Scymw@{'ﬂc- Bosous.

| " LQM odd mLa]u‘ ave a.ui'lsajmmdﬁc Eervwaions




Exow-plo; af Permions aver pnv,q , and ony bound state ok corsists of an
odd Mbe{ of Ferwmuons (beca.use te total amgular womentum of the bound stake
is Hte “Swm' of the splas - ia the stake we ‘\ave been describeng - aud the ocbital

Gawj..lu momentum  (wich ave i‘..feeaen)). Fwaawfu, o Hea nucleus, pPv, s @ e on

| Foe Boonitass, faod* “IEaS audse taddee = Pl salles pcudple.

 Two idenstical fermions camnot occupy the same buweo- Pa.rhdﬂ. state.
IESQMPQ" of bosous: ¥, W, bownd states ok on wina wasber sF Penuinns [uclias o He viveleus)

For stakes w.\km:v\inj N Pmﬂda, lap'- a9~> = la.a> G bosous, 2 a(P)) o, . ap>
‘FN Q«N\M‘ou), w\tm U'LP) \§ e 3%\4‘&;‘# Dp He PWJ‘E@V! P.

CThis  symmetvy o Mﬁswdfg s owky feq uived b the pawticles ar< ol olewkical.

Aahels ave dfferek. For fermions, : Tl m):= L

S, Cvr-exmte, e bDound state of piv has no Qtwl:ioula.d‘ sjmeh'y.

Bside: The proten awd weulvon are bound stabes of quarks : gz und, n=ddu Theyy howe
Spiw Y1, There & a  bound stake uuu (the DY), where dhe Haree M ald
occupy the Same  slgle-parkicle stabe wwch tie Pauki exclusion inuf'(-z forbidls.
EXFMN s a new label, Cobor, wwidh take Huree posshle values,
ond w the A'H Cadn of the w quarks oo Aitferent colems, \F oue incluctes
the clor label the stabe vedtor does wot \ave fhe awbisymmetn "‘ff""Pffa“{e
for  fermiows; there s a coler wave bunebion £k which  mulbplies the
o ave Funchion Compered of the obther labely wwich s symmetie,

| M- aborogtivy \dgablog! Paghicles

TH=T +V,lg) *Ta+Valn). For U»e lectrons (n the Hle d:vu, M!gl.td'lrug the

et 2¢ P Ze

\ r v =
iwteradhion  between hem st G- e %’. e
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rigWk sy mmetvy - We weed: Yin, g)- j%‘(udgluptg): Mgtc.m‘(gj) v

boso
3 “:f:u::iii'

R Ug g are nocwalied do |, the Y5 wmkes W wormelised S [dgg al?ri. It =/
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Cwass of o systew  wimch (s closed (wnaffeted by outsicle Forees] | the Hamillowian
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Ucnss[ca)Uq’ mr = F = -58':', szCom dhe wakhematicad QMOW:KH’}: (spece veblackion].
(f Vig)= V) |, suckas z,-;.—m (we sam V45 a scalar, |F Vlr)=-V(~¢) Visa

eudls sc

Fovr Scdu V the %Meu op Mo“'\ow 5 uMMcd wnmohes Space rtch.dno-\‘ cuad
the space- reﬂmted of ousy Solukion ¥ =l wiU olse he o solution
FWFCMV, F>-F uder r= ¢, ond we say E o5 a weeher, For pseud gcalary
F 9F, awd £ 5 an axial vedter o picudovechss.
The ehechw magnehc and wacliar brees sabisly scdarV, ik wot dhe weak.
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Wy ﬁﬁgﬂ'!ﬁﬁi!t (1a56): \n e B -decay of C:O e elechons are @1Cf°
enithed prefereaially v the Weighore ogsibe Lo the pin S e/ d1Ne
Sche - E_,e- nder space reblockion, S > 3 laxiak v!-al'vr), b ecousse
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uéc{-oY ?W’{‘ EkPU1M€t~b F'LM)J Hiet the ek 'fwu. A M Euve OF Jesler ound
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For Yhe aucloar aud dﬂd‘muagnexln'c ‘wkerachens, His a scalar: M)z Hi-g) . Thew, (F
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sawme a‘gmvalm. IF tere 5 ve dﬂgmm‘ﬂ, Yl-2): C¥ls) | € ¢ comstant. Renm:‘n.ﬁ E;
gek flo)e c¥i-¢) ,and 50 €20, 2 %l {5 the Panby of the state.

