\)g._ﬂq_,_m_fai Systeats _aud Nogy @ c E!‘@@L %ggégs

'\- Vatee o - Eial

i What s @ s (0s) ?

=g

(Eis “Sgs{:emu whose evolublon 1a dime i clotesmned wmquelyy by s cwrveu
Cstde. For the puwrpose of Hais  cowse mathewahcally Wt is @ eonbiaous map

@ Xk G X, whee X s a tepelequeal space aud =R R, 2,7, ete.., such
that CP(%, 0) =x, q’(az,t-rsﬁ cP(‘P(ﬂ,H,SJ, -

X = ";('a_;l-e qu““ S "Phase 5rec¢“, :

& = set of twes; conkiawows o discrete, Fovpuards oud  possibly beck s )
Q[xlﬂ ¥ ‘unﬂ ‘fﬂk? ﬁfle fl}f{,w wawes ‘Lﬁ h Frﬂpu o i gue t. [CPIN,{'J E@(JJ T @f ]

Exawmples n dis cete Hme: -
mag: if FXX b Plxa) =z Fo of 6= F () W50 ; Ply0) =x.

\ F s ivebbe can also dofiee €%a) for u<o by (F)(). (badtward ;terchiod.
Actualy, every DS with discrebe bime is of s form. Simply debine €x)= Pl

Dofintion: The fonsard odit O *1x), of x &y the scayance % Fal, €°6),. se (F6l, 5,

1€ F is lavedible can also dobive e (RAl) obib of o, deuected Ol
to be: .. PEW ), x 0, €4x),... [Notabioy: ¢%-(F1°],

Crmfw eeP,»eseul'a,Hom O@ “ﬁlw{'fon:

-j:F(x]

2 1-544 L F(xl)

AP?MQuiT gev\em)vlsd-ion TR CRATRUNCE felq;{'ionf i(: Co.»m Kpike © F[xm—k-”--, z,‘] Can
elss  be tagarded as @ DS Let X= Rh_ ((’,‘z'} " ( bl

.Exwellﬂ " M'nu.ogg ﬂ_.g\_e'

- audonomous syskem of Gt order ODEs/ vedtor Relds, x =Vl , xeX (asscume
tat V is Lipsdutz, X ww[?ﬂwu.

£ xistewnce /uuiq)ueness Theovem for ODEs > X W que P: XxR>X suh that
2P0 = VIRt ik Px0) o

C s said to be the flow of He vedor Feld V.

Diﬁﬂé‘ﬁﬂse: the CWWQEé ochib of {fes‘;eal-iazbj M} : AL {resP. Ol s the
Pwe/[‘rtsed Ve cpf’!tﬂ n X where _5_6& (resp_ te R).
(’ in}eaml erve H&m% n- qm‘l.

e Mg Cousse, we wilk ook ot Maps of the civcle S', aud W lnkenal Lo, -
Cand  olso  some other deopelegical spaes , oud flows on (bounded \reaf.o«ts of | IR,



(.2 DS vieu?ul.J:

Vsl \Jiwpi.di on ODEs aud [ecwrvence velakions s 4o find evplit Fervaidne
Cor ©. Bk s s wm,u,j ;M‘Jossﬁblz for  aouUncar stj-;i‘ams_ 05 uiew Paimf s te
Stuol.j "(Luwla' tohve Feabuses” of ¢,

Foc QKCMMPLE,' in Adscrebe Hme : evisteuce of Fixed Foiwi?i o Pemocuc W‘aﬂ:s ’pe{.d:s

Debiibion: \n oh.s‘ag/l-e bme Say % s a Qixed pmi o felzx. Say x is a

ggﬂ go,ak of (lgast) peqod %30 6 ox- Fq'(x) aiid £ la) ks fov [sn<q,.

W conkwaous ‘HM@, Look (o : existence of Q%@Uhdw/(tﬂﬁoﬂuﬂ Poivd:s‘, e x such tat V= O,
Camd o existence of lodic _oibits  te OG) suh s at @l = @P(x0) ,someT

MOJ‘R H«-Oroﬂ-@lﬂbﬁj, \A\no.k we Wi 59 a' ’Qudffa}{ve (:ec.J.’-.l.-re\l is « Prapcrég of ‘-P

W s twvaniant  under olmuges of coordinates by all Wowmeowmorplusis.
I LW the  coukinuous- Hme case , undd tume -rescaling alse)

Recalk: & Womeomocpuism s o couklnuous wap with conkiusous inverse.

Seg B:X=>X aud g 7Y, are dopolmically coujugale 1€ I homeomorphism iX2Y

- sudh Yok gel- WeF. *i—’fh s called Hhe wgugecy

y 2oy

The 1ualit'ai{ue Legtuses of € qud q ase devkical. For exa.wlp(zf € f has a Rxed
Polwt o, Pen so does 9- W) .

.3 A i« 8

T\Na w\osff hka?ﬂ'\uﬂ qruq,u{‘ai-[w Ctai‘u.vﬂ’ axe Heose l‘v OLO w.'ﬂa ‘“a{ ho‘na»{ou..' Mt""tW.
For Ofa.mP(e( does  aeny orbit tend to < Gixedt poiut or Pe\rfaouc obit T~ No,

- Definiton: The w-lmit seb of @ potab xeX  [or o 805 @, t conbauous or dix;e{-ejl

demoted wix), s the sek {gexi A () >+ such thet ‘Pt"x.-a,.j}.

1f Gis R orZ, can also define the w-limit ok of x, «lx, by Nplao;ng
T ® \eve \>3 -

M t) Wi, ol olfpe,ud on P. So if aot clear From eontext, wnte Wix ¢ F

DS comea frowm a MA-PF,' wabe W,V F Gew a veckor Geld VY.
ol obuioahj, W), 6), = w(xf.

w: < x is a fred poiat , then wix) =x

x5 a P(thoab‘t Poft\k. then win = T (). [N.ﬁ. abuse of notakion heve :
6’{1): {Fﬂb‘} : “GZW} ]



- Alustrabion  for the Stmp(ni“-? class of O3 : how\e.oMppPh;m of olosed inkerval TR,
(W € s orieatebion - preserviag (oPW). The ong possible 37 Umit sets ace fixed points.

Pioof: exervise. IM

1

v € s ocientaron - reuetsulg (oRYM). The Oﬁk@ ot ble N—Ltmt Sei‘f are Cﬂtev[ Pom/t' ound
?enacl 2 ocbits. Proof: exercise. Cons.,oLUF (an @PH) [

o, T %

To get more exatly w-lwib sebs {n one dumesnsion, ecthier cousicler
Non-Laverktble  waps of e (wkerval, oc maps of ¥he circle.

Debimbion: A Subset UcX s iayopauwt for a DS @ ¢ @U-U VEeG

1. Maps of te Cicle,

2.0, (zenes

Consider o conbmuous map of e tede tv ibself, £ 5SS Tuo ways of

e resuo‘n the W(’/{QS 2
(a) S §(x,‘j] eR’s :x+-j -‘} or %MUMH Eéd: \%M.& { - “Xfﬂ?} (Mufwvlic«ﬂve -lota)liea)

i) §'= R/z2 (edditive wotatou).

The \A)g Map, ezmlxl—)x establshes au ts.om.orplmm betiucen %es? two npwseai'aiiMs.

A tve N.pr«mtahon (b will be were wefud €or cur Prﬂ'euj: purpose.
Cdvtd-rwa gmf\n oF F b«j C(J*uj HAC Woleakoﬂe ?otwb SMO M .regcuob\:vtg

Ew o war of (o0l For erasls: Z"

oly v ®

24, §éMPle.;& Example.

Qotokioa (rigid, sbid,..) by cugle = 2nf."rs
(a) vg2 = 2,2, with 2, Pk
(6) g = 240 mod |, w\r\eu “mod " meaus et nuwdes Albfenng by iubegess e \Aewh Gedl.

So : t/:;
C Twere 5 o cruxal distiuhion bekweea the cases & rakiowel aud P {wakienal

M e & Weale §= P/‘L, P4 @prime. Then f’pc"ch Voces's all ?o{ub Fe,n‘ocia‘cr peaod q.

gij B& @

Debnition: o  pawimal seb for £ is o closed [£-) invariank subsek possess we  propes
losed {avaxiamt subset.




o

indbion: @& closed, lavariant suhseb n wlich every Corward ocbit s deunse.
[ 6 ample a peodic ebit s a winimel sek).

Popositionl: (F Be RN®, Mee orbit of evey poink wmder vz s oleuse i S\
- Kemarks: wisl =S ¥ wel, g » o wamimal set For rg ( so0 Uiere are vo obeess).

Peoof: Griven e RN®, xS, €20, ol poinks eg"xae 2y} ace distinck. (Else e @ for
Goxzrex (mza) D (a-mpel S' s bownded length, ts 3 mzn  such Heat
o< dlrg o, ef x) <E. Lek Nz\n-ml aud By = dlrg*x, s, Now, 1 preserves Leug ths
amd  odiewtakion w S , so that I’g rotates by amocut Brn. Twaus, rp‘Nx [Jeﬂ'J)
are ﬂ.%ua/ua Sfaced ga {Tg #: 3z 0L, (p,,,’]} tome Wi thin £ of -every fmf»‘«‘ of '

For  wore genesal OPHs of the circle, do we bave the same property |

2.?. L.Ct; !lggge.

