D; ferenk able  Mauafolds.

ino{eﬁm'bbj often  differentable.

il

Assume oot = different able

i Ex%gu\’ Conscder §l= gxe lﬁzi 1ol :I}

Conbormal Weps- presesve angles.
Mercakor's proy jeckion:

Sl:e»eocjfe.?\«k P roiedx’o s

; Spece (aktude
e ?’ Lines etuaﬂl 0
) A

DeCncbion: A smooth wianibld & a set X ‘Eogeﬁ«u with o warimel oklas.
An ﬂﬂ 15 o wmpcd:tb(n colleckion of  chaddts w\rv.olr\ cover X.

A cdhat (s @ pair (U T consisheg  of a subsek U of X and o wap
@ U- lﬁﬂ wivehh s m‘lcddue whose imoge 5 am open subtet of IR".

Two . chads X M-—>R =l 2. W{%&ﬁmf

() ¢ (U nu} LS OwA oFe,u\ gu.b.\'&f Vu of \Q“‘ CP fu ﬂu;] s om open SuLS-d' \)7_. OHR
S mooth (l?, Cm)

(v the b{jed—-aas @9 Va2V and B - ‘ﬂ V2V are
l’( ®
Mr covesr X weauns e Sdi U over X
.oc./\ a)cLo.a N mum}. WAL oS ‘Hm.t' Ouwg C/Llauw& wu{dﬂ (‘S C.OMPQJ':\bUz WC{L

oA Hee charts (w0 the ables 5 w the alas.

E—T /-h(-‘l)‘*'ltzl

E xample 2 @ Toews < R, Qe L%b,

2039, 2L =sind 22500 @

@
S.,,u‘(lacz o(‘ rcvah-i":om ! (m‘zr *?-1 7‘— Lek ,[%";i‘ 4‘
go‘ e (2 + eos ‘P’ §a C?), Supucgr( (Zteos Pleos 9, (2t cosPginl, sian q’)
Tovus «> $'x8' , (8,9 & ([wsg, sind/ ftog‘?,s{»‘(?il,
nakurally tn V-l correspondlance witha the subset of RY
of ol [zt with aiegi=zl, T ot =L,

Towus (5

wws{s‘ﬂ'hg

X =Tovus ¢ 1121. X {(1(3‘%) el et s 2'sl, whivd = +J,3+.3‘} Feat danks Cor ¥,

Deline B: x » R/?—v]'l by Cos 9 = g p SMQ:% &: x"‘R/ZnH by os® = p-2 sn®:2.
P ) b

One_posscble chark: tahe U= ol poidks of X witle p¢3 cud clefiae ¥: U= R
by Wlng,2l= (%cos?, @sind) | wheve @elo, 2al.
Cis a 1 wevespouclauce, U <> § (%, R o< et < (20)']
Another olm..rt take 0( all poluts of X excepl Hhose with p =L

Defue ¥ U R by ¥lagr) = (Peosh, qﬁmej where Pelw i),
U < (Y‘L)elﬁnrr et < 3t

Twis s a - torespon ce,
wiw): . ‘ "’H‘M\U] = Puu.r\ol'wed dise - ciede voddius T
W(U(ﬂ(/u = amnwlw - werele  codlius T
We wew hawe a I-| tomesponclance: WlUaCl) S Plua ) given by:
(,g) > [xy), F 71ty < [1n)Y bug) & (Ax, Ayg) F 0 &xlag?cn?, A= Ledald
5 s e smooth wop o is

&I lavesse.



Remark: A swmooth  wmanidold War beew dlescribed  completely when we give
a wilehon of compakible chawts wlich cover (&, becawe of:

Lewmme: (F [Qac, ] 5 a celeckion of wmpai'\'btn charts suchh Huak the Uy
cover X, amd (U, @), (U @) owe charts which ave compatible voibda
M (ud, (p,xj . hen (Uj, @), (u', @) axe c,omqa.)l'lblﬂ with each obher

M: O‘-quo““l qrowvp, O, - } el wateices At ATA = 1} e oure -&'-\{ecia.u.g
lateveste® in  the case n:3, amel (a SO, = Ae on_,ddﬂzt}‘
oy 2x3 read wmakeices = Rq' O3> Solubion of 6 olffevent equakions.
We _apeo!: O: Haen e be 3-diveasioual. Ekpéol: & s be sB
Aimension ' - Talas) = Lnla-y).
Elments of SO are vokakiow ohouk ares in R Burough asgle 9,
with 00T Bub € 3=T, Hie avls omewkation is wmdefined.

l Points of S0; &> closed balk in R of codkius T, with awkpodal

ponks on dhe boundary spheve vepresahing the some elumedt
OG Sog.

Fust ot for S0y Toke U= all votakions Haough , all A with To(A)l* -1
Debine ®: U~ IRZ, @la) = veckor oF ‘.ﬁ,wakhs aJ-Oug the arls of sotatlow,

wheie 9 s the angle of votakion.

osd -sial o
rﬂgcgﬂi 2(:059+\=T¢(A)/ as ﬁ‘(&é:g :,-q o) wet some bams, amd trace

s (wasromt wamdes M? of ';as{s:. J
P(W = open balh of veddw T Ha R>.
A aother chat for O, ((Cmglbg PMM*’&“‘S“’H“

Lek CL: §He 0. Adet(A+T) %07, Tuem, (A-IJ[H»+IJ" =5 s shtw, siunce
ST (AT ) (AT-T) = (A3)" (03] = (A1l A (T-A) = (zenYiT-8) = -S
Convensely, F S i shew, thew (S-TNS+T)7 i orllogonal.

Nole Huat det (S+T)40, ar the uguvahwr of S ave Pure Lmaginmry , O
S s Meramtian.

%4 'iu.f
®: U= Inxn real chew mabnces) T R

“, AP (A-TI(AI)" s a chart.
(6 we (dowkly (sher3x3) € R by ®  then the second chat is oefined

in e sawme reglon Qo e Pirsf:, and AP yectoe a.LowJ cxls of N‘E«)Hou, ot
lemgyth  tanm 319
SD %-e:j ave wmpaﬂbh
Twicd  chat Cor O, “eponential map .
WS s axm veal shew, then e = 14 *—;‘;51“' is  ovthegonal.
Fo.r/ (e%)7 = esr=e_5=[e5)"- EO-S'cj to check it SV = 5
bijeckion of skew makices § such hat Wsh <, and
mobresAsuchh that A -Til < 2.
Chart Gor 803 given by “ Ewker a.u.ql.es“ : Dy
8 @ - Loug ibude, lattude of N,
Let Ag €5S0; be -rotakion ’du‘ouo;‘\;\ 0 clkok 0.
@Qe SOS be ¢otakion UM‘DMAL\ @ abhe k OY.

Ow‘l‘hﬂgaua}




Pn eclement B of SO Wan Eder amgles (8 @ ¥/ (F A= Ag By Ae.

This glves a |-\ cowespenclance bekweenm a subset of [0 Zv]k[C)w]x (o, 217]
m&d a Su.bf-@t op SO . € o{ef—meg e Cll\o,or'{" op SO.;_

O.& \s a grOu{’ Co.».j (.Lg ?mmetrisaj:\‘on is a btjeol-‘m« u-> {Shcw \thn'ces},

hepe W= RO deb(A+TItof. Lek UW={Aco. det (A-T)20F,

We Wave o biedlow P U'> {skew mabcesf, by R = (A<Ti(a-1"

CP[(,{,\U‘) = Jinvertible shew wmabneest = open subsely of all skew wmakvices.

Semilanly, ®PlualU’) = the same.

The bijeckion @ @Uau™)> @' (Uau); Bl s Emsaby wilk

So these two chats owe c,oulva,HBLe-

Oler chaybs: choose amy g€ Ou, oud deline Dy Ug= § shew Ma.i‘n'ﬂ?s‘}}
where [15: qu and Q’g (A) = ‘?(g"ﬂl. Becanse g€ ug, the seks {uq‘igec,\
(over ©Op aud owe comfa.i{b(e, because (Pg‘((.lg‘ﬂllg")éug!au%—v (P‘Ba[uﬂ:"u‘h},
and Pg (Ug aUg,] = ia: (4!A+2) amd (g]' A «I) (averbtibled (s open
tn fPo,t (Ug ) = i shecs .Mcd.'ncu?

Cpg‘[u.q',r\ Ug,) = '{S 9, (?5) +1 aud ‘51 -1)1‘ T aee akibl] - open seb
Smocthaess of ¥g (Ug allg,) > @y, (U, nu.gl) -ﬂf\& map 5 a rff&nvttf-'v\ of

e compostbe: S = e a5 )~ 9,9 e 22) = Te U-Dlrer)' | oF a

-1

SMDO‘HA |.-4 veure.

5eq Uemee of smoot WMaps.

(Reat) Projeckive Space.

The peal projechve plane P° s the et of 1-climeusional veckes op subspaces of R
s o« smecth wmamlold.  bek UWefMbe alk Unes which weet the affiue plome
x=l, 2, all Uaes widh  cowlaln o vedor of the Form [l,y,'t,. We have o

U comesponclamee € u—wR’, P(Une darough (1, 9,2 = (y,2).
; @1\\* = ”eoénkx it o0 Crow poink of view of tae ?Lcw\c x =L,

Debine (A sl Yhe ool CDW{TMV\ a pow.,t of the loom (;(ltJ We hane o

-l comvespondamce P L{—élR P [Ure HuougW (% 1,2) » ). Sl olefine
Wit gm,d and @ 1R1. ? e

Uealy , Y, U-t,u" cove l?'l. The charts ave compak ble.

Plaatl) = J1y,» e R yrof, ¥luald] = [O,a)eR F x4 0f, Vabh oper in ]

The U comesponclamce CUal) o Uall' = @ (Ua U takes:

(9,2 > Une Lough (L 9,7) = Le trough (g, 1, gt e (g7 g . This §s Swmeot,

Let X be a smocth manilold , with charts P, SR A subsek wof X is
called  open F o (Walle) &5 open a RY foc each chort: W is ci.oe of

Fu (walla) s o dosed subset of @ (U] Lo o, These OFCM subseds

glve X Hae shiucbure of o gFgg&g;ggg space , i2, (i) walon of oy cQMM\Fj
of openn seks is epen, (1) {atesseckion of  auy (:w'ce ey o? s seks s open.
& P oand X o opeu. We can now Say )( is c.o\wf‘&ck oy X S wmerl‘eol



| Two meu@-@f X Moy web \/\MP ase !

) Mausdorkbpess: twe poluts x, #% are conkauined i two disjeluk sets U, U,.

| Example: X = R bogether with omether poink v Take two chawts (U =R) T2 R, aud

| Uy = {w? (Rfod) IR | where Blw) 20, @, (Rv1e3) = id. i
| () Mbtrfsoktbhj. ) mebric on e set X sucdh that a subsel is open  in the above
sexse (e, For the aklas) 66 & is open bor the eklas.

[F XY are two wanilolds, ten we Say a Mn.ff‘ X=Y s §M? oF

C&r @Cdsj c)Aa,HI @ u""‘(z apx MdWV"’\R OFY {:{aew‘f’ﬁ‘?’ ?F[\JJ"’\R

" Sumoeth
(1 ontinuweus [ . % y
R"2 il- cR™

We can  Huus speak' aboud ronkinusws or. swosts R-valued Sunchiewr
[=]"% x Md C»Ou\)t-n:wu.nm of SMOO{L\ ?ajua.s {\’ K.

| Exeruise: A Mawibold is connecked FF Tt i path- connecked .

|Pmo of Compakibilily Lewma: We wust shew w @ "Tn'an') S @ lu'an) are Swoct,
ey @ {uu\u“) (s open tn @AW/, amd PLUAU is open @ ¥ (uY
Now u' nu (s Hue wmion of u'al’” Ally for qllu, so wouﬁ\,\ $o show
Plwy= ELu' 40" 5 M) s open n e w, P (W s open in ?'(u"),

| aud thak the bieckows F'(w) S F(wW) owe swmoo

i Caakpa)\n'br:u{sg OF U‘ cud uur QULO{ OF u“ Cw\ol u, S'o..tjs M CP-l (U-ln uaz)

| is opem (wm @,((U,I s Tl alld 1 open e @ lu.)

| S, Bu(W) = (lukersechion of thes) s open & B (U

Bk, we have smooth bx‘J'eul:t‘OM By p U S € (Upatt). These tahe

open seks to open seks, se () &s epen.  Stanlarly, PUlw) s open,

owd we L‘OU-'C smooth be'ECHO\M‘ q"(w’é—j qjg(“);? CP"[W), 08 W€ waub.

