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CE N P} dhe dogree sequence of Gt dlu) .., dl(x

- The  wiak (vt degree of G is AG = wox fd(x)3.

- The M_wuun_ﬁ}& of G is 86 = wmin Sdx)%.
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Trees .

GT a ﬂ‘m‘f"": omd T € \J(&) |
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Fix o, € . For eachh xe V- fX} choose a  shectest
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ngmi-Heag: G a «3@‘«-%“, & \aipa)t'\'k <> G does wet contaim an odd 030{9_

No’tgbrgmf A Ca'-’“M\* WA SN\PL\ ¢ s a closed Waik, e a walk of He forn Ppor My Xy,

Nek it ¢ G codoins an odd vt dhen G covdodms an odd cyole. Vndleed, suppese
2 A%, 05 an odd et whida (s wit a u:jole. (hoce V€ UL €R, it 2 ex;.
Eiller X%y 2y o0 XX X% ni iS5 am  odd crwut of shodter levghh. Done by dndhchion

Breet tonS: (D) Py cyohe wst alternate betmeen the two verter clames, so tven lengh.
(2] Wlog, G Comnected. Fix x €& and put Vy* { x| dixo) evend, Vo= 33l d ax) ccldlf.
W ox eV, or mpeVh and xge E(6) (5o wct Slparkile), Hew xy Yog el
withh shotet patha from x ‘;dg Yo x, 5 au_ edd cvaut K. So bpashte.

Let G be o bipawtvte ejraph , vertex classes XY, _

A matching Fom X oY is a set of edoyes $' | xeX § suchh toat x> x', Lajechive.
Equivaleatly, & watchang is o Faunly of tel indépenctedt edges (wo twe shave o verter)
: W e O{XN’A Gr'mwe a uv.ﬂ.i.cjﬂﬂwg \C.r@wx‘{-o Yi

Ef\ﬁi&w&_‘!&mm;: X {L‘(»Js}, 7= {"Jir{i}, xeX J'o.’n{p_{_ 4o ugc—Y iF % knows 9.
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r\[xt’: F{,’f;): {‘1}, Seme V)é‘{ wf:‘{'{v\g P(R)’xygrl.?'), " A’-&r\:j need \FM)\)]_N,V AcX.
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Theocem b (Hallls (M;m‘_aqgmguﬁl-' & b[.?cw?\."l‘j& ,vertex classes X, Y. Thew, & laa
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widh (P(M] TWIAL Y P X, guedion: do we have \T(A> I ¥ AcX f¥ £X !

Clagw: G' has o wotcling From X-ixi 4o *¥-fg) |
Proct: For aw, AcX=Ixt, Wave I ANYIAL so | T2 I Y141 Sotae by induction.
IF wor Wave AcX (A% X Wil \PML=(A. ‘et G'= G[AvC@].
T, 1T (B Y181 ¥ B (an T5r18) 2 (518). To compleke Mo prwef, sulficiewt dosheo:
Clagn: G" Uar o watolung FromX-A to Y- 1(8) Luhere G G fepto(v-rim)] )
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(<=) M O»he [ al/\'weci«fd @:nﬁ& \Afiw ovh : $ +
FOI‘M &Cwed:eol I\onrk \)..9 o’an..rf;d'{vtg eadn X1 60‘92 me X "{-o\/,
copauty W, and adding o sowrce 5, joined %o each xeX by aum edye
of apacty |, amd o sinkt , to Widh €adh ye¥ s joiwed by eun edge

o apaudyl.
Ma mdeger- vekued Flow  of apaciby X s precisely o watelung from X & Y.
Thw, by integral Form of mox-Flow win- it theovem, just need o shows

Hat each wht hw cwpadty X
So let Au B bea cat. [Aex BeY). Thea M8 (othemmie wit bas Copasityi)

% The capac iy of dhe b &5 % 18l 4ix-4)

CR Y TN AL L 8+ x-al% IX],
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[P 2 l-d ¥ AacX

B_g_kf d=f> Y ku‘l ‘a/\-eom C"’-’GUOJ(:]?' v Sme{'{wf Ca/!h.o{ (fﬂet{:ecﬁ Hau‘.'

Pr‘cwp'- i")) O‘)\’{Ovs.
(¢ Form &' \99 malol{uﬁ ol Fafvif %Y, each jo\‘nﬁl ‘o ol Pm'vii of X,

Theo, (G A2 I VACK. .0 @' har & wakching.

Rewmarks: O Or mstaut Fom  wow-Flove  wan —cuid.
o/ Eqruivalwf%, MU {o{: & bas a MaidMu.ﬁ of olﬂﬁc&wng 01} = wag 1 A~ : Ackt

Let S,,.,f Sy be sets. A tomsversgl For Si-y, Su is @ sequence of distiuck points x, ., x,
such dat x €S; Vi,

Eﬂ- § I,'!,Q}, {23 lk}/ {1,1} has o tramsversal \, L, 3.

- Cleavly, 0 hawe o “‘:rvm,cu?-f;o.l, we need ltgﬂ SN DAV QC%I:"' “}-

CoroUaiyB: Let S,,., Su be sets. Them S, Sa has o tramsvensal (FF [ica SiI¥ 1A1 VAC Ti., a8,
Er_o_g_(j Wloy, 2ach S; Bute. Define bipa»‘{'\'*(-e G, vertex dasses X-= {'r"."} L= 8 R, by,
joiwing (eX do yeV i€ yeSi. Then we requive o watcling from X oY

For Ack, [ S22 1AL, o ITWIZIA This ohes (=), (D) {5 obsicws.

‘Rﬁma.rksz & la Feck, corellary 8 -etimua;l.evi 4o Hall: g iven G b(lpq,.hl{'k, on  vestex
clagses Xz 1x,, 0.3, V2| & wmatcling is precisely & tramsuersal For Tlx,), .., Tlxa).
@it As wn ol 3, we boawe o defect orm oF wiollawy 8: Haere |«
tramsversad for ol bd A ofF 3“..’ S. I %{ 1,5 Sl % lA(-—d, N AcX.