Def—me Pm_‘ed:mn T IR-*S \;9 % = x wed {2 (%], Then, gwm ks, B S SE{
! 3 (ack wui ue) cowkivions Cunchion F:R~=IR such Yot Crem= wFix) V.
! F i caﬂed a LCE OF i:he Dtro(ﬂ Ma? F ‘R"“"IR

i - 2 E s owwmbes. (T is a covening wapl

Lemo\z (progecties of ud :if F LB R>R ace two Lifts of the saue conbimmous wop
FS—%S teen3 Re L such that F ()= Fl¥) +R ¥V x
W given  cowknwsus £ 5‘—?5', Fd el sudh Yot V W F ond xe lﬁ, Flasl) = Flx) +d.
d is called MM.:FF ( eg”
i) iF F s a U('f.' of ?1 een F s oa Wt oF F V Re Zq.
i deg (F¥) = (degF)®
i&b_c_g_-' () cloose xelR, Eqtx) = TR (x)z wFlx) - So Fla)-F (e T . Since F,, F are conkinuous,
| so is F-F ,hewe -6 is coustout.
W) Wixa) = Ty, so (ricn) = Frly) = wFG)= wFlxst), so Flxsl) - Flx)=de Z (as fov ()
Let F be auo ther LEE; Hhrea F=Fak, some k. S0 Flocet) =l = Flact) < k= (Floae k) = Flocat) - Fie) =dl.
Liii), v) Exercise = use nduckon.

|
|

Hu\twi“\'\lebj, { dleo El measwres how mauny Lmes the cirche s wiapped aseund itselt by £

' Exauglas ! . I 3

E“: € u a Lumegmofr\msa then aleqf' £ IO Y Y m{o:” e oleqf' e }
1
|



x) =
Example: rp. oleg(g sl L3tk Rp”‘ﬁxd—ﬁ tromslabion by o, Thew, SL“"— ‘n‘?’ﬁ \‘}\newlocelﬁ.

We wat ® (:]u\emlase s & c{eﬂree one hbm’ep.\nor?lnisms- from new on, cestrct attesbon to
Aeﬂree one  Mops.

0 25 2g- | ' ‘ 5
Lewma 2 2 Flxet) = €(x) 4\ -(py)
Flter) = ") +1, ReN - (P2)
FROuemt) = P2+ m, by jnduchion. - (p3)
Flx) -2 s pen'ool&‘c, P-eriod,‘ PPl ) () T Flx) i =bes) = Fx)-2 - (Pl)
SCM{lawL,J, PRlx) - % s I-?w'odic. - (ps)

13 . Qota}.'lrﬂn N\.uM ber

[

Lok & §'a¢ ke 2 degree | coshnuous wmap; Fa LH of €. DeFine ¢lFx) = nu::W an,F
Has Umit exists. E(F,xl s colled the yobabion awmber oF x wnder F. & measuves
the aw eiege cobabion cabe for an orblt.

Theorepe 3 Lek €453 be au OPH Then:
W VxeR the Umit ¢[F,x) and is independent of x, ie, ¢:¢(F).
) V6 we define e(FJ: PfF,x) Modl, then ¢ 0 {ndeP@dQui of F
i) e votabion wumber of F al-e{;wds Coui‘iau-ouslaj on £
[6®) is called the otakion wumber of £.].

Lommale: Given 3,y €R and ne N, then Fl st € F ) - € Bl =50

Procf: 3 mel such Kt %< ysm x4l F smonetonic F* mom-bum‘c.r:m //
Ss ¥ (x) F“[gm)( Fh0Oa) D F ) - 201 & Fn[‘dﬂ*, —(x+l) .. o ‘
< Fhlysm) ~(ygew) < F N (xs) - = Fn-x4l, by (P)
Bt (PS) > F" [3%) "ftg-vwl): F“[rj) Y. {

t : i
ot ‘j"" o+

,PraoF of Theovem 3: (1) @eo]'m by ?rﬂu'ukﬂ taak €(F 0) exsks.
) - 'Zn n
For aReIN, F™ () = (FR(or = F**10)) « (" 00) 6" 0)) 4+ (F o) - F*sel) +(F (o)- 0|

Lewmma b, with %20 aud yz F" 0o fovm=z12, 8 > k(P =) <FRlo) < RIF Lo) 1)

E"lo) - [ C I S . Ir-“lo) F" (o) )
Divide bt_«) ak: n < WE < n 14 nk l <n

nﬂ.l'
Siaibali r;o[es of Famd v\')lF 2 le<
[ }
H-'-Mﬁi, ‘E;_o) ’ﬁ@JI <E+; 24 (m}ne

n

is fa.uol”j ond \Weuce oonue,wgeg,
Bu}, from kﬂmm ll-, F“l:)‘l < F“‘:'-x <F"‘:J-‘ N oxelR )F ke e (CF o) = f(Fj

) ASSUJM? F. awd F, are two WEEs of £, Thus 3 Re Z such Wak F;(“)= F (x)*k
&'j {J\obuc}"'o“, F:: ()= F:“['x) +rnR VaelN.
"(w) -3

Teecelore, p(F)= Yon S5=% » Ut (50 + %) = p(R) ok,
So p(R) = p(F) wod \.



i) | Lepma St Leb F be a Ubt of an or €:5'95 and welN. Then, 3Rme Z
suchh that R-1 < F “x) - x <R V xelR, See e.(auMPLG Slo\eelﬁ [

Lemma $D glven n, Ik such that R-1< Fllaf-x <kl ¥xelR,
such that %<f- Fer 9 Aese  eunough to € in

be closen so

Let F be a LEE oF F.
Givenw » £20, choae n
the C°bepology Lie, d(fg) = veb d(Ehopl)] | o Wt G can
teak hl(C(n)x< R+l (Menk}

Now, E¥ol =0 = B (F“io)-Fio) oud similary bor G.
ThereFoce, L[R ) < F o) <Uk+) |, Uk- u<c,"‘ro)< L(R+t)

wl -
U G100 B! Cofps B B cpt@m s T

] —
aund f‘(ﬁl'n-uo W 4 SO W,

NOW’ C[F’_ ﬁ-tw wi

Hewce, |p(PI-plal] < % <E.

- The cotahion awmber of an OPH of Hue urcle 15 a Yopoleq; ) y i

1"l‘:::‘gost.'|‘.'ll¢MGf gu_ﬂ)ose F,gf Sl""‘ <! are OPHs amd 3 an OPH W syuch "HAGJ: \n‘:: ﬂlﬁ
‘ Thew plF) = ¢ (&
i Praa(:-' See egw\n sheet |,

“lb OPHs _of the quele w(uﬂ (‘gljlw robabion v\wlﬂ_{,

PooposibionF: Lot € bean 0P of S Thew (FER D F Uay o pededic point.  a Fack,

| e(Fl= 78 <> F s a penodic point of pecied g
Roge (€] Suppose € Las o poink %, oF last pevied q. et Fbe a Uft of F.
dkeZ such that F (x,) x, +R, F (9(,) -%, =ak, so £_r(|i'q:l"l: _n/‘iv Vi,

Toke Uit a>w: so @F)= 74 and o(®) =74 where pzRmod g,
% 1w lowest berms. Leb F e o UEE of € Then IREZ sy b Hat
p(F) = 5 v R The, Fl)= Flxl-k s another Ut of €, Loith rotakion mumber 4.
Also, F[Fa'-p).- e(FY) -p- gelP)-p=o. Let Gln)= Fq'fx]—’P_ Need to shoew
that G Was a Fixed point on R, co Hiat F Wan o polut of peded g .

Twiee cases: () Glo)=0 - doue
uy Glo)do. G s increasing , So
fa) OC&oicl V" , Heen on incitasing sequence bounded above D nveges to
Some point o, aM.al ‘bg conkinuity, Cr(xa) S
) 3k>0O cuch taat GRlor > . Then, & H-G {G o)> Gl = G lys >2, by,
By tnduckion, G0 aud G2 OE aud e(6)3 Yk %

[:)) Rsscume f[F"
0< Glo) < GPe) < €G™Mo) €..n Ebhes:

monotiniity of o
g Glo)<o. Same reasons ap iatii)
| Theoremn 8: Let £ gl"‘bs‘ be an OPH Wi da tobahion wuam ber ?/q, = (’(Fj, in lowest Eeims
Then ewery ocbit (s edther ?&n’ucf.«‘c with \701'06' q , o¢ 's Corwand asampﬁh'c
s penodic ovbit aud beckwavd asymptotic do « Pem'odal‘c ot

Pmc (cheteh): e =% 503 oebit of eded q Eo F FY can be dewbibied witt a
h"mqu;;\tusm of I-= {'* 1+t] P bg Cwu'\ng g g,t Q (—\xed P‘“"’t 4 OF Fq'.



Remark: The  penodic eocbits of an oP¥ of S are ordeed on S Like
U'\“;.,, ab a ncg\o\ cotahon with Yiae same rotakien wumber il
ppc -0 e, f % v a pededic pewt and elB):= F/‘ir
Fow Kuen ordenng of 3 x, €@, . )Fc" 'Y s the same
Fly) - i.o, P/q,,‘w/q,, = (q_,--)p/@ }

LS OPWs of e cicle with livakioval rotabion wumber.