Su,{a?ose X s a Swmooth wmamtold aumd ¥ C X, %Wj Y is a 5,4E,Mgm foid _oF
oL.Meagoa m iE for e evy powmt y of 7, ? chet U-R" for X it xeld
' cuch Hat CWaY) = (R™e §03) o @(u) o oeR™™,

Sl L B ki u.ﬂ( e ) Sl &l sl

N,‘-J:.x, N

xampler bek V= ST R v [T RNANAY Comidee (5] ¥ Tohe e
i
|

e § 1) %50, w2 pesal. 24},
b taker Wa b (R™ 0) a Plu).

; xamele: To show On s a submambold of R & a mess i clone cAirechl.
! Lakes, we shall prove o wilerion for submancbolds.
l
|

| Wsually, we wank owly  submamitoldls wiich are 2 ter open or closedl.
\



 Example: We do  wct want Hee gru_PL\ of x P sin en O<x<l
delindion allows & Twis is wob closed

O¢: 9 - Twis  depicks o -\ swoothh wap sl whese {mage s closed oaud
e whwose decvakive neves vouishes, Buk the image s wot a  subuma fold.

lﬁng&f dease wwdking on the torus, SXS =X, Lek ¥ s H“V)é‘- lul“lui'l} -
Deline €:R-=X by £06) =[5, &2794) (€ ae @, say =% in (owest terus,

then FIR) s C,owno‘.". ta Fac,!: a closed cuwve X a {u = q} ol s \wmeaw.rpwc
v a ciwche. \F we embed X ia IE n Hae
fenot of bdf)c (p,q,)“

3 dw-auslﬂ 'Hq?

usual Wy | it ® & a ﬁw«u

. Fee example, (2,3 Qlves e breledl kuot: /)
Then, R 5 o closed submanmbeld oF X. %

| Bt fa ¢ @, thea € s\ and s (mage & odense W X
ngPOS( F u—"K \S Qa Cow\r;.\upustg AAFFUCM\L Mogf, w\n{mc u s o(.!eu S \K“,

Twis weous Haak 'CoJ eadn xeu Heve s o hnéw Moy OF () iR .-=p||? SAuC/L WYeak
| Clxel) = €l » DF6) )b o4 R(’((\n) il 1Rk, ) i

Rty T 2 s T8 ”Cowl-\mtwi“:ld
i lferentiokle meaws Huak v addabion x —» DFB is & conkiuows wap R = o (R, lR)_
r ™ " .
Choin Rule: V€ TRV . Wopen la R, V oopen in R7, bg  coutinuewsly

Mlferenkiable, then so is gef, andt Olyefl ) = Dgly) e DFb), where o= Fb/.

\n Pw{n'c_dm, W u- “uj'cmmis -l e O lferentiable lavesse, Yaew DEGD s
\‘,J\\)QJ’HB(& c"l’ -EQO\A el oumd S0 wa=wm.

Suppose U opea eR’, B U—*IRM conkinwourly differenkiable. DF ()i R" RM,{A‘v\W.
WAl £ IALIel. Deine WA= (u5ifus HAVIL Thew, 1600 -Elalll & K-yl
K= 2eity I DG

w kere

[ ‘_&VUSC FMCAT{OIA heoem: L& F" u—"‘g“ be Co-xhwwomtg OIJFFW%&J)(R, UGP‘&A CRM-
Supgese KW =9, and DF): R i iavertide. Then, 3 ntigbourkecd V of
_ g R aud of V22U, conhimmemly differenkiobls, with Foq= id: vy
; amd oo E=cd. ta FT(V),
| Progf: See Wwandowt T.

.‘_ﬂl?ud(ﬁ Fwduoﬂ Haeoran: S(A.f?ost £ u"ﬁzh

(Wopew cRY &5 coubiauously differentiable, and

Suppese  DFLd  has rank m, e, is suwrjedhive, ¥V xe W Then, 7] 5 o smooth
Submauad fold of U of dimeusion w-m.

| froof: We  chall cheose o Unear mop P’ R'-R""

twverbbe  DF(x) = DFIX) ®p. Cloose g va R ,

(y, 0] lﬁmelﬂﬂ_‘“, such thalt g.F=

Thew, ¢7'x q(V/ = R™ & &« chart for R" mear x, amd tokes g(V)a F 'y
bquc)cwdﬁ te Va ({j} x R" ). This s an cpen swbsed  of {.37; xlﬁwh
So |b s QA duu—t C"’vf C—.‘(j)

such Haak FPUSRY o (€3), (8] bea
where V s o ﬂdammkwd efF



E xample : Take U = o axn twvehble ol mabrices, and £ {nﬂs:,mobfc makii ces],
wokh F(A)= ATA. Then € s cawlmn.uou:[,j dn Heventrable,
FlAash) - FA) = (ATh+ WA) + (WW . Cearly, Wh=> © a IWli=o0,
and s ATh ¢#h' A o Latar So DHALM = AL WA e {wmvue,bn‘c .Ma,fn'usf.
Twics is Suxjec)-\'ve, for £ % s S‘JMMQtﬂfc’ take W= éLA:J"'S_
voe Wowe DETAILE S Meiis . 5 o Subwealeid o8 ™.

| Lemma: \F H*lﬁv‘-s’ \RM is Unear amd of ramk m , thea 3 Unear P! R,._}‘Rn-m such

Yot A ®p: 5 R" 73]
froof: We  can cloese § to be projechon oube a coordemake subspace, "ff(z}"(mim)
' where P.f:f} = ij for sowme ().

Have: r'( ﬂ}) Ecther, vegard A as an  mxn smabeix with column vankwm, heace

o rank w, and add n-m  Uneady independent cous.

O,  cloose the Unear waps p,‘_,fﬂ_*:ﬂzaa R successively so theb p; Aoes ot
varsh dedrcally on hU(A&)?‘@‘ QF;_‘}

\wverse  Funchion Yreoem > F F: U=V s o codhnwously odifferenhable bt‘jédl‘own
between open sebs  of R" and DF(x) is inverhble ¥ xe U, then (S conbinuously
i Fhecentiable .

Debiabion: A Jduffeomorphism s o smeoth wap which s bljechive with swooths iavesse.
\ delined Eust Cor open subrels of {Rv\’ thew For wmaps  bekween cmooth wwlcﬂu-‘")

fT‘f‘@ﬁs!!: (e (IZC?:], a fo[ywom-;.al, fe L= G s Su.ujecjnlue, Sasy f(z) =w

Pl U Cousidder  fhe  winding wumber of F) around w, whea T bvavees
‘ a [_a,,,se circle \vELEE. Ak%&sﬂrcuk {:D?o‘wg‘d Froop,

Proof 2 @5 wvere Cunchon Hheosem. Copsides £ as @ mop From IR'L =) Ri

aid Losk ok DEGE: R B (= pulkiplicakion by e'm).m»‘taJ=('f;-;: %)

dw o

| dek DF2) = \F'@l” Cg) - = 5
| ¢ € e OF vawighes.

\nvesse Funchion Hieoem D number of Foiwa W £ s Cocally
coustart as o Funckion of w (a the open set Swi e F(3) with ¢rs) < o,
8t € - JRulte aumber of pointsf i comnecked, 5o the wwmbes of
pounbs  {n F7 ) is Cwol.zpwdu\k of v, so always % 0

On-&wtﬂ}o\,bb:} ngOS*E P=U—>U Sa d&@p@m\rp\u‘sm u\/\UC L{,U owe c.ovm-ed:ec' epen
Subsets of " Thew, det DF(x) 40 V xell. So b & either: >0 everywhere - say F
5 o ' weserving |, or <O eerywhere- say b it ovientabion veyevsiag
More generally, sav £:U=V s oclenkakon preservig (n OF >0 everywheve.
IF X 5 a smooth wanifold, Sey X s ovienkable (F e set of ol chavts
f:u->R" cam be divided inbo subsels G and G such that if
CUR, W VaR" botl belowg to € or both & G, Haew
Poy-': Yiuav) > ®uaV) s  osentabion ?rtsc«rvm'.nﬂ.




o choice of ene of the cdlasres €, Ca.

Defuction: An  orenkakbion of X s

j E:(a_a&g(.f.: Mobis baud. Uiy N " one chhavk: kel You see N\ edge  lines.
‘ 1_./.) - owother chovt,

Ta»_c_\ew(: \Jeotows-

DeCnbiou: Let X be a swmoothh wandold. The tongenk space T X o X ab xeX s the
S&t oc all Fwo‘n‘ons N\M'd/t assfgu te eaclh d/\awt‘ (‘P“, W wide el o
vedhor T, eR” such that Tu= DR @'/ (y) %, where y = Bly), whenever

(W, Q) omd (VR ave two chasts conkarnng Fex.

i (/lEa.r(.j' (0 Tx X (s a veder space . A (TeX) 2 = din X.
) an  elomenkt s (’.Dm.pfl.difily debenmined by giviug Su Cor one chaskt W wnta-&m'uﬂ 2.
swooth  manclolds, Hew € lnduess o

W 6 F:X2Y &5 a2 swooth wap Debween
Unear map TX &0 Tep ¥ ¥ xeX. Twis s called DF0). x>y
) tokes He fumly TN & e famlly 11, W e

R R~

w‘&exe qtv = D(q%‘-’p": ?a-f}(w) ?u ” w\ﬁ.&"e w = cPu ['x).
collection of all chasts Loy X,

ﬂ“ﬁmeﬁi!%‘ X a <cwmooHn -Ma.uuud gcﬁ(:u‘x_’m}o{e‘f
weike x, = Puie R™ (F xelly. To dehine TX: an element of T, X is a

For xeX
- }-, Jael: wel,} = ﬁ?”, or a Fw\lj 5‘f‘}we‘£,xeu, , with the ?mf’@f"‘j that
52 Ge® i) %, @ Yol with xe Uy, Up. ,
W T X s a vedkor space [becawse V(Fpe®)(x) is @ Unear wa—p)a
(i) For omy o with xels, the wap § 5 i an isomerpwism T X = R"
er, W we Wwe J. we cam define }3 bor ang B owith xelp by @, ouel
ten @ Wolds  for ol paies f,¥ with xelpaly by chaln rule
D( Py F')xg fg 2 V(@ T lg) D(F Pl (xa) §7 O (@ §7) g ) F, = By ——I
ts) W6 X i a vector Space, Hew T, X s wm;ca,uﬂ -'somwbuic b X, by Hhe wap
SeT.Xm ‘P;'Y, €X, Lwhere ¢, X>R" amy binear {somocphism.
{This  doeswt depmaf on w, becouse 0¥ = @ if @ s -
ta) A6 B XY s oy Smooth wap, then F laducs o Lvear wmap WG T, X T Y
foc Quy xeX, Let 5"\2" a.,-’lﬁm?”:f be the charts fo, VY. Sex —£5 Y3 €6
Twew define (DFI), = D(‘E,F‘P;) (%3) T5. The choin vule ,QL»% ml"cp“
s\ows dat s s a we)l’dtﬁweaﬂ t'qu&nx veckor (n Tt Y-
lv) € x-eriZ owe Swooth waps, then Dg(g}oDF(uf Dl ofltx) s T, % = T;‘%, w iHa
yz FO, 2= glRed). “Cladn vale'- follows om chals vule For open subsets of R7, R™.

CorolUary 1F we have any vale whnich associates to cach point 5 of each smocth ranifeld
X a set TuX, amd 4o each smooth F: XY 6 wap TH 60 T, X2 T Y, such tat:

W whea X 5 a veger space, ‘fx’( T X, CMOmlchg-
i f[ﬁ a(:) (x) = Y[a”y} Y(F}(x} wolnba W —f; Y-?' 2)‘ P Y,

L) 16 X' oun open sabmanibld of X, then Dild: GX' 5 T x|
T\ACM, ?,,X':—“'T;‘X’ CMow{ca.auaj-

w\ﬂ%ﬂ' sasdx s tuclusion.