A fypical application of Hall: G @ Fuste group, W a subgroup of Q. Have due Lot cosels
L,,..,Lh of H, (k=imfluij , €ach L;= ﬂi“ , amd Hhe r{%\.\t cosets Rl'."kg, each R;'Hm,
Cam we choose o set a,. 0, of represeitakives For He left Corols and W riglt
wseds T e, sudhthat 9 M., g H are e R cosels, amd Mg ,., Hoyp are Whe vight
cosels. Le, such teal V(tj, ﬂ£‘|9jJ$H,,M,C’)‘ qjca;GF’L o
We seek a ?emuiai-iaw T osuch et Loa Ry ® I
DeFine b(pmi-i{-e graf\ﬂ B, vecter classes X= (L. W), V2R, .Re),
by jeinmiung L,; to RJ' e AR}'# $. So we tnanl o w«id‘“\-f-g
frow Xdo ¥. For Ac iL,.. h} [ Lol = 1ALl
AL et weet Y WA cight eoseds (R 210 V). Te, \N(Ekecead)] > . Se.bave

CBuler Coandts aud Hawillow (yoleg

& « g raphe Bn Euler clronct wn & _is a_edramt Passiug Larewsn each Gdg,e exactly once.
L, g cicadbt 2.2 (Xg22) Such Wad ¥ x‘jeECGd 3 wnmque 1€ (€ kA such Yaat
XYz %Ay . G (s Euledon Fot as o Euler civeat.

w % is‘I Eudorion

N.g %mplﬂ wl%\ oL,BndCJ-? s yuaf Eu(ﬁmm

Thesren A G a connedted greph. 11«;.- C is E\J-anw\ F dlx) is even VNxeR

i _@M'— T for amy Cardbr"\ &, G Eulenan I dix) s enen  amd ol wost eue c.ompw\eui
of & contains an edge.

Proof of 4 (M VF an Euler cirewit pasres thoowngh x k Hmes, Yo dix) = Tk
(<2) ndueklon on e(G). IFel(&)=0, done.
Giluen  onnected G, dixt evea Nxe& e (&) o. QMPQJLC s wot Evlecion.
Let C be a Commest clramit wllout vepeated edges. Note Wt € hay
Mﬁ%)D,m.&_w_ o wycle (a2 NxeG).
Let G'= G -E(c), e, G'=(V(al, E(6)=¢€Cc)), amd Lt debe o component
of G' Wit e(U)>0. Have VHIAN(C) # ¢, as G is comnected. So s
conneked and dy (¥ i< even _\,xe N, (because d, bl even N axe N(C)).
TL\-M H b-M an  Eules dreaat C ["Uﬁzﬁ)‘{:{ﬂesuj -
Ba CC' ave edge- oLsJo{-sf omd  hewe a ueff:ex A commen H-mu
o towbine Camd €' Lo obtain o cirenit Longer dan ( with we repeated edge .

G‘O w\nopowufﬂﬂﬂwiaccaaujt&Ftﬂ.«g}%v\(hﬁago&
?aﬂmg J({Mml«.:)\a Qu U&*LDPS QFC1 G i ﬂm_‘i-;mm \(‘ t‘( lﬁ-O.r) Uamkion Ugﬂli



E xomples : @ 5 Mawablodton

Qw:j G wth o cuiuaw‘l‘e\' is wat o Mawiia.

No wie <¢=> cowdation Raowan for HM«'H@M&:‘).
How ('(a.rge“ Mt a q}m.pln of owder n De o enswne a  Havwben "‘3"""?

gf_uﬂ Q'Mfﬁo‘,q: Kou Mo ed@ef emsure O l»fm‘blouim" P S
LF d[xj:l ; Some xe G i ‘RA&A Cr is vl.o’t Houn: [Howan. Then can bawe o ”,f.a‘—«,

n . e

e(&)= (D)= (a2 without & beiws Homilomtan. Eq, (et G be the & *

wu.{pw ofF {’f,:(,_’.."xilﬂ_,z. [No{(: WMPM oF G—:(V’E) is a: (V_‘V‘“—E,],
Better quection: What winineun digeee quaravtees G Haumitowiam ]

A\ 2Nt @ @ &= d&sjoivi wion of tweo K%_'s_
Thes, (€)= 21 , bt G wot Ham: Hownia,

V\Odd: G= ‘two kg:_,:'; M—CQ'HM ot o ?o{mi‘-
Thew, SR &, bt G wot Hounclbontos.

Teorew 100 G o graph of omler 3. Thew, SIEY TP & Hawa bowiaun.

Proof: Note dhat G counected. bndeed ; {F %9 noun-odjecent, Haen r(x),f‘[.j) € M-{xat
e. Tlx)ally) + +.
Let P be « PQ*L w Gr of  warimak UM%%,SW P=nx,. Hone (23 as &
évwedred, t&l »3. b\)[og, G codoins o wyche of Lo,«a“ﬁn L Becavar: f L=n , dene,
aad iF Len angd € i o L'udo!.e_, Yhen, os & covmeofdfaxev(&) -N(c)
ﬁd)’ad.«i' o C W\N"\Oln \.9‘16{015 @ fa)aa on L*‘ ?a{ds

Thas o(,xt,tE. Moreover, For eackh 2406 L, we cauud %
kave 1, x4 e € (else G has ann [-eycle). - -
Bt M, C {"‘h"- %] and M=) C{xu“,x{.-(}.

So T'l) and Tyix) CTER T M)} ace da‘sjoiai’ subsets oF {2} .

Kewmack: We olid aot woake Full use of S[Grl)%. We couldd rtptac,e Hais by :
X9 Aon- &Olo'awvt D dlx) « olly) 2 n.

.T’t_.\g&mloli GV a 3(‘&{\/\ af’ ordes a’r& Then 8(&)7"% “2('\’, é covmed‘fﬁl
D & har « P'*(“ of W%ﬂah

Note: Need R, &y, G- K, @

ALSO need Ct c,ov-wedial'?g C-:- e OLCSJU'{,.,JZ LA B A oF two Kk'f.