W there s dﬂﬁw, the solubienr aeed nob Wowe deGadte pani by, Wt Lear
conbinakion of them olor v crample, F we hawe a solukion Yie) toke 7 (W) 2 ¥ir)

The Dewkeren  (n,p bound stabel.

The wucdear force \na.a SCalax potewkial Vo ~0) w5 sfm- fedlependent o o Gk
%NMNGMQH-- "> _ vz *V‘l’—‘)}, where WMoazm, = M,
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\E we v\eg\u): Spin {nkecachons , V= Vir) VYecauce Yewe (s we r@prcfewed
direckion. Thew, (L0120 aud e eigenstates of H caw be baken b be
-e«gwsi—ai-ef oFL" with  wave Funchions Wiel = Ry Y, (8,9  such Wt
| LR (Vi s HAY) R - g0

Hac, 'hzl.lw}/z 2 Yelave Uke amn addiiow 4oV “:‘ne cuj:hpuﬂal ?o{'wt'mid
Cwla e C.ewespoyd.! o a l’CPthStUQ f'o%a/( We -d(fw(,k the %He:t bound stade b
be [0 5o Hat He -.rcpu)s{w ¢ absent,

I Ekpm'mk f—;'uil ‘C{Wk the A&wt&mn gwwa’» i'{'a.}-f has {—e{*w( O.M.gwl-m' M&MOA}:M J':l.
So oF L=0, kave s=l. Bk one can cohwdabe bhe deuberon's wmagaebic moment
@2 ¢ Fundhen of L and s Fuy (20,520, it olmost agreer with expenment,

The vemedy s to  include spin iwherackion, so Yk W teems suddh a2t S.r
Oppeac in H, aud thew [LH] %0 audso L s wet @ cjooJ 1‘1“}:«,«'\ viam bev,
The gwwnal state - (Mrnlg) & ( Unear combiaahcns ac}

l=¢,5=1 b=1$20) o L=Z.5=i

We need the stade (o vewe debinite ?aml"j, becamse e s ne dogeneracy
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Recall that Y, (8 9= wusk B (9) Mf, T ﬁauf(kﬁﬂ‘i how Hrese bekhave wnder
spoc veFledion Choxe bhe 2 -acis sudh ot m=0. Then s bewmes const. R LY
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¢ " quce < — T Treaxs \.{, 9-—5"!’\‘-91 w?—) -09:9.
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So the Pty is [-UL. The wawn ?a,t of He oavebundion Herebore Whas
Pcm{wj 1), and e evha plece mwb also Wave panilyt, whidh e deden L=
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Teeus: ﬁogs

HY- L'ﬁé, so +fF Mlr)= Hlg) , the change BF (2 Limedt hes Hhe same paniy
| a¢ T, Thas iF it s He dzulwmgne,lﬂ'c or wuclear che {rhal’ Causes o {’MIfHOMj
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- Exanple: pn scatlenng .
Work 1a Hhe comtre- of -wass bame, Lhere the ‘otal momenbum is O. Suypose
¢ for examply, Hat the fwkiel stabe s siuglek (totad 520 Then, joL and p= (11"
Conservakion of totad angulor womeabum allows the Gual state:
singlet, same L, p: W
{T-{‘ol.d', L Ly [-EXCCP{' when 120, when triplet, L s the Dw’uj PO-‘SEB-'UE‘jj.
?o.nb Couservakion redes ook orbital angular momenbum Manging by e Lalt.
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Bound states Wave o panty whidh we wmay caladabe, bt lementany P ek clos
may alse hawe am iubrmsic  panly obtaied from expedment.

