C au‘c_(

=

[et §e (D(.,\/]. and  considesr ero locus, {(’;w_\]é, CI-'S(M;;J 20 £

03’:91{%11'!} 5. / _ -real loci, nol considerng complex.

- Need 4o ke coovdlinates in € amd also cownsioler be[ﬂ%\\ieuf Gd: 0o.

u.pfcse L\) (5 o QE&ar Sfa:.e Ouerk OF DL'-MMSlOV\ A+ .
(W) = {Lm-e: ‘H"“Wﬁ"‘ on%b\ la U}" i £ay/ﬂ9: where V~w (FE V= Aw [o.r some )\'—‘fi‘

Plw) s projective w-space, P _ . ) -

Definition: Pf Linear sdﬂfﬂw—e of alimemsf_On e ia PlW) s a subset of dhe Form PV,
with &Subrf)m of W of dimension el Tt &5 called a lyperpleme
\‘F v =n-L.

N ote: PU) 4 PlUy) = PIUAU,). Moreover, 16 dim (Plw) = 7y, dhen .
20D dim U, + s Uy % 2 D dhw (U, aU) S0 D Pu,) niPlu,) + ¢.0.

By Twe lines ﬂ)i Q-Lwosz meet.

 Delinitten: Ba_ albins A-space M, over R is jurt am n-diwensional affine subspuce

0pa ved‘vr spe-ce over B Te, a coset ef an n-dimensionald S,ub}{g@,qz,
i \F we C/Lwase a pm‘&t, Hre affine n-space hwao the S't'fuciwe_. of a uﬂj—‘o.r space.

- Suppere PLW (W), hygperplome. Let L be  amy coset of U wot coidasning the ovigin,
gy o S Q
L is am alfne n-space. 3 natuved embeddiug oF L W) with com lewent (P,
(3 F

b

_Pc_'fuc{ of L Actesuaines A umigue pmni of W(w).




GDnureruLjf W L= UxW, ey NE L can be wathn as vz ustiw (ueb(], w».iw@_
Line [V] oloesr wot wet L f vel, aud meetsr L in a Uaigque ?o{ui‘ Fveu

(—Omf(zw-e..i‘ of o ‘M_)puplmﬂe alP® b mn albfiee A-Space A"

H Owm e eneous Coo c&‘mzes,

Choos{.&g bass e,,.., €. of L deshfes W Loidh k‘w aund dthen Ay Pb.’.i‘ of Plw) s

9ivem by L\Oﬂegﬂg:‘.ﬂui oo cdiuates, x = [x,i% .. txa), (st al0), Where oaly Hee
rakios waltler. Te iF )\C—Il*, Az (s tie same ?o(vd” F PlW).

n ‘{'Q\fws OF' b\omooj{m{put Womuy\ai-ﬂ, a Umeow ﬂJD S'Dﬁa GC l?fwj is A-QR'A-CO{ Lg
\"ONogm-caux Wnear equakions (u Htese worinates.

Ve Plu) s & hoyperplome w (W], hoose 2,,.., 2. basis ForWl, and extend *o basis
€, -, 2u or W, then the Wyperplave s given by x, = 0.
(OMPL"V‘{-EM* of Hus Mfuplgwe consists of classes [V, wheve v: (2 22,2 .. :X.,.), with
, %0
- Taking L %o be the cosct €, +U e given by x =), R \PUyes L, brpe ) (1,3, 5).
Te, have affine wordkinges (Z,-, %) an L. Te, have idatihed L with B
COAUUS&Lj, given (g ..,0,) €k, hane cotresponcling fo[.d.’ (g, 20.) € PW)NPLU).
2 : 3

 BEa.  w=x . Y = x
g =

3
XD X1 Xa XX;LEX

] o L

fn s cowrse, = €.

Deg@i—_"m’- &} mmm V CW“ (W(Jt‘b\ \mmoojemecuj Coo chinates (7(0'. ..:;v,.)) s
defined b be e zerw locus of a (Rude) set of Uowe qemecus polyuowaals
e K1k, 0],
Rowarke: 1 is o Fagt (Hilbeat’ Basis Theorem) Yud oy idtad in a pely waumal cing i
f:!'nﬁ'% gemeraiEd, amd so da wot need do S‘t‘!‘Pu_Aa'i‘Q ot dhe set s Ruite
dhe  above chefinmwon.

PGLarl, k)= GLOne, RY /%

E xaumple: P, Mae afine wordinates *= &, *j'-'::—: on towmplement of Line X, =0 - we ol
s Hhe /(L\'ne at w. Sometimes we il waide kowocyﬂm-&om oo divates as
(%;¥,2). Then 220 s wsually Htougt of as the Lue ot [uhudy and
we bawe alfive coorlluste x=% y=§ on  cowplemant.



RECa,U Hae am.«e Ceanves  w :
(ﬂne;‘:a,wlws P,vygd:l.ue Crayvey Tvm tl:) xn 22X f J

- Definition: V C[Pﬁ, prvjective saehy.. T e io{zal w h[Xo,‘.,Xn] %wuai’eai by bow ogeneons
polyuonaels Vamiskang on V.

For Fe RCESJ Lomoo&eﬂw;, FeI"[\” 16 shogt hound oy Flx)=o0 Vgg: (71‘“,'.. ::c,J e V.

A iul’van'gia V, CV 15 a SubSJ OLLCC.\-QA bcj A Cl'm'k. nwbe,( GF pw*imcr %uajl:{'on_(.
L, N, is a subset and a fmse(ﬁuc Vowiehy, ,
CThew, V Vs lgedaeble (F ({ comnst be witten as a wmien of prepes sub vavehies.

- X (o:0:1)
Eq X,X,X, = O |
: (0:1:0) 4 3 Conues A ‘?1,‘ olzax‘ﬁg vedaecble.

(1:0:0)

Lewwa 145 U is irveducible <D For amybemoaencows F G €RDT with Foe T(V) Hueks
-&t‘("’\(f FG, Th[\” LI's G € Ih[VJ_

Reoel: (¢2) VE V=N 0Va | cam chocse homeqeneons Fe TUVINTMY), @ e T(VL)NT (v),
(D)\F FG homogeneous, ¢ V(W) wil Fie I“hC\U/ Uresn howe preper subvaehes
V. Nz ef \ %Cuen by ext quafian F=0 (resP.eo‘{*Ndﬁ G=0) such uat V=Yiu\,,

R&co,mg T L

;'TL\-K‘Q e S b F/G' Lul\'ul\ F,C: lhowa 2aneouy OF ‘H«e sape GLE ) e O-Md G:¢ IJ‘(U)
9 Y 9 9
such Wat  equivelemee  relabion T v @ <> FR -G € Th(V)

A m}{wnal F‘mr}ww F w %u_lgd; ai‘ fé\-" \(: 3 vfprefcdaj:wv\ F (G‘ o G[H'«to and
| define velue ot p: ﬁ[p]—crc:

? 2 x,*

i Exg;_.,_ge Pfoje(iwg ‘plm,\e cugve w.'lt’l-\ Qﬂ(upsl-uy\ X X = >< (X +X] Ra)t{oy.ai Fmd{on F: X (X, +X0)
‘ s rzajwln.l ok P= ((:0:0) since F= x'. ,wuith F{?) &,

! ) E a+PG

i Ecuko“al .FM&HOM oA \f r‘"l‘m o8 ﬂzlol [N am Obv;eul. WGy . (C(M:J‘. ’e%-, E+ g# G /ej'C)

Delinikion Pra irreducible projechive vawedy V " s called a

complex prejective curve F
CV is a fimte extension €Y Cor some 1 € C.

la Huis case, CV) (s a fnile ectewsion of €l For amy non-constant se €0V)

F sokishes some equation widh cocfhiicuwts s €D A iredueble pelynomial in

L two vaviables such tat €ls,¥=0 o CV). (seC>F mw(ﬂﬂ‘ﬁj D 4 sakishes come
€qluaﬁl\°av\ wtthh coefhiceants o Cls). Te, €R.s)/Cls) P Rueke exteusion. Bt CV) s Catle
over € and Wieuce oves Cl4,s). Hence CV)/€ts) finite, J



| Definibion: An affine vansby Ve R (s defined 4o be dhe 2ere locws of a Ginde set
of palevasels . [V, %]

| We wows cebine the Fmd‘iom feld k(\)) M CUA Gw\alacjamg PRIV to dhe Proj'edfue

C debimiion For V lreducible, argumedt of lemma LI jded T of polyucumals
;VOLAMIS'\'\;"-& o N & Pn'me.

i A ribonel Fumckion bhonV s (_,)NQM ar @ %MW ‘3 , € T, su.lgjed do obsiouws
equivakence vekadion. [Thew dhe Geld of Frachons of dhe wbearal dommin, RV-%1/30u) = K1V,

Che Awg of polynowmal Funchions en V- Hre  coocdinake wiug .

\C wow \ ‘-W, irre ducible Pm)‘ed-fue vanety, omd V & {X.,:O},-U«e-u Ve € fg:}
: aFhine piece cpven by X0 . a A" kave aflfne coomlinades 9, = -
 (leads, F FeT'W) then Flly,.,4,) € T(V). Observe convercely ,iF Fe T(V.),
polynowial of cigrae 4, s Womogenisakion F= £7 =X, €(&.-. 2) e Thly),
| [Stnee F vouachi. owsh s Ua i, e M Fe"fol S Pe 2™ . by lemws il
- Heacr see foom (mms 11, et TVe) prime D Vo iveducible amd 3 iso meorplidsm
| k(V) » R(V,),; cjfue.n i obuious wa - de’ )(,=|_“

Flxo, .. Xa) ‘_)ﬁ—'('u “Ba)
G0 ] [ ram| o wobing Had iF G vawishes on Vo, then G TV,

&ﬂ:{ne Cover.