Proal: Choese o patha Pex.u of waxinal (.w@_)"HA aungl suppose Lek.
Have [ 23 a G connected , 16123. Then G codtaius ne - eycle, s in Theorem (0,
%o Pix) snd [ = {x,;!:(f_'x,_e E} are dln'sjc.{.«i‘ subsels  of {x.”.., ‘(c}, an
in Theowm 1O, contrackicking ol | Tl B2,




Theorewm lI: & a graph of erdes conloining wo \Do)ﬂa of ng%h. Ther el&) ¢ t';—:""-

Reware: Caunst lwmprove Hais iF wis MP{E ofR. Eq, & @ dn‘sjo{ Usmion @ @ ..
&F _t_;_ !(hcs ‘I\M Mo wo ?ﬂﬂ\ QF WO‘H«‘I' u E(G’] = k;—'m

ELOEEJ \v\ducifﬂm en . ns? ok"“ﬂ'
Glven & of ordey w3, CPM.+GA'MA:\-L9 “wo pd:l« of tp.«o% k.
Wloey , & waneded. IF @t wot, lot @Mfeneuis be &,., G, ovders n,., ..
Then, € (Gi) € 5 n lnduckion) , 50 € (@ ¢ 5 Dove.
By Theorewm 10, & lar o vekex x with o) € 5. Thew G-x 15 a
greph of orcler n-|,  owtaming wo pathh of lLiugH k.
Hewee, € (G-n) € UFInmt) . So elg) € (56e-d+ db) € Fn.

Rf!ﬂﬂiﬁk’ mes 10 ced || ave é’a\‘f%& gg\:bbwg: \Mcye_“ [~ PPR- X grmph of
order v be with o cerlaia Prop-af*.‘u)? Of fea M P..rvpﬂ»—'{*a TR TR, S
of a cestern quOg)mpL. (e, Cu ta Theovem 10, P v Theorew 1),

,How weavy) 40(944 gww‘t’fe} a Kg?

- Towow's  Theorem

& a Caru.‘ph oF ordes w, GdPK, . Yo \wm)e cous €06) be
Eg: =3 Obulows clioie s complete bipartide Koy (ath=n)

Best 4o tuke a=b=% (a c_uu) , Oz i b= % («odd)

. oraph & i k=pactite , w it verter classes i, ., Ne of Y, Ve Pcubl-{-{{onr v
Cawd GLV] s empty Y
G is R~ e vertex clases N, ., Np , (FV

/ L

Vi ?a.\r"ri‘kw N(G) and
Ele)= {7(9 t xeVi, ye Vj, some i*j}.
Cleavly, G (r-t)- packite > GDK, (else some Vi contaims 21 potuds of Hee K. 71‘)

i W w s a wmulbiple of (1, we'd twy & Lo be wwpk_d‘z (r-1)- paskite each vestes
| class of size .ZT_u n ge..a_e,mil we'd toke G cowp et (r-d - patide, vevter clasges

| as equal a» possible. (1&4‘9&:, a,,., ap we gs equal as gogible F \a; -a;\ <1 Vl‘,j)

- The Tuwan Graplt Tple), complete R-pastite,
vevtex Jasces V‘,..,Ukr whee Vil =n
and 1V, 1%l are as equal aa Possible.

. C(ﬁwa T.._‘ () wukadus o K. A(Sa'_ it s macinvel Wi-Free: e od itfon of Ay
edge gives a K., Eack aloan .of Tp, (a] Was size fﬁ"ﬂ o [
DMse, e V; has r‘(’l,:“u \}J' 430 Alx)= a= Vil



Theorews 12 ( Tiavads TL-ey.re.._u_Lj_i G a gy—m‘olﬂ of orcdev w, e(&)7e (T, (a) Then &2 K,

, V(ﬂ NS S‘fmg"un% e stolement 4o wake H cames o prove.

Roefr il show Hat VGlzw, e (G1Fe (T (), GPK D G =T, (v).
[ Thuts certaduby  Gmplies Turam by e wimimalily of o Trta)] .
Prove by mdmction oa n. \Fuzt, done.
Grven G, 1&I=wXr, el&): el(T. ), G¥K-

Clogw: 5C6) €8 (T, ().
Prvo-Fi Mowe uﬁqo{(ﬂt)'zﬂéwd(x). Bt e di:xely(n) owe o %u.ai as i)a;st‘“(.

. wnda L) ixe GF € min Lol xe T (w)} .
Choose xe & with dix)z $(&), aud (d &': G-x. Then J-L T - T
Pso, e(6)=z e(&)- §(6) 2 e(Teta) - § (T, (al) =€ (T, (n-0).
U Wiy Totenl S, T 0L, i o Wby . e aisgpt N5 |
Thay, G 2 T (a-) by pnoluctioa aud  dixn) = § (Toita),
Lt &' have vectec classes Vi, Vo, (all won-emyptsy, an n-1> 1), Camnst hane
b jai.ﬁea[ & Po-lru\* w each V; (else 2K .. Px)aVi =#, seme V.,
Bt |00l 2=t - "j‘l\-’il. [Ta obtacn Tealn) fow Toiln-g , add a '«o-wd: 4o a smallest Ulj_
ku,f‘ln)'—jﬂ Uy, some L wikhe W wmnamad, Thus G s oom\o(.zfz (r-1) -pakie,
verter classes IViij#if awd V;efad, So & % Tols)

. Systews.

Let X be o seb. A st system ouX, or o Famnly of subsete of K isaset Ac WX,
| Usuallay, X=00) 7 3,0, fov a=1L 23
 Bauge: X+ Facktaleed Duainl= [2),

N amem: O D D =y & o
biggest, X ‘

°c O D 2 2 oo
KLQJ x”

\__,__.L bn‘qgv}f

d)ﬁ'{'-?«ir'\ Jleas iP(x) an  « %mel, bia jscwui-ug Ades & F A’Bugl‘}, some (&8, or
vice versa. Thaus, st{vxed do B¢ \p2BI=1. Thas ﬂ"‘fl" s calhked Qu, Yre isurete cube.