! Exmgh: QWPP"“? X s o n-dimensional submenilold of IR Twhes, T, X canm
| be idenbified with an n-dkmensional vecter subspace of IRN; as Folloges:
(hoose o chart @, U, S R” with wels. Let Vo @ lU) = X — R"
bie CPd" regorcled ar a  wep @ Lu,) - R" Thew, fmaﬂe (DYulxy)) is om
n - ou‘mwsiowal Suiupace of R"™ w\MC/L\ oloes wol olq:u\d on ‘")"0““ of chart.
VX cRY s “defined by eq,ud:tous“ , e, we lhawe F: U"’RN”‘, whee U
is opea tn R7, £ (s swmoeoth, amd DFl) Was vauk N-n Vxel, omel
Xz €70y, some ye R"™ Thew Tok> Remel of DF(x): R™ = R™™
More p..h{u'.sélg’ Rer (DEG = u‘wage D"ﬂt(‘f«), with Yy as before.
For, Fo ¥y’ FulUul »R" 35 coustamk  so DIFwy) = DEo DYy =20, 5o
‘m (DWh) € Rer (0F), aund they lave Hie same dimeasion, So ave ecc»ml-
Example: X = O, cm"’, X =67, Lhere F lﬂl—xolﬁk"“—'j; fla)= ATa. DF(A)= ATht WT 4
L so Res (DF(a)) = § W AThe WTa=0} = §hr ATh is skew},
| 8 Ty0e A=A EBY b T2 all saoh P smalidest
1 A&Umaﬁu@‘d, consider Hae ?mud:rimﬁon, [skew Mw{'n'@’)"'on, 5= (14-5)(1'—:]_’
i Yis) = (s+I)S-3)" =1+ DS rRUS), Lwes< iN_IZ‘L,;_:_'__,,O as S0 S, DHlal s Svd 25,

So, T, 0, = image O¥(o) = all shews moakrcss

() bj Mmeans of curves ﬂ“;gg%\nz.
Consider oM  gmooth curves T (-8 = X cuch Huak ¥lo) =x (Forcw., £>0).

Say bwo such cuves ave equivaleak F they Eouck at o, te W~W JF For amy
Mok q?:bl"’iﬁn M a neafg\/\\:oulo\ood of % e wave O(F-¥)lo= D(®-¥,)(9).
beb L N= seb oF euivelence  lasses.
‘L The charackerisation of T X shows that T.X 2 Y, X, cam onxcally .
i[(’;') v terms of  derlvokives.
‘ L&Cwb‘)’i all  swodth  mops X>RS. Twis is vy and alse o mal vekor
space over the subang R of constant Fanchions X-R. wWe can ok the
ek X back fom the .ri.ua CW(X), because X %= set of all .rt'uj Wowmes wophisms
CPX)-R wia x> §Fm 60 = 5, (A x> 5, (Shall prove lates Huat
Ay howeowm.q:lm'gw CCx)»R s | 38 Coc some :w).
Givenx e X, ek DX = all  lincar maps 90 C70) 2 R wlhich have e “Lebute
Pw?u{?j ok x| Te 9(fy = 9(9,361) F) 00 . (Such o 9 is called o &L'uaﬁonj.
r\\‘o?we ot Hass s lie same as Say lug ot Fer FOd +» s0(H s a rlng
MMQOMOJP\M&N Frowe C%LN) T Iﬂtd/fi!’ J

Leavly, DX s o veokor space.

j{ “‘\”,X can bYe delined also:
1
|
i

Theorem: D, X s camonically isomorphic to TuX. o

Rroof: Fiest cousider devoklows of C®(RY ot 06 ™ Slell prove that (6= DFI2).3 > T 5 5
for some S€R” {sz (0,F,., DuF, OF= ;f.:)- Fist note that 9(1), for

* 01 = 9(L1) = O1WAw1 80y = 290, Sy 9(e)z O ¢ constant. fy But, amy f€ PR cam

be erpressed as E=c+ Tng, | whee e (TR is the e wodineke Funchion,




and o € RY s suh thak q;lo) = Dflo). (Fé.r’ Eb= (:(d)*{ﬂi‘ip{wd}-d%“br}
\ 3

= Z?fi DLF“"). So toke ijl:‘) = S; ﬂj’(t‘m‘ dt. a;la) = .‘: 0.‘“9)0“2 = 'D{(—(a) J

Now, (¢ - 9(¢)+ I(gix;} q; (o) 4 0.8‘(5;)} = Z D;'F[o} f; , wlhere }'; = 9(9!:}.

WVow bt ws Qrove ot H X is om n-chmensional veckor space for oy
| A-dimensionad swmooth  wawifeld X.
’ & P F linh g5
- Lemwa: 3 gmects R >R L,a P0- {o NS TR O amy £ 70,
f?[QoF‘ Fhsl? O\)S{xu? 'E\nal‘ e‘fx‘ on E‘D,DO) Vs Cw u‘.‘uﬂ au O{QJ‘;\JOJJ’UES N0 oJ.', o
7N
So et Yoo = &7 T o xe[00), amd 0 otherwise. YRR & ("
»*
Let Xb)=S" Y0 dt fx20 O cllecrmise, j'Y .
Thew, X s C¥ amd coustant, sayc, for 221 3 - _L,:o ;

Finally, delie @6 = 1- T X[ZE] R, @ s as  cequied.

f'.itg_ﬂfﬂ;’ W % & ony Swooth MGMrou ond xeX and U s a \Ad(ﬂ'ln bowhoed of %,
we can Bnd P XK such Haak Swpp Ycl , owmd Xzl (p a wg,fgl,\bo..\./koocj
of . ( Recald : Swpp @= gt Py 50§ )

New suppose that 8:C"0 =R s o derivakon af x. Choose @ such that
D= {0 aoeybrem v Then, (¥ =0 because we cam Fad P suck Hat 8= % oud
CHaen (G = @ 9P v WP = )+ NP, | Choese ¢ & be | wtar x, omd
Cwie sepp (@ reqion whee P21 So b ang FECTIN we ave O(FP) = OF)
This tells us that F w: U2 R" s a chort near x then D X 2 9 W

For (™00 ZEE2S 020 L Gluew B define 0 by O(F) = (6@ Fe C™(u),
o™ e €€ ectended by O outside U, €C”I[X).

Bk, by the ook, we wowe DU i) =y @Y T R

We wow check  trivlally et DX has all the properties Lo be TiK
o Mada po(.wl‘l \f E:X=Y (s Smaoﬁ'\[ en € (adues a vf.Ag homomorpbvlsm
€ P > W), 50 wmap DX & B, Y

The  dlisjot wnion ,‘S,( TuX s colled Hae Mcﬁ bumdle, toviben TX of X,

W & a swmooth womdeld of dimension 2Zn, where = Adm X,

To give chacts: Leb @ U>R" be o chat for X, Wew b TUZ G To X ond
define ¢ fu—»n?"@fl?“ b'j E)(", %) :[q)(’”{ ?.,J . where ?.,, s e rqueseyJ:‘G.Hou

of T ta e chord We Wawe Rlrw = @Wx R, which is open n R

The  tansibion between two chowds comesponoling to Pt U, > R" and 9, U, » R
5 (G )x[Ge%) e ly, W= (BIEM,D0E T l9%), vhich s swmeoth.

A Yangont vedor Beld on X & a smooth waxp St X =2 TX such teat
s (5 € T,X fos a M .




Let x e X, xe opemn UeX. \F X ls @ compact swooth wamifold, and {usk
s a Halle open Covering of X by itz domains of chovts T’ Uy = R? thea
we Con Fud cwmoothh Punchionr f0 X2 R such ik : (4 F o0 every L here,
ty  supplbd c Wy, Gy TF =l Voo
S T called o hHon  of wl ; subordineke o the Caoe,\.-iuﬁ %Qu}.
Peoof: For eaclh %, choose 9. X > K swmoobhn amd 20 such Ut g =1 néar x,
omwd  supp lg9.) € sowme Uy, By compactnes; 3, ., xn suck taat for every

% ‘3,%(%) t0 Cor seme . For each ne, choose o  such Haak SW?P[Q,L;JCU-“C‘
Let by = dEu V.. Then, b = Zhy {5 smooth Omd 20 everguhere, Toke fy= %

?cc-gosﬁ:{om’ X £ sek of won- rewe i) Mwmmusw 9: Cm[»\’) > K.
Pmup 5 See \"-Md/-’“k

Theowu’ Ray Saooth wandold of dimeasion n s A tfeomorpic = o  submanteld
a6 B o Lty ewmbedoliag Yncorem.
Pivof: (Sretch for when X s COM?ﬂd) y
A NG -These axe \'0[, bk  camnot embed n R Y
-/fw\ ﬁg}r Urey oave wnot mancfolds.
Fust prove X % submanteld oC B B some N,
Cover X by Fakely mang chaks, %ila>R", «s(, 0 Then chose o
parbition of wwby R X 2R with supp(f) cUy. Define Fr x> RO @ R" = R
bj Flxn) = (F,(:)?.(»}I..’ &(ﬂ) ?n(x})f where e define Fibe) ®:tn)=0 F x& U
Thew, F is swooth, and F\l,e,j‘-” wheee f 10) 15 obutowly i-L.
gux, ?o".u}if x for wlich {‘*'C“(?dtof is dufferent o(avious\j Waw €
Afferesk  (mages. So £ s 1-L
e wow peed: feriont F F-‘X-‘\?N \s SMao'HA, \’il amd X is
Compact, aud W (x) Voo vouk v for egach xeX, then ¥ (s a dﬁwwq,um
bekwern X aud o  submeamifeld oF R
Wn owr Case, the coilerlon s sakished, becawse DE6) = LDF, 0. D P () )f
ot o«f eaoL FOi‘.‘\.t D?L‘(x) Vo  rank @ anmd ak LQME on€ ﬂﬁ(’(:{.J s %0,

k

Cousider the crnlovion above. To %@l— Py gooa". chart for ﬂrd near flu)  choose
Vacar W RYTORY such  that ) @h: TXeo R SRY Twen apply nvese
Lunchion Hreorem t (F-YOW there V'V2X § the wvese of a chart for X.
A N

<°AS\:G’»{J' E X u&m’ 0”«“"30«\::1 prejedoun. - ;C N>2nﬁ

VIR, V an IN-U- dimensional  Unear subspace.

7 The space of Ml paius of polals of X joined by o e : im Zasl
{P«uolck\;vtg Lines t‘mtgf,wb o X).



C dolds (Moskhj one- dimensional)

open subset in €" amd P U= €7 s o cowkinuous map Say F s

Canadytic ek zelU F 3 €-Unear wep A: €= €7 such that Flai) = ) + AL + R(2W,
“R“H"/\Iku"’o as k=20 Te € s Affeentiable W dhe vead sense aud He

\,J\!\.'EIQ
derivakive, DF(z), is €-Unear. Te D) sabishies the (aucky- Riemann equotions.

C Sugpose U s am

Bu/g,x d.‘/&

.Egm«xet_&: Fi e+, DE = (a"/a,t a“/a

- Asalytic wmaps awe very Hghtly constrained. For ecample:
) ouce  cowbmuowly dofferentichle D dén«a.l-wes of wu ordes ecist.
i fwe a.noLjQ-»‘ Fumclions FrF U——?([ agiee w my Opem culaset of U , they

PR R (D ). Need DE.C= L OF

agree e»e.nju\r\efe.
Yoen uther F= coustont oy P[o?ew]”— opRn.

Ly F azmo=l,

Delinckion: X is a compler wandold of cimension n € it has a wavimal atlas of
u.u()w\:{blz chots ®: U—=C", whee Plw s open  in 6", and rrr_ompa:f:(bln“
wmeans ot e transHon Waps CPI"Q?-f’ ® (U, aldy) = ®, (UnU,) owe amalytic.

A OOMP(D( wambdd X s M_QML, for F YUV s an awalytic bJJ‘ed—io.,\,
with U,V open (f then W s o,,&oMni-xgoJ}ﬂ OJ*LMGJJOM q..-es:uw,.\ej whean ¢2qarded
cwmeoth wap Ll-*V ‘oetwam 9u~b‘5{k§ OF lR

I AAsS a
sy Ould du b vt t
Exgmple: dot (%or sving ) =\ e (B) = 1FON 20 (i Couchy ~Ritmoun eguakions Wold]

\a guexai when DE(F), whide s am o compler wakeix, is regarded @a o e x2n

ceal  wakeix T, wowe det T =|det T2

fd. . ~ !
Examples ()0 Riewana sphece, X 2 Co fe b Chacks: @ Uz € € @ U=(C-Tel)ofu) > €, Plaiz1
Cluall) = PlUall) = €-10f, oud tee tramsibon map i Tr>2"

U is open ln €. Suppose tel and FrUu-122€ &5 amakytic. Whew cam we
eetend € bo am omalybic wap FUSS:Coinl? Precisely if F has at msi:
a pole ak 2,te wo essewhal sigulacdy Because € has a pole ok 2 ifF w-—-"H,,_%,
Was a cewmovable sigulandy ab w=z. Bk Haew, (€ we deline fla)=w €S
aen  using e clat S-fot— C,f""‘g'!l W0 e SLe F analytic.