For \}C‘? (m‘t C»aimned e kxap{xptﬂu\c}, alSo bowe va\e f’t(C-PS \J ﬂ 6{\;&,\ 5-4
X, % 0. [Apﬁﬂe coordingtes: (‘i‘-.r .‘r‘ x : where ‘A md«cciéf oml{] and RV) s
- determined by any of dhese aRfne pleces. Moreouer, V’ff, Vi and so much of the
- Aetonled Cjumétug oF N wmay be studied by locking at dhe affine vasiahous
V- Hhe affine cover

| _Eﬂ: curve \J < I?,- Lot 'Qq,uai'fvﬂ X,,Xf =X.1. Have an-e Pi-e_c.ef ! Vo'-'..jz'-‘z" V,: uu2=l, Vz'. L.J=i?.
ck. Riesunin, spheve |, P (0 \wwaqwur cosrdanates (x,:%) , = €Coiw}, where w:(o: a)

On lP"‘fW},’ﬂ', teke afline casrolinade = x,, on lP\{O} 9 foke o lfine u-.'\robmk z° "n .

Lowma 1.2: Criven Coprime €0 €klxyl, T «pellnyg] such tat AF +fo =h, here O%h e k[x]
Poct: We wrte F- a, v :-_3” foot Qg+ Qi and g = bl p" e+ b, Wlog n¥m.
St 4,2 b g™ F-a.g , a pelymonmal of dugree £ n-t W y.
Now, recad klag) s ¢ Ued. |f 9,20 ,then amy irreduchle feckor o F F dliviclea
a, (v) D Fe k), so dere.
€ 9.,%0 Yren oy Common Fa&i‘or of Fauwo{g divides a,g axd hewce (s a
pelynownal v x Ow(@ $o F= KF, 9, * 3:.) for some Deklx]), Lhere ?M 5
awe Lop.r\m{. Bt nduckion o the Ol-eta.uu OFL:’, «, B, such M“,F+ﬁ.gi€hﬁ,
> o,F +(3.g‘éh£k] S 3 0(,[? such Mot OF xF +{quh[>¢]‘



(V) s en 6 Fade wedension of €(x) omd So.V is lnoleed @ curve n semse o
L Previows Aelinition. V s called o ?Me Pm;@ve carve.

Now  consioer e’ defired by "\°M09m-cou5 Poﬁgmd F(Xo, X, %) of positive Ob—jrd,
where W.iF. Observe: F ireedumuble <= P(“l‘g) = F“,W,g) ireedua ble,

CO;; ucug\-&’ IF F irreduedle, them e owl) proper cukovavickies of YV ju P cousist of
GQale sels oF fm’u\‘ks. Siuce V itseld  eonsists oF infini tely wamyy peinds, V
sk e lepsolmeihle, Lo, at o Gialte idoa_ of subunmebes).

Proof: & Proper subvay n'e)':tj is oJ:'vw bn_l) \JMSL\.{.UJ of V—omocam—c.ous ?obﬁ wowmols &#I"‘(U}.

gu.fFaSE GeI"V amd (et ‘F,QC- R{x 9] be pelynonals c,o.rv-es?ov\d&wg 4 FGe kX, X,%,],
[wtog, V wot Une X.=0). Since Flvredmetle, i+is eanily seen that conve Vo has
C’WL\.J F'L\A{dt\j WAy ?of«‘i‘s o,,«{x,=- Q}, ‘(L{wz oi 00.“ [P\J’,’ X. 20 it F 45 o)c)t \‘Lomaa)-eyl»eouj
Pelyncmwmald b X, % - a:nl..g Fl'M{-aLy Many Fevoes [7‘.,"(.1.«)].

Thus p<eodd “o prove iF0tnfg-0f fuite omd Hms Follows frow lumma V.2 siace

4 ounly A'M"éc(g Moy x - coe rolrnakes aumd &M{.\J.’ Wemy Y- coe rolinarbes.

Last port (N infnite] is easy bo check, since evcept for Fudedy wiomy vodues

H=@, Seny, LN€  Coun solne F(Q,tg) Fa.r vadue in “ .

So, Ve VyuVa For N, VU, proper subvaseties

dn Has cane, comsider k(). L& ¢ V\a:tuwwu-j isa.wrptn‘c o k('\].)! woleve \)o=\f/\ {xo*o}c 9:,
| salpsale T Teomn. g9 J'm‘l‘ e Reld of Frackions of RIXYI/T(vo)

| Bt g eT(V,) $F:-01 nfg-:o} inlarle > F,a) ast co pame ,\‘&Plg. Thus, I'{Vo}=(FJ,
Camd kR(V)E Fald of Fm&foms of RDXY)/(F). Asrmi.uj, wLng Mot F does wst wnvelve 9,

[

- Local clng of an iwedueible voriehaV ot a poit P

btV obe qw irveducible (fmjeci{ue) vasely , CEV. Ov,p"z{\'\e k(v W wequlay ot Pt
Thie U5 o subring oF BV with wiexinal idead my, iz fhe Oplnip) -0} [Have siugular
 aluckion map Oop >R given by MWl whoe kemel is my, , and s0 Duefm,, & k]

| u“ﬁr\"{"(-ewcﬁﬁi‘f U"\)e;r’l'i\’tf w“t Ov,p), ufo\,',) = Ou‘p\ Wigp- Te. Myp® non- wii ts of (9.4,9-
Deduce My, p 15 UM gt g (iak ideal of Oveo. T, Qe is a M (defimtion).

L Swm \JetP‘: avd Vo affine plece given by Xo #0. Under dhe (sonmerphisn, k(W) S kv,

! i, corpesponols to dhe subiiag of R (V.) cousisting of %wﬁ@*f F/Q b {Hha F.O)e k[V"],

C q(P#0. So F PeVe, Local ving Orp  dutermined by abfiue piece Ve

| A

| Belzdtow: B Lol g A i Ha marimak tolead wo (s called a duscrete veluakon
ey (DVR), tF3  tem Suchs Ml eery nev- tero element ach con be
oy wntten v Yhe fovm a: ut” for some w0 and o wt w.

£ (s ctyu,ﬂ.cl a _{/u:g& Cog;dﬁmxa ofr Lﬁcd ggﬂmgi&r ad' P

7



Eaﬁ;o ‘LO (‘An-eok M %\e Fﬁ.ofan‘sgjn'on is Ui que.
] ] F
Ea, Vo B, P= 0ell. Thea B 18 vl £ g copive aud oloytol. Clo tud ey
deweit (hoa-vew) of @v,p o be wntken as ux" Lor w%0 aud some cum t u.

i‘-:cu' N D lrr(’ah»tc(htﬁ alq,ehmk Lavve | Sas Heat PGU s a Sggo‘ﬂn oy Agm-s{
| ?ofv\* :F 0\4,( ‘s a PR,

\:i‘“_.“:.a_‘i: An affine Ptqm Clarve u‘ﬁf cﬂ:‘ve«n ‘)«3 dereducs ble fe kL"z“)] s Sivgular it
P iee EP=0-50P)

Proof: Wiy, P (0,0). Wake F2 vkt |, deg€iri. Then Lmma  assects Mt
ﬂ:—o <> P s f[s&ﬂw[e.f: Suﬁose P s vtm-siujulu. 2 Coegl ?a...ra.myfe.r te Oup
(wlog tek[UY) such Hot x=ut", g= uet’ [(w,ue wmts), Stace  tryps (n), owe
of vand s wust be |, Wlog s=l. .7 2= uy’ For some wmt ue Oup-
Wrk ur g, with v ek[xlqﬂlv;[Pj#O_[[d,?], o Vame vy oas elawents
of R[V]. Therefore, poiguonial Vyx- v,y € T(V) =(F) > Flvx-vy7) D F hass
Unear Herm F‘ * 2,
CDmuus%, Sc,quwS( F,#O , amd affae waroumo}ff hawve been chogen suck Huat
P= (0,00 and F:z x-9 + (Wigher ovdar fevms). Thus F = xpid = 44, (ty) s
p[O)‘{:O, rﬁ(o,o):eo. L Pcur"hw' A=VY &V,P willa vz %e (9.,“.,, z Gk
Cloadm: Ovp is ¢ DUR witha Locad Pmm-e:{‘?/ 9. Procf: See e,n‘.nitd( Weotes.

Eg: 4 = o (serl) 9% Singeler ot (0,0), smoctta elsecihere.

%t’ o (3 +1) " a';;, "?"g, (91" 2 (st
O,LO ?ofn‘bb soludion ts L8, e6). Cone:pe.wung fmje&{ue Cunve a I?T.(E} bhew
e‘{‘uai';ﬁvx X,,x: = (X, #X)X] , w ot wimque et ot n, lor0n): @
Now ousidey offine piece  givea by X, 0 auwd %gk alfwe gq’ug:b_avm
W= v?[u-{-uJ , wan e @'—‘(G,o) awndd ol_.éa,rl,«j svmooth ot @.
b Exercise 8 em Jlnu.fiz\i‘-'i?l given by L\Omoaj{mmus qwﬂm FlX,, X, X.)=0,
then e sivgular ?m‘d:r of V are just Pe P sucke %aia{%(?}’o Y,

For (9\,.9, DVR, we lLuwe a Pumclion val?(V]‘—é Z‘, (vdua)[-?w ot P)J w heve \}p(u‘fn’ =n,

‘ (lnolzpwc)aut of Meice of Local fwﬂ t, ua wat (o @w.P)

 NGte: volFag) ¥ wada (v, lF), vpta)) - v (Fg)z vplP) 4 vplg).