! Examgu'. CQ;'. _ I 3 of 3@‘“ REeDcwel Rel?(x) an e P«e‘;tui (a,l..,QM')EfR:‘
| @ 70 [eben a1 if 6B, 0F Ceh

a odd:

\ 4

s

ﬂC(P(X) s a M F N RReA e have AcB o BcA.
AR i am aukickain, o Specver system, F vABeA, A%R Lo kawe A&E




Clady , wo chain Was size Ynut, [A o chain » WAax“l=l vl o)
How lame cam am oudhichain be?! Eg X am ambhain for amy v (anm we bed X ?
trcoreen | (Spernge's Lowua): Lot fl be an auhcbain on BN Thuw 141 € (1)
Proof: Evu:ug\,. +o ou’coMpo;e W (ko (qu) chasing, For Hais, enovah do slwes Haat :

W Ve /‘ 3 W‘)éoiwm X7 o X ik Mat RcF(A) N Ac x‘*) amd

G ¥ > % 3 ajecklon Fr X XY guch dat AP ¥ Rex®

[_T'N;e At dogether +o Form L"M.J} chains - €ach one meels the -‘\MOL'?“E loger in

ecactly one peiik] ‘

By teking mplomedds tuough b prve ()

Cousides 4ne biparkle guogh on vertex classes X' aumat X, in wdeicks ReX™ s

Jeined 4o Re X' F Acg (l-E CQ[XM ““]) We seek a Maiolqu from

X 4o X' By all, sulfciedt do check Hhat \[(s) 2SI N Se X7

For Se X7 \Mow wmamsy odges bow S 4 US)T # £ & r“’edgcs = \Sh(a- ,j (OQVWJ‘:\Q,‘;VNSJ

and € UPG)) (red [ww;l\,,&-,.ms})_

H.-QM% \Si(ﬁﬂr ”.‘ISN(HH) y o \P[S},) \S‘ ,,-: >/ ‘Sl (q,; v < "'r‘)
(Lit)

R€M 0y Resclk s best Posnb[z . A= X
it The ?.rw-F. says no‘Hmwg chouk Wi guuen &ss of Waximum— sized D-M*Tlol«euns

. o ' . fﬂnx ‘ i 7
M A an  awkichain = ré - o (C{@“’Vﬂ W‘?l"‘{" Sf"’“""““"“'J'

o Ao 2™ lnstnd Boe Ralos s luseliloe of . to Js 3 R0 i8] ueled
Eq: dfiz3 2358 = {12, 13, 23,25, 35}

Lewma? (Locd LYM): Let Ac X' 1 ersn. Then 21 "7 ()
7 B T ¥ Occ upies @ @Jea}u frotion ofF the layer dew
Pf‘wf' Como&w HUne s»»lz-gm.p'ln of a ffcwv\eal by X(r' . S
F of A-04 edges = Al r , (conting Fom Al
e, LA (n-vret),  (counting hom JA).

JAl () = 7 ln-rdt =
Thea, 225 = B, (&) - cledl -
(Al n=vH ? (" (r-01 (n-vet)! A=

tv)

V&W\Mk: \ne%ua,l{lg s sir:r)l \‘F P[c)f\tdq So‘ eﬂvu/la{df_) <=>,,./q =,¢ o X (W’ dhne egm‘aln V)] U-’\-m'!ck(”

mmr‘ ’t

Theorgn ® (LIM negualiby) AP ) i et & €U (LIM: Lyl Youmanste, Mesbealii ).
oo s Wale A For AaX™ (02ven). _
1 a‘A,‘ U‘A,‘ l laﬂ-«i juﬂn l I'Av‘i i
Sets oA, amd A, ace Adsjont 2 : (‘,_.j TN 3 oy ‘“'fn‘.;.-_‘; (Ing,l,ocm,w).

N"U\J, "Hﬂ@ fdf ;‘An u,a'/qnﬂ MA (A.«.z av< GLtijMni_ ) ;
¢ 1PNl el 5 1A, a0 . 7 P y 12An v Aai | P 1 An-l > I\A-.[ + 1Al ¢ [ Aaal
(W_.IJ . t:-;] (r_ﬂ o {:'|]' e g ) ) {3

1V 00" Aniv v A Ay LAl | LAl AL (Al

Cailines Rlusbdle, e St B —— At
R Lus £l




w:\p b Yoty equalily i LIM, Mren ue Wed equalidy eadh time wse applied
Lon!. L‘fM. Heur-e dre F\‘:s‘t' Hme J—},* ¢ {l‘-& wa‘iual sudn rJ, \ta.ue Ar’ Km_ & LA:XMJ
fn Pm’]nc.JaJ, eg‘(ud,{i.j s Spumu & B (L"721) o Ul P‘m"“.

P[Dvp?-oFLYM: C{A—Dcase a  pmakouek r/lwm & a;t‘ ramclom . (L.Aocﬂ.c.-CAn!w,‘-Hn 1A= ﬂh'
For o @yivenm ~sek A, Plaee)= (.. (oo all c-sets '2‘1,“““6:) uke,l,j)_
So P meets A,) - f%n‘ (evets ave Adrjoict).

.P{cm-uj?s ﬂ)“ r% %VT“ (@\Jeuis axre ota'rjoimi]. gui LUS a1

Remak: OF cowrse cam r-ep\«me witheouk ?w\ba)ﬁ\u%f
$# maxima) chedus = wn!
#F wmocimal Haias Wu*OumM o 9lvem v- ~sek A = ¢! [n-s}! (30 Com Sde A dhen fron AHKJ.
So e maximal cheaius W\MMJ A (s ‘g WA e la-v)!, wbich s € n!

Siﬂﬂdc’ws.

For Ac X Lmi LM dells us Bt LOAZMIZm | bk with equality  ouly For
Az ¢ oc A= X Te, net often. Yow swmall com SA be, given ,A7 ln sther wouds, hew
'&‘3\&\/3 tam  We ?ack -N ol,weu\ woum ber of‘ = ;,g{'x?

=2 =5 WA A= f12s el = DA= 11,1368 DAl =4

E xauwples:
= f1ns,28F—= oA = §1,2 12} © 10Al=3

3 a VAN b, A=T123124, 125,026} = DA - 1121323 11,2, 15,25, 16,26F + 19AI=9.
A= {03104, 130256} > 0 - [61%: 13401 =6,

This suggests Hat | Al= (hl—>19m>(rﬁ) [or iEA- (k1" , dhen OA = []"”]
Wiat & (9 < TAL < (), some €7 Mightt 4ake LK1, w’wgg&u with a subset

of [|?+l](r)
Exangle: =3, WA1=(3)+(8). Ty A-[7 0 {Autey:pelud}
Toso umpotud total odedgs of X7

.L_ﬁ Ld AFSQ XM" A= {a“t'r‘sz/al<" <a, 3 8- {b‘l'? br} p L'c--ch_
Then A< B i the @Mﬂﬂy i a <b, or azh, aud a,4,, oc azh, ., a; b, a,<b,
Sa, A< <> ag < by, ohere s= win it o £ bl

; o
Exauples: [t;:,l 212,190, 28, 2 %
() 123, 12%, .. 12n, 130, 136,.., Bu, ., Lta-i) v, 23 2357 -, 230, LS, R-. Lien, ., (a-Uln~]) 1.



i Co____._.,{'e( A<t in %QM_MF Qrcbrj, er  Ae= by amdl Ay & H/ of

A= br, qf.‘—br“ ,Ql—l’ aund Q‘lb
So A(& <= Aq éb ub\ﬁvﬁ S= Wﬂ-l’g‘t’ qt‘bt}
Euitaateatil ﬁ<B;F L2 4{{'6_7__

gxw» [h-] © VL3 23 4, 24, 3% _
[n] s 123, 10y, |3, 236, 125, 135, 235, (&S, 245, 365, (16, ..