“ )

,'ﬂnewem Ct: Asscume :8'»58 iy @ OPH , awnd ([F’é RNQ, Tvewm, (i) wix) s 'mdq;e.ualeut of "
(1) E:= wix) s Yhe wnigue miimal set of F.
iy E is eitwer 8 or o Casibor subset of 5

a%m A M oF Q“ i5 .a Com?aol‘, ‘l:l’{'hug cL'scmmeoj:tpl Sex"v wi B e \'So\cxﬁ'ﬂf
points. On S, can replace “totally discomected” by empby inbeder

M th Clhese %,y eS‘. Wauk & prove  wln € wiy) | and \n{y\u“pj Sﬁmm&t\fy, win)z Wiy,
Sive 8" is compack , win) 3, aud p(D€Q 50 all poiats in @ln) ave clishact
Let zewim, e Imow (aais) suh that LE-2120 as >
Chocse £%0. Twen e can Fud ngdn>0 sudn et €70 -2l <€, iz R, &l
and LE™00 600 €€ Lot T be te closed lakewal of \ungth <F o
with  end poiats €0 £ (). P s
Let N=np-n; and ke Wk (€% 2 6™ G), awd € (E™00)= €%900).
Se "‘_NfII.AI— {F (x)?t. QM slalarly, {FMN(I)iMGZ is @  sequence of cloged
tabervals jolaed end to end. Either F V(I accumulabe b some poink py wivck wut
by onbwuiby sebisfy €710 =p E Or, Yhey cover the whele of ' s‘f,,y’, (2
Thus, for aug poink yeS', 2 Led, sudh tuak ge F(T), 5ot EPeT, 5
gk \leg) -2| €. Henee rewiy), se win) € wly).

i) E s closed , amd vamawt (uwnoles He wmapping 6. Let AcS' be a ron-emply,
dosed, {avanank 50{‘, omd x€A, Then d+"°‘)cq slace A is Mmvarast, aud E=wixcA
since A cloced. Hewce € is Yae waique lavanant sek

() ¢ amd £ are dhe ouky closed invanant subscks of E. The boundavy 9 of € s a
osed | invasant subset of € 5o JE=¢ o JEZE € IE-¢ thenE-S
\F QE=€, Ynem € Wy m?t‘g \ntersr. Let x €E. Slace E =uilw) ,3 ¢ wenee (R.)>w
gk Wk S My = Bt € war e genadac point, w0 EPEx Y.

A

Nemee x 8 am  ecdaulahion poid of €, since g ) €€ by lavavianee of €

,Exa—mg‘-_ﬂf of weps  with mlﬂ)c:gl A rgla) T XA R med V pe R\,
w () ¥¢' ¢ Ao 'H"‘e‘j 0(\‘5"?

Exowples of waps witlh E4S' are called Dewyoy ounteceramples.

QQL@U: e X5Y i g &CP .Mrg‘ﬁswn e & e a bij_@o*‘iom and both F aund f‘l age
A ferenkiable .



 Theoreu 88810 (Denjoy): Assame £:$'58" is a €7 - 0P diffeomorphism  and B= ¢(F)
s lerakional . Then € is Yopolagically CDﬂjuqu.‘? 4o the n‘oy‘o{ cotation ry.
o Yoo E =§|. \u‘\ ?a-r‘{'loula..f’ a/u @rblliTS' Are 0{.0.015‘# |‘|n S‘.

_beoc *:

-PWP"’;H"" i (Deniaq)‘- let B be irrehional. MB a C" op onFemeMsm F‘-S"-lsi Such
thak p(F)=R oud E¥ S\
.P{goc (Denjey g,g,mte[mplelr Wauk 4o Fnd a wede Map with an ockit that s ot dewse
, ins', so thet E¥S.
\dea: - start from rigid cotabon rp, BeR\®R sin 5 \
* Choose an  orbit (X)aez of fp , and “blaw it uP“ it an
obit of closed whervals [Tapeg , with \engths Lo suck thak
WG L obtain & e cicole $7 (see handowt)
* ertend rg & a Map f:5's¢ by da,oqsiug, fov 2ach ne I, an OPH mapping
Ta owte Ty (ould choose F: T,=To, abbine » € (sC° bud ot a fee’e,mke).
- to wake € C', we need to wake F'71 ot the endpeints of each Tn omd
2 LI 50 an asw (See handuut).
Notes: (i) F has sawe rotahon wwmbder as rg.
Uil No peisk {a Tn eves velums & B undler tbephion of £ [awd F") ’ [w? Sasy
te T, are wandenug ml:ewds.] So if pe Tat(3,) thew F"p & Tat(T) Vo,
so Olp) is not donse 1S S €xS' | aud by Theorew 4, E is o (autor set.

An fodk, E s N BT The opea sels, Tt (Tu), nel, are e gaps of the (auter
sek. € is wsouhere dense since ,.t)z i dioge w8, % Ga amply tubenor.
Exercise’ Show oot € Mar wo  iselated Poft-\h, aud Hak \ixeS', whs = E.

‘De(;,’ﬂiHoa: An eorbit fin) of a wmap s said o be homechinic to an  Iwvarant seb
ScSNOM F als) = wim =S

Thegiem 12: Let F'-sl*‘S‘ be an OPH with imohowel wtaben wwmber. Then enewy ecbit 5 either:
W) OL?MSQ ) S‘,‘ (sl deuse v a Cantos S()t,‘ Gir) Wews chuwic ¢ a Cauter seb.

Rewark: AU odbits of an OPH F'5S ity ¢lF14 @ are odered an those of o rigid retakion rpq).

1.6 Families of Goole Map;.

Proposition 13t Let $'25 be an OPH with UFt F such that f’[”‘fm}’% , and suppose thet
the  groph (F*p) e peiwts on boll sides of the diagenal. Thew ol swall nough
i peo’furh(b{'ievlf EoFF have reta/Haw nuwl"ﬁr P/q T‘AU ?\M.«euwn is ['aM FB;M U’ckmq
Froof: axo’z‘eﬁz such Hhat FH%)-?>X‘,/ Fq'(x,)-p <x. Then, for quy
S’Maﬂerg‘;e:r{uxhwﬁw ¢ f wilk can-«fml:.xg LEt i_:, we  have
Fhlo) - p> % “(), F¥x)=-p <% -0 .
W>plF)>% | (> elF<V% . Vouee ¢(F)= %, =

Rt =-- -



 Monckinicily of cotakion nubes: Let Fi(a), Fyla) be ks of oPH's £, 'S W F(x)<Riy

VxeR , then plRISE(R), from defmbon of mt‘wl-um nwmber . At |J‘fa/{10ﬂa/l Nakues e
3, rﬂtafhen aumber i strichy nereasivg -

Ropoition M Lot F,F, be Ubks of OPHS of S' ot p[F) & @ 1P Rl <Rl Y xclf

: -~ then elR)<e(R)

Brook: By conbuuity aud penadﬁc.l-g, Fla)- Filx) D8 o some 820 aud all xelR-
Tahc o€ ® such that %"’ <elF)< % (check). Thew 3%, R such tiat
F‘ (%) - x, > = -3, [O%erwu.se F(FJ m F_o:,%):—x Snb-)moa “:\Pcf) - 2’?}
¥ (x) 2 Fy (B 1) > F (Y 1x) *s > FAFY " (o) +8 = FYla) +8 > », +p.

Henee, ¢(F) > P74,

i “‘e Amaﬂ F_O_'Mnlg‘

2 corameter family : Feu S 'S8 RuweR , with UFE Fow X9 X +uwt 2= Slalmx.
R=0: rigid vot abion.
C 0SRA: difFeomarpWism. so cousider  Rw eLo)].
Rz ¢ homuuuw?\u‘sm.
k> = «no Lw%e,r =L,

CFix ke AP w <wy |, Haen F\m (V< Pyl ¥xeR , so f(Fu, ) € k.-a.) 5 &
Hence, e( ,,N) is non- decreasing Funclion of w_ For each leed kRelo]
& s alse wwl-l-twus by Theorew 3lin).

:Dfpl'ﬁ;t‘\(ﬂw-’ Q monotone conhivuous Pc.uncé{om ¢: [0, []"’R 31 Cq,ued e Deuvil's Sfoulmase

€3 a Ffamily fra}uea of isjouk closed subintesvals of [2,1] with odleuse
winion Such et P take dishinct  constawk values on these subinbervals.
} e'
P@mﬂc{oﬂ IS: For Re o,ﬂ' ?:w H(’[Fk,.,,, s a dewil's Stﬂirmse,
| and ¢‘.(P/®) s oan inbewal by each rahioned ¥, ‘l
Prec€:  exercise sheet I cv.c.est-\'ons 16,13

\“ (Rewo) - pavamekes space , @(Ful= © < 4 % suca WMok F ¥ =%, dat s,

2

‘ ')L-tw«-%,Sthrrx =x , ye, Sinrx= -%" Be 3 walibi if "Zrul <l
. ' o 2w (1-w)

elfu) sl @ S‘in‘ZW:vc:(\'u)-gf , with solwhous f ‘—__'k | =

L f:"ﬁ e:% c"&‘

?;o / { \ E/;,-ﬁ{:l Qeﬂ(ons N ?Maa\eh.r space where ¢ 1s
F-f--=F---- - r;— R Fixed . cobonad e called Amold tengues.
i \
4 ﬁ -
/ { P
i 1y P:‘ﬁ;—" ?



3. Chaos augl N\g?; of $ae \ntesrval.

2- | C/‘\G.osr

Ctact with an example: f: $'58'; 22", o, P 2% med . : '/‘

deg(€) 7 1.
i Ll a; o L4 TR |
C Watkte ¥ as @ b;'mug apamst'om: x=‘.§ :;E , a;efond.
[Nﬁ_ dAjad."c rai{o;\,ais, e "2 have twe eipamsions, &g O.1000.. = O-Oin-..]