‘ \J tan ifr{de[oLQ PmL').ec)HVQ ucw'ta-,. A M @:N - lef [uL\M =2 melans
C et @ f wet o Fundbion o Hie kel oF v, .'(_31'«:(.:,9,{1‘;_}' is opvenm by am  [ma) - tuple
(BB of dlumeds of ROV, (b all 0) wedels velahon that (R i) aud

| (Wer- b)) defive Hhe same vahiowsd Mep iF I WehNI¥ suck that b= K Ve

‘ \n{'ufrd{-g He K g)ivan by . * Hﬁ (H,, G - komoqenesur poluy aomials of soune oAegag
Gro e Ih(\)],, cand ct«u—ukg chuo,w{v«aiou, comn ,-ch-cse,.i' Sottouad Fwdl'fa-u by owm (.aﬂ)-&rLe

‘(F.ﬁ--f‘:m\ of 'ﬂ,OMOC){M{,«OUT ?0\ijwv\\alf of the same o\ngp.ze warte at Legst ove Fo & Ih(U]J
e (Rt R) swd (Gt Gu) Ad2fiug dhe same cohoual Fuuchon (FF F: &; ~F 6 eTh(v) ¥

[
IJJ'



Say @ s seqular ak PeV L e be wnBmnas (62 .5 G bl £ et avl oF
(et one wet vauishivg ot P, awd the. @(P)- (€. ). Eu () <> 3 rfpremiadffon
(Foioz B with Fi(PJ=0 For some o, ond - uew PP)=(Rip): -t FulP)) .
We P” " @iV means that P e  encves dehined.

A wooptin €V G5 an eoerguiere weguler rebioval wap.

b bomesgladsn @YW U @ wmerpliion Wit an wiese mesplaism WV

Glvem o mosphisw (0r 2uem o cotiowad wapl TN=-2W  of jeeducible prejechi ve

Jarehee  oud FG k[W),..wf an  define ?*(sz fo ¥ eR(Y ta ohulpus ity , fﬂN;M €l
Vs wet um*ameol w o a fg-'pr m.Lva..n'eiv of W. [U‘Qrﬂu:. \m..l amd f= Zi::,::,; i GéI“WJ,

Flho, .. hal

 defwe ¥(F): Guinz) € RV canly veafied o be well-defined

Definvtion: @:V-2W  as gheve {3 bushowd i P R(W) > k(Y s aun  isowcovp isow

. (/Lﬂo-r(z.g, P is o {romerplisom  poilha  unvesse i #3 I dhen bave cowecponding wmvevse
, prphoione W% kvl sl . [Pt stuie LOYY -kl o (g™ E¥9F],
Eq: €:P—V . v givea by XoXs =X, . € s eyiven Py brple (5% s 1), fnduces o
(S owanvplaism  on functton Field . [Look alfinely, stuce Vo G adven by \01’-%1 amd
kEve] = Vg d 2 RICHE] and wolti ROV 2 RIY].

AF wew DRz @, e com chiesse o ..-c‘ou_-e,scuiaéh"e.-n (i ) swohett 6o @
(O repdan ot D), sech Bt Wy reqular ot @ Wt F: T, it GLe) $2, aud
e PR G 05 pegular ot P
‘ I’_e (P* Ou‘G [ g gi‘f

n N
Rlw] «—2 k(v)

n pucticulae, T am i"""‘“"’?\““"%r%% £ Cuu,evw = O,

Exaugle: Considdar mosphhis € B = B Gl (e85t 7). fwage 5 cotatued i
varnetg V| wi  equetions X, X, 7 XoXz Mt SO R O
Cmmusd.«,, glven (x,:x‘zx‘:xsj eV | wde either %10 o % #0 S% wLoq x, %0,
(lose se € such duat x, =5 omd +€ € suh ok %25
Cqputlons > 2,2 5t™ 22t L OV sy VG called Mo fuiited ebie (aP.
Stece Hae  only Propes subvanehies of N ave Faste sets of poluts, E"F Fx., X, % %) €T0),
Huen F(5’, s, Stl, t) 15 a aen-tew \,w,cha-em.wus fahju-um{al w kREsd]l Lt oul,
Auntely weny  Solwkiens w (s:1)] amd Wemee YV is iveecducible.

 Mogeover, ¥ is_aun isomerphisme it vesse Yz (%o X )= (X, X3).

ln PM-’HMM, JCst{ed WJPI“(. 1 swooth,

Progzition L6: W VU g e aud PeV o smodtin poid . @ V-2P" pobional wiap, Yen € requlas

_ _ . AN faMﬁuJM’ F VU s cmosth dhen P Y a mavplaism. , ,

Rock: Cup s a OVR, Local vouwd:or . F @7 (Wt thy) with won-ee Wy of the form
'M:_u; t'. (M; —u-w\‘{:, n;eﬂJ, c/(ld;n_‘“_’ M&w.{«._q*vu aund CM(_LM& powrss of ‘E, eamn
assume A% 0 ¥ qumd W =0, sowme j. 2y reqular ot P.



?J‘c'goﬂ{'fan ‘s Nea- - o, sMoo‘H« fe ff\” \AM Qm% Wity tro-es aual Polﬁ‘
Proof: Wleg can toke affine smocthh curve W' and Fe k(‘) Choose coovolivote Fumchion
x

%, wou- constandt on U, aud (ot T: U= R be  corespoudive projeckion - Huis

corvespords do melusfon of fells Rix) e R(W wlhuich is Hurte.

Uadun1: For each value ofx, 3 oy Fadely wamy values R eU For auck a; (1),
sahthies an equation Fola, wz) =0 cultda,™ +--4 €00) ng 1€o 04) =0, (¢lx,) bane
o Lomuisn Fﬂci‘vr)

Mt f lLas op\.L._,) F[w‘ll‘d,.j Wy POLM owld. F satishes o Jz‘vud'fom
beln) €+ 4 by F +b,(x)=0 , With b)) polymomdials v X, . iF P=la,, ., a.)is

a pole of €, then Vp (b)>0. Ualu|l D Uil Applyivg Hus & & lawse
ouly Q’M{d&’ woury  Z€roes,

Coce Uory [+ Hypothesis as wa proposition \.5. f) prpes subvavely VW of U s fiade
Rof: (P F & IV , Wowmoqeneous of dﬁgm ™, \ra)[wmi Ranchious °/F Wawe Gartely

Wmany  poles Lor e ¢ D F b F\mwm&j%&b«es on V.

Cou-U_ug' 2\ @:N>W s 0 won- comstant wmovpisv  between swecth  projechve  curves,
"H"'em @ \’“30 J:fw;t&’. Fl‘t?fi [f.c ?"[ Q) Fuwke L Qew)

IFraaC' gwoge ReW gaud T w-—-’l? a ?r—g-){c*]\fe MarP\MfM ottt mfohk =z TTE: \'—-’f
now- coustant and wlog T(@)=z (1:0). Let X be a locak ?Mmeiu at oe A

[ affne coontincke), thew % has a pole ouky of (0] at P Then =Y (3

has Oul/.j ﬁmuq WMany) Pﬂ-& ?0[24 [L:) ?wrwi‘HOM G5l “owwu, g PeV it P =@
s o o of ¥l aud hemce a pole of Wzl @ ues  Ruide Rbres,

'M "UAG G:.Loue sa‘ﬁaﬂoq,fme oF ‘P is u.a't a CI.M{{ 50"5 OF Po:u\*f- Mcz 3 Mobuczd_
njeckive Uewomorplisse P R(W <2 (V). The degree cleg €:= [R1V): @ Riw]].

Fiadleness Theovewm: € V=W, nea- constant morphism befuaeen smoctn projective ceurves

omd QeW amd ot locad Pq,.—amefa( at @, then Pq;" v‘,(?*(tlhd&) g

¢ 8 Di\‘iiop.

K ational waps (and dheefore Mr‘o\msm i€ N bt i g Gt ¥ e 9ives btj

(wawt) = tueples of ratowal Fumchons @t \)- > " CP[\J)d‘, \A»)P.e,.rp{ame 2> ratioual Funcklow

- ane  lwearly independent over k.
| Let Lc k(v be the (m+i) = diwmensloual k-—\Jed:or space S'Fameol l?g Fo, 5., p\“
(@7 (forif)). ™en wp & an acklon of PeL (sl k) [= Gilav, b /R*], the vakioual wap

¢ obinEmed by the vecter space L.
CAE e kfu)x’ e vector space Ll d.e,r'ines dhe same gtioual Wap.
Divisoss qive a toel Cov pfc)n’uﬂ ot  ceetoin Luite dimeunsional ?u/bf’ﬂa_cef of

RO and beuce vaboual waps, by Mwdtiny pessible poles




Exaumples V=@, (x,:x) , P=o0. B i)
\za*loua.l Fwﬂa(rloas art of Yz form W. (Wieg # ommon A S
Evervyunere Nﬂwuwhm oaV are just comstants R (F poles (3c:62)).
So allow pole ot 00 = (). F b is cegulav on @' = PNIPE, Hen b= T (Bix - i),
volese x—:{; aFfine coovdivake on \Q'., . h a Po%mv\«'al of o(zerc.e M