/

ln [m]w’, successor of LWSE (s 365€ Ao ‘7—69,6{?&

Note Hat 1" is an oitial segment of D\ﬂ]m L nebe, | bt seqmedt = fust m polits,
| Some MJ, aHf«au\:ﬂ\« wet w  lex. So chJ. Vi€ C.o(b( as o -&uw&raﬁl'\.!’!t eF Nlr‘

pH.M To show  that duitial segments of colex \aawe gw\aue;‘t shadews , ie. if cﬂcx ! o
€ s the fst 1AL Poiaks of X" in colex, Hhuen (L € [OA.
W pakicdlar, (A= (F] 2 1240 (2],

C"Mmﬁw&

Toy b0 replace A by A, were 00 1A'= 1A,

| i | AAY 21241

| L R T T

; (\W\PDU:{-G-V* ULo"f.'. Just Yagk  Ci) is trug, bt thad we can prove dr,

‘ \Ol{alb,, ve would Uwe A>A' = dA">- 79('5, with B so clese 4o T 4t one chean o,

haa (0813 10€].

! % A- Glufc} iF jeh Céh.

i \"l—ooﬂgﬁs{ws: Let (< {€)4n, For AeX olthe Cu (A= { edherwise.
For AeX” Hhe ij- compression of A _ts. Y. rigsten Coiy(A) c X7 defined by
Ctj(f/q.) - Ecq (h:heAtvinea: C}J(MG:A”.,

Example: Cy, $12S 146 156, 256, 25H3¢FF = §ILS, 166, 156, 256,157, 367 5.
Crtaiuly | Gy (M)l = | A

.LeMW\a.,l‘r‘ L?i t‘,f .‘j.éﬂ, amo{ chx(", Thew DCQ(.AH SICDcA"
‘E‘ﬂfj Wvile A T G; (A). Te shew \QLA'\ < W;Al‘, will show: Wif i;e B, some Be B.A", $rew Be JA.
() i€ 448 some BedA', then Be A
- , fi Foe Be X", i,JfﬁI)A n{ﬂy_it‘i}o&ji}qzlaﬁ'ﬂ{ﬁviii,hiﬂﬂ.
o have Bu {x} GrA" some %, But jeBotxd . By fxte A .. BedA.
@ have Bofsd €A some x (F x#4,j , dnen 1,58 Bosx} | 50 Buinde A,
W x=i or ), have Bugis, or Buij? edq', so Bufil o BuijleA
Gir: Will show @ tiy) TF Bysi} €A’ ,Hhen BuTitar Bu1s] €04
v iF Bus} e A thenw Buiid ,Buijl € OA



e have Bo§ea} EA', Sowe . \sz“i, Buge, ;3 euﬂ', so BulijleA | so Buli} Buij} e A
(F 2y, have Bo§iad o Buij,x} €A
i @ have Buf jix} €A', some x. \F x=(, Bofi 3 ed', so Buiyit e
i iF 2%, wmast have By £, 2} and Buiixl €4.
|

Remark: We have actually shewn ot G (4l < Ci5(04).

lFo( ‘St(J écr“w‘ma ‘A CX[HI ;C!A-j V4 ('g .\.-: F g.‘,‘ed iF C"'J (\AJ =‘A_ SM\A is Ft'“ﬂpﬁ!!&d
1F A s 1)- ‘ul Cé_,' (le,lF AeA ‘Aa.a Iéﬂ-, j'eA ,Some <y, "Hf\-u\ alse Aviii-1;t e ﬂl.

;QEM Let AcX™ Then dhere is o (Pt compressed B XY such dhat |8l = 1Al and 12481 € (A
l_Pi_bo_F Define o Sequencs A, A, A, ... X" a5 Bollows. St A= A. Having defined Ao, Ag,
! i A is Left- compresed  then stop tne sequence with Ag . Olerwise, chocse
¢ 4-J suo{n ‘ﬂmf :Ah i M*- IJ—cowgressevl GMJ‘ W/t' ‘A'ku 3 CEJ -A-i.) and Cﬂ\*‘l-w—e
wmduckively. This must 8 frewnnake, o othenwise A%A,, A%, VR &
’ The (eft- Conpressed Ay satishes 1Al =1 Al and [0.4e] < (04l bg lewmma L.
ieew\arhS: 0 Or: am a,u (ﬁC XM with [ Bl 2lAl and | 341 ciofl, clreose one wiidh
W nﬁ Lt Then Cj(8l=8 Vi
(i \E we waut * use each Ci; ouJ«j ovce, then oicker is um?w{mi.
By $36,35% is 12- compressed | bk G 136,367 252U 25F 35 wot 12- comp ressed .
Lol C[.emb.j, Quang witial Se;t OF colex is Lel:%-—c.omfrtsfed. Rt coavewe ir cz.’i‘a.wl,j uct
3 R EQ.-’ {ll’S, 12, 125 126 ¥

OLEX Pfef-&rs 23 '{-olﬁ— MSP\RS dhe F'OUAMJJJ AvU-V i€ Veh, UrA= ¢
Let UV ePX), coibhe UnaV= & aud lul=IVl. For AeX”, defive Cuv(R1= 1A othenwise, -
For AcX”  debine Cuv (A= §C,, (A): Aed}o {Heﬂ-cu,wm}_

Exm|glz: Cas, i 3,'\13,\121:\-6,\@9, 126,133, 359§ = 1123125, 146, 239, 236, 233, 35 §,

Note: we have wit vedefined Cij= Sz

eadsy , § € (Al = (Al Naed ast \uawe (2Cuy (| €IOAl. For etnmple A=316053, DA =Tl ST,
bt A’z Gy, (A7 123057 Was OA 710236} Say A b (V- compresred 1 Cuy (A)ZA.