Qg

Then 2'.‘ s a, + :§ ‘in.': ; SO c(x): 2x wmed | = -

Notes: ti) ibxe®, then x is pedodic, ov evewtually pevicdic.
rﬂ Po:wl‘x s Mmt'ggﬂu pu{qda‘c op- Pen'cat n F x s et pe.n'ﬁour_’
bt T Re M sudh thakt £l = ) V(DR
() ircabonals are neitler penodic nor  wenwkually pevioolic.

CLeb Pulf)= awumber of peniodic ?oi.J:s of £ it (wot necessavly Last) period n , le, the
Caumber of Rxed polwks of (::- Then:
wily BulFle 2" -1 [22 i 2 " # C:T]
) 2ty > 3 n cuch that LE"(x) - F ()l > Y (é\’Pa.as{ue,. [inqa?"a,d.we, else ,'kewwfe]_
w o 2very open inkeval T, 3 we I, such tat ("(3) =<

(vi) peviocdic poinks ave dense oa §'.

Remark: some of Hnese properties are ?o.rHcLch* o s evampla, bk it has two
more  gential  Propevbies.

Defintion: F:L=2L s {-ogo!,ggjgg‘% trausibive (11) V6, Fov angy padr of open sets
UN L, 3 a>0 such Wek €7y AV ¢
(Equivahantly, F:L~L is 71 i€ ik Was o odlonse (fonvasd) orbit in L ]

(o) Ghove =& Tr . (P(o?&rt'\j {v) 1§ C'Qruéoi b_'ad!.'ﬂh‘-’_‘t‘d)

De Gnilion - F:L>L v seastive &ggﬂmu on turtiad  coundl tious (spic) €
3 >0 sudh Huak Vo el amd auy acighbovheed U of x, I yel
omd >0 swh Hat lF“M-F“(gH>%.

(iv) gbove = SDic.

‘ De@mil;fon: An  lavenaat set A b E:LoL is a chrachic mel&wtﬂl’ s F(,\ (s TT and
Wan SODWC. Q{s'a,gq,‘ﬂ C is [&aoﬁc on A\.

Exomple: F 8> S‘,' x 2% wmod! s chaotic on g

;g“’@"‘dﬁ‘at defipitions: £ was o \Lowseshoe F 3 closed wnlerals T, L€ T (o8 suek aak
. G) Wbt Tonat T =8 , G T0T, € CIT) Loc £21,2
€ 15 ddradkic 1€ 30 Such Wad € has o luorres koe




.Eﬁaﬁp'uaz'- Lif["'. ., q‘-L’>Lj xr——)flxl’t . Then g is hachic on L. @ﬁ
,P_'"E’,E Consider i $3L ;90 o, 259, W is contimwous aumd onbo. T2
WHD) = coskn® = 2cos' 29 -1 =g(9).  So hE= gl : -
Note Hhat W is wot lajechve, but we dout ectually need iwjechvity.
To prove TT: guen epem I, T cL , ¥hen W'T), W (F) are open in S'I so 3 udo

sudh tat F W) AW(T)F4 D (D)0 T4

Ta prove SOIC Fox g: q:gw xel , open Usx, 3 u>0 sudn Haak 3“{U}=L -(%)

(same brue Cor Fl. Lek Y= §-: ‘\.“:F::('jzz By (9, ABzel such that 9"‘('-;] S
so 14" -9 (] >

Debinibion: \F F: 32T, 9:T>T, bothh conhiumous, and W:I+T, a econbuuous surjeckon
suchh thak WE =gl , say W s'em{wu']\_.«gal'es ¢ te 9.
[Saq conjugake iF, in addition, W is injechive and W' is contiumous) .

\¢ so the dynamics of £ cue ot last an complicated as dyaamics of ¢

1.1, S%MbguC Dljv\a-mics; The Shift Mag.

The Gest zk’am?[ﬁ ibreduiced  the Cm?artawl' idea of sgymbolic Aﬂawics: f was
quw‘uaiewl: tw We Wbt shift on Dinary seq uenes.

Deciﬂ!‘h'on: Sm:: { 2= (Qp@-) Ay € go: 'f“;N'l" G e Z.p} = qumﬂ SpAce ew. N hjm}:ois.
Meke T, & wmeknc space h«j cie&wg e dustanee: d(a,b) = g:ow—;"n‘l"‘-) 3

‘. o if =
where ¥ 0 5)= b it ;;}.

‘ Se twe Po{n.t‘s i i’u ase close € Yaey agree Cor a L.Odlg tarbial Seemwt';,
i ) !
Suppose 2,8 € En amd a;zbi, (<M, ay, #bu, Then 37 $d(ab € FTRLEST

'
Tem

3

Propesties of Lot Ty Ju o Canthiee sek - compact, pon-ewmpty totally disccunected, no isolated potats.

Debubion: @ Ly=Ty, (a,aa,- ) (aay.) s tue (o) shitt map.
Proﬁoﬂ"n‘on i &1 & &5 c,o.ak;w-ou, ) f‘thn (nu.mber of Fixed Pb;ud-'s of V'h},

_ () Set of pen'adn'c points, Perlv), is deuse tn Zy , iV e o{zure(cnwwd,o.rb{b i T [ BT,
Prook - (i) dla,b) = X(a, bo) + 3 Al0la)r,0tl)> d(ate), olol) € 3Ala,b). Pk w such that
|/3ﬂ ( € Q.MA lﬂ/b S = %M

) The za < Rgyy 85 V) %0, Criven R, there ave N® blecks of lengthe F.

i) Goven a e Ty aud €30 | take n guch Hat z_.az""'(f' Let §=["‘ear—“n-.“---“n--“‘-‘-). Theu dle,b) <€

iiv) Let b be 4 seq ueacs whaicle Wby Usts ol blocks of lzuﬂ% A for eacl w suxessive n,
[€g, a2,  Be o1 0o o0 1o i 000 cor..] Then, gven a¢ Tu aud beZy, T suck

tiat 0"(b) aud @ sgree in Hne Bt R places. dlr'lbl o) € T3 . But K,g
arl:it'tutj > 5*“3] is dﬂuse Y O



Le,{-A:{Df: £ (x) € 0 VV\)/O}. Thew A 15 the
M}Mlﬂ uﬂ-(ré‘ CMtOi’ S&t
Ie. A= fxe[o 1: base 3 {XPoasmn has pe 1’ 5}

So wx= g‘ ;,., . a,eio,ﬂ‘

Emgos\hok clh is t“’?otosl(wudj @ﬂJ“ﬁJG EO T ouf.' 2L
| Pocl Uaeccujuga;,,h {od >N oy by, > ez 2 T . So Fis shadtie au B

| 3.5, §uhsh.'€£s of Fiaite ngg.

| Greveral sebhing, €: 32T locs'=s). (Tiieoy. a = Qdsjeint closed inbervals in T.

 Let A= {—er F“(,,; el T v o0} Soy Tl Couw T: ladthe Toalier isgl,

| 5 _Hnlan

C Let " be Hthe directed greph (wntta N vekices) indicabing all the f-cowwug rrerlw&;ns cund

L ek A be Hhe NxN ma.h.u indicabing the allowed transitiens ,ie (A = {0 Fnp T
A s called the trangibion  wakeix.

| Exoumple L: =11
1 Ia F" Covers T‘_
; i & F- covers To and T,
Ve A-(%))
)
€c1,)

(Lot Bops Teef:Vuro, Aaa =1}, Note Hat Ty is oloed ond invomask wador.

| Debuibion: the restrickion of « to Zya is called o gubshift of Enite {-jpe‘ =1 0, .

,ngg;{h'gm 1 CIA 15 Seau-— wujuqaie te V‘Z‘.,,A-

| Peoct ' Vefine W: =27, 4 by 2 pa.Hn of (F“M’“L_ i ie, 8, where f:“("-’e Iq“ Ve Z,.
G h s conhuuous, because given M,3850 such that X,y € A, l-y|l €3
| Fitd), £(g) € Ta, bor 0€ S M.
1 G W s swrjedhive, because given an allowed sequence Qo ... € T,
E Adaim: 3 nested sequence of Aosed intervals Ta,a,. an € Taana,., ¢ ¢ Ta,, mel,,
Such Haak xe Iq,a'.. a, F“f'x)e T, ,0n€m,

emaldi 16 T and T are dosed inbesvals cmal T C-covers T then 3 a closed
Subinterval KT suck that €(K) =
&,o_q__ Let T =[a, b] £ la) omd € Ib] _ ou closed and  vion - empt'g So (o cheae
uef la) veF'(b) such that (uvla (Fla)u (b)) = ¢ (wlg u<v.
Set K= [w,u] aud use Hue (ntermediate Volue Theorew.

i
|
\



?mof- of &‘ﬁ: llsiu) lemma 3_, I%o.‘ c Ia° evists suchh Haat F(Iq‘,q,j: Ia,.

I Ta,
mso) /-_._/‘\—‘f-'——\ A Tey

- |
(3 To,a,

;Y

Mso, Ta,q, ¢ Ta, exists such ot F(Ia,a,, = Ia,_,, Now let Ta,aa, Iq,al
be such tnek FlTaaa,]= Taa, Conbinue indudhvely & obboin Taya,.. au.
Flaalky, ..Q,, Tosa, am ¢, so W s surjeckive.

i b\-”,\: TA h, by construchion.

ngerfn'es of ga, |: Peiodic Ocbits.
A werd Vs a Ruite ;{:n'.ng YEw,.. wp. Givea a tramsition wabrx A, & wordd is
| Said  to be gllowable , or gllowed f the trausi Hon brom w; v wy. s allewed for

Os (<R, Ie’ nwgu,;« =1 For {:(7' s E-t <> Auew.'AV,"'t' _.Aﬂhd'.“’! =1.