Ao

R(x). As e x5 a local me‘.ei.e,.r ak Ve =(011), we see Vplh)- N

Lot d(whd) deusts Hhe subspace of R(V) opiven by W€ RLD™, cequlay e VNP, withs vplh)? ~w,
.('l-vgc{“ﬂ% withe 0. -wuiz, poly wounals bhekR[»1 of ol,zgv-az £m,
Watay down o basis we obtaun wmephism e P’ P

Eg. wm=3 A (3P) han besis |2 x* o amd de Tup = Cizas x 1’ ) 2 (x.,;:x:x,w.,:cf:x.;) ‘s
juAJf Har s 0 o rpladsm of ' owke dhe twisted edbsic oloscobed befort.

it Q= (to)z=0 € ﬁ\', let £(2P+@) —“So}u{Lek(_w*‘: % rée_\u}au PR VAN 1 ~] W A v‘,[k))*z,vﬂlhl)"i},
We bae «a oreesponding basis > w1, x, % For s space, omd So e r.aei e
same  vodioval wap o belose, (x4 2ex?),

Let d (4P-@) = 03 v fh, veqular Fumction of VNEPE Luide vp (WD b, Vo (h) ¥ | ~i¢. Fero ot @F.
Hawe wrve_s’aou_.};uﬂ baus (s x,xﬂ",x;, x* amd so cj-ej: dHre same vokloual wap ;

:D.e Hon: V o saooth ?mj.e&{ue cuwve . A diuisor D oaV s a formal framide swm
D= g’l‘- TG P[GV,"\{C’E.

, Th{,,,) forw o Fnee. abolicn Yroug , Div [;j’ wnolty _additien. The mgbﬂ b~ < n;.

n Qec}{w , we soun duat fe RO® Was owky finidely wamny poles and teroes. Llet
(6):2 £ vpto P, (Cormal sum) , doe prineipal divisor associaked 4o [ [Note Hat vpth=0
-&(Cef'{' e Ffw-{lig Maal) Po"uif]

j Observe: (ﬁ%\: (F) + (9), le vplhy)= \JP(P-+ vplg).

:\F Fek,wms‘f@d‘ M(F

CAE FéeR", comsider Q= (1:F): \f“’\? Zejoes of F ave J‘u:’t' Q’"(I:o}} poles ave
Qo). %tk U5 am affine coovdinat on Az {X:%0}, and o Clocad parameter at

*8‘

0= (1:0) GP', A .  ~a lewad Pua.mci—er at ® = (o)

; I\)O-..», Ohjav{-t ¥ = F. (PJ-f%_r;;f(rp*m) = ) Vo (@%(2 ).
Fwideness Theoem For @D [f+ 0, bt oleg F- d%qo Ase, @=0 .

! le Pnnapal divisers \awe olegree O.

| Tw.o a(amsou D;, D. aye Maw&g:; ﬁﬁ M. P ND:., uf D D: v Pnahpal LMW
-&‘/mvalwu Adasser Coem o Growp wnder addibion , Hhe divisor class Greep:
CL) == DlulV)/[ﬁJxawwfo-F P‘“*W‘J okvisers.

Exaugle: Foe V=1, see carily at D U pancipal <> dayD=0 [ amdse CLOV =T



| \V\ QMWJ, W€ Lax.o G bbowm-«‘ol«icw oF aberl«'ow QWV'PS, OL“-%’ C(—(UJ s Z
!D€F‘M‘Ho«:-’ D s A@N‘edi!!{’ D\f}o :(’ ”[>f o] ‘d@

;FO{ Ve l?n a  smoctha ?raje&iu@ cawve FEk[xt,-,Xn-] hawt,ogm-@cﬁs of alegr-&ed

Camd F & T e can dehire a divisor (F) oa\l,

(AP Pev: -\, A {X;*O} we can dlefine V,:fF)-'= Vo (x%) 4 C{Ea,rtj well -glefinred
stoee (F Pe Ny daan vpl xyxj) 20, e, enV; , we'll define divisor do colucicle with.
(7] . Dehae (F) = Z (I

G{mb“ well- defined ou\n"».r, called Yo divisor oV (’Ca-i -ai'la.j% L»_)Perplame
fF:0} and eNedive.

\F F, G as above ' 'lu:Mogeﬂwu: ofF same Otfﬁree! ten (F)= (G)+ (F/G}, TeF)~ (&)

Delinnbion: The degaze of  swocthe ?wjeol-i«e cve NPT i e Asgree of
dotsor (L) o o.d hy\myzrrlame Leo Jdhare LET W [L LAW{D-QM—&OU»S
UMM fwm] ’wou——o{.lﬁud; sine  limees z«;u.cua,lm:t Mviress howe saume

iy

Exauple: Tuisted cudee v @ P'oV | 60> (5 5% st 43)

‘ For Lekfx,,lx,,x,,x,] !\M.Mpcjw“; P ﬁoml o(gcj[l«) L Jru.r'f‘
tee Aﬂgm of dhe dbtier oa TPI 31'«.« bp MMoﬂw%w b
L(SBK st sfa,'f:'}. (Check - recall T am |‘WtWT\M'&m]. e, oley V= 3.

; Plame Cuwves.

\C g,gé ‘Q[‘X,,(ork frr&;{um'uz, 2 ufU(H/ W= U(SJ . mt andl [9 D ¢ smosth
peict  of U owd W, bhaw Top =G, /(A amd Cup= Gpolty). 7f
(Recald: Y [U3 = REXWY/ 1) ; stamlavky o RIWD).

\F tf&u'p ‘,Lor_ai Fa,m.md&’ amd wrde 9'— U\.‘ta WA ou.r [Mqu«:‘{],m
Ve (a)= w= diwa Cup /(4 (§-e.< Sheet i,q,wfl-ia-nu =i Oip [(o) = dinn %’,P/(ﬁzﬁ)
L e apl) = v, ()

‘ Suﬁﬂoje A \IC‘?‘L, olz(:wd‘ag irreducd e Wgwaous ‘?o(agmwiai F(Xo,x,,xz) of
Aegree A0, amd L elP’ o the Lne X =0 (wleg FrXy)

Rbose amumedt  shows tat  degV= cleguee F(X) oV = degrec of (F) onl

| cdeqee of (FlX,x, 0)) o R'=d=deaF.

Definibing Gloow divirae D on V| debie L1D)= § Fe wl¥| (), 03 of v§o}
Te, tF D= Ea;¥, o4 Fe WD) <D voltl> -0 Vo qud F rgular elsensineve.



No_k-: ‘P DG’DI = (Q)) ‘a’\w MP(ACQ}HBAM ) O(QPN\IS cun iSaMQ‘Pusm L(D,j—g;L[D;J
e, (e Do <> (Fy) «D3% 0.

?_D-ng\g LID) = diwy LID) [al.epemds owly owm olivises Aass ],
UD)> 0 <> 230" wD suh Wt DY 0.

D= p) > LID)-T.
(n;}O), gd Wz Ay ;'!: P= P,: MO’-‘“:»O ethe v tie
B:L1D) = Op /11y Bk,

LY io-p) <

;L-eww.ng T4 Fuy B»O,
Prook g‘”‘??“ D= £
Let ¢ be a (ol pwci’e.r at P Then 3 Usnans wmayp

goen by F> £ 2> o(P). Ker O ZLID-P) gumd so dim

. Fv V s amoctn ?njl-ci‘fﬂt crv?, M“kagw LiDY =0 F baLub [)'601

(7 iy meonly equivedent effective oy :owJ dedmce from  wma 21 Haat

Lo} < cl-uj D+l Sa, qiven  owmy Aisov D, wita HD)>O L@ cheoose bans
F.,,.‘f Fw, Fov LID) amd lohue rattonad wap (Cwo‘ hence @ Mo.rplm:w) CPDTV""P“
B [F,26s. 10D

by

.Nob’ Qﬁ’ Olépwb aml,j on Y olavf;w.ro{m @FD . e %-*Jg&?- "‘3F--} olef nes

Sawme NJ{"@MJ Wap Forow..o o€ k(q) j
=7 |.

F case 9‘36’ whee %o ofe.awahd OwlAjw cﬂugb [récwu C“P'}

| Suﬁ,ose Ve t?"" A _sieath cuarve. wdt coidained Tn. n b.ﬂpupi_qmq Al D """Jf‘@ffl‘”"“ secHon

:X,:o, say. Hawe Cnﬂlefwalu\* e,lmwb \, Torr X of L0 \F dnee also spam LID), Hhen
2 () 2ot 2 )m (803 50,) eyinad embedding. ln s situabhion, gentrel non-2ere

felzmui‘ of LID) s of 4he com }‘ M w\newe L s a Unear Weimegemecis foim.

- Thean ﬂblﬂlj Hkgeuplwv\e sechons of \f h= xo < (Y ‘D+UIJ

C Under His cosvespondamce, e mbspacz L(p-?) cormespends do Mpmlames MMM%P amd
CLID-0- @) o Heose WMM% Ve &, (a-* F P the \Ag\::wplcmer wlatole Gddeeret V
E‘tUJI'C,Q ok ?, < \"g?.&rpkmne-‘ L=0 suda M "?[ J}z C"-‘i“eﬂ as:m-ng ve Vﬁgx *’03]
CWhew P# @ dar dat  L(D-P- @) = LID)-2.