OF course, ik F uas o cemovable stgularily, we cam ecteud fo & an analybic
map U €S, Nobie Uak 2P €" camnot be evkesded o €S

Sufpo;e E s anakytic, U= {2e C:125R] 2 €. Wwen does £ extend to

ke Uuiwi*’s? Baswes: whea @ € Kiz® , Some R K apr 3w,

We comsider Yoo oot £or UoTaf given by 37 T. Then cousicles

T F(‘/ﬁ ’35'0(1?!4‘/&}*5 hen does Hais 2xbewd o $=:0"

Precisely  whenm TR Y b vk s pole ok $=0, e, when
Ve /9l € CISI™® Boc some R,



_n\gig ! 'l‘: 'F S-S 'S Mdﬂm “lev\ :t Xy Oc 'Hn_( CD‘;M F{!J’ q(‘E)I HLHA P"CL

Pelynonmeals, (2, £ s a “rabieaal Fmdnon

- Proof: Ftws{? observe that F7 () consists of Csolaked potats, for the reroes oF

e muwt be solaked. So € Was ab wmost a Bale Aumaber of poles, say

ak z=a,., 0, New z=a, (& can be expancled : Flz) = & if:-)‘ +9, (3,

where g s amalybic near o,. Dolng  this ak each a;, we &ud

F;rfg . where ¢ is rakbional amd = O  as T o>n, amd g i o.ua.l.jb‘c Yeed.
Buk (6@ € KI2® aud (gl ¢ K121R @ 2200 So g 15 a polyrowdal.

Exqug (&): tet Lc € be a Latkice, Ve o Subgrou.? wader addibion, of Haeﬂm

form Lw, v Lw, vhere w,,w, € €105 and Y, € IR Example: 4

Lek ¥ = cc,u.oheui' group t‘:/L = sek of equivalence classes :
of € wnider Yo Eq‘@va«l-w“—‘ 2,~% f 2-2, el

Atlas for X (lhoose 0 so that L A g%ﬂzli-?-i}’ {o}.

Let V= i% e €tz cel, Lokl = TV e X, whewe w:€2X is the obuious
ProJeo{?(owL- letk F: U2V be w!. 34_1 c.oajtrud:\;w\’ e is 1=, so s
our Hust ot for X For amy weX, Lt U, = wrll cX i e @ t‘eru-f)/
Define ot U = € by Az P2 -w).

(early @w,(uw' n Uy, ) and ‘Pwt{uw. nUNJ are open in Ve @, audd the
transcbon  wap is just f!—yf*'w, where we € Such Haak = “f.‘“’a e
-An aklas, So X s a compler wanifeld. X s compack becaure there is
o cowkmwous wap K-=X whieh s Suurjédive , whee K= [".Gwi t Fo, '_.'Nlc‘f
(e, closed Fa.fa,uelaa.»m). K s compack. X s alse HausdosfF (chneck).

1wt
™ ‘7;,;:_{:)

| Cousider R/Zx\ = crcle gfxz‘dJEﬂzifnfzrj2=i}‘ €e> (cos A, Sem

Let X be e cuwe W'z + a2 +b ia € uliw}
Over R, 3 veak yoots: - Lke cubhvg Hough a tovus, Lith
one a ke Huough w0,

Nole: A complex wowbold of dimension | is called o Riemaun swurfoce

z

Consider E(w, P Ffi}}, Wit )= L? - az +b, abeR

(£
ota| w A7
2 E; ?‘+P1+P-;‘:O. How WMoy POL_J:; such Hiak 2P= 07

Coasider Flr)e €- (nega):wt veall wil, @ [ %

DN M .

Copsioles F{w‘%)= wi-(:(%). Yo Guwig e F? L], F (L > q,

OF(w2) = (2w, F(2)) $0 for (wde Flo, as long as £ Yas dsback roots.
So, tmplicit Funchion Wheovem Flel b & suhmealid =F 2,

Btlas (s ¥t Lek V= €, cuk whee Flr)e R = §xeR:nsof

| Thea, iqu;)e‘i revi = Wy o U- | awd ®r: s >Vl - two disjownk Manrts.

lw > WF@) (s g7

Hﬁ_"‘———r——. not Lterally, of wouase



*,;

i Leb W= (-?? c'[?}ﬁ‘g+z. Thex, g(w,zje‘l: zeWd - CL ua. . where a*‘-{(w,ﬂ-‘w + fm}’
&

Again, tue Msjemb charts : : - €.

I O Ty 8

-
u+¢\u+ 5 € ~-R
F> -R

| We need Huee move chaks b cover Y.
' We  want o chat n the n&g\n\)ow\mod of (0 2;). let U, be o small ﬂ%hbodkwd

of [0,3) inY. Defne @ » € by (w,2) > w. This is wjedkive F ve can soloe
Elz) = wt quq{ubbj as & fumckon of wh Lor ¥ pens =i $2«\~Llwl,,, i £t 3

iéxwgu! Fevmak Cowve xn{-\ﬂ“ =1, with (x4l € - .3‘:AJ|~:¢"
EU.LU‘S COJMJO.'. V-Erf=2 (or ?o\aj'\»\ecbu

Euib' V\Mbﬂ.d" 'l CO.' SPL\Q.;-E, ’X=Z-23 Co: @ M{-aLo‘ a(: cje.u.us c_,,
For Hee Fe,maa}: a2 \A‘-v\ edgd, " anas/ fo X = w(3-an) , §o %-%_(vl-l)(lhl}

Lek 2,2, t; be the emes of Fl2).

(w, 1) — T/

Let ?: Toiw] ., mart near o s given by - 5 B = O

v
Esca,mg(.a'- (PC = c.omgtbl gm,’edjue Space of limension ng * | - dimensional compler
vecker subspaces of €™ Exactly Lke " over R bt s a compler wanibeld.

Fe points ave : §luwre 1ot} /o, here (u,w 2)~ (A A ko) (€ Ag0,

e fP:; , (w2 (w2, “Uae at wbinity s uzo,
o 3 A

la (P;, we \ave e cuve YV uw1: g ..a_;u_l . . Wadt=¥

Fal

Y o llwe ot @) = points wheve & ¥z 0 e, r=0, ie, (uwl=1(910),

We  shall wow define aun  Sowmorplism of Cowpler waund bolds | X = Ch = Y, by usiug

(e Welessbrass eliphic FMgg,Lé_g,éf p: € » Cu 1w} defned by \
t
‘ . e ©, wheve R=;£‘_ A%, 8:5 L 3

= Z ( - - - L = - i i
o= G Va-a* "]t 2 # * Az aBre,
Azo Az A%o

L) esiesstonss B - Funckion: associated to o lalbice L €, 2%, TWs s a weromeplle
oles abt  the poiudfs of L. (e s L-P-eai{ocin'c,

| Cuneblon p: €-L~> €, wid P
Cte, alzea)z pla) b Ael T T s "doubly- pmaou{‘, 2y, (n the

T two diveckions shovon

CFlest wobice Haak 3 : 6>, amadytic  everywhese, which (s L-penedec (F 4 coustunt)
Y-Tbu‘{ would contradick LiowvilUe's Theowew, for F would be bounoled ou amy oue
esed pmaﬂdﬁqjm [ condnanows on wm?aot sei'}{ heuee boua oled @)Cﬂjwhaq so c_ous(:cw.tj

;wf also  camnct have am L-pesiodlic Enchion F il one simple pole w each
i ‘Ja;a)lelﬁ:caw iO,w_‘uZ, w.ﬂ»z],’/ as Huids wewld Conkraskick Ca.uobua‘s L‘.J.‘eggoul Cormda,

For € we didd, cousides S F@Ide, 20 by periodicity.
e Bk SE(IdE - 2wilresidue of ) = 2aih, oF Ela)= £, +8+ ((+-a)v

.
L .

N Se A0, Wemce Fma}ﬂ’u‘c’ s$o coustant

A‘S@, € Hhe pole is on Hne laH{cc, We  Way brams Lake to puk i€ {n Hhe I P
CBuk, we can  awe, Say, twe simple poles ov  one double pele.




| B, s

Aavackessed b‘ﬂ e Fack Hiat 6 has o deuble fou alt 120 with Fm‘au'pavl

:
, PME Ifii, e fR)= 3 9(& neav =0, Lith g analytic (n a nelgubourhoced of =0,

Cousicler «;L: (;L.;)'*- For given € €, wumber of points of Hue form 2-A (Ael) witha

Relr-al € Rel ¢ € KR for some coustaut K.
i 1 \
For such 2-A we wawe {aonl € gt . Now, §ﬁ does wot convenye.

z "“,. : Teobner = 3 +(omalybic wear ©).
g S e L o AE
w [mad) Nole: 3-n "3 = 320 = OGS

¢ 1
s swm equals ¥ +.Z,

: bl
Dfﬁu @, (7)) = 37 *T\% (n-,\)z ‘)G}- This  does Convesge o.bso\ui-elj, because
&

n
T F e, omd T 5 <0

The same aigument Shows that the seres cowverges absolubely wn uny olisc l2-2,0 ¢ £
which  conkatas ne  labhice  peluts. F e dise econtaims owe labhce gmiw‘: A, omd we
ot He berm @A i From Hhe seves, i Wil wwverge obselubely and wadormly
in the dise. Hewet, Comveges to am  cmalybc  Fuachon ln the ise Hemee g s

‘mewomo.rp\m.‘c' Wi Second  erder ?ous of =el.

C[ewtw % () D\tpwals w.Lj on 2 wmodule L, so it is vceaddly oam amedybic fundion

EL ; C(L -3 {U{mi L:{' b}eu; ~3 R(Qm&; SFL\M
AW pocats en the Remann sphere Vanve twe cMshinck

?Otl.w{s n Haeds ?H’.—L«Mc.(je & o
¥
avepl P amd 3 etherpoints. See: T

Theovewm: @ (% Sakisfies the quabbn-’ g.i(%;z = ls-g,__(q)z- GOA?L(%) -0 B, Lhere
i

P

H = OF)EL ;'; / s—oz:;\e'- —'(6 '
i, pan'.dt (8’(%)} 30'{%)) e owve Y= {f%,w)-' Wt = 1’.«13- at -b-}

(‘i (s, —sinz)  pavamebvises -x’"+-ji;l}A

We  shalk show Haak e wduces o tsomo rplusim Com X= €A 4o Y= €yinf

Proof ' Near 220 we Wave P(3) =3 Y 9@ with gle) omalytic. Bk, -9, o Lis

a \labhce, ? o) roup. So, gl2l = g(-¥ . Rad, glo) =0 So, p@) = %’i * o« y 24+ .

o ')z "3 v gl3) = '52; + 20z 4 4B+ So BN e R f—f + (aunalytic termy).
2«

Aad, d—?(ijz= ii‘ * ;—; t (analytic teqwms)

S'Q, P - bhpe)= "5+ lanalybic lews) 2 ~L0x P« (analybic terws).

So g'la)* - ﬂ-g)[t)x + 200 Pl s analybic near O, hene amalybc evevyuwhere

hwence cowstauk,

We \awe X= ¢4 g {(u,v)ed:l:u"“: 4.\,3—“—5}\;{90}; Ze ig:’(%), g:[i)) eC f z:o,

‘ o .
i ?[ﬂ = ii "o?;‘d_ (fi-‘—-_Ml +'x"—). we‘ warnk o show ok g)(%foc) = g)[%) for xel.
| g(z to) - @(2) - EL ('(——%,,.,_,.,z "{;_—MJ ﬂg,—_ Cx = 'EL CA-we = -){L A, se =0O.



Theorewdt =X 3 Y ¢ an isomovplusm  ofF compler Mo Folds,

te

uf \t lS \ ou\ko Q.-IAot {&S it.ﬂ.UQJSe 'l-S a.na.lguc-

Pz e €
& s tzﬂaLj‘,-u. map E!—%(%’(‘H 8:(%}} — gylfzfé(' ; wcﬂu two hiugs of o‘naut
Te see whal \appeas war =0 € 'I/l—, touscder ‘Iefc
X-)[F’IE z‘..;[ig:lwgam) tF%#d) Or—?{oto}

Consloler the Mot €or P glven by lp, qlv’}i’—)(/“r /@)f‘f whea ¢ #0.