[ faw‘t-g ) . t?amtg Aue 'Lo) ( PNM of the ud:r-as;c)

of o stake orbited wohon Pavities oF the parhicles
Twis V\&aﬂ'ers onul.g i ?QA’ICABM wreaked  o¢ Olwtw‘jed w the tHawsition, becawe
otherwise the inbringce parity Cactov just Camcols in Uhe  panty Conservahon 2quakion.
For Hue Pko"ro‘n, we  way caleulate Hais ‘wlrasic ?Mﬁj Siace 4 has Zere  wasy
f there i o (uberagkion, E=c{pFacm  gluves E-Cp 0. To geb a  wawe
e%ua}non, use e Same Cowespondlance ar  gives the Hwme - Sna’-efonolew‘-'
Schrsciugee  equakion, p > -ih T  omd E> % we gek (& -9 A -0
It s natwrad 4 tdewkby He wavebunchion A w& tne Ragsical vecker fotestiad
[More thaun ! Component Decause e Phdton  Was spin 1, n Hee preseuce of
wherackion, ;el =V A . Ueole spew veflochon, § -1 ,50 A=-4, cud

?\w{-ou; Wave wegative  taknnsic PMLg , ar Conbiom ed by elpevimant.
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and Gead staber  (alve Hee proton). Consider dhe arcm‘l'ai-{tm/decaq of te atowm
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9 For an dewbcak pair of parkices  Meene (s am ertm condibion Fow e
‘%dww ou He £9M4fwj or a«w*n’sgw-d‘fg of  Hre wowebluncton. The space
‘?a.(.—f of Y wanvefunckion \as Symmetay (-0'. For two SPI'w“iz Pcwkch;, the
Si g ot (5:0]  wowebunction is awkisypmebic aud e bplet 5=V 5 sqwmmehc
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CUE Y s oy wasefunckion, SHD 2 THIes Y s where Bo s Hae growsd-stake
enemy . E"(f'qud [¥> in terws of the (wnknown) -Eiqwstakﬂ o H:
1> Zal>, Then <H> - TSR /e
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Q.Aj'ud.'alnf.e raxm-eierj X The ?(:’a;l'{a.,.aﬁj values of <> thew we vary the A's ase
o.pmeeus-bo the G en vadumes of H. VQm.Df.\ﬁ he Al C.Dfreslaond: Lo vo.v‘j;...g the
expansion  coefcients ¢;. Nommally, the wumber of A% € He  wumber of ¢, so the
vanation of Hhe ¢ Covvesponding +o the vaneken of the Als i subject o o (ot of
CGwstminds. 5o wually we  do et ackiewe Yhe evack igemvalues E;. Butif
we choose ¥ h\.f:ewgewt(g , we can Wope o gebt near oue. One il wof uﬁuauﬂ
Ctud wp with the twe funchion T, but F Y i Twenn” by Ol), ten Hee
caladated energy & Wiewy ody by o). For (€ all the ;- 08 eeapt G T
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| 1 ' o > "
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i wy 1 ¢
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We gei' owly one stablonary value, omd becawse we \awe waed gﬂwd-si‘d‘l
hydeogon - Wke  wavefunckions, we exPeJ the cesubbug vakue b <> o be  cleser to
Ei wlice o wvne of e Wigher E:. To- gek dae \’\J‘lg\f\er‘ €. we  must wee a
datfeant  triad wovebunokion, ¥ such dat € W a dhance, for suibable walues oF
e prometers we wmdude w it o come Aose to one of Hae Ye

| T L :OU\ O, o

There ane bwo Rinds of tramslabon: () of bhe GFPq;whx Haak prodn ces Yhe stade,
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W Wds is brue Preall W 18> Haen DTU)DIs)z |, 50 DI8) s wmbary.

1 we troaslake Yawogh o omd  then 'U'W‘ou.gln a4 we showld vetum o e fwatial

sbake: 1> > MW-a)Dla)i> = 1> fov sl > . 7 D-a)D(a)= | Te Dl-g)- D'a) - D*le).
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To Find Do)
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wmahivg x> x+a. lg DlelxD(a): x+g
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S of all the momenta of ol Yo sa'a,ml:e go:ﬁctu. ln  ewler to establish dhat €
s the coeckd, we st check Uk all the other obsernables necded do make
comploke sk alde tvamsferm comeckly  These e packicde womenta, aund kv al
Vomables Such as MJM spies awal  chaaugyes.



ey oMl sakishy Q= 'E["Jf @]ba; =0, amd 2{"2]*\ does give dus. Let @

\ be auy sbservalle. gu,ﬂ:os.e M, wndir traunslabion a, QR - Qua). Uneley By bivey
nFutesimal bruslabon, @la) > ®C) + $Q(a), it @ £0%,60) Sa; = & (7, @] 50
0, 2:4[e,@], o He-tea+tar-o