‘R‘—e"&ll— \€ Ve Caﬂmﬂl P=(0,, 0) €Vq, the $pac of Unear Loous o&ﬁ'ﬂi*g L’-_’)P”P[ames
‘U«mre«ﬁ‘.\ P s spauned by -, 2. Moveoer, For @t \oait one x; , wust hane
X § my (sinee wp = (%, 2a) o Gupl L So vplag) =I),

S'..Ja;pace c‘,anquols e \A\ﬁMlﬂMﬁ hari gy o malhiple &n‘\:eﬂeéinbu ot P, wwes,oowﬁa-q*tv
| Remel of  surjechive \Aow.nm‘r?\adsm o "y uhere "tup2E TUm,E R

| Clar alte aat LID-2P)= Lfp)s2 ,

| \n&da Lio-p-@)=0L(D)-2 ¥ R@eViu cmw‘\.\_-{:o evsure tat P glves an
W\DM@ aP V oot D~ \»\geu?me se.dl:fvvt/ ond F we teke D= [Xo), dhen L10) bas

\30\-0‘” ‘; N'i ] x,



1

wE@“—-—-——“"‘ 2.2\ LO-P-@)=bip)-2 ¥ 0 QeV (wet necaranly distin o Gor V2 ™™
\
\

VEPE Q@ eV Wit v @ den LRSI D L1022, and (uwna 22 G- V2R
j\‘S an em'bidou\&g and Weuee am isow.a\,vpmsm.

V wedweible  swosts ijedl{ve e . Define RIVJ- veclor space ﬂ’kfv)/p. of sotkioual
| Alffeedials 4o cowsist of Amde swms £fdg, R, 9 k(W) subjet do Uee veladievs:
L da=o0  fecack

) A(F13)= OlF+019.
i) 0“5‘3) z FoLy» :yiF,

| F- £
Excise: e Febll) qchUF | slow Wt d(§): T
|

| For Voo e, BY) 0 a Faile evtension oF R, € auy non- coustank L.

uﬁ‘.uj won— Coustauk 9e RV sohshe  an  (mreductble e:p@l-\o-v. over hH:).Ff«bl=3ﬂ+qh[ﬂg""\---4q.m=a
. ﬂssu.mmg chark= 0 (Ce_;.h=¢), F' VW & wew —Tero ?ot«omw\.‘\al and so c,ofr{hwe do F

D Some cowbinakion of Faud F' 5| i RWDD. D Flly) €0 o kO,

0= AFlg) = Flg)dg +hdt , Whee WEzon, W™ 4ok al ), omd so doy is a mulbiple

L of dtb. Te, Jl;m/k is \'ol/lm-eu:{a*d, gwudl‘cd \)9 At [ Quy e~ constavt te kM)

| B gescvern ol Bfbadil w sl o @ il TV, diser el
, Pam.meiex te my,. Wn"'l'i»\g w = Fdi?)(f.:ﬁk(\’)), omd Mw‘u&ﬁ Volw)= \IP{F}* ve need to
L ek ks s moltzpeno!ai‘ of cleie of Local Pw-ei‘u.

‘jLéMmarS-j’ ] T‘V\e num‘uu: Vp{dH Cov L\G G\J‘P Ayt ba\‘wM wﬂt&
@it vpld) 20 Nh e Oue.
(tin v,,(di‘):o foc Qg Local fo/mmej?«\" ‘t' a*?
\
}T\\«w N Olﬂ;\'w\\‘t-{ov\ of VP[W) Vs mclnpwol&d.‘ ofF M doice oF .
; Proof: 4}, 4 exercise
ciii) Wale t=ut , et s Godt's wdt +tdu
| @D dur Wdk  wike vplh) %o L o' 2 (wet) b
L o ‘JP[C‘H‘J :\‘r(sﬂﬂn):o,

Definbion: w is (agulay ot P iFvple 0

Fw v cﬁ""/ Sveoth Yrredaechle ?wsg&{u e (wet wukained n a L\gpuflame, ....loa), we car take
}aﬂ\he coa.ws Ny X On ﬂ: omd  observe Jlr is geme,ru:lzvl 'blj any one of e abgn

RivV/R
1
!




|
|
|
!

; MO.recwu,

Fov gy v, levawmad ) 2V (ol'&,) o ¥V (’eV ] H&M—g v w a _ pem-3em

Lmiami Allerekiak on V, vptu) %O for w bt fiudlely wany PeV.

L_Swa 11 Wi M‘h:d),o.« as aboqc Valw) = © LN a» bui L'Mugmﬂ ?eV )
_Y__E. Eﬂo W te show Uf,(dxd 20 b all bt F\\M‘\d.g Wamy ReV, . (Retcbu VYo i F\wp&,}

Si.-.c.e ROV /hig) Fimde P eadhe, T teredincble ?,ugmm,,l filn, o) € T(V),
(Recall: V., ireducble amd T(Ve) Prﬁm@) ok beim A NERET e i a;, (x) > + a;, (x4 of
Wisawal o’eegma W g Thag, aa;i ¢ I(Uoj (c/lm.«k o), amd wove ‘orew.-dg aﬁu‘g
C‘Mulj MM %, - cooidinates for Po-u.*é’ Pe Ve wl“ﬂn (f’) o \’9 \emma |.2

(“F +Faa ""("l)

Bach », coordinake o, cosresponds o Mg P..M.&Lj peids P=(aca, a,) o
(,u.r-r( (eF Cloam! of peog m"hou 1.S). Thas .excep't Foe (—‘w"&l@) AAgnt) PeVs, howe
(PJ#O . =

C{-aa.w\ vp (da, Jz0 F'vr ek sv-d/\ m.d?f o

Proct: Observe &‘ "l"‘* = dx‘- n Jl‘btv)/k and se F vP{dx‘)>O , deduce
vylda; )>o V.. Tl-us Wowever _codvedichs ‘H«e bt Mot D is smeosth
(wl.og P= (o, -0)’, Hoen vP[ang)>O N2 z € le, V ?ﬁ Stnce Myp = oy, %
ond  loced ?Wd'u te Mv,,/m.,tJ

The Luwma v tre for Ax,, omd stnce ﬂkiu)/g s - th.{gf. oOver k(\”

\ewmee &5 teae  Fov awy robioval dibheiiol . |

Definticn: Define the cliviser (w) of w0 by ()= ?g, volw) P, usualley oloucted by

W X, dhe camondad diviser.

Py oter  caionad Mlerestial w's0 s of dhe Fram 1=k €or some e kW
| omd So (w') (h)+ (w). I-(,,,w,e hane a MWM dd'meol .Qu\l_t's’od clocs  on Ur; ,CL‘SQ

| | Aenoted Ky A amd  called He cavowmcal class

Fee N, et ifI'QAMOLLtQ ‘)(‘OJ&&lue Ve | e “Hnm&x hane oun ww dﬂﬁ(KvJ—
'“M}'w \Mv&.na.\d: malu \soMrp‘mxus

| An tsovan opludsim PN->W  ndies  wit owly  an uvmnpbfm ef Fu.ndhm Frelds,

L @% p(w) - RV, bk alss am \sowm?\ww of Locad Tgs, ¢ * O 010 => Pue.

ﬂ’\d QLu\aus deCeJ Isaﬂvqﬂmim ,,* ﬁ;uwh ‘_>J7,-'b£v)/4e ‘Ms ‘HAQ ?mpw‘l:—) ‘Rmi GN'

= £F A‘-j‘_ ou W, 4 [“’) = f(?*—‘:) d('P } on U G.MA FMUMcre teat ‘.’pl‘?.lfw”""’qmrw)
¥ PeV. Twu deg K, = dleg("*w > deglw) = deg Ku.

FOr V an a—l)ave Can wwﬁalu ucciﬂr Spact  over R _of e,venjm\mm? r-egw].o.{ ra?l'l nal daﬁ&re»*ai

e, (w20,

V€ w, Fixed , non-zero cabtonal Aiffereikbial widhh Koz(we), Yhem an arbitiany non -teo
|raboued AFferehial  wzlaw, (he RIVY ceqplar eveoybere W Wlwo) = (B) + Ky Yo,

T, hellk,). The space o-Fa}o\mi ch.Ja.-r dalfeechials on V is isomerpme te L(Ky) by
Chel (k) b, Tis Space has Rasde Almemsion LK),

Bg d.GF\MHOn,‘ﬁMs v e Ganus ofF \L CM muwuf wna[u ijonomusm] deunsted g(“)
We will see loter Mt deg K, =24(¥) = 1. |




\

|

iEmpU.: V= §' , afhne piece ﬂ‘, vl affwe condinh %25 :
Locad pumo'te( ok P ‘_VPGB) ond  so V?ux) o ¥ Peh.

Local parometer ot o0 15 4= 5. Bt dus d(5)= - dy D vy ldw) = -2

IC, K”. "Qﬂn. \n ?o«*‘icdﬂd‘, L(KP:J = 0, e g[flj =0

Cbseyve »-x[P) is a

{

Vefintion: Pa iveducible crve Vs said 4o be yahouwal & funchon field
RV % R(P)Z ki)

!

Brawple: the  cupoidal ke, 272X 1 < aud e wodal aubic, 275 XKi2): X
‘; oave cahonal  curves (zxe,«dge - locR at affine ?ie(_e,s]_

;\(: V s & swmecth Rroje etive cemve it ROVIE IZ[“H et Wek(V) be dthe ahional

}Fw&'{m wrve.s‘:om& do t and D= (I: L U""’[?; o= conthaut Wosplaism.
| Thew @"(2)zh  and so @™ K(PY =kl E5R(V. Quetion 3 on shet? (roith @

iu\ou- constauk  rethes Hhian Swje(il.\-leJ S ¢ v P Heuce g(V)=0.

e’ X% =X, (X = X)X -AXo] | = la=t) (x-).
B a(\lJ 2| -gee Pmdecl sheet ( page b) =
< 9 v ‘?-U‘lﬂjva\Mre »JU ea V wt"HA QF ) o \JP
Henee (%)-0 - K and 5o q(v) = Uo)=l (b,juqu.n)

Defm Hou: A cuwve of gwus( v ecalled gljjg‘h‘c.
Note ¥k n Yo obove exmp(.a, 3 abgraﬂ Aovglaasun ‘W=\)“’W‘ ("U=(xa’X.}].