'_ (%)
w Hals W ous s 2> a4 Pqﬂ) 0 ’-01 o)-
’ ; s 2&, ¥ wr) [ % 1 2
Near 2@ p= g+, glz)s F+-, so [sum, gl ~ (-§2*+ o1, -2 + oY)
A
tn He chant for ¥ wear w, we Wave 2t ;{%""%**"

L) Colloves Cromnr
- Theocewm 2 Suq'fose X and ¥ ase two Riemann sucfaces, both Coupad: aud stdo.rl:ﬁf

and  suppese that E:XAY is am analytic wap. Thew V ye 7 e number of
piab W FTY 4 fally, omd Uds awmber of polabs s Hhe same eveept for
{:\'m‘tel,ﬂ Moy pocats 3&‘{. Twis  wuwwber @5 called ‘e degree of €, VW e
degeee (s, Ye ap s am isomoplusm.

Crook ok Theorem 2D Theoremn ! X aumel v ace cwmpact, Hq,usola.r@c ond X & counected.

‘ Pmoe

EMuﬂ\A te Pmue g m‘ﬁml‘dj Moy ?ou\b wi F [\” \"Oﬂw\g Ju_st onk ?pwi‘
(lea, Uy, o«l‘_.) one powt e, €3 wusidesing Hhe ot near 0 tw \pc , we lhave
> glfg = %+ This skows ot DF(e)t0 (DF(e) = 5 fn  Hass CAncw—t)

So F is -l by e muesse Cunchion Yaeoem w a v\%\nbowhée‘a{ of .

of Tuioulr Glues B:X5Y gupore EBIem. U chaks wowrsoy, say €T They

Fe e s an  anelybic Funclion between open subsets of € aud takes Fl2) o Plus).
As %aoesﬂoc anddic Funchions are iselaked, FF @' does wot tuke any fouvt oy
F2) o Plw). So the poists (u Fl are  (olated inX. Bub, X s compact aud
Rausdedt, so F'(w) is Baibe. Now observe Mtk Cor e same reaseq OF(R/ £0
excqt for Hintely wowy 2. (Looh (a teswms of chauds: DF(rIz0 €2 e (er) = g,
amd DIBE@Y Was isolaked zewes). So, Lk 2, 2 be the poinks ohere DEE =0
Lek w;= F[%C},Md y's Y- f'-r‘;,..,uk?. We prove ok He wnumber of polnts (u Fﬂlng)
s locally coustast as a Funchon of Y fer yeé Y. WRemee & s cousbunkt n Y
because Emoving <9 ?o(«b Comnot wake a surface discomnected.

Nuwber of pecats  {a Fyl is locally comstant, by wvesse Funckion treoew, Feor

F oye V' and F(2)zy, ben MRito, 5o € gives @ dijedkon UV Cor some
atigboucoods Uy of 3, Vof 4 Nokice ek  becauwse X i D
Rausdlorfl, we can clwose sjoink open neighbourhoeds Uy of e <

poinks T £y, amd E(X-Vus) = F(Lompqoﬂ-‘ compack, chosed | and 7.

So Ay fm‘wt g near y \Was £-|l~3] cQus,

Finally, Suppose tue degree i 1. Thew, 3 wnique v ax, and the woese funckion
Baeoem > €7 1s analybic. Buk, o Fadk Y=Y, because (§ DFR/ =0 for somez, thew i
tewms of avts, (T€ @ (Pl 20, S evew i these charks, (s wot Locally \-L



Covesrin Seams

i swmoothh wmawlolds of cimension a. Noler fomn wnow o, all wmanifelds ave Hays o 6F

A Smocda wap P X>Y (s a coverivg wap 1f wesy ye ' has a v’\&%lAbML\Ood v
Csuch Huek TV E Vg, Whee F wmaps each Ux by a diffeoworplism  oute V

E&Mg&&' (o) The taclusion of anm open subet kY WY s nek o covenve map.
g L pr €%, pla)= &8 s coverng wap, because F \i-21 <), thew 2> lega s
| on lavese wap V= {reClical (] 2 € and o'W = Y g s 2niaf - YU, el
| omd the U; ave ousjei.\k This deals ot the Pm?c.u‘l-j wnear L€ €°
i For olher ?o;‘.wts 9&(‘ Consiher U‘ﬂ nj‘\f
i o €= T/, pobwel map, where L is o labbes.
W X = 130 e ot b -arah wsof, ¥ €-13:4F -aT-bs o} T,
X2 Y, plerl=t Ui a4 coverng wap.
g X =%""e I'?“' ‘/=l?“—_' Defne p: XY by P(ﬂ’mf cR” la 2-6-l M‘P)

Lewwa: \FEASB s a wap & tope Logical  spaces  aucl A= AvA;, wvhee A, and A
are closed w A awd Hal ,HA, oxe w.»kim; then F i cowkinuout

Theoren gm?easc P XY s a COVErlng Wap oad ¥:labl=>Y s a fﬁ-&. Swﬂame
P[?(o)hjq':Y[GfJ Then, 3 Wq’ue LHE ¥ of .4 s&wﬁnﬂ ok o , (%, W"lr“e
Vilab) X such taat p-¥ =¥ and ¥lol = x,.

| Prock: Uniqueness: Suppose ¥ amd 5 are buo  such Lfts. Suppose ¥L0= T For some

i tef& b] Clhoose a v\e,..g\abawl«ood V of ¥le) as ln defmbion oF cov eﬂ-ma

Then 'b’[s W%w bHolde bdm\g be the Same Uxcp (V) ¥ S Sufﬁaemtl.j close
et Bk p: i, "‘V s btjed:urd a.uw{ FB’ ?B’ So !)’[f}"X(’J ¥ ¢ near £

| Silarky, iF FIO£70H, teen 'aar, F) v s sufbiciently wear £ So, s

| (e b] s counecked, either FlH=F 1) V eelab), o T0#7( V te [ah)

\ Bt we Raow %{E’);S’[E’j, some b

| Existence: Becamse Lab] s compack we can Suxessively bsect b wakl it i

‘} the waion of 2“ closed sublukervals T; such Yt eadh B’[I{] < Some \)C, woHa

| o (Vi) 2 Uiy, Teke dee intervali Ti tn furn fom the BFE Suppue ¥ los

| been debined on Tiv- vI_ Clearly, OF Y(I.) eV aud p"‘V= Uiy aud

| ¥leud of T,) U, then T canm be definet on Tow with ¥I5.) cUs.

By e lowwme, B 4 covhmsens ox T b T

\

|

LDé‘Cw\)c\o.A Pak‘us X,X*-' [qa'b]"" 7 are ij_g it 3 a cowhnwous map Fr(a.b]qui] »%

} Suchh Huak Fle,0)= YW, Flt1) = 2" {for telab] Sg.:, Y, ¥ ace Womotopic vel. euds
| & Flag) = Yla): ¥*la), Flbs) = ¥lo) =5*(b),

|

| Delincbion: Y is siwply comnected € € s path- connected and For any y,9,€7,

| Ay twe Pa.ﬂlu fom i b t Y, are \r\,om.o"cvp;'( el emels,




\F pr XY s o covermg wap and Fileb)a(0)=>Y and px)=y,= Flao), thea F
LAn Que VIE £ sl dand ?.Ef F and Flao)=zr%,. |n pukwlu, W B
and ¥, F¥ are Ubts both stackiug

Was @
are patls in Y wlieh  are howotepic rel  ewds,
ok %, thew ¥, ¥* ave \owobopic vel eads.

Skekeh of  proof: UALq¢enes: and ‘A po,.—{-io,.la,“ balla Brove He ealies Lfbay theorem.

uﬂ-*‘%uenessf E xistemce ! 2 (_7”)

Theocew © prX=VY as helove. Suq?fow Z is a simply  connected Mambold  and E:E>M o ¢

somoothh wap. (F, bor some 2.€ 2, we lhawe le,)rﬂi‘dﬂa,e‘/, thea 3 wingue
Samooth F1Z 3K sude ek pef=f and Flag) s,

- Te  show £ & aunalybic near 2e€ 2, choose « naghbawlmed Voof flz) in ¥ suckh Haak
Ve domamn of a ohart and f"(w Uty as in defintion of o wuutng map.
Clady 3 a muq,ue analybic wop § V=X suck that pr @2 i and @(ft) = €
So PfF and ~a.re twe Ubts of Fl(, “(w whck ageee ak Fof, so trey agree wm all
oF F'r(VJ_ So F2 Pof (nf" (UL ond s i Mainlnc.

- Covollany: IF p X2Y is o wvering map, X wanecked, sz.plg connected, then p is an lSDM‘?\"f\AﬂSM-
;PnoF Take Y=2 (A ?r(w and F: Y=Y Hae LO{QN{‘EU Ge): F Y- X swclh  tuak P F -LG{
Gy X

Awo{, C is surjechive , because auny twe fomh Ao, X Comm be jowmed by o Y 1%
pathh wluekh (s the wmgque L of a palls Frowm pry,) = Ply). Ay D y

Thes reni Lk X = ‘f»/L/ i €1 Then, X X' as Com_?[.ﬁr wandelds (FF L'- «b Gos some o€ €.
Procf: We have a Coveping map P’ Cax'. 22C€ {3 simply :éc.oma,teal. gu{:pose we
Then comsider: € ¢ @.j Hie  preceching

@

have aun ‘\SaMuPujm P: x> X‘.
d:{(__ —-—9£/L‘l

Uneovew, 3 @ €2 € such Wak @ LHs Cox 2%
COLS;(AQ[ e wmap 2P Flrer) - Bl o €>C, for some Ael. The @aﬁer

of Plzed) and ¥ in CIL' ape  dhe Same ,le, pelmap) s cowstand,

So @(% A -‘;f‘i) is wplgp{mdu,t of 2. We cam assume ‘P&»):O/ o e have

a grewp PN T YT — @lo)= 0

So, @lz+)) = &(-?.} + 5(,\) € reC Nel, 1a PM{—{W/ éf,_ is @ hemowmorphim L=t
e %[t, s the ré‘:(,'rioh'on of av R-{inear vwa{\,lﬁl—) lal. SG{C?(,\)I s Kh\l, Some Kel.
B L F L= Zuw, « 2w, Lk M= §1€-C= 2z i, + fu, ootk OF w B<if

aﬁ-o.«.r(a-j, \é(ﬂl € some E o 3-6 M, Bk Qury 2e € caumm be wellen as %=?¢+)\,
with T € M Ael. So ¥(z2) - ?(30)1—5{,\1 , amd | Pl € Cx KlM_SC'H('laI, Some C',K'eﬂ?,
Buk ¢ s analytic € = €, so Pl2) = a2 +b, for some a,be €.
Cut ?‘"HJ:@, so @lz) - az, so abel"

Bt @ €1 > S & bijeckive , so Plu) - L' sa gl ik

Cc““w‘e’l’h (C L= QL; e 22 a1 EﬂOQMC.eF aun llsov’wa«pusw (/L =3 (/L'_



| How do we dossily lables L up o Hae equivalenc lobian Leal T

C[.Q_a.flnj (] 4 uu.cuj AL U@ L= Z« Rt (QS k= Zwri'Ew,:W‘[Zwa’/w,”, ot |mt~>on
Whew s Z+ Zt=alZ+ Tt/ for some 1,-:’5{1:(.“,1_)03 amd  some @’

iIF <o T= aloas Bxd | Some o, Be Z, and [—4{8481‘},}{5( Se T+ ::s;:.
g, 5 N '+ g ‘
S-LM&tﬂw'L‘j, R ;.ji'&'.‘;t . Lot {3’8) (a! 5!)5 Mg(zj Sd otdf( ) ¢‘

o+ ( E'i‘)."‘a
Bub, have det =4l else 2> HE tebes (wmzdo ko lma <o, [lm m . J

152 54—51: 1y+821®

So e condidon is t-= qt for some M bius traushormation [:E)é sty (Z)

Recald M gww a labhee L, we defined @, : (-)Cu{mf' and am isomorphnsm i/'—*”\’
wheee \/-‘- (m\h( Cerve withe QQ’u.Q}cwv\ H 4—%’- Qo b)u iw)l Le/t' L be 24—12

Say yl= pbd. The coots of p are the poinks Y/, $(%), o(j1+1) becouse
() = plaN for any Ael, p2): 9y, $&): plra-2). S, @)= ~gth-2). So, §(?) =0

Cor any el sucdh Yok 2 4L
Couscder  the cross-vakio of ( ( | Sp[.) 5’(17* } 00/ Calh (€ gle). We Wane a
\r\ot.omg?u(_ Map g'i-’lM%> 0} - C- 50, l}, by g- This wmap 9 is a couc.rmg wap.