Lewmwma & Let Nm = awwber of allowed words LWy Wa ) of \mgﬂ« a-i fow (e ;.
me“ N(-l (nnj U .
M The Pfcduc«b prtw. Auw, .. Au. 3 = ;€ (W0, Way ) IS @ allewed werd, aud s O

(n)

® Un_uwoe. Thus NIJ = Uzw,.-, A‘w.nw,m,‘ Au‘_‘j z [A“) fj.

()

Propesition 5+ Pulaa) = #Fix(e] = T (4") |
 Proof: Fixed Po{*ti of {T" are n |-l Cowcs?aaotcw«a_ with allowed we:ds of leagth  nal
with same start and end. o Pule,) * ?N;?’ £ ._Zlﬂ"f;; = T (A").

Remark: Can wmpult Te A" from o cecorrence velakion using the Fack Haak A sakbishies its owa
chacockerishc equabion (Cayley- Hamilton Theopem). Lek PNz (AT-4), the RAIZO.
So ATPMA) =0 ¥ wm%0, and Tr(A"PW) = 0.

Example: A=(01). P = AT -A-l 200 Te Ao T AT S TA" 2 O (Rbenaa recurence)
Plra) =t , Blua) 23 Oilay) =k, Bfuad=?

| Npte: wa'—' Awwber of PQ«'W(LC ovbits of st Piﬂ:cd q- Thea Fila,) =1§ q’Nq"

i Pro?e,;h'-es OF Ta, 2: (haes.

Delinition: A is igreduable F Vi) An suck that A% £ 0, te, an allewed wecd
fom (ko) <> 3 o poth bowm it ) a0

?fgeg;,,ho.« G WA s lveduedle then T is  topologically trmmsibive.

oof: Need to find o demse orbt, Chooe o sequone which conkains all  allswed
words, with prepes cheice of tramsibion wovds bebtiucen Hhew to  moke tae
Seq uenex ellowahle. Suclh transibion wevds awust e¢ist a» A s ireducble.



DeGpibion: A s fon-tavial € B4, P 1 such et (25,025, ae alowed.
o

: . (o I
Exasple This excludes peomutation mateices, such as (f’ go) - trredueble but  trvial.

Popasitiont: \F A s iveductle and non-beivial then 73 has SDK.

‘M Gaven as a,q,.- € SN,A omd w e Z.; : 3 allowed word O W - W = 1 (S‘Mcz A s
irceducible), where o i followed by j, ocj, (since A is noa-trivial].

Either W, wp= Ay 2, | cwd Yhen choese ® = @,Q,.. Ay by, .., where by, * ag,,
aud et n=k O Wonn o W ¥ Qus- Qe , a4 then clhoose w o be the last (ateger
such that Wiza; amd take Bz 0,0, 0 By , where bay ¥ .

Ten, d(a.b) € 37 and d(g™ (a), r™(b) %) . Wemce 0a is chackic..

Rewarks: (1) (A SMooujqul“ to an lreduable nou-tavial subshibt £ fla is chadkic
bk N Y cwbujbj wddquﬁe o Ta , Hhen ibis chaebic. & canm be proued
et € F {5 evpanding on ¥ Tn, te T such thak Von Nxye T,
W['x}-ﬂgn 2 Cl"-‘jl, then W 15 @ conyug aey.
Gy Fly s semiconjugake to G is enough to deduce I ok least as ey
perodic orbits of Flp as of v,

‘—L‘Pm sibion &: v cosed fwﬂu Qe - =9 Mr’, 3 a P%WC obit Fov F in A,
("o."a,-,"n-ajw suchh that x,e Ta. ¥V w2o.

Lgu:z_\a q" 13 I= EQB] F-c.auen' .l:sei@ Huen ¢ o @ "Ixed P"‘“’k in I‘
?roaf" B-j Loumaa 3“ Cﬂ,tj]C-I sugh thak F[K,’ T, b

Then erbhrer: (i) Flx)za € |, Fly)=b2y L) P | l %J}
oc: i) F=b>S%, Hy)z ady B Ak
la botds cases, apply T o get gl = flhex = 0
() 90 <0 and gly)>0 > I ¢ € [xyl sudh that gla)=0 e Fle)=c.

PCOOFOC ?iogczsﬂ Ass 'a ?fooc 0( T‘A&OMZ E 5w5tnt7€wai Kh < I% Suolﬂ ﬁﬂa;t F-'N' s . ,
F (Kh'CIo,“ eund F(.Kh) Iq, - (%), in ?drjﬂcu)‘a-r, Kk F -~ COvEVS “;selp E.j lemwm a "'1’ N

Was o Fixed poik %, , and by 00, £'(x) € Ta, Y.
Note: V& tne Woop acanapzag is of Lwb peded, then x, Vas least peried k.

Rewack:tii) \F We To's are nob disjont, bk thewr (aberors ar, ¥ren u  cowstruck [0 14
same way.  Camnot deduce sewn conjugacy to oy buk cam skl geb Lok of perioctic
orbiks for “A - Qm?asi‘:{ou % works just e sawme but e ouly gm\ieu is taat
‘two dA(:FUCIJZ' pa&s mra\«k Legpl to e same or\:\'b (oF Comm o n Faiwﬁ)

B8 wie Tt aeids T G2 W
' O amd I” give e same Fixed poluk for €.




3.&’. gb\a*ooshii‘s Theorem.

Pgeo;h'w T Su?pose £: 15T, conbumous \nas o ?@,‘w!.ic point of Pe,,{aal 3 Then

. € W o ?euwd»f— pomts of all peripds.

=M‘ Considar  the ?enco( 2 orbt and Lebel ks poinbs by fx, x5 Lek T, - [" "J
I‘L’[":.":]. gupi)ose flx) = %5 . Then F[r,lh:._ o € -c.ouevmg relahons arel’ ,4——-1 D
(16 Plr)=x, |, Heew wob celobel T, T, . Gret the same Conclusion).
Vwet, we wgoij—bfaaTaI-&I whidh by
Propnitiont gives o peedic M of penod », Twlhwidh camot Vane swmaller pevied.

ety ety

This s a c?eu'u} case of Sharkovwskils Theorem, Lok qives e Precise ocder  tn whaich
penodic orbits  agpeer, b Aubfevent ?m'edf.

Defimbion: The Stm\emh.. oideriag  of IN is debined by | X
{<2a242 g dud "Fa " Sal’ ?a 42 S al™ 30e 1.34,. 423 9..954%

Theogem 10 [Shavkouski's Theosem): Lot TeR be o closed interval and F:I>T a conbinaous
map. I € has a pencdic poink of peded k aud a<k, then € has o periodic point of peied n,
lfoo lﬂ Skaﬂe&. gto,fb N\Hﬂ cone h»t oddg

Lewma i Let €1 IO, cosbiuvow, \ave @ peiodic poiubx of last peded k3, odel, owd ne
Pm'..d: of odd ren'adl w with 1<n<k. Then € Uas an orbit of laust pened n for
M WIR, amd all evea n<k.
Proof Let T= [Mimalx), max 51133. Make o Pu{ﬂ'{ﬁ'on of T by the elements of 5&)‘{?1"?;‘"‘[’;‘[,
So define \kervals 3 0202, ket of G [Bn] (L wob necessanly equal t il
Piw: show we com Clacose lakc.ua of the T cuh thalt we qe): the following

duvecked qmph For e F‘Coobna, relations. (Stefam Grrap‘n) {Ih

fe, loop 5,2, oep T, L» >Tg = T, | aund direcked -n\

edyes Gom T, to all odd veshces. RS
Oue ¥ais s estoblshed, Just  weed o wobe Mishuck Loops of Pemad 2 M2 1. @,
w7k lI.ﬂ-k*a-*T}"""In...J—’ I, even<k: (T » Ty > Ttz » “”"1h-z) 2> Tp.,.

Ralnlr T3,

Prock: Nate F(p)>F, and Flpel <P . Take a: mox Tye Ol Fly)>yt Thew asp,. TokeT; (2]
whece b s the clesest point of Ol o bhe n'ﬂus of a. Then Flaj%b, f(b)sa, since b>a
Hewce F(T)0T,

Elos. s B TTT. tie T ol oo T, ke il soblier weshiser)

Proof: F(T)2T, | Liitha proper imclusion lelse ®=2,#). So F'iﬂ(Iljo 1) . Ree are R-2 paéwff
o GOI\Tab}, 50 poe FIT), some OS5€R2, amd by mested properts, poe F (L),
gtwula-rby Pepplll] Slace I, s umeol'ed thtl—l):’fﬂ,[’h] e J,

Cloind 3% such Haat Tj-T(

Proob: Let B = fyeOln): yea}, B, = §yelin: 436} Rodd > HB 448, Lok B be wlucheser
of B B has wore dements. Thea 9, Y, eB, od jacenk, with Fly,) € B cumd Fly,)e Ol 8.
Toke I;= laterval from 4 b0y, . Then T, < FL3).




New label the (atervals sudh thak T,5T5- 2T >I s the shodest locp conkouining Ti.