For any smostia erojwh'ue wve V, say 4hat V s l«gg_ergj&'gﬁc €3 aquz
MO rpAsm T: V2P
Ta/he Ve !P1, @ Smo"ﬂa ?law\e ?m'ec*iue Lawve 0&-;\4\20{ Hj irreo!.uoja(.a \A.ouwnj&%ou

| polynonnal  FOXo, X, X) of  dlageee 1

|E Examp\e:

E&g&&“m .30 WMV o auboue Lot 3’” N\AQN Hy is au\n‘.for en Vv L‘-'i—ovi-
by %=0, te H, -(x,) Tlm. Aa,K\.- (A-3)d.

Bredk Lot U be an ffie piece of V ofuen by X %0 On U hane affie combiuates

| U R YR, md UER &Eml by €ehlu, g0], polynomal of clages d,

where Flo,9,) = X AF( x,x ,Xa). ln ﬂk{v)/k we  have O d¢ = "a £ o, + aﬂ J‘az ®

Lot W= 1PeV such Wt 5 (puo% Un $PEV sucle et oy (P40}

Sinee V smastl, Uz U olU,, %

For Pel, voldy,) - v‘,(sa;ﬁdm) : v?(“';;dg,_) )vf[duJ. Sinee  ane of 9,-9, (P)

oud y, -9, () was Y+ be a local pavameter at P, one of dhe vpldy) is ©.

Bt for Pe W, ,“p(dm)>° D vp(dy,) >0 o Neldy, ) =0 N Pe U,

Simladly, v, (dg)=0 ¥ Pel,, - - ‘

W wie deaiidler wekiiund dafrevenbal w = aF/a; = -BFlc)‘,,x (R @)/ Eﬂlz(v)/k.

Twis \as vplw) =0 foe Pell, omd Pell, , le ¥ Pell (U”‘{-J




We therefore need to cousider Form o w ot 0. wlog can  assume (0:0:1)¢V
and  denete by WCR He a,ﬁ-me piece 3""‘” &j X, £0 (e V= Uod), awd hawe
cosrinates (2,,2.): (aé ) 2: %, %%, awd W defined by o

1on (. %)= % F ( £, ‘1 : :
é?:f 5‘=ﬂ;" v A E ‘if' R{So ai? . Zud-"g o g
De[:wuﬂ W,, W, w an a.malocrus way “+ ¥ ¢ we, \LWJQ w=‘2d4'33_/?';,'
gwtce ;ed% aﬂ al;z =0 ‘n‘k(\l)/h have 1= -'z'd 3913*:
4% 1 Wy = :;:; 3::!-, \raa Jdn-e ?m?@r‘t‘cﬁ ok Vg(w,) o ¥ feWw.
Slace Wz _‘d ;u, , e (w) = (3, ped) on  the afhne prece W, _
Recallvg  (0:0.) 4V, cledme (] = (X" 0uV Te ()= (4-3My, wheve

“u’ [.x:] " \/UjP?Jf\MQ S&‘i’\‘ﬂ..

1]

meh The cam ideuddy : deg Ky = 2«3'2 (w\moh we QLu see un sechion k)
then dmplies et glu)= 4 @-D(d-2). (50 ouy tricugudar wwmbers lue occur herel.

:Cowﬁmf ﬁwﬂ smosth cubic Whas Ky~ O owolw\nmee_ 9= Lio) =1 (fo9 \u&Mal-f}M

heuce dbf\-\‘c B swmostha ?la-me Gurve i3 gaboaal B d£9r<¢=\,?- (since
A>2 > Ky > 0) ,

| e RisngunrBacl ausolconsaguences,
Ee_w__om Theoem: G-wen s moeth meci:we wwve V oF 9wus 9 aud divisex D

oa N, LD)=1-9 tdeg D« Lm D).

Aroter way of woting Hadsr L) - L{K =) = L(0) -1, -0) « daoD.
Pt o 202 L(D) € [+ deg D for D20, 5o tis LD - UkG-D), wwlaich belaves well.

: Coroﬂeﬂnf For V & swecth ?rﬁjl.d'\l\)e of (3@‘“&53 ' ?{e’,\,qu 2‘3-1‘
Proof: Bk D=Ky in Riemamn-Reck: g= 1-9 « deg Ky « LL0) , and ([o) =]

_,Proeaj{ﬁeg k.2: A Swl_oo"ua Q.mjedﬁue awve N s gemus o <= V& ‘?\.
@Eﬁw_{" K=)  fom 1€ri‘|'.0v13-,
(=>) Gl ?(-U’ Ohsesve : L(ﬂ = xl + L[K P) = 7- , Now,.o.rflg q/u..ex‘h'onle—
from cheet 2. , , T

(Bullioks of Alifeectiols

Bl gt st i €910 s s i s

| have O R(1) 2 RV, and Huis induces @ Womouorpism of R(w)- veckor spaces
(P*-‘ﬁ:z[hvk '_’—R‘l(uug VW=l R dg; Hen @¥(w) = & ¢*(e:) d [‘P*@I’ ‘
ln dhavaderishc O, Hu's Wowe movpliism s “"')e’:;h:“e (@ecﬂl%#o(% sl
gf?—[\”w\ CAAMO'&WS{‘KO Olﬂ W Jlk(‘)lkr owd so wA Faﬁ'\c;ula.: &«w—wasfo«d’
ek(w) A(P*h) £ 0 '“Jlkm/k
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‘Kemx‘t: This Fails for  chavactenishic P, < Mo-fPlM'sM (F:rp‘a\?" [x"_x,)l"> (xo‘,fx“')
i mduces wap en  Function Ficlls, ® () <> Rlx), x o
The  cowesponcling wap B o dleieticls i Maw 2eee F [de)egluf 50

(f CP“)): QR then 49*: au,a s, a,p . \E W reghl’d ot @ den w=Fdt for some
Local (?Ma.wte;bef t ot ® and ome Fe G?V,a' Then PX(W) = @E) a9 (4) regula..(
id— 3 (\?g lewma 3.0 So i R (respea{iodg Ry)  deuctes e R-vecbes space of

| everyuhere cequlas diberedhals, have mduced dnjechive Linear wiag g ot oes il
ln pativdar, g(w € g(V) [cF Riemann- Hurwite \ater).

tws F #:V2W , ou - coustoud me-rpusw of smosthh P.roJ'eoHue s, dhen

\ J‘o"‘\‘wal o> 9 [\))-’O = @LW)=O S W \wi'l..autai- (G—eomdric CNW of Lusotlits Theo.—ew)‘

EUAQ“:\‘C gi!ﬁ"e‘-

let V be a swodtl ?mied:fue cwwve of genus! and Po€V, some fixed ped.

For D o duvises of C»{agree o CMU, Riemont = Rocla 25 LID+E,) =1 -1 +] UKk, -D-%) =1 .
Te, 3 wnique PeV such that D+ o ~P, je such tuat DV P-Po. e

Denote by CLO(V) e divisor dlasses of clegree O on V-

We \ave map: V> Lo Given by : Pr= lass [P"Pa), whidh & @ bi; ection betioeen
‘Po‘m’ci of V oud de elomedts of CL°(V).

l Tve chelicn group s‘fmcim on CLO(VI dherefore onduces am a.LeUa.u G2 uf soukiive
e the poids of V, with idedhly fo.

Ra“u ow, %&Mﬁm ‘\F D d,[uborav\ Sﬁloo% Frvjeckve warve v Suck
ot LOO-P-@)=0(D)-2 ¥ P@eV Hhen G Ve ™7 i an chedding wohe

-‘wxoqe qp(\» \AM ohg‘[ee &%D

PV ellighe  and ReV, take D=30 Thea L(D-P-@) 20t +{ (K, -D P+ @) =1,
ia'“d biblz ©4+ % 4 {'\(_E“,LD) =3 o dy = -l
Ewmbeddivg criderion 59.;{?-517;1, soe Go: Vol an a smooth ploune cubic.

16 we P{ciﬂ a bass gl,F.,R% Cﬁ L(Z?o), amd Sdt qpa?oz (1’F,7F1,, f‘[‘ is d&w Haat
i?c, s dhe ouly Pq(d' at. NV Ma.ﬁmwa do w0, (e }(,,:O}; foc P£ . £,F awe veqular
L ar B D g (P2 (H 6 6 R). Tuatis, the Une $Xo= OF inderseds (V) oy ot
@[?,] ond Pen e diviser at oui'b:, Hoaig u,qe, fad = 3@(P) owV.

Te, by defiation, P(P) is aw aFledion poid oF ewbedded curve PU1Y).

hO‘amue*\«ai Haree ?9{.,;{5 P RR eV odd do Rere n the mduced qrovp law <>

(P-P.) + (Q-Re) + (R-Po) =0 i CL°(N) <> P+ Q4R &2 P, as dhivisers om V.