Ca‘caUa.rg [?\'cs;_d‘s Theoww)! VW F: € (=308 s omalybic, thea € &5 coustant.

Suppre  we Uad TN > Cofw} deagicel. This would be an isomorphism, whicl is

':W\?“s'-'bh, as /L gt“’rui, Cofwf * Riemann gf'lf\ere, which ase 'Evpo(.oggcquﬁ A blerent,
Amj avalytic  map Coini = C/Ls  constant, Lcif,’ﬁ;:;t-b’ P ﬁ
Coin — (f

@»{{ ‘f = €/, & roup. Coubie dispue ¥ Pmam&tﬂsed by u—»[p(-u 83(%1)
|
“Pddibion Comula Fos elipbic Punchions + Z 4% 24 gel ¢ clet{ wa 8"“:) go(&,;) Q.

Q’[?J P(ﬁ) ?('!1)
g \1‘ ) -~y
v u \%{g Cofwl

Define €: L » €1 \9 C(@) = 2ot wlhece ?; (20,2 ave the pavamebes of the
thsee POLW{:; where Hie Lue PQ meets UAG Uarve V Yofwf Twis is awm cuna.k.,)h‘c wmap,
So s comstant. A pencil- fhe sek of Lines areugh o point. Auy twe pencds hanve a
Une wa  Common,

Take LCC, P! CrL - €y {W} omd Cousder Cross-vakio of & P°‘I‘Ut" L jlt)e € sych
Bt W) = L) ¢ U= oL, some xe €. jlu= j(Z+x ).

JUT) = e <D K'=gt, some ge S (Z). : frlmadof 2 & analybic, stJedrwe

'Zrn.t‘

- Uassical  wiodiar  Cguckiewn jlos = Jn:)/ jLo :'g"%f{, , 9:€ . Jegy e $+qo+a‘q’1.‘.

¥, covesy

1
Take P ¢ Currve, L e Lae L W(.

Modulas fom of weiguk k: L) suok Hat Flxl) = o R (L),

- |
Exn_mph: F(v) 703’\'“ FH - Eiseustein Seres,

Suppose X is a %opol.ocj{cal space, ¥ aselt. Two waps, F:U=Y, g: VY, e

UV ase wdghboMVQe&f of Some xeX, have Mie same Gevm ak x f ‘FIHZ
COf Sowme ﬂdghbow"hﬂod W OG Cov\)tq;l«\ecl e Lln\/



\o,

Angl_.zﬁ‘c ( :_ovdl-iaua:l'l'on .

Examples:t) 3 § s C: Rets) >1f, Sts) = B, = - Analyge. Buh T extends t an analyti
ch)c{vn, I C- i'i‘ te Z,2<Of —PC, ot SCMP(.Q Po(.ec al Some uecjai\‘ve QAFQJ&'Q
ti) HQ/)’ZP.A"(; : where Pp= Aumber of Paxtﬁh'ous o(:*ni omalytic Cor \q,\d-
l

p(,“ "?l(l %“J Deuse 2eroes own Hue M\.CE CA.J‘()\Q So Hais Caunct be C.ow{:t'v\wad

b%o\w[ 1@,1 —= Leﬂuﬂ 9= eZn t" we %e,{: 1o} Moohnl.ax FMCHOa, O*AEE'FT,\? .
Ceg) -[03“ ) = Zi /e - bewmes Wl alued.
(t9) d;tes[%} = Z- /k’ I Loa{l %) iy

Comsbouck & Biompmn twgslfoce as followst Tabe ol paiss W,F), U open ¢ € F:U-C,

amalybic. \abroduwe an equivelence ctlobion: (2l B) ~ (et €) €F gem of Fakz
= gewm of F( Y %I.

Set of quLva-Lwce Czlas:e: X = a/uqauus of maps € €. This s @ wanfold .

l6 Was obviows chact, @p:(Uf)>UcC. Wike U for (L. Lok is Pue(UpaVy)?
€ s $reUav: F, g have bhe same gevm ab 2§, am open subret oF U

X ts a Hausdodf l-dinensional cowpler wanifolel, 3 Function F: X2€, Flyp =F

D?E'w-“n'onr A complete o lbiuglued aualybic €unchion s a counecked component of X.

0‘g ~A ¥
Mole: lwese fuckion b0 gt €= Cotuf. pas T doe (&) a5 = p(31"ax.
So ,(‘fwfz ¥ the i..v\.\-'ﬁ(.{( Eunelbion ke Po .

gLMgL‘ -wwﬁG;M-qg: C,/ -
4 O l?x‘ (treFa..‘[ hnet) is v\,ot« SLNP\g CaDthcotﬂcl-

@ /Feo € &s conbluuous, locally cousbaut, Lhen is5f
® q(obwuﬂ oo.«sfh.w{'?

x - 2 T
Cous;ol-?-\r U= (e (2- dJM)} { U "'"'E F(’/: (,,—?; y E O)

3 )‘-I'jt
Foy ¥ Ll-’ iR ¥:Te] > U, Suppose we Cam Wy ke f<F(V‘ Avd = f<‘3fodq’fvl dv>

= L ‘PM dE = ®(x(y) - ?(xzoﬂ = 0.

= (8] = gt @ > Dif= D60 ¢ culf = O
Loca}i‘j‘ Yae converse 5 Erue! euwrlfF=0 2 F=gmd‘-’? in some v\&g\.\bowrlnsod a(:a-mjpuﬁ..b.

//’—_P_‘\
(M @ CP(\D’ = B'Y (F(v)} d\l)‘ .‘SA = r = ,r ZWLF,AD = O,
L Yo %

Suifoce Z'w.‘b\u
bmdw’ i

\n Mee eJ"CLM\DtQ P" 9rad¢ ub\.elt q’ Cos” (J‘—T:‘J (” A C(ju.\ﬂl-ﬂc.a.l ?o[auf worat.n_ﬁJIS_

henever we \awve o veckor-valued Cunchion §: U= ﬁ?g such Haab cudf= @ e canm
o(eﬁ.,\e Cun M. 5{: Faf dgged G v €5 X M u b‘j SFIXJ: g; (r{\))‘du> ‘F El Fl ase
Ewe  sucl vauoug thew Sp ty) 3&1(3) for all ¥ FF F; -6, = grad P for some PU->R.



We ave (ed o ntredmee a Foup H {u] the List de RLM cohonology ofU,
Cby: MY = Lrmoct Fachious £:uh @

Yol Yaak el = o}/i Swmooth Fo il IR? suck Heat
F=d@ for some @ ‘.{—HR}

w Note thak ('u—r(-gv\a_al=0, So %.F' F=9\ra.d¢ic if’ c;u.r[f'=°}.

\E U= ‘R}"(% aa(l's) Haenm Hx(u)ﬂ?, Cmrejfonou«g + the Cact ot Hee \A,Ow.o‘hl’)gj
: EjPC OF @ closed Cusve s cam?(.bwﬁ debermned by ju.Sf: o€ b ank;
gp= umdu.-tg uumbu' cﬂ\r Yue PM{'LQJM F dESCvaeol

- (ul IR gmemked bj( hw) =f ¢> (€ E sakis Ges O.uf(—?:o Wuzse £ 2F 4 g sad T
© some AelR some @ U= K.
M ?mg Clhoose ¥ wl«..oln uwto's once a.mwcl e z-axis. Tl\ea f(@(“),d“> = Tr.
tet A= = d Flodd. e, KE-ALAD =0, e debne
Qe = K{ < (e~ AF) d\l>, u\AE-fe Fp s & Path from  some p, b P

Silarly, H(W= 3 buuckions P U>R such that grad ¥ = 0§ /0
; = glocauf, coustout Funebions @ Ur"R;.
T ckim RO = wumber of comnecked cCowponents of U.

ch}:\: W x u“"!RS
WPl o Dessbing g2 e sl /1 fdbas o U R such teak

g = et £ for some Fu-iR}

‘ Nebice Hualt div. wd 20, so 5 g: gzwlff (& ; g: o(;ug :0}. Loca,lbj, Hie convesse
i s Eeue. Ie, & g:L'cca:O t‘t\w g: M(F for sowme F aleCmeal i a v\ﬁ&%b\bowl’\ooﬁt.

\€ one \as q such  thak d-t'og=°, we can  defue om  avowiouk ég For closed

Swr('aces LU by 35(2 ¢ ICg,dS> = "l of g Haveugl Z

= I-T,

Ly’ Thew, z'_r,j.dS "{ 9.ds§ = £[1609)d(°o(-) N ’reree@s T‘"—Qou‘{mn

| =0 if g =0

| Nobe ok E (2= F, (I for all chosed T iF g -9, = crlf, Vecause
S ls,-9,).ds = f (cartfl. ds = J”p ds 20 f Z closed.

i -2
Exauf 1 U= 62 10} q u"iﬁ CLeld QG fow,t CJAGU-GJQ abo 9-’}‘ (%4-3 +1}

Tln.emolwcj- . bt g% b fos %Pu-’ﬁ{ be cause
‘c?: AS = b (aumber of bimes T encloses dhe ongm)

(2)

raﬂl
T oMl Uads to: J2°(W -"’.rLIU)w-*JLIuJ——aJL (U whee 2 “(u)= 7 u) = § swooth £ u-an
Camd  A'(u)r AW § Smootla £ U IR

Hewsvey @ ,
_§ f Stokes’ Theorew.

| Example: (..f.e grad @. dS F Pleud) - Plewd) =

! { -
| o (artv)-ds = 6 v,

| “lemgv Ly ) Alval)

f



"

U opea m K. Define J1 flw 'For R . w, Byr JTWY B fsm_,o& waps U= RS
250 ~Fsnantn wags WoR"L, () &5 aved oF sowelhng 6 %-;;‘ <0,

A = { smoots waps U= R, 2%(0) = Fsmorth maps - R¥S . 2*ta)

oz 5 S 0t 2t e B8 0% s genecal, call each wap d the ectencr

derivatwe,

Let V be o reak veckes space of d«weanon Lek QU: [v) = nikew\ah.ag wmuhblinear waps
o! Vix-- V - 62 Mulkthnw Unear w .ea_(j,. uounabh Sqwdj For @(GMPLE
o f/\‘v, MY, N ,‘,U,) = )\oﬂ[u J + M, “{",,"’z,--,\’.t)~ Q&Zrma/{mﬂ J*‘lr i',-, h} -2 %l,‘,k}

, L ——
is a perwmtakw«} then D‘f‘-'-r(.,, V) = ) eV e, whee (U7 = siga T
¥ w T W)
= fut) ossings F s -E— L
v

‘f'/
Suam('n,-‘ar,)- Sign T,. Sigwn T,,

8y convenbion, At °(v) = R, Rut[\”:v*, cual of V = lLinear waps \J 21R,

A ( AURLVI = (?J, because iF 2. e is o basis for V then owy we Akt V) s
! @M?kﬂt&{g ek evwined by gising el ... R} Cor ald R-tuples (4, n) € 11, ...}, o
W<€ lp L ((E twe G ase equol then x(&, ) 20 by albernakiay \,Nf,a{-g)_

Convenely, £ we glve {E) awndes o g (e cip) and defne ..l 0 F ot
el i, i ave dustinck, and = sigan (W o .5y,
| R and T s the perwudabion such that wlis) 7 3y Hew e cown define am
- doment « e A" (v by u(e‘nl)..’gg“) s o ecbend  linearly.

whee ) <) U5 Hhe sawme seb as

.
et )

Theee s o mudbplicakion, BER (W« ALYV > ak™ ™ (0] (e, p) =5 aaf defined by

Cxa @Hh‘,,.., Vi) = (nm.‘zg.:mﬂ (07 vy, - “rr(aJ)B {"wle.u,. ,\)1.-1.....-1)'

A (bw) -shuffle s Femu.bai-\on w50, kem] s T Read Such b Wl << win)

oud Tlew) € oo £ wlf tw). There ore [ n ) such chulfls.

This  wmulbplicakion s Dilneasr, assocakie, and anbcommukakive. lie, 0" Baa = xap)
We have aun awhcommubakve 3%&3 vina ’ f-\\fto(v}, Al'(v), AU:Z(\)},...