Cloim b The shortest Locp with (32 hac L= R-)
Peoo € 3 only R-! distinck inkervals, so shorest leop  Mas (¢R-l.  Assume l<R-L
Either L or Ll is sdd. L"*‘l‘{l‘wi odd. So lch(k Use loop I, >T »T, or

1> 5L-1,=3, JEPWM whether q =L ev L, ?mPas{-mng 3 ye T, such that
F9)z g New Y33, sine poinks on L, have Pened R>q,. Heu y hao peded 9 R

Ui 5 (a) 1F F(T)2T, then ether izl o i:=k-L
(b)  for kg 5L
€ T, F-covers owly T, and T,
Procf : Claim & 2> (). Sheovtest Locp > (b) (e).
Remoms 2 show I, =5 - odd .
Claim 6- Orolew{nﬁs (1r deows of R) of Tk
W W R b S LA
or li Yot exactly revessed.
T,2{ab] £- covers only T, aud 1}_, so by couneckedness Toavd T, must be
(b get w; 8T gives (). Thea, wust have Fla):b

od jacesk. Psswme I, €T,

amd  F(b)= Left poinkof I, €ll=b aud I, AT > f(1,)>a. A
T, > T3, but AL (Y 2 T adjeceat to T Conbime taduchively. LT
Claim?: Tp = I}, ) odd.

Proof: Note T = [’p"(‘, Fk gt’n)] Then, {:(Fh ‘fﬂl” f[a) a.
FE" 1) = ") € Tpy. Thaus, F(I,_,) el % v 5] L Ty ST N

End of proof  of lemma. For ol (least Pen'odl L“FS in Stefan O_}rth, LAse ?rOfa:f‘Howg
tt get a peviedic orbit of same least peciod.

a,md oC 0'{’) awe &Hner g2

5ty £ g < <Ela)< a < Bla) < [ la)é: 13 fa)

Proof

k-3
Mso € (a)€ Ty, 50

enod R=2m, m2|, aud wo odd penod %3,

Lemwma \1: iF £ Las am edbit of (east P
osbits of Pu-wo‘ wi. These

thea F has a Bxed poink amd ¢ hes two perodic
are: 3 P P 5 Py, Prued.
?_Q_E Veline a,b owd sek T: [a,6] as before. Thea T,2T, qud 3 a Gued poiwk in T,
Note: in lemmea | we used He fack thet R was edd only in Caim3, o skow 13, 41,
suckh thak T T, ,—\_ji‘,-\ ,\/B{_———-\
Heee, if such an Ij evists, then gebt Stefan gragh as befee, v o S YRy, 2m
bt wth R evea. So 3 a Laop ok pened R-1, e an edd ?Cm'ocl. . Henee T, euly
f-covers ibself. Since Fla)2 b at liast one poink ohanges side wit T, so all points in
&) Ol«o,mje sudhe, FiB,) &8 aud FlB.)= B, , So B =8B, so I, is in the wai delle .
Howee €812 By, €' (B)=Be | 50 B awd B, are permubed independently by €.

IP{DGF of  Shaskouskiis Theoem: ¢ R acu, done lemma .
16 R=2r, ¢ odd, then F hao period B, and [ splits O ido two components,

bmma 12, each with penod ¢ (for Y. So €° has peciod v, odd. So

() vzt D peod 2 poiut Lo F.

1) v 23D by lwma 1), ¢ Was alh peneds 7 v and all evens €¢, aud peacd I.
7 € has peciods T (alh m2v), 2p (ol evenp) peviod 2, penied |,

\F R=2" 0 oodd, L1 then 'JusE reFea}: the axgmeul‘.

by




- Rewarl ) There ave amus of maps wida .eXad:{-y Hae pe)n'oouc osbits §mpued
\19 Yae Shawkouskii Orelbn'ng.

E"M?\Qf k=S, F'Pteczuotse Unear, Q
I /] \)
Exercase : prove duis wap a» ‘(&‘Ij/
no Pa.nool 3 et

M" Y>3 3 ?wukoiﬂ'om of n elements suck thal o P{nddu. ovhit {f‘(.. (P.-f
of loost period w Hhab realises the permutobion, forws evistence of all other pevieds,

L. Differedhioh Equations \n The Plane

L.g. L{nw.‘sgb&n and Stdiov\g,rn 'Po:_.éﬁs (r_ﬁgisio,nl:,,,, :

2
Gelues $ﬂg{'m . = flx) . xeﬂz G'lﬁldﬂ P Pm'n.{: AT N sfai';orleug ?ofw{-

(0( C'XCA- ,GQW;(o\bum) F q'x.*) 0.

Near »*. wabe =" +v i<l oge T AT e B(I\ﬂ‘

Cwwch can be approsimabed by bnea.r a{ﬁug,hm-. v=Av (lineasisation), where
Ao o consbaut 2x2 mabrix Ay oz ~—(>= - the Tacobian.

Cage I: A was dushinct read M%vables, . with &}jeuved‘ws e, e,.
Sek M= [e.,e,]« makbrix  with emaeuveofors as @ luumns.
Then, AN = [A,e“,\; z] [eu¢r.] (Df\ ] = MA , whee A= OLOﬂ U‘.,)z)
M s tavedible as e, e, faalzpwo{ub.
x2Px, omd cMange of cooikirabes: Yz M thea g = M'Auz_M"A.Mg 2 Ay.
S0, la werdanales oiven by basis of &qmveakon, Y= [ J ;o 9, A, 9, = Ay

y

th A 2A o 5 4
dg( & r\t " 9.z ¢y VA, _ “wpsbable neole. ijed:o.n'es
d‘h A 9, * 4,

*'Mgu)v‘ Yo eig-e«ue;iw covresponding
t cmallest egenvalue.

W A,qu.(o’ Same pwku.re, bul‘ w it arrows ceversed . - stable  nodle.

trs) )\,C"(’\z then 4,7 ¢y, /A‘ _/\&

\\ //’ -saddle.
j Case 2¢ g}_:. EPS% con ,’,,ggk_g g;ggﬂ!!gh!gs' A— (J-:Cw , w0

Ra.ue wnn?bzx wa_)u.ga.& zﬂuueotms [fﬂwh gel‘ 2= an,
So AP (p_ wg, , Q@ €q rw p Lel' M= [(‘L I’] then AM [f1+wp,fp uq,]
e [‘%P] (f w) . Weuce, (v coorchinakes y= M ) tﬂ o (w e 19



b, wa: ['9(‘3) =¥ [r, 8. .- yi-t-s_»)z ,So ¥ =% ryy = r= .57‘_(_*"5_3 )
sin 9 % - cosd 9 == S0 = ’“jr:"z.
: " )9

Hu,:é-ex wj,g wr+ ey P ¥=pr, 9 = o, w'>'§';*’-‘>r—ce '

- Legarctumic spival.

E w>o g(c
- wastable Cocus. -s(.'w\a(z Focus.
IF 020, ¢z0 * centre: @

- Case 3 Keak €4|¢d eiq eavalues, A.
The clhavackerisbe Qq{u.nbon of A is (s- /\) = 0. Heuwce (A /\I) xz0 N %GR
Two cases: (1) T, RINI(8)F suck thak (A-AT) &' +0. Set (A-aI)e =:e,,
Then, Pe = e;+Ae,, , Ae, =he,. Seb M=le,e,7. Then,
Rielhe ver, Aeed = [e, &1 {7 2] Te, #2dn, §o wedy

A=rs0s9 Ly %= feosD - ¢ Bsind
9: rsind Q= v sin®rr9cas® ‘ &

wnstable degenevate pode. [stable of A <o)

£
‘>“j="
dx, 2
gy (R-X3)x =0 Vxeﬁ?. je. o XA=28 . Then, %,z A%, Xy = Ao, D 0, ” % .
Se x.= Coxxp. A>O ¢ wastable star.

7 e A<o: stable star (revesse the a-rw\zsj
j \

Defimbion: A stcut{o.nmnj Poiak %¥ is V\%gﬂ bolic F Re (A #0 for alk agwuwe;
X of Df(xY.

‘ 2
‘Qbal'wd' Given 7'r.=€(x), xeml, ‘:!R"’”R , Swmocth, Wen the Linearised Flows near
$(:'a)l'{,nw:j Pm'.ul‘ :K‘ s LOC,QJ'L‘j [ O_jwod P;otu-r-c oc the ﬂ.ou(ﬁ'nea.\r R.ow

Near x* € x* ¢ \dgpe(bolic.
o | l

|
\EKOW\QLQ‘ %r’-‘.’s“ 6:‘06‘5 (%; L:néa.,{ vesSion: { 9

wn

0 ds usb Wy per bolic.
Bk, Hnere are examples where we ‘geb o nonlisear ceutre.
Consider 3 +sipx =0 . %‘:?sinx. Stﬂi"'oﬂaxj ?o:.d:s ™ (Mr, o).
At lo,0] , Taeo biu = - ;), with egeavadues TG So Untarly o centre.
Noke Huat %tjq'-tom =€ s coustank on fqu,&on'es.

Phase Po.—ha.«ie is cﬂ{um ‘o‘j conbows em of coustawt E:




i L.2 G((.obal P\A&se Poﬁt‘ra;h

i Me*(wde(.og!a: Locd?e s‘(,’d'{oaaxu] Po.'-d:s, M&M\iv\e theivr 'L‘LjPQ, Shffoln ‘t‘qu{d‘o—ﬁés
\:3 ?akolpiv\o “:'Dcﬁe{‘tnef Lecal PC(’J‘W&S.

Example: _model of population  duynamics Lrabbits and vpsl«eep)
POPJ&HW\S of vabbits, ¢, awd sheep,s, en a Baite grassy island.
c=r (3-e-25), ¢ 7 8 2-vus) , 820,

stabomj ?o.'uks (rnis) = le0), l0,2), (3,0), (1)

Tacobton= (7057 5 72,

pt [o0), T= 1527 = wskabla gede.