Uaiuas Hebs \m.ﬂ:eu; VW viser CP[PJ*'@(Q)f ‘P[fz) is Cud‘oui bﬂ a e ow @
Te, poids sm PR P(Q), PR ave collinens on PV, whave P %= (11621,
i e a)owe w‘»edotﬂg.




| qupb : c";“)l, \€ we take basis \,F,, f Cor L(ZP,) dhen @;(l:{':f}) has e

| property tat Po s dhe ouly faid Mmapping 4o Une ot @, X,20. Te, (x,) = 3¥(P.) g T @ip,)
s am wnfledion ?m#} if we ideatify V o e nge under @= ‘pgp, omd so (X,)= 30,

| and uay other L\gru P{ame sechion is of Hhe foom : (1) :(%'5) +3P, 6~ some Lineas Foumn L.

 Suce LBR)=S, obsere that L (30): § % €RIVY, e the Wyperplae sections of Vave
;Pfed;ol.g the effeckive divisers uﬂea.«(»j %wiuu.lu‘i‘ + 3B,

Thus P, QR odd 42 © i dhe growp lawe 0aV <> P Q+R §s g«.o& ol Yy a Une,

e e Huee poids ave colMrear,  Mawe Pl‘d:u.r:: — et
| (PB twFledion Pu«d’] w PP

L @, 0 olenste addition aud subtraction in indiced gyenp laws.

e e Nogm « Eligh e V.

K iemann ~Rach > L[2P.) L(20)=3.  Clhoose basis {‘1"’} For LI2R) amd ertend <o basis

S U for LI3R), Te, g (9= -2, u, (g = 2

, We wow ’Eajle i [[“(53). QW-RM f')L(GF,] % i No{‘e M e seven Qwa\‘:i'cmr
Low, % )(-9,7:3,91 ave all w L(6®), so are Lineardy olependledt: Since xs, gz ove the

i o«hj ones it 6-Fold ?a(z o P.,, both, occr  with von-tere woefficiendr v Haie velibion,

! Rep tadu) ny by saitable wubhples | may assuse Mgt e Unear celahion is of the Corm:

W' axy ragys v agx v aunta,, For sutable ek ie dhe affine equabion image

Cof N lie, of VNIRY) savisfies an equation of the above fonm.

| Now wmake obview chauges of coordinates (ie ComesPomug.g 4o ditlerenl cloices of x awlgj

to brng equation itte te forwm y'= Fb). [F & cubic witt. distinct roots ac V swosﬁn],

D amd dhen e Hee Form 91'= 2 (=) (x-A), (Ao, ie, ?.mjed:u've mege ef V \as ecbuoti:it)n

Xo Xy = X (X, =X (X -AXo) (A%0,4). This {5 the Legendie Nowmal Foim. for V.

Reeall: \EACC s o lathce with Corresponding Welerstrass p- Funchion p, Yhen (1:p:p')
embeds  C/A i ‘?1(“7)- We have relakion between p aud p' of dhe Form
RV kp’-a,p-9, and so ewmbedditors €/ as equation X X, =z.,x,"-,‘x,x,1.9$xf,
(Welerstrass Normal Form).

I
i
i
|

A pactiwdas, the Legeadue Nowal Form edabits V as o cloukle cover of ®' branched over
|Fou./ Poi.»d:r O\, A m, where double cover map is qust W= ix). .

From the  ojeometrical olzscn’pjt\'an of group law ouV, it follows Mgt the wiap (o Rixed GPGVJ
@: V>V given by @) POQ s a rakional wep and Weuee a werphism. This (s elaa,

| Slnee for Lixed ReV the wmap W:V-V glven by P> dund ’?a(ud.‘ of {utersechon of RPwithV
(5 a rakonal map.

LBV s guea by F(Xe,X,%) =0 amd R:=(azbic) awnd Pz (xo: % :2,) , the Une RP
éqiaw pasametacally by (Ao +tuxe ' Ab 4ux, _E_)\c_yux,j , (Aip) €R) omd

[F(Aa cuxe, Abvux, Acsux,) *is divistble be Ma, and heace cam solve (from
;ftwwinhg Wagar Coctor in A,/u) Cor (Aia) in tesws of ?objnauw:.q,l Cunclions tn [ttt 2,)
éH@\C—e Y a whonel wmap, Wence @ worphism , with Y(VNiR]) = Vaie'3

| Fiitenes> Y surjechive  and  hena Y(R):=R" as requived. .



}Slncz @ is dhe (‘J’W‘Fas&e of twe such waops, X v a .wa\m»w. q')olﬂarb.g has an
?imerse and 5o an Gsomocphism  Hemce, growp of adtomedplisms oF V, A (V) is Kransitive.

Remarh: For o>, Ak (V) 15 Fnde . \n Fad  \A (V)] € 8Le(g-).

|
‘M K X 3 X R, +><1’>(a—-0, (The Klzin %M,.Jc.'c), has =3 and (Al =68

| Ruaiilonfin dnd Riessm s Haruits,

‘ Lotk @e\Jatd be o wen~wostad morF\M‘sm of dégr.een of swmostha erajeokve cLr ves.
Aleeady seen glw) £ glv).

|

- Definibion: For PeV, defue dhe romificahion wmdex & of @ at P as follews:

| Let @z QP el and t local paameter ot Q. Then epi= Ve (9X(4).

| (dea.fbj indepenclent of cheice of 4.

|

L Fiﬁékﬂ_@fi theorew: n -Pe%:m, 2

I @1, say dhat @ is camified at P oand @ is & Pranch peit. \Eepsl, @ s wumramibied
T,a'l’ P, Observe tat for any local Pmmater t at Q, fhea XY = MS' for s Locad

‘)a.rmvi“?.r o Pond u a wat w @v,p

PR = AP 2 Alus s gpusTds + s “ . Dvp (Pt = ept by lewma 31 (i)
| s, 1 packiudar, @ wncamibied ot P <> vp(P¥(at) =o.

Clcu'm; P \as ouly Fitely Wady famification poinfs.

M for te R(WNR 4 Ruows ‘Wla* &t r%ula( at @ew, then +-HQ s o locad PMijef
ot @ <> gldt) =0, Bt tunen-vegular ot only Fmtely many poids  of W, aud
hj Lemma 3.2 ,vg(dtf = 0 for all budt Fiwi*ebj Moy el e, t-t(@) s a Cocad

| fcu’amd’ir o @ for all but C\MU@ mMany Rew.

LEWMaZZ:)u (@*d4 = O Gor ol bt Rately wmany TeV.

Hence we dediuce “drat Hreve are o.nl,g F’l.\.’.td@ Moy rowificetion fof«i‘s for & €.

ﬂ"w«tm L. 3 {anW_ﬂw\—r '(‘%) Lét T)!\J—?L\) be . MOrfLusw of o\zgree n \ac'fween smoath
Fm)«}we crves. Theaw Z,[\J)--Z n(Zg(w) 2) f—(é‘ l}

Example: & 72 V= ®' dohle cover lig N M?eteﬁlp‘dd then T s branched over Lg(V)+2
poriks. [ Sine T louble cover | €12 amd 29(0-2% -l +¥ ramificakion peids.

{i)r_ag£7 Sinee 3 owlqo C{m'\dlg Wingy b camohe Po«:-\'ks QRew, we can hoese ""‘Gﬂlﬂlwﬂh Such

| Hat vglw) = 0 for bramck poidhs @

{j rTa.be aw gFG’ne ?{e@ w‘, OF w u‘NQdA Cﬂm wU bvmo‘t\ Po{ui“s Forecu,-L

i b rencla ?oid‘ R eW, we cam And an eloment hie k[w,,] wvchh s o locad
pacameter ot Qi bt non-vemising ot the ofer bronch points. &, show Hal Ja
suctadle affne Wy perplave thacougls RL bt wol cowtaiuning cuny of the othe, bruuch



o,

pow;ts wlhose eq, uachon 15 a local ?wm:ftev ot i, e look at de Unear
wsap.t {L‘Max pwms \laM\s\w.mg & QL }"” /ﬁng m’z owed “oke Unrear fovun
| not w kemed aud wet vawishivg ot e Dramch ?oiuis__\

' v . vy, Qmyy vow - 2eéro m:l:(oae).o{.((-(:et_ew&id, Cam acmeve W oida \re%d.wed
()ro?.er"fg by vhuu.'l‘?lgiug by Qowess of the . Cowsiol_o.n'ug woun-2ego o (Fevetinl
@Y ouV, 250 -2 = deg(P*u) (b, Riewau- Rock) = molegw +5 coutabokion
from ramificatien ?oud‘s [Swlca F @ s wet a brawch ?ofmi of ¥ e

Vp (PXa) =gl Foe all w poinds P (dliskiadt) with PRIz @, stnce vp(@ =0

fov amy Llocald _povameter t at @] ,

Heuce poles amd eces of w give vise te Conespoudivg ?abu awol_2eroes of P*e

0* "“’le t’-owes"anotmg n C'Lu{'lu’i' ?01.\*:

V€ Pl o camibicakion poiut willh PPz Q@ fhen V‘,w W = vy (Pt zep-l, From
?re\n.ms Calouiai'lw (* Locad ?wd& ai‘ Q)

Ths, 2900 =2 = n(lglw)=2) « & (e -1).