[:ASSoc;a.:l—(uLL‘j,- [«A(ZAX) [u”.‘,unw%} Z- (-u w(vm' - ":mu) [;(\’ﬂm-h--."ﬂumj)K{"rﬂzmmr;"ﬂmuﬂ

‘k“mﬂ! W
orlv) lxle)

Exaumplas: Suppose w, fe AU (9) =V Then (app)lv,w) = wlv) plu) = wlw) flo) = ohz/&( Zlv)  Riw
14 o\,.., ¥ € AQ'(UJ' bhen [w, A Aag)lv,. Yr) = fl-u"u(vm“),.w(\,ﬂ”) s debl o (v,
ln part clar, i 1e,. €3 ¥ a basis of V and o, wal is the duel basis of V*,
then (don-aag)le], ) = MJT, F s e permwtabion W) =), and
zo ofF T, bt d), ik} Thus, oy A AN, bor & < <ip is a basis for ARR(V),

Note: RU(RY = AGRY 2 R . aG' x &t = AU, (v,u,)> v,xv, .
AU % AU = BWTER; ru,,v;) m> <V, vi>.  (cBi'Vedor praduct (9, x9,) wis # ¥, xisxv))

Deline ele 0" log o ™00 suels Bk & dvs 10 linsse Lol wa cnbifosalion
e, A (aad) = (dedag + 08 waldd) Kowen®], wy did=0 (eg, curl-grad =0),

Le) A AT(W) @ L' (W) is the wual "9muu,e" e oF FFUSIR, Yew OF6JIR™SR
5 Unear for  each x, e dfld = DFOJ e AW (RY).



Let
Thea,

N

2w 86 Ue complizate fumction wa ER", x'¢ R7(4)
dx' s a constat eloment of AU'RY, in fact, the standard dual basis

elemewt. Sq auy ekn.w,ut OF .n-'(UJ Coun’ be wrf(wléa as ZF;dx;, w'heze F;e -ﬂol"‘-}.

And

e ¢

f Fen®ml wie tane df = ?(D;F} dxil where D = %ot

Yt 1:.‘ \‘5 Any se_%u\wu Erom ‘f‘,.‘fn; wr:{-e dxlzd#'/\va\dxll. Q-uj e{lme«i ‘

e ﬂ_h[u] Soa Sum ix—.‘:ﬂﬂolxt w:ﬂ« FIEJLOLU')/ where L puns over Lll(”<‘:ﬂ;

and
(e

- for
| Anbderivabtion: dFax® Aqu” E A(Fﬂ Axady¥ = d(ngnolxIAdx: = (qafF N Folc_i) adnEadn”
= ldFAalx:)J\(gdeJ‘f ng»dx_l/\dx’ = d[Fdxl)h(qalxj} +lvaR(FdX1JA (olg .Aalx?j
Nmm——r’

l
t
\
\
\
\

“..Qk - U=V be a swooth

=0

’

'{’{M.'S él({)(‘-t’.SS'L'On s ML%\LQ. gﬂ, we€ Caun ole&‘ne alor = %_- 0”:.: Adxl,
wwst clhhedk Yot Hals \as  tae réqlw;.r{al Profefﬂef. Fust pobe d{FdITJ = dfads®
Ml sequemces T. Obviowly, d: 285 2™ 1 Unear,

2 digdx™)

ded\fdstl s A(dbadxY = (ddfladn® - dbsd@d . S, crcusls 4 e
‘ M daf =0 for Een®(u. Bub dAFb) = 2: (0:F6 dx®, so ddF(:rJ- (0; 0:¢) ) o’ ' p ol

af 0 DF s symmellc  n l'ou.w[;, omd  da’a ol s awlns:jmmbtﬂr(.

Examg(ag ¢ we R'W, wopke x= £ du|+ b, dwen du = Zo((;.adx': '—“Z(DJ‘(:)dxirdx{

= i (06 -0;6¢) dx* - hz? Thus, dx = il B ok
Simlax(g, 4 ViJl“l[w we Coun wrke « = Zf’) f. dx/-/ Aolx.
Sy s ?f—f}"aﬁ.mu/i"gx% B i e adata. J mil®
(08 +- Vba) i a.. ada” = A" o

w \ese U«Cmﬂ/ VeR™ open. We chhall defiue a

/ (4

;\AOMMO'JPMSM of graded vngs, @*- J?.hlw - ﬁk(u) for ald k. Te £t s Unear,

| amd

?ﬁtvﬁ/\ﬁ) ‘:Q,(\i}}\ Q‘(“} l,J“CL\ Hee Qd-d-‘ut-v:ﬂma_}. ?‘-ofe.anj d. @k: ‘F¥-ol_

| Delliibios oF T+ An. ehemest »e AW & o wap ot V> Q(;th([R“’ We Com wele

\
&
|
|
|
|
l
|
|

We
| AR (%)
sucla

€. [‘ﬂ e Vel oy v, ) wo yeV anel v cR"™.
Define (‘P W (x50, 08) = o« (¥6) ; DRUIv,, ., DCxIve). (xed, Wley, vic R e KT

u ?

Teivially, ¢ (s @ graded virg Womomorplism.

We must pove that Pd-d.?": 2" (v > 2" (W s sero. But s wap s an
andiderivabion, so o[ P%d-REXY) = - (ool ~d @) | S, yBe ber (@ d-olo P

> dw, «rp are w the Remel. So s enough Lo ?medcp*m-¢>'apcwcen"(ul.
f@”d?}fﬁ o) = AF( @0 ; B‘P(ujv) = D?[Q’[x})b‘?{x}v = Py v - OU‘P ) (x;

(B, e s s f,‘ dx @rdes T30 (06 0% (i) = T(E 25 d ]

Can  wow olebine J'thd whete X 5 o smooth mandeold, An element o of
s a colleckon oF olements w;e 2"(VJ, one For eack chark @ U = V; eR"
Hak (@0 w o= x; ¥4 Define d: 2% (X220 by (@) = doti e DUV, eack:.

e
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Clearly, e N0 form an ankicommulnbive graded g, omd d: 2% > 2" ks
[> 77N aMz{:\-OLQJ‘I,.\JDULLOVl such ot d.d =0,

Chomge of voriables I R

Swffose g U->V s a &H&morpWSM' u,\)! optm, ch“. Sufpme frv= R g swmocth
Cwila compack support.  Thew, 3 Fly) dy'a.adyg® s defined, and
S E@o 1Ak 0o de'a - ade® = S Fgddlyaady™ (6P ke coupack suppet U],

Conslder Hne eloment = F—d‘-&:A--Adqu R, Thew, @"o = (6.9). dek 10U dx'n- adx” € 27 U],
M.’ U’r-lk-e CPCLA (:.:J"" (?.:[(:U. Dq?hl) is dae u\necur tmsFo\rchiw el M‘Ut“\" fDJ“'P‘!‘"n',j‘
Pl = V) Pdg)nn € ldy?) = (U d(F*g)a. ad(@*gY. Bk, PH) = 4= - @,
S, Al®F[s d® = T0;¢) dn’ ,
So. @7 (dg'n ady') = ;T (05, ) (0], Gl ™ = ek (DP) dn'a. ads”.
And @ (Fdgn. ady™) = (£-9) dek OY cloc'a- adx™.

‘C_chu_a.vgj Ve % 00 s cpw[eac}:*sufpo.,kt Haen 50‘ = {j]f@f‘d o detd® {Zfo uergwhee.
LT ?a,.,’ric_,u)a_/, ;EV = \{‘P o If P s openlnlion ?muuim‘j.

.RECG.M that X s QLM S g - \"aa an ortented Q/H.a.s' e s coverved b‘ﬂ C Sefoc
Chats {(ﬁ‘-‘u‘;""\};(—ﬁ“f bebween whach ¥re trnsition Cunchions ave ovenbakion ?msuvarj_

| Pebinidion: A smocthh moudoid 1w boumdary s a yeb X il ow atlas ot -*VC,CR:,
u\ne.re U; % aun o‘;w 5@;2}: of \21 = ;(9(".., 9(,‘] 4 X'Z 0}/ We E‘Ms{\.{oa w;
be«)aﬂ O{.ALFGQOMDJP'\M'SM as befove.
: : We  wusk Ous(:i.ngu/fsln between these

ACCerenk %st of open s‘d‘s ctl'(:

Notice that € Y, 2V, s a diffeowspluism betw een open subsels of iR:, Haew ¥
nduces a Mbfeowmorpsm Via . Wi Iza-t, e B 21 Bt il 5 9, 2 of.

The ?OLW'ES of X wlWehh tn some (and heue ucwj) Mat wap to boundary Poi."{ts N
Y ove called bowndlovy peints of X.

C[ea,..rhj H"’-‘ﬂ forme o smoskh mamibold of dimension a-l  (wilthout bouwndany ) We can
speak of  am opental wmownmfold i boundary. The boumdany of such u%w'wes
an  ovienbokion Yecause am  ovented aklas gives an ercented atlan for Hhe bBeoundoy.

\F 1{/ U,—’Uz s t'rms\'."e{w\ gwwb‘on’ Py = ba.ﬁés o = to X, =0, SD( wt bamolnub

a
podwbs %, DYl = Lujo--2 . Bt a, >0 because Y(V,) e IR: , so the fack
¥ (D¥%yy)

Haakt deb DY = a,.olet U)‘Vu.,’j Qives om dpirnbikicn aa Bee Dournmclavy.



1_{}65‘“,;&{0,&5 Lt X be a smookh compact wandold with boundowy 9X. Suppose X is ovieated
with orented ablas 19U 2V clR)E Defne § v For any wxen"(o by
fwz 2ff¢ Wi, whee LR i o smooth povhbion of waily Por Hhe covenng U,
If, € X—T’iR is swmooth, 20, swpp(f) c Uy, TF 2. And, whese (ool e 2™V &

e refrexbwta}:l'ue of x da Hee Mot @, : Uz -V,

we  wmuwst ek Hais s well-deRned . Sufpose {@l ‘—-‘) b ‘ﬂ?+} s a w.,ulm.!-{ble
orcanted ablaa  and TC} 5 a u.r{-\h‘om of wm by subosinale to B We must show
7L, - Z[(Fuj Bk b = Iffuc,f)”waeus-zf(ux)

Now, @C ™ e J?,"‘(K) avd  \as compadb S"“Ff"‘k w U UlJ Se, “— (SR e J2" (V) \as
Compack SufPlJu*-t' as coes (C,ﬂalJ e N fVJ). By debistion, P, = "V”{S; , whese
| BE KF x, and Y s dee trmsiblon wap, = T - ‘E‘:'—'

Seo _..-[ F) f : fo, because ¥ s onentabion presering .

CThis  deflaition would Wave been just as goool sibheuk oswming X compack, prouidiyg
X hao compack support. [We poved e evistewce of padtions of waily owly fr
compck X, bk oM we wied wes Uabt the wmawleld coutd be cmeved by Fntely wony

by and @l we weed is b suppt@ cam be covered by Fadtely wany auts).

| Stokes' Theoiem' IF X is a  compact oreuted wandfold Wil boumdary OX and BEN" "(x,
| tea fdB= Jg
?maf’ EM.Lﬂ\A {wn{;w.g F’ TR ?J o f,vvut. Yl when ﬁ \nas Suﬁor{’ i some U;.

Sa, w“"‘fﬂ\"‘ 4o pieove vde ViZ"' F c-r Gan open Su.bsvt VCIR MO{ ﬁeﬂ [V}
wilts  compack Su.{?fwt asidle V. la fack ﬁ-‘» show olfl ‘S o f \as
caMPa.oQ' Su.fFDrt < Rm- &Jf NS [S f(-li gLolx A / - d ", then
JB = [0.9‘ 2L ﬁnan du‘z\ —ﬂd.’x“. So we WU.L.S{' s'/Low £ 0»‘3 f ﬁ o'xﬁ .Adx ‘f,:,!’
and bﬂ; o t\?‘; because f%’f dx* 20 g, 9 Waa COMFa.oL iu.PPo.H‘:
Nouw, Io Ligida = -9 (0,a% .., x". So IJB (3 amcdd  we shewdd Whave

’

be.t.lwﬁ ‘R:\ ) ne € IR: Bub s clece..

et R ve o R-cmeasional reglen ¢X, Be " . ,{“‘5:3{ B Segpese X i au
n-dumensional smocth wanlfold aud Y is o compack  onented B- Himensionad wmanleld

uuUn \mmola.w} Su.{:foﬂ F:Yax (s any smooth map. Thew e comn debine

ER RS RN ke cach i, So duwk it s a  sig hewemorplusm, PR Lt 4

- Thew, the gemecal Stokes’ Yhiticine ot ){'F"(atg} ,9{("(3 b o S8 2% x).

Mave we 25(d, @:lp D>V ¢R™ <> {xie %) for eacl chart].