At(on , T= [» =)= edgenvalues -2 - stable wode.
a(5,0) , T (3 L) - eigemvalues -3,-1 -stable wede.
At (), 3700 ) - elgenvalwes 1 £JT - saddle.

This cjwes: 1 R‘Sepaud’nx.

PRI ¢ i
M
v * 3 L

Le.3. Existence of pedodic orbits— neqabive writeda.

How o we tell tae d/:@umee 'Detween @ @ Q

sketches, swall ¢ and lame ¢ behamews ae the same a all theee.

% = Ffﬂ,’) g
Cov\siolu %g =glxg) {«xlj)elﬂ ’ f-.g ose C. gl 1

' P
Thearem ! [@%Anxsou Cateron) ‘F on_ a sw.?\ﬂ counecked regwn &)Cfe au a: is  wet
idtatically 2e0 omd doe wok dﬂa.w_.]e sign, then  has de penedic ot WYiag
ahiely lnsidke . :
Prook: Swpp ese ?eneo{;c ockit ¥ N ewkirely in D, enclosing area F\Cﬁ : 5
+29) 4 D
_ Then, o ‘a, } xdy 0. Buk by the Mvergenw theoem,
VHES "’ﬂthg § (€9).n A aud (Rghn =0 on ¥, sluce veckor Field hngewt b odits

Ane evlension of Hais s: . .
Theorem 2 [Dw’.ac Cn'h,riaw)'- i 3 o Funchion BR"R Suchh Hot e condibions in

2(ge) , 2B
Theoremn | Wold  for iT"a—:,Aj, then e  Uave Hhe same vesulth.

‘ Pﬂ_& elerure.

€ . 2 . 1
Erxample: Du‘ﬁu) oscMakos: {3-1 . by, 80 3—3-c+59 2§ <02 o, pevtedic oebit Ia R



| M: (riven & conbawews vector Geld !(F‘,QJ on \?1 ond o sim?(.ﬂ closed
cwrve |1 Such Yagk vEO onll | oleline He index of ™ 1‘- fo be the nwmber of Humes
Y  gees rowmd O Lhew % goe; round p, cowuted Mdpckw.se Uearly, Tnel.

fd
A\".\ebfw< ‘Qres@kahw Ia ‘hr §r-d1f ﬁ‘ F’*Q 5 N

- €

L4

&

Slnce Toe L and Th is cevhawews iF Fiﬂalto " then a smooth defermakion T Lilich
does ot pass theough o Gixed poink of v has T =Tn. Thus we can deFne the ndex of an
isolated Rxed pet p o e tnder oF amy wuve cmka_iwiwg f awd wno othes fixed Pet'-vﬁ.

1?rcgg,;‘:{g§: \nokex of : saddhe is ~I
| Focus, modks, conkre, periedic orbit is +|
dosed curve conkaming ne Fixed peiwks s O
Cjweral Aosed awve s bthe sum of jnclices of Fixed poinks within it

oF +29 .
x a.,, "8"\X-

}EEQM&: vom der Pol - Dupf'q\.g {\3 % - x—'squ«j, 8>O

| Le. b, Pos bhive Cf{tg,qn'a for Poriodic Ocbits - bhe Polncace - Bendixsen Theocem,

ere,MgWomxe &u_m_w Lek M be a simply counected skt b B ond ¥D &
C Hﬁu on M. Ld'?eM be  swch Brat &H'[f) s bhownded and w(p) dwer web  contauin

oy bixed poinks. Then wip) is & peaeddc orbit. [ Some resulh boc @(p) and dlf)].

[ \F P s wot kel on o closed pen edic orbt tea Hne closed evbit s said o be o
Umit cacke (So %= Uit wyele <> 3 04 X such thak wip)= ¥)

- Covolary b (P-B): Let ™, @ (0 be as gbove. Lek Hc M be a posi twely \awanant /”(
(ie q;t.DCp V 0] bounced amular eglon cowkaining wo fixed peuks. NI
Then D conbeins a peu{oala‘c- orbit. i

- DefincHow: Lek v be the vectos C\'e—(o\, La C‘ et M Then L &5 saud 4o be bransvgse to the fou
oc o (local tramsversad, iF, ak each jeink of L, v.n 20 W pahwlas, o
v \as a0 Bixed poinks on L omd s wet tangent to L A

:Llw"u §: Leb L be g trowmguersal to the Blow, Then 0”'(9) Wwtersedts L in o wonctowic Sequenck,

| e {F P, ir the iHh iabeseckion of T(p) with L, then P elfn, P,

| Procf Lek D be Yue piece of O°(p) from fi, b p, olows with seqmenk [p, po]ck [so Misa
O\QM Cornt]. “neu P bou.neb a ?osd'w Ay lawvanant reeycm D, dener §+{P) C& and

HM‘(S ?{ueﬁ' _P = /:'
") 5.



| LW@\ 6:

wiP)al is ab most one Pa{.vt‘.
Pesf: By comtmdickon. Suppese 4,,9,€ wiplal, q,%q,. Thea, by defnition of v (p)

3 (p), (Fal CE*R AL sucdh tmak Po=q,, Pa>q, a5 nan. This ontradicls  the
dmonotow{di-j of iatesrections of 94[?) with L.

}Pﬁsog oE T‘»\wlgug’ Sl’mkﬁgcj"‘ chrecese q, € w(p), Shew (P'(q‘j i's fen'oouc and then show

wip)z&(q,). Stace@'(p) is bounded, wip ¥ ¢. Lek q,€«(p) Then w(qic wipl.
Choose € W(g). Thew x 1S not o Fixed poMb. So can take trmumsvessal L ok x.

Slnce e w(q) 3 (ta) 2@  such Htiak 9’ CP (q) a5a * and §$ %CL Now, {q. 1 cwip

by s {awavance Mder Hfte Clow. Siace w(p) nl is akt wmost one Poml; ([ F— 6)
4= > Vo Mewce ‘CF‘M- [1;)' 1,82 g is a Penodac Pomtz of Penoa[ & t:'~
and g[avl is o cleced curve. Se wig)- ‘?’fq,) and (?[q,)Cwip) HKewce wlp) is a
wnien of ?e,r_{opuc orbits. Bk w[p) LS connected le"efc/.'sej,
slag\e periodic odit, so wip =gl.

There cﬁrf, wip) isa
Remadks: (i) Thearem 3 needs the existence of a Tordam Curve

a Sv uu,lid oA Sz ound
. T xIR (&_.,Unaler}, but wot eon i (tovus).

W) Cam  generalise  the P-8 Theorewn for poschively iavanawt domain )
Ak ng @ Gake aumber o Fixed points g?,;:hl,..,n}. \F QeD Hien eather
lo) wip) is o Fixed peint, ) wip) s a dosed eodbit,
() wip) Consists of a Ambe wumber of fixed points and

ocbits ¥ aith
«(¥=zp, and w¥)=p; . Eq’

FITTER VR FRVIR-A
W) = ()= @
wl¥) = al¥) = P,

: R;gg\.\ggino\u oc ?“'@

Need b Bad a bounded a.mdax rcg,ma D which |s posihvely mucma.uk and
conkains no Bixed polwks - “0-8 o T

Example [ aomad applicakion.

r<oO For r'>,R1_

Thew, P - 3 (e, 9): R € "5‘21} is a P-8 dowmain if L woatains no fixed
Po:'.-ll's. 3 QJ: least one Pen:ocuc O(\):_& in J) : \F Wais
be w(p b al ped (stable).

is wuque , tis wust

.Exa.w\;_w\zzi % 4 FG) % +qlw = O.
* =y o -0
Then

Set g = s+ Flx) where Flx) = Ix Flx') da' .
g = - qix (Liénard coocdinakes).

o

- Lidnasdl  osuihators

Theoem §F: Consider x + €% 4 gln) =0 cwmd supp ose

(i) glaz0, xg(x)?0 for x *¥0 ,Flo)<O, q'(oDO

W IRY0 suh Yuak signod Ffwj)\! for W subficiently large.
Licd) G(x) = ‘r q(ﬂ'} dx' =200 as ¥ =2©.

Then , the Sgsfew has ot Laab ove ?maohc ovbit.



Pof By L), (go) Vs the wnique Hxed poiat amd it is watable. So 3 o small closed
cwrve  arownd the Ovighin et obibs cross oubwards. This %{ues inner boundasy of R
dowmatn. New construck the ouker bowduﬂ',‘“ 3 dtaﬂe;_

b1 - — - —

ey

kY

IF"MS P-8 boumdas D
dg __-gbd

(a) dx = 570 - Choose 2, sufhaewlly lasge thak slqntu)ﬂu))k’}O, Choose y_ >2k
Suclh Haak ‘43|<2u., 55[%"‘;':10*"], N o el-%, %], Then, orbit turough (-30,4,)
steRes =, ab bio,y,) with R<y -kR<y <y, +R.

(b) Define Vix,g)= tly-k)" ¢ Gl) and comsider Vlxy)= cousb., Hurough (%o, 4,) Sinca
&G s an \acreas(ng funchion of bxl , 3 x,> %, such tak \[xy) =V(xe, 4, passes
thowgh O RL Bub Vo is squmetvic about y=R and Wence cuve strikes xex
ak (x4 ), 9, = -4, Lk
Now, V= 4ly-B) + siglx) = ~glx)ly-R + [y-Fi] g(w)=~qlx)(ﬂu1—tz) $0 f n¥u,.