Lewma 6 Lot UNERO) it W=V and UaV =9, aud b Acx™ Suppose Yt @7 Vued, IveV
Sudn Hat A is U-18, V- 105 ~compressed . Them 19¢,, (A)] €14
Proof: Wirike A' o Coy (A) . Let BEDA'- 4. |
Cladm: U8 Vag=¢ and BN~ U €9A-04" E“deholﬂne, as | dA-d4| £ lm-ava'lj
Proof: Mave Be SA-2A. So Byuid e A'-A , some ., Taus UcBuixf Va (Boird) = F ocwnd
gui_x}uv-u eA.
VAR =2 We kuow VA(B\:{*H-‘-‘P, so olone.
UeB: We kuow UeBofxd  \Fx U , dove. V xell, we Rnow BofsxfvV-U €A and A
is U N-fud compressed | some yeV. Thus Boiyl €A, 50 Bedd. & So dene.




BUV ue“)tA Hawve BU{K}MV uecA So don?.

R -u & oA’ Swppes wot, 5o Buiw}oV -Ue A , Some wo. So also BuiwjuV-Ued,
(a0 ¢ indesa il LE ueu then A is U-{w}, V-{2] compreved , G
Some 26V ; o B0 {%1604. A, So w €U, Thus the sej_;t BuswioV-U
conkains V, misses U, amd belowas o d. .. Bth RoiwloV-U oud
Can (Buiwd WV -U) 7 Buiwd belony to A. % Dowe.

Kami Cam check 9(C,, (A)) € Cuy (34).

W_QMM&M}_ Let 1€vén and Ac X, Lei.f be Jhe set of We fust
AL elomeds of X i colex , Thew 12AI2IL . 10 parkicudar, if 1A= (5] Heew
{ o> [+8).

Prock: bet M= U UV € RO, UaV = ¢ , W1=M>0 , war U <maxVF . Vefine @ sequance
«Ao, ‘A{,A-;,... an Follows. Set A,- ﬂ Ha-mwg aleﬁm-ed -/49, . A , if B v Uv- c,omprcssed
VoY) el dhen stop the 5 €q uemee with Ap. OHierwise, choose (U V)€, WL pafind waad,
with Ay et UV- compressed. Nete that Vel we \ncwe (U-53, V-19}) € Po'i(# 4>)}
w\«ﬂre \E MMV $o .Ak w U- fu}, V-1o3 wwsmd [a,o -ueajw't w (&4)- wmpwcssed)
Thw @ wi ‘.MMG 6 s Sa‘,{ns(:.eal Sd: gqh‘ = B ['Ah] amd (’JJJC\M mdubl'welno
S?qlu.waz ‘{'&rmmi‘v os “'eﬂ"n ‘i:n ic a s’[‘naﬂﬂ ol.tzc_reaswg 'Fw«dwu of R.
The st B= = A sdnsFier [B8L= (Al amd | 2RI (‘U.ﬁl and B b UV- wowmpressee v (uN) el
Clag: #22. . ___

i feoof : SU?PM‘C act. Thew FAReX™ width AR, Bed owo’. ﬁ<K w eolex. So

‘ wax (A-8) < max (R-8). S0 CH,,* (B)=P , 5o AeB. &

ﬁew\aﬁﬂs ) ECLWVM Io.'..u of Keushkal- Kakoua : i Ac Xm R | Al = {k ) [h."")*'"“’ [Esjj
where $>0  aud R, DR, > > Ry, W%\Jﬁ‘?r( )+ (k,,) E‘nJ

: i) Proof of Theorem ¥ ouly used lomma € (ast lewma b o wnuwg)

| i V€ 1A= (5) and 1A= (5] | caw chieck et A= Y, some Yex™ I sther

5 werds, A v \fomorp\/uc o M E (tz_a a pemuui‘&\ou £ of X i €= Ifﬂ ﬂéﬂ},,

| Bk tFLAL & wot of thais fovm, can Mave (for some LA}, [DAIZ1281, bt A ast

. . I‘Spm.»p\p}r. s £,

|

| For A cx"', O £ c&arl, due upper shadow of A Yol § Een™; 82A, some ACAL.

 Note dhat A< {a eolex <> f-\€<.gc o o with evdor om groumd set revessed .

COroUﬁ; let 04rSut aud ACX . Lt € be dhe sat  of Yo fust 1Al lomedds
. of %™ i lov. Then 13%A1 3104 2¢]

(Noke: 1F A 0 au iniblal seqmet of X! in eoler, How 94 15 au inibiad Seqment of
- Sl w colex. (59’ because }.L‘A’EF\(:XMJ A:&g“u-w‘%fﬁ, wheve a, < ¢a,, Yhen
dA=1BeX"™: g iat,.\,a'}})



om%; tlet [€0dn  gud Acx“’ Let € be dee s-ei ef e bt VAl clomeck
| of N™ o calaw, T V2SAIRNEE] M-y,
| ln paicular, LAL= (R) > (atal ¥ (X&)
i?mF \HMM»* ef | then 10%AlY |0 €l , by Keuskel- Katewa, (because 9°C ic an

inibad  seqment o el S e b‘, induckion ou b,

\a{erse&l‘ ‘mq Fa{\_.{\UeS.

i AR s intersedion € Ank 2 ¥ A Be .
| Exawmgle: A= {hcx:ifen}, \A=2"
s Haere l.a,rae( m‘brwdnxg Fambj

| Popusition 10 Let A < X be gulerseching. Thew 1Al € 2™
!Pﬂf For auy AcX, A and X-A camet both beLoug ‘o A,
|

,ﬁeova.rk The above s net the onlyy exleemal ”""*‘P(‘z ) E {ACX ml)q,}

How l““ie cam  aun w‘k«ed’zag Ae Xw be?
AR >V can take X

¢ = f"- maximum Size s z( J, Jus‘t do ast choose A a.vwl A
‘ o loek ot v<¢"2, (o try A= {Rex"’ ieﬂ} (Al = [

Bungle: o (1] A=fnetd] “eal e 1= (- 2
- - AefsT™ 1A 102331523 s (4= | +(3)(7) ) [ meet §2,3% in 32 2 s}
= 6.

| Theoepm Il (Eed 8- Ko- Rads Tlr\eom,,l‘- Let v<"2 and A eX™ be Ln'l:er;ec:l:i.«o} Theu 141 € (7).
’Proacl Le;t UE §H< H‘f(ﬁ}' CX‘A—') TL\&,\ QAE,‘A Beﬁ 7 L\a.ue A ¢8 l:;\ o‘ﬂmzx wem‘s,

A and IR ave disjoink mj:se;b of X"’ xm-"cc_—i")ff
Scppose WS> (7). fow (A= LA1>(20) = () g
Hemce, Kiuskel- Katouo (Cosollom 9) o ives |0"° » Al () °

Bk, LA+ A > ()« (7= (7). %

PMF'Z, (,o..mm&ﬂ/ a e,jc,l,\t aml,zr C o-FX T‘\a}l‘ls Qa \)tJ'€Ol'l0»\C X—?Z,, @CL
Quashion: Yo many AeA owe witervals (set of covsecedive olowends) in € ? <
Answar: At mostr e (F f¢,.,¢3e¢A , M,Fw cadh 1€ (€ : ot

‘ most one of §., G} and $C,. 3 cam belong o A

| Thawe aad # ujol«c oides FX. A C}""“"‘ vtk 5 o wtervad in nellnee]l

| of Whese ordes (chesie posthon, then owemge insicle amd oudsi ole),

‘ n! v e (n-1)! n-j
f Kb"u LAl "‘"-’ ‘n"'J' ‘“ ¥ So A € = arlipg! TSP ! r"l)

Cx




gmds Could \re?\nmse as @ cout of dhe

s w Yae \)nfa,e’riie %re_fJL\ it vetex
| oloens o sl 3€4 € &

cyekic oyde, with Aed joined do € F A i o
takecond of €. s we)ﬂwd (Precf2) s called onerag ug-

~ Ko- Kado : Le/ttACXtrl be Lv\{ure&{%g (T<%, 1Al ’(rﬂl)
Wish Yo stows Haat A= TR X7 xeAS

, Sowme x. For each  eyclic ordes C
0(01(*\49 ¢ wdervals of C bebug%ﬂ So Tz (¢) eX bej,owﬂ%-{p ol Hrece
wmdervals. Need do show Hiat x(c) =x(c) N Cc!
Fix a wplic ovder €, sauy C= -

. S N A < <)

; nerp wika wloa x(c): € =1
Have {C_p,..,c_h"} uq Coreadn R=0 ., c-l, oud {c_,

e
iC., ((r} ¢A ‘H-?AA‘E, E‘VW' Pl(:twfe, CA.Ea.f Wk (F ¢’ cbtained

fowe C by am ,adjace;..‘l’ tvensposition et imvelmng |, o

> (&) x(c) = V. Bk, such *{‘mmsposivi{ws 3w€xa3ta lup e rotation) 2vevy
wyeldc order. o
VDIC X \5 "?—mﬁigmﬁg iF \Aﬂ£|> 't? V Agévq O-tlﬂ Lpoh a.fl? t<r (else wo nm—emla'ly
f \m*user)l'ug Families) awd 2r-t<4n  leke XU is ‘t'~aﬁexsed‘lm9)

I“&w \avge cam A be2
| Obsiows oymess : A= {H—& “, QD[{']} | A, l—(.,-ﬁ-t

'Mw L~ e o0& x€ vt Lot
e Ly Winesdly o slely boidomdion

awples: \n rs7"

YL ,4,, {ne[s] in}w} WAL= (£)= 15
| - £Rela™ 1 afhe, 5328, 14l = 1+ (£)(4)= 17,
| ‘A,, 3, 1A, = (&)= s
ln (33 222 A =(5) = o
gt (3=
VW= ()= 1S,

| i 0 e L= (2)=2

A= s (905)- 2
l‘ALI (Ig)"g

!

C‘ﬂax(»u), lqu‘ quuaim*‘l wA 0 \A\ v (Am‘r/ \\A‘l‘ bwm‘ta.ai‘,. Sa €k’p-eci' Au ":o L wm M\«Jlﬂ
T‘near

v n-+
W27 Lol 1868y a,nal (et A X" be 'E-m‘tersed't--g Tken w> (i6c) > |AE (r-f}
Ee_w\_a_& i nY 6 ay “n SuFF-aeud:b, L‘”‘i
| i) The bownd (r t) s be;f: pusible, eg: A = i Aex
i) Sowetimes colled the “Lnd  Edés-Ko-Rad, 1 STy

- A-[] ¢

\dea: The etremal A haa vt “degrees of Freedam“, e, IAlisa polytomnal v a of degree v-



P ‘Aasht

Proo(: wlog t€r, wlog A s a wacimal t-wtersecting family. A

| Thea ?&66(}1 widh AABL =t ((F uot then b eack g
Aech, dodd add Avid-13, whenee Aviil-07 €A,
whence A =% o @ oA

; u.ﬁoo;e,A is not of Yhe fonm {RGX YCA} [ any YeX

1 Hene 3€ e with AR & So, for wDe,}l we have Da(AcBoc)| >t

| (Thus done, as & r- (£ +1) alearees of Grecdow).

Yt

\
g"'ﬂi{_\?ﬂ&i& r£VAuBuC £ 3¢ - e . » -
- ¢ B f.«"‘?lw( i}_‘:_(é’/;jz_)__‘—' @ )) £1 (r"*t)r -'+..+(u—‘t)oj €1 tay)® .
{ (2t ot :
. But' r-—'l’J) ‘-&% [ So swfficcedt to shew 1:_‘t:' > ,23"‘ (n-1) i,
So, sufbicient o shew v . g , so dove.

Remacks: 6 With weve e, could obtain, eg, n22¢.>

i o Frombl (,o.q,gdi,.,.-c Let IS‘E‘:r 2r-t<n, and ot A Ck(" be m‘tevged'l-ﬂg

| Then LAl € max {4, lm A1 [Recall: A, = {hex: \aaleerad| % ¢ w}].