T a -Cg-a v P L P / = !l "-‘ é[
i Ov a“,;"(e R SR o b B g T b ke Y Ce Dle)= e d *“
| 3 ) igem -ip by ~lp i +8) /4

Nokice the “group properky + DIIDE) = ¢ T - Dig+b)

For o chesed gystew, W G(Efe,wd& oy on  dhe separatliows  between the pactcls

ia b ond 56 i bewslakiow tvarad o Tuts Pv Ml 8 , aud [d 4]0,

ie, [g,“]:@.
v the Hedsenbeg P(d’w{, wheve Hhe bias and ket de ot vavy with b Yais gives p=O.
So the owservabion of bBotal womentum of & closed system Folliver b Fuarlobins

| favasdanc.

T Kotﬁﬁgmg

Abrodice O(R)  comesponding o o cotablon R amalogeus 4o D(a). D'IRIDIA)=I, DR = '(R),
| Tws types of rotakien abeut dhe same axis:

Ll of e e‘LVV;FM&JT that prepaves dhe state: athe, \>=> DR)I> o @2 D'R& D(R)
LW of  te affafabw Bt measuwes Hre obrerables: &= DRIQD(R).

To Gud D, cowider type (o). Foc Yo coondinnke of any parkicls ok DD -2 s
Lt R be an inkinissimal babion chewkt the x -axis Huough angle 5%
| Ztct—"‘( g tes 59, -~y S (i, ) = X 4( —2,) ¢ + O(sq.}z)

My ces B, + M, Sin §F, *;

%Ex‘wa DR aa: i+ iLER +- 5o DR)%DIR): x; ~i 88 [ T 4
o= ['I“x‘-] 20 1T, .’(z]:"."‘z " [I(’ x?} 2 .
Solwheow: I,z -7 | wheve I 0 He dotal a,.@ula«r P,

3: Z (Srt) s L LS hunel

-

Y

S commubes with exch x, 20 do the codkebubions toL Fom all fhe ofher

§ 2
| Pa.r’n'c(z;, When 2 p refer o de same pahcle, fff’-“?h" ] = CE i X
CWe wmwl check Yat the remainimg membes of a comf(ei‘p_ seb of oberables
| toouas oo covveckly,
T Under @ votakon, all veders have theiv eom?or\ufs mixed up Simlarly, s in
! fa"kw’!’u we  want [1"R]:O J[’IH P@] ;"‘f’il [19 Fs]:"f"z - Ukewse fov s;.
Just as for auy fm—{-w!!, [LJ, 7(,‘] &R X, 5o adse [LJ, PJ]’ L€k Pr, by epliat
coiwia;{:{ow amd [SJ,SJ'] = e Sk Com dhe oleﬁw algebve of Uspin) anguday
. momentum ape,ra}ws_

- Theve i« wothing special abouk fhe  1-divechion. Foran infinlesimal rotation dmeush
angle $€ obout an aris fn the divechon §¢ DRIz 1A T 8P 4o 7 |- i T894



s .
From s DIRI=e ~ foc o non- mBqitessimal rotabion, For a  closed 53{{'6&",
Hhere 5 wno ff?ferred dacechion and so H s cotahion wvanawt. Thus [“. !-_]’0=[I{ I_TJ,
Co wn the H&senbefg ?ic){'c.u"e, J =0, Se for o olosed Sejsfam, the dotal a,uﬂulw

Mm-b\kw .J: v wnsa-rvad, asr a wuse@umez of the mfa}“am-wwowﬂ‘mu op Space,

2 Kotabhe

Two Successcve rafa)l‘l'ov"ﬂ, e. Hrem Qz Qre -quu\lak’wt to s‘ngLB w“-‘alrian Ez. Q..

Under B, 1> 2> DRI | widk wnder R Yecomes DIRIDIR N>, For auy 1>

So  DIR,R): DRID(Z) , and the DR oboy the seme alpcbm o Hhe wobobions R.

We say Huat Hie oruwt'oﬁ DR) form @ ref,-ecuko«{'lon of dhe Growg of votakions R
‘ . ,.:rcr -3 -iTH -iJ%
i The gro up tr non ~abelan geme(a,u.g, DIER,) # D[ng) ‘e e e £ §
(T\M’S is because the aomponenb of T do wet commulz it eao{q ,&a)

Consider DR jm>. Tt is the steke of  dotal Mao..lax mpm&\kmj for ilich it is Bnevis
ot  Hee Gowtfomew% ofF T inthe divedion go’c buy rekd'\'ng he -avic Hm-w.q,‘h Ris m,
D Se L DD 2 O for 3y

Defne <jw' DR jm> = " B, e I 10 x (Ly)  wmaknx Lo ﬂ‘uw )

The PmﬂLU‘O{' F twe Sud» Mw{'ncex
[DJER.) D lRtﬂ Z D; i (2) D ‘. 1g;) = 'j” <,m IDIRYI ;" 3w . ﬂDsz)lJm>

(oky 5 coutvibites) = L DRIDIRNGaS  (by complobners)
= G AREL o> 7 DL [RR)

go 'Hne Ma*nc.ef alse (:-Nm Qa N;Pvt%wl'a,{-u.n 00’ dee gvhz{n'cu Growp - Hoe

(‘2J+t) dimensional  Lunbary fivedumeible 'e?.-eso&aixm Wi lvedueible  because
DRI = 2 Uad Gt ORI a> = F D Do R, ot for genend R all the w'
are needed. — There (s wne Subsf«ﬂce ‘k{«a)ktf mvo.mamjf wnder all Hae robﬂl’;t’ﬂﬂ.

A reducble rzppeﬁukdc{ow\ &5 such M aﬂ'%f sutable  (inean ‘Evmpvma/,dsq o e
s Eates, all the wataces have Hee Foom k?o (ﬁ] -t it 15 made “ of twe
vef)perewka)ﬁans of Lowe( oumans;on,

(e ible ey O i3,

Define anm lrreducible teusor cferai'br of vank B: o set of [2R+)) opevators 'f',:z with K==k . Rk
Csuchs dak PR TEDIR) - Z T D IRT).
- The simplest  example is k=, a' UEd:or operator. Uncler « votahon, dhe Grkerian componends
Cof @ vekor ave mixed wp (a the same @ woy ay for e prote by pe vecher ot wie
howe LT V]2 080 Vy.
V& Splnexicwl c,o.uf:one#r Ve are: \,44: 'j“—z—[\&ﬁ\f.jj, \J,:V;_, v, = é[ux-gugj
Cousides Hoe Mtb\lod case \}:?_i - e coovdlinate of @ ?Mﬂc/‘.z One can slhow
teat o stabe T | 0 m= 0>, waless it vawishes tromsfoms ke |RKD | ie dhe bewses
epervater  wreaker dotal G—uﬁu)@.( wom enbum R - component K.



- = - 1 .
Sof 'x_“|O>’ ﬁ'["*“ﬂ) \0> = f-‘.; vsinb e wlo} Wao j:‘ ‘ M'-‘«t.
20> 7 210> = veosb Lo has y=| , m:=o0.
10> = Eleca) » £ NGS veg g

obv(owl‘y x Uea,ffs ocbital cu.gul;w m,omew{'um rakher ‘HMM sriq.
Up ¢o @ coustank Factor, sind o™ = %'(8,€1 =R'(8) "%
cos} =Y, (0,9) = P, (cosB)

stafe T 16,9 - P19 T

Gowsider @ Mmﬂw atom w1 a walorm elachic Geld: o = Hy + e&x. \€ tee atom
were  oviginally I an  eigenstate 1> of Wy after Hme Ot e change (a the
sbabe o€ HID,  and e ?m\oa’loil,{(rg of C{nau'ﬂg bat Hhe atom is woew v a
AibFecent eiraensf:ab 12> s meor{-imwl te ‘(2“-“:5]1_

But <2Uuid = <2[ Ho4 e§20d = eE£<21a10)

CSlae 2 (s the R=O cow\fcnuj: of a vedkor , b creckes (orbital) Mﬂwla/
wovertum | with  2-component ©.

1E W= Wi £ other labels> |, and [12) = [Lm, & other labels >, the mabnix element
is © wnlese (—z"'L]"“L"WL;*‘ amd  m, = wmy.