() g = +2k £ -y +3R <R Now, x z2y-FO) £ y-R en A=% , S0 %<0 on x=x,,

g Ly €y, .

meuﬂ rr-peeJ: (e),{b) (c) asia olaoujmm bui' usuq V(x j)" ’[‘Q-Phj + Glx), Mave & ?E Joma.m

D U N of Podedic Ovb:

Net an easy problam n qmua.l, bukt wmqueness can 92 proved in some ?a.r{ic«lu-r cases,

Csuck as the Vaw der Pol oscllaker: ¥ + G3F-Ux 4x:=0.

- There s, Wowewer, a cnteden For Whiqueaess : i in o P-B domain &) He vector Reld v
Sahishes V. v €O then Yee 5 o unique penodic orbit in @ and it abtrch ol
obits tn D (See cvamples sheek 3, question €

.S Pertubation Melreds.

) Nearly - Hombowian Systems.
aH oM

. 1 2
| A uMMu'vmaM Stjsl'tm sai:-\sc-.er 'i=3; . ‘j-'-a—;c , Sewme “:‘K —*R (E.&dgma'@wt of t',

‘T"\Cn d.t- =0 O'Lo\!ﬂ ocbits.
Every compack connecked componest of a Level set Contanning we eqjus W Drium poinks s @
penedic orbil. (See sheet 3, q{uesl'ien 8).

4
Exomple : Hlx‘.,) 2 %‘(u[.y.;]‘ Wormonte oscllater ! @‘;

Emore generally, plone duvides jabo 2 recyions folh ated by Pe,a’oola‘c orbits :

. Su?pase we hove a [net necessar \y \"mu—vdm) Fe:{'urbakio.n of the Mawmiltewion

. Al
sysbem - { %z 55 + £Fluy)
‘ﬁ""g-;-fi'g(x.g]_

Question: wimch, 1€ any, of the penodlic obits of Hie Hawmilomian sys bem fmi_sf for small £7?



12,

For a Fautl,j of periodic orbits oF the ggsftm Labedhed \33 the value E of H Lt
MmIlg)= 1(;;, gdx -Fdy , Ovieated fa  the direckion of Hme.

Theorem 8¢ 'lF for O€E<E, Ui‘ € a 'Q,n'ocuc orbit of the ()M\u—w !:js(:EJM, d{pe.uoufg
Coubmunously on €, Haen the penodic ordit ¥, has M(E)=0
QeocE: ;i, A =0, 5c it is a closed auwve. So, O § aud” d‘ﬂ 6(“9*‘9)d* + [a- ‘”dj
= ES golx-Fdy | an §-ydx 4xdy = f(—nx -rxgj ak =0,
oo V o<s<E, —>Ki goa- fdy = 0.

Conversely:

Theocew 4 Every simple 2em of M glves rise += a conkinuows fomily ¥ of penodic
orbits for subiciently swmall €.

Procf: Net given- implicit Funchion Wieovem.

Exute Vo der Bl sallber fie swoll e % 40000 fsusl  Lye re- iy
Whea €20, Hals is Manildowian, w, th W= $0yY). So, m(e) = ,.,f’.ze (o-1)y dik.
(Note one»'wi:\en) Let o= f1€'cos9, 9= fi€' siah.
So, Mle= -5 (1€ coi® (- sta (= [T 24D dO = -7 &% + LsE.
Mig) =0<> Fz0 or E=2. E=0O |5 wmot o Pe,.qyel,c orbit. So the Ootlg
?Q«{oalic obit vlicdh ctam ?e-;{sf oty sl
EM[E) <o > olfracking
Stebiiby of the tosulbing peviodic obib: For swmallg, %sm'm 70 D repelling.
Prook: for te odbt acf o gened pomt (ny) of the perturbed system e cam  evalualz
Ailxg)= § d¥, were T is the qeniod of (ny) wnder the system.
Twis equals, as befwe, £59dx-Cdy =€ ME)+ O(£), where E=Hixg.

(#,4),
So b MIE,), M'IE) <0, 50, then BU<CO For E>Ea-} (Fov swmald €)
'Eg b

Similarly, AU>0 (or EXE

M6 =0 So ¥ s abirecing,
Ererciser van dee Pol ¢ M(e) = -29E <29 = -27 (ocE=2. So ?mooUz erbit s a/&rcd*iﬂg
fov sw\all €.
B ”

Suwme we  kwow oMl the Sa\u).’l\sw of an N™ omder OBE L(x5,% ., bt 20 Thee fom an
N- parpmeber Pamily | it arbibiary constauls, A=A, Bn, xp» 5(E;4). Then, i we ac

interested i the perfubed  equation Liws,. o » el 4. b ~{U, 0<t€l, toyte re(ruewk

soludons @  x L&) = (t; Alet) vesy, (b gk) + 0(51}, For[t'l“'::: : with %,  boumoled.

 Move specibically, €30 orten 1o (6 ct)| <.

Genenah pr{nupb boundediness of A, 2 ewajﬂiow of eneluhen COrA on stow fHime ‘Carlz,ib

Move gme.rd/ug Consider soludious as Funckions of two different bime scakes: Tiz€ (“fast Hame ),

T:= 2 ¢t (%low bime J x (E €)~ xo[tﬂ"'fx(rrj+£x(tT)+ - (2) | it x, =000 Cor Tof orlerl.
d .2

8 2
Then, J¢ "ot *E57 -3

Shebbbe (2) and 3) W) and COMPcur? W?Fp\aewa & fb 5', ft..




! M van der Pol’ % +x= -€x (x'-1) 5

|
]

,Eﬁ%p_kn_ Makhieu e%uol'l@m
O(sej:' Xeoxx 2% T o r %o ® R(Tle”: + R*LTJ e

|

0lE<c].  Tuy xltg) ~ 2, (x,T) +ex (1) 4

Then 2(tg) ~ x,p + £ + %ig) +---

% (6 €) ~ 2er 4 f(l'xotr 4 wth]*"”

i ¥ -
OE) + 2y v %o 20 P xo = Al e + A (D (A an yob undebermined).

{a %uni-\‘on,

0(:'}

|‘LT + X,

z’tatr - cc[xa -1)

@us= -2: (0, & - a2 & - L R (A i)

fave e\ - ?1aFf-orane

ett -

3T

PE & Cormss. . T

. No ?wH-Zw Wheve.

- not wniformly Dounded wit £ on Hwe

tnberwal 18 €% - called vesonont o secular beoms.

Condibion for boundad solubions is to kil secular terms, (e, seb to ero the welficients
of &*7 in RUSS differenkial equakion for A,

€% <2ihr «cAA* -2 1PA ips O <= 2p A((-1Ar)

Let AT = (0™, lm: 0, =

g{-’ 2(-; - ‘_"3. r
. L % Fl‘xeol Fo.',ﬂl-s.' o(u.vufabld‘ | [S{’.o.,u&)

1€ (0120 , den 31 D for non-tvivial initiad condition,
05,1 > e e T s Deos(£48) - Uamb eycke of vackius 2
gob\n:n.g the dufferentral equation for ¢lT) gives the way Sel.whons aﬂnoad\ the

P enodic orbi

O(il, TX % 1

t, 2eoslt +8,) + O(&)

x, 7 ZXOtT =l ¢

° 2 0 VS c.ou;t’a.wt‘, 8,,_

i EX = -Lfixcos'l_b , O<E&k .

i 4

os IL‘.

-i iv -t b -2
Rus= -ﬂi{ﬂTe -A e t} -2(Ae +H*e tHQthe t) i .
Seculer besms: € o’ , sek thelr coefhicients o 3evm. e =2iR -1 =0,
(nmqeaJMbj concdibion). Wte AW = u(r)+ iv(T).

S Byt ap”
RQ‘. uf = N

lm'. U_r = => uff

bLE -T = T =T
s D> us ce vDe v Cel -Ve

- Bumplitudes of weost solukions grow ev?weu{-{a}lg on slows Hme scake- vesonamee phencmensn.

EM\L B gg@ao-\og ngn&; .

Penocia(ujbj foice vam dec Polt % +x + alw’-) eoswt = - € (' -), 0<seel, @, fwa DE, wiOo.
Uued rigmarele: ey xlbe) =2 (T 7) *€x, lTY) + o(s"]

O(£°): Koy XX ¥ olsfoil cOBGIT 20, 80 %, =

o(g'): p S +'x, ?—‘)(

¥ -u:.

Rus: -2: (A e'"-a) ¢

A

T P

=2 (o "lj Aot

legiad ), e(?u—l]i:

= A(.‘r)e sl (Me oy ALOSWT.

& Py iw - 2 ¥ W -t
{(Ae“-vﬂxe'"t +2ale - M}) 'l}. f;‘ﬂe‘r-un T (T e Mc)},

; iw-2) t %13 3ot
(obay, w0 , e k), ¢ lobay, g 'n)

wz=0,%,13 are the reso.«amk values of w. AU other tems give New new ~sosant values of w.
3, get wnew- SQCUJML‘Q wm&bham

?rowloled w % 0, 3,

it

Lekﬂ:fg - {1?1.

e (1-1a))v- 2

=0 2 9 = onstont

& e ~2;AT ilﬂtzan R S P L LI oy POy I TN, P S

e
v i
a>2 a2



i3,

W6 a P2t Thew <0 Vo0 D o(T)>0

2l e) > acowt + 0(8) - Asyachroncus Quenclung

6 %€l Thea & = J1-388 (i clo)#o).

2l g) > J2-a cos(b+8,) + acoswt +0te) , 6] - Soft Excitebion,

Exawmple: Sublaemonic Lesonance.
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