B Fist special case- ka-ln_coujecture: Let A ] ™ be 2 iskerseckiy | Then
WAL € [ §aeled ™ anldl anl = 3 ((52) - (5]

Frankl couJe&uxe proved by Aulswede amd Khachatrian w1195

| -3r QQMS@("J ThEDI.U'}

.Sﬁgmf o™ we Find Sowme order w eneugh dusorder 4

Supfose we 2-colour K (ie, have C:E(Ks) = 1 12})

Can we fiad @ mo-\pdr\romaixc triamgle 7 (That i5, a bty

on wlwice € 15 coustant .

Choose € v(Kg). Have dx)=5, 3o %3 edges ncided oot x
‘ Wave the same colour. Say ey, xy,, xy,, xy, ave ed. X,
(€ some y; g; s ced, \Mave ny g aaced Kj !<"7
VW6 all gy, are blue, Wave y g,y a blue K;.

; Exawp{z:

9

;w"‘af w Ufauy) s such Yaat whenever we 2-colowr Ka we Wane a wenochromatic Kq.?
WAk Rls) For dae smallest n LF 1E eists) such that  whenever K s 7-colowred
: (\{ have (! E(K, ]-951 2}) 3 a wmonocMromatic Ky lie, a K on wlidh C s constaut).
.t%wuaaleu‘lTLg Ris s the swallest w (€% eeists) gquch duab (€ G s ¢ groph on w
. ()ﬂlm*s, e GOK or GDK;

L Aim: To shew Rls) evists M5 lawd Find rougly Wow lawge it is).

:Exgﬂeh: s=9. We Ruow Ris)£6. \a quj?’ Risy=6 : @



E \dea: \n proof of Ris) €6, we wused dhe Cvﬂow.‘.;g Cov 522, £=73: for S 432, meite Ris ) o
e smallest w ((F 14 evists) such that Lhenever K, is 2-colownred 3 a ved Ks or biue Ky,

w Ris)= Riss)
| Wi R (S,ﬂ * R('t‘,S)
! gin_ R (s.2) = s.

| EXamgLesr

| Theovem | (Ramsey's Thfwmj-’ Q[St‘ﬂ exists st Mocreover, Rst) ¢ Ris-1, )+ R(s,+-1) (S.f >/3]
E.f.QiE E"“OWQ\" 4o show Huat 1€ Rs-Lt) and R[S,H) ave G‘M"le,%% RiA)SRIs-01) + Rs, t-i) .
(T]ne«u, all Rist) axe [:I'M"R, 59 wmduction on sit). So et a- Rls-ut), b= Ris, t-1) , aud
Suppose we  04e qluen @ 2- colownug of Kasp. Pick xe V(Kaw). Then dilx)= asb-l.
Therefore, eithrer Yo edges wmcidewd withh o ave ved, or 7 b are bue "
(6 Yo are ved: (ousider the ¥, S?md by wvlpmuii’,o; the o r~ed %
{

edges wwomimed incidet with % St a= Ris-L1) , Hais K .
contans o reo’. Km or o ble K¢ ) r Ky

b

Remarks: 19 So, for anys | if nsubficietly lame and G o graph on wn poiits,
“B’\Gh G‘DKS (=1 a:‘)Ks
i Ve Fen of dhe {Qameg umbes le,{') are Riown exaoﬂg- See \sder
Corsllany2: Lot strL. Then Rist€ (*557)
| Proof: Induckion on set.  |F 322 or 122, dhen dove.

e +£-2 +E -2
| Cov 2 40%, I Bls-La) s Mstal £ 055 de (P50 4= e 4

(Wbt abed Reolowss § Weite Ryl 56) G dhe smalled v (€ it evists) such Wt whenever
;Kn w R-colowred ,[ie, have (-'E(l(q)-;’{'.--,k}) theve s @ Ks, with a,Uid.ﬁes colowred ¢, some
&2, 5,502

K¢e

: Coroua._.n:%'- L&’t R>I aungd S"._,s")/’)-, Then RR!‘-:",-.‘u}- cf)(\d’s
| Procf : hfw‘u.aise S pectoclss’ i 29, R(%,6) 2 ved W3 of \:L«u—gmﬂn Ke > blue K3 o green i
| lndlucheon ouk. k=1, dove. (also, k=2 olone).
i Givew k>2 aud S22l W Ko be R-colowred, whee n-= R (5, Ry (52, 5%)

Cws(olw{ng Hs as @ Q—wlo.w-iﬁa by colovws i T wlor-.o(h‘, we obbain
i d"uﬂ-ﬁ»f @ Kg. "—OL‘)M(Q‘ lf of @ Keh“[s!'l‘s“ wtow{d .7.‘,3’.\'& ([‘{,lh—lj—wimmdi_ Doﬂe_.
| Remark: A&zma*i\wl@, wuld  wanver pmoF of Theovem! o obtmin

Bolsie 5a) € B 5, &, 0) 2 R ls 50 5 Si)9ee € By Ui, g0l . LR3Z)

| ’ . - . o

iw"\a} tF e colows .r_-u*..s.? Wale RM (5,“(1’ Gy e cumallest o [iF 4 it sl Hak
| whenevee X" i 2= eolouced (e, X=\,.nt, CG:XT>5L23) , we Mawe ether 2 red Aex®
e CB) = (Y Be A”) o ablue BeX™ (ie C(8) =2 ¥8eR™), (r2lgud st>e).

| So, Ris)= €V0s). wawe R7 (5,025, L lsd= R(hs) and RVGH) = set-t.




é-ﬂf\eaw b [Rawsey for esets): Lek o2 and stX e Then RM (st) exists.
loleg :  \a P‘"""p be =2 [eoienl) , we used v=|.

ol \nduchon on v \F el dove. (Ao ¢=2, done ).

Given v, wie wmoluchon ow s+t. \F s=r or t=r, dene.

90, givan r22 and st

Uaiw: R7s8 < R (R (s, # R (54 1) +1.

Proof: Lt az R7(s-,4), b =R {5,410 aud n= R (a,b) +
G—ivma ‘Z'CoLOMuj (i oFX"’, Aeline a Q*w{pmn'% ¢!
I of \/tr_d, (\1:‘{‘{%3), (’g leﬂ)= C(nuih}). So, bcj
I de Gnbion of R[JQ,L), we \wawe e ther a ved a-set for !
. of