Lorllass®: Fos U o swocth towmpler projechive curve, Yae  geomern'c gemus glV) we
have Otﬁpw\zd = '{:@_Pofuoaic,w( graus. 14’, tﬂ?b(ﬁgitajl&j, V is a SP\AM vt 9
Wandles. , o E—— =

| Doble Cover

Let w: V= ﬁ" be o hgwempﬂc mme,af,gmus,,cg>0,_ 7 of degree?, aud et PeV be
|G f::m(‘ns.a%\su\ ow\i_ aud Q= w(P). Tahe 'tE.L(Q)\h-, '{Z& k(ﬂ)') ,\F Q=(‘L‘q,{), then
| "'—M.;,:‘ CThas Ve 05 a (ocal pacametes b Q, and vol(w¥t)=2, (e vp (r¥(vt)) = 2),
amd ¥ =L(20) ck(V). : , . S
Bt L(20) €2 (b sheet?, queshion5) aud so $L, %8 (s a basisof L(2P),
Now, ‘p;p =(f-' ﬂ"‘—') ‘—(Ifwe)eﬂ', where We=("’ﬂ? I,?""fl and is a Uineay M;{:om,.?t“‘sm oF If’" i€, is
am Aument of PRLIZ, ), e, wp T a (Unar) audomorploism of ', we bhave Pp=T.
j_pmgogg’ﬁw lel: Guen am Mp'hc wve V aud two double covers TV "‘Pl/ =7, %gei’uwpbum

et (V) and Upear a-usi“mw\fmw Te Ak () such tuat Te0 =z T-T, wé'__.-.;“-
Pmog Let P be counification peinds for s NP (0en ). Sinee A V) tramsitive, com choese
| cePut (V) Sudh dwt r )z PF Then w7, e v a dodble cover amd P 0 @ Mplwilon
poiaki. o . 55 Waear auko me vphisms  of P such Wat wm oz BR: tamo-

Te, tm, =10 for sewme lnear  acdomerphiom of P (c= ‘D;"b.j.

| Glven an eu,{?‘l-n‘c cweve V ond P,,eV,recaMB deoble cover T= ﬁ?.'—\f—*lP' b raun claed
fai“ o1, 0 wth wif) =w. (<F. Legendre Nowmal Fovm).

L-EW.Ma b5 Le* g; ad on ( \ 30 'li <% Fou,cw.l %Nedl .\6 dv\io |3,P€rwui¢‘“’£ IAMMBU} 0 az
, (Mca'rcf-w.a"l-' xeSy , amd  then aﬂabj the affine Uinear amsformation el ng Rst w0,
Secoud dol , aud Yrcw Achine x(A) <o h{.‘HM Maea!vp“uw“m»\ml Tae ot of A

\ \

umdey Has ackion is: }\,:\-,[’\ A A-\;""X



28(3%-A )

Debuition: (A= 3Go0r

Check  dhat Huis @ is  {avanond wnder He above achion o Ss. Subfced do prove
3= 5 (K)50-). Suppese j=3N) €€, 54 6,1, Cousider 2° (at-2e) - 2 lat) 2 0. Seokishied
by A awd s L:wa.ﬂef under Hie action of S3, (ralois 'ﬂn,canj (a—v divet  caladation)=>
POLQ&OM'al splits as 12[1—/\}(1-'X)Lx-—(l-&))(1-—,_,l)('l -,'[1" A , i dhe solkions of
the above %u&iﬂn are ol velated via abose aghon of S, Tuus: j(A)=)) <> A oud A
daller \)(ﬁ an M opgs.

N an OuA‘:‘\'\c cuive
Theoyem b6 () with N obtained frow Legende amal fonn V, j(A) d cdepeuds ouley on V
(ie wet ou aumy cheeices wade) ,
(b) two diap‘hc Uurves aue 1$OM0rP\ML \) U =>J'l\1,)':_j(V;J.
) eveny demedt of € 5 Hhe j-invamat of some elhpbic curve.

Remack: HRewce dhe isomorplsin classec of ellighc wurves ave prramelrised by € (via dee j-:’wcwimi).

Pock: @ Suppose we  hawe two ffecest cMeices of base pm..i P ond 0, €Yy, Theu we
obtain Aouble covess w: U""'P (¢ (2 with (P, As o Prnpas(‘{-:ow lrl-r
dwose ge Aui'(u) Sudaw U'(PJ P; and ‘Hﬂma a u-«-ea.r WWW;MT oF
P such Wit o= 1T, and T =n. T sewds the other bramch poiwds

5.0,“.5 of T, o 9., Mi af'lT’;_, n sowme ol f 1;,

P
Bs ¢ s aun affve Utear faudonuation (T=m) we cledice taat N 0 defined
"chid“j up‘@o‘UM aghiow of S5 debined W \euima b5, Thw j:_‘,[))dgpswdl
ordyy om V.

() Givew Vi, Vg cam ke Legencoe Nowmal Fomms, XX = X(X,-X.) (x ~diXo), i=t2
‘ZQCdzu ‘Hmi J(A"JMQ) c-')’\l/lz,v‘f/lﬂied h‘j elme«&ko@ gz, tf' LFF aauuw
aE€ine duu\ee of vaviahles W e coerdinates x: x, whide waker A=A Hewe, if
j(l\,-_g[Az) {am WL@@WNMQMS G'VU Mafvz u.u% '\-1 ’\

SN, iseworplue do Va,

le) Given any Jei Conn So(.ue Hee mk\on 2%(»* 'X-H') _.Jx?'(z-lj =0, o A
whee X400 0 X=X [x,-xa)(x AXe) © an elliphc sove widhidine
va«-td J-M\)cwiaui‘.

(losCicatow  of CuveS op small Gpesaus.

Lin)-J

Recall the Embgg,g¢'ﬁ9 Ciledou: (€ L(Dp-&Q= UN-2 NP Qev ther V> P i o
emLeddm) whose 3%&?2 bhas dajru Aﬁ)D.

Coollamy: 1€ D ks o diviser o a SM Profol"“? coanrve ofc ymus Hen
de dag D329 > £ V> PT is 2 cubedding -0 o

_ﬁ R'wn-KOCLb Ly = 1- 9*d+—%\, 0} d-—o_)-fl Lib- P—QJ I-g-wl 2+LM—&P-{~0J'¢I -4+l
Heunce em\wldm«-gwknny- sechisfied.



!P\'Ofosf{‘ion ll--qi\CU 5 a swmecth I""’J‘d{“e Curve ofF grenius QEQJ theun q"k\,: V-BIPQ-‘ it am
wﬁlﬂedﬂl&n.g wi.us \) is Luo?e(eu,l?{'ic

@garkﬂ eV i dbrl‘lf eF s 27-, S|/N?'E‘/'l"3 ws{-wvts shows Haak TR N
fes Qehag

| 0{243(2?2 Morfwism  onto o s‘moﬁ« l‘ai‘toml st bal”  { Hee bt (o-11-ic),

| aud Hﬂ-wt_ waliRe the case q~— Aoudle cover Mayp is Camvwicwu«a e Gived

| aund essewl:idhﬂ gt -

____E Sufro}'é’ P, wot an wkedoh CThen Lowma 2.2 30 @ eV suck tuak
UK, - tpe @) > Ll -2)= g-2. &Jc L(P+@) =la -g+d « L (K, P+ @) , by Plewaiun-Rech,
owd Hais 15 |, Te ICe L(Pr@® wnon-coustankt. Let @=(1:F) N1 pnou- constad
MPQW&@oM?mﬁsJUwM & loef
Sime VEP, € s a gole at bottn P aud ¢ (f pea, thew (6= 2), of sbect 2

wesblon . Bt +2 2 v 2 lucal ‘?wekerei'{cﬂ)e@ with PR Ve

Tuus, fluskeuess theovem D deg P=2. (ie, iF P+ @, dog P= 14/ 1f P= Q ceg P- u,,w*‘wp 2)
Thas € V2P 0 o doule cover amd N s \Agfeweﬂa\ul-m

L e o
i

\f v (23 swoo%\ ?m -ZQLIUG Ve OF caw:? Hne.m ?ku \J"')“-) R ca.uuwﬁ 'beam-uuwej
meonHw L¥> N Wye«eug?l-uc and $y Was diguee 24-1 =2 | amd so (s o deuble cover.
Ricwam-Hurwitz > P, branched ever 6 poids.

L Cowves of geuus 3

| Propesition k2 16V I o won-hyperelliphic wurve & geuis 3 thew @iV > P cubods V
I an a swooth flcme qu

P R U-p obvicus, aud b is an embeddiy by Propesition LT, Mose {wage
| i5 @ SW&‘“‘ e DC Aﬁf-ee A.Qeo K’ (v

Kemades: (y Pleody seen thak smect o s 53
| i Note Wk sheet 2 cou‘es{{o% W02 o smooth Pla.u.? cv;a,("\‘t Vs utw-'\ﬂ-gf&ﬂuﬁpiﬂ‘c.

Ua;s (ksgb'om 'Ta.lvb. Y= o V:"F

| 9=\ \V P[owe culh'c, O‘lmt_fkeol by the j~f4u1~ffa.uj?.

; a=2 V Wypesellipbic, double coves of ¥, hranched oves € peivks.
| 3 either \ \":)P@%P\"C o V& SMoe'UA plaue vm-rl"'t.

=l eithe, N Wyperelliphc, o VE QnWC‘? with @ wague
'creauublxqiuadn‘t suatace and W om Iereducdde cudoie suiface.
el 5o st JM«-«G

F&i Fox qu, sweootda Wejecb"w Curves of genns g Aepevdl o 34-2 P N
i Pll.nmwd_eﬂ



*xamlp\n_:

0)"3, ‘Mjf&reulllpi-“c LAV €L W en 8-3=% ?a&ww ( Bfu—ndﬂed O uts
R Potuks, cam make 2 of drem 9,1,0“).
§$maoﬂa plane @aﬁrﬁcf} /EL[S, @) depwd w (f)_a‘ =l€-9 -6 Pa.uweimﬁ;g’?’