New defuibion of an ehement of (k) € s & Mmap winch to each
XeX  amociakts am elemant of AkR(T.x), ie, a wmap X — x}-f( AR (T, x).
Ao, (€ s o gmosth wmap. T define Hais, we wust make YAL&“ (T x/

e o swooth wandold.  Chact T U = R” gives w; e 25V, o)) €AU"(RY
adso givey TeX E‘"’R“’VHV;‘ \F we ol“u\ﬁe charts o @ ;- \)‘jcﬂ?"/ let

¥'= ?j‘?;"- Thew v, dhanges & DYW([ Coy/vi = v

v
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Let ALY (Tx) be de Msjocak wnion of A" (T x) V¥ xeX. There is an obulous
Comap T Y X takiy QQ}(T,‘X) o x. VFor each chat ¥ U; >V cR” or X define
o bt Tt wluy) = Vox AUTRIRY © RNk ALRRY. = R™TF by v (aar), whee
o (;Duesi;ow\d.s o ¢ wader Hie lsowmorplism Tu’(""lR“ g[u&n by the chart €

Chheck Mk #Huls soke ETH lub o sweeth wenbid,

€ & Henw btrviad o check Hat an elomenk of -Qk(k) in the Bt sense s
-al’a(l‘g -21WNM t a swoekn wmag & X -bAb{'t (T%) such Huat Tex = i

Rebin o Hie debiaition e? F*’ 20 —>_n_’l(‘{)_

Fist mebhod: Represent xe 27 (X by «; e V) for ?; :L{;-)V;c\f?“/ Covering X.
T\ne,u, {F"[u)} 5 am open oouz-.ri.ua ok Y. (hoose chauts {@." a,.. >V, ¢ h}
Covering ! so fhat F[CEM)C some Wi, Then deline F*x blj cj:‘v{m»j 4 the
represenkakion (4 -F. . ) ta U _

Second wethod: Grven e -.ﬂ.j(k)’ we \ave oln) € Al’( Bd. But £ induces
DF(e): Ty = Ty X ¥ yel, so wnduas Al [Te,X) = AT,V
Dehae [F*cc“g) = \ZMO..G“E of v;[f—(g)) under Hais magp.

AR (T ¢ a veckor buwdhe. X <X AUR(TY > AU (T Y. WG X = Tx
L\HHTM: T*X LX- “’_‘(h’t [Tx"()K-’ T,,"K, "dn.& CD&'_ME'}M s“pm Q/bx

Oliemtahray_\—‘ To %Iue A o.rLc,wtﬂJHev\ eF a sSwooth v‘\-OU'MGV\Sr:onQJ( W{:"u X N

%u&vww to quig an eliment we AN which s dou-tew at euery xeX.
Prook: (42 Given w, say taak a chad Tty 2 Ve R k& orlented F Hhe sepresentative
we € w U5 of the Corm FHy)ldya..aoly” wita Fy)>o Vge Ve, Q.LMJJ NS
too Caanks ave  orenked v Hais sewse Yew the  trausitHoa betv cen theom
is onenkakion presesviag. So e ovented charts formn an onented alles.
() (6o conpack . Chroose @ Finike nwmber of chavts €U >V R fonncing an
orented aklas Cheose o gubordimabe pachbion of waty € 1X=2 IR with supplf) U
Then cowsdor he Gon G e RS, wlose  cepresenbabion {n Vo e dx'a ad”.

let w=Z63 e (X, Cueck Hat tais s @ well-dehined Mwhm-um:kuﬁ w-form,

P b ok omeadable, W oSE DR S s suy 2 Zea T xdate 27 aote
Su\p?as( we (0. Thew w¥ue Jltls"}, and  (¥(T¥w) = T, where st 31, X2 =2,
s Te¢ =T Bt an woé.ﬂ-lfszj wewer vomshes we can  wte ™ = fu, for
some  Funchion F on & \F w pever vamihes tHiew wedier ocloes f.

Bubt ¥ (fwe) = w. , (g V*F.i%uw. =€uw, bub fw, =z -w, s FReoF e Fl-xz~Flx).

Essenbially the Same argument " s oclewtable if & ts even. Consicder o chart
Pt R for 0™ Tuee D lnduces two charks: P> R™ 2212 For €770 Lhreve
WooU,= 7w, Bk ¢ U DU

Now W, s wou-vomishing on ¢! quoﬁe
£ s cepresenked by W, w0, ta Ay, N W), ropechvely, then i*w, = w,, F o

¥ ewen, S0 we Caw toke ¥w, cw, @ r(PretewE‘aﬂonr of an elemet of ﬂ“h'UPP').



X a swmoothh wanifold, dimension n. Thew, o JIR[X) 5 dosed F dazo  oud
eack F w=df For some Be LN, dd=0, <o Tetadtfc {closed].

’ Loyl Rl '
| Dol RO S TR e ED de R gloadesy o X

I\‘F % s a closed R-{om rcfrlsea-"i.«ﬁ an  element of H"{x)', we Caun define an (tavowcut
T fer  R- -cy ches w X. (R R-cycde w X' s @ wep F: 1= X, where ¥ s o R-climensioual

sk ookl wanidld willenk bowadara),

RNy oy i o

| T LY, ()= 1. (%, £) M (zjd.es (Yl,CJ amd (Yz f) ove hemologeus, e, € I a
iu’i*l) Hmewsional ovM{:ao!: ostenked Mm("'u weta b"“"‘”{a"‘iby such  that oY= ;OY
L where Y =Y, with cevessed ovientabion, omd o smecth map Y2 X pohich westads &
' C' aad ﬁz on Y.

| Stokes' Theoremn » 1F & = oy +d(§ Yhen T, = Ly, , because gp‘o{. : VJ.FJ‘*‘: *g ?*atB, bt
S Eap s Sdle) - B a1 6% i By
Swwhtﬂrtj Stohes > —"‘B((\{L,CJ i f‘{,_’ 2} & Hue ng(es are \JLOMLogo»u.

(%= F(E)a ¥y I

t @) W c g 'blj tx - ¥(oh®

L ¥-¥i0), ¥te, Fisi]
L$ fix-¥iei?

(\—? - 60¢mmea.n .m.l.gs

|
|
|
\ Deﬁqrees of Maps.
i
1
\

At ds.

1
-
2w

Theocem: 1 X is a  compact counecked oreked n-dimensional waunitold v thouk bouw\dn-«y,
then R ER, by the wap > & for e 2704 Now, fmdp) Ymmg P
bj Sto kes, Eq(u,-.ual&\klg ~C «e.ﬂ, ['KJ Yea o= ol@ cof Someﬁ <= fo( -O

§Comu;u;f \E XY ore as X in tie Ureorem and @ XY is swmoelh, then -xrq#“"NE“
| for Wesy «eﬂ.“f‘l/, whese NeEN, colled Hre degree ofF .

Fu&ermoce W ye Y is sudh Huak DR s an 60%“?\“‘5““ whenever F@/=Y, den
| N = {:mu} vihee €211 ]“F DY) \as de’ti n Lecal o\m.u’{:S*
?roo(; Toke y s W F‘“-"'u“e—““‘c"f“ Thew, by the wnue.rse Cunction thesren, I open
nuﬂ\nbowww‘ V, £ ‘j such Hat @ (Ug) ‘x%f L{x whee Pt L, « V‘j ira
K Heomoplism Y xe @'ly). Now choose we AW Sudd Haak suppl) ¢ Yy, omd
ngl . Thew P vouishes outcide 7'V (Vy). S fqou ,“%‘mf? . Zs :iju’ o

Bub by the theoven, ifF we RV, Hhew xzAuwtdf, where A '«ro( (as ghf-,lua)=°/
So, § 0= NS 9rw - AN:N[/«




- Suppese we have B X=Y mop bekween w- dimensional wambelds et xe @Y.
DG T X2 T, ks lavehble Ve €'y < “3 is o tegulor velue of £

Card s Theorew: Alwost all ye ¥ ove vegulas,

Lok O lunct ball R IR™ \f det(DPm)z0 awd €20 then x har o nelghbourhoed Ux
| il vel { Bl € 2. ol (W),

Recgll: U x) =R € X & Cowpack, connecked, ovienked, dimension n. en-ai{d.
Lok \'{:PE (x) = T en X vt compact s»«rfo.-e}/;u: 5. ot B Vo wmrwt s“fPoA}_

We shalk prove W@ TR wia w3 { o, provicing X is oviented aud covered
. bj a Bucke wumwbder of Opan sets défgeomrpb\ic e iR‘\_

Proof by wduckion on the wumber of balls covering X. We  wust prove ‘iat Fwe gk

and L% 20 then w=df For some fe Rigt (X).

Welke X= X, 0%, were vesulk (s Raowa for X aud X, T R" o cesdb {s Ruowa

fr X, X nX, + % ap X i¢ connected.

Given o W I¥ o uille &= o 40 wikh o ¢ Jlfpt [X[J " where o0z Groe uith
£ @ Pu‘k&-\‘qm of wacky. Can assuwme ’{“c fk—f“:, =0 by Wlﬂdq thew by
0(‘+X/ o, -X;eseeo':iue!g, where Y \an Su.P?ort w & Dadl © % &)

Twew, %= AB;, with B e Weti). Sa wod (B2,

Care X=R": Suppese u.f =8 where we ﬁ:Pt (RY . Suﬂ;ose azl cnd ‘éf«raow:o.
Define Bl = _I: wlt) db, Twen d[l: o, [3 Was compact suppert <=>éfu::o, A ¢

Use wduckion en n. Cousider n=2. ; e

e et (RY), o= tixy) dndy Deline §=Plyldy by Bly) = n;f“““?’) .

If B0, theun «=4%, where ¥ ¥l(xyldy- Blty) =1 «lty) dt

ewdy d¥= . Suppl¥) is compact ¢=>B=o0.
¢ B4£0, consider «- pap, whee ¢=¢e0)dx, woth compact support amd ffwdx =l

w&x‘n’, ‘g{ﬂ’h(,_gj-(bd?[g” dxo&g =0, So} 0(-‘-'(’4[3 +dY. Ru fdffﬁ-‘o, So
Bzdb, For some £ wiblh Compack suppet. So = eadF+ d¥ = d(-Fpr).

.p‘??\-:(o)c{on of degree - 7 a Aowlr\u?-\lw-'s\a\&uj swoota {rcwgw weclor Coeld e €' ¥
n s eodd. Su.?Fose 37 B el i dx vx)>=0 V. We can asswme
lvihzl 9x. Defae BiS™ = 8"" Lor te R, ¥ = (costhas (sint) vix). -~
@ = £o€-, Wan d-egr{-e i cP,..- 'S X e - and oo oleg{ee -l nis odd,

(Recall ak = Li-g* ’)L‘f d.x'ﬁ./da: acly" e Jln"(S"") " ,rw + OJ.
Vegree (4, :s!—' QL (w) where S_'f‘"‘w =, so depencls conbuuously en £ Buk degree

ta,ke! {w‘-‘a}a vw{ueil Co s COuS&q,n-t. 71(

Roincasé lLomwma: do=0 for some xeﬁn(tﬂ"f,iﬁ@, Hen N:d(g, Sowme EG Jln"ll{Z"J.

,?rogos&-{om S@?ose L% opem i ﬁﬂ aund (P-' qu -V Swooth where V (s open
RS Let Btz @xt for xelU. Let Be N(v) Ye closed [k>0). Twew BFE

oud 4’,‘(& ase closed w ﬁ—RWJ' owd F¥R-C¥B=dY, some ¥ e 2w



Froa tals, for the Polncaré Lemma, take U= V (=skae- shaped veglon lu R}
Cawd  Pléx) = f(k)x w'\ne«»e e: IR-‘"R plel = ?E ::? ——'L::

Then ‘?—td, @ ﬁ,cw_dq’ is e comstank mMap , So ‘(’:[Z=O,aah>o.
So’ frOFoSL‘{'{W =>$‘-‘0‘.X

[ oe {e,x)

|
ﬁ'

- Preof of propesiblon: Leb w be o closed i on RxU, and o = ¢fo = [&} u
Then, ¥ -« = d (sometaig), wp€ R(W.
o= rdbAY, wheie B, ¥ invele wo olk's. = 2_[31&,;} d®,
Nobice Huak o = fe , Se  we wo.u\t@ 3 fd[smeﬂﬂu\gj
Buk du= A8 + [d,tn;,,fﬁ’) dhal,zr where d, wvolves wo  db.
Tuss s zeve D 2h=dY, e 28, = d(¥).
! \n.ffgmk Hads @l"fga:df, whege T = S "l(tal.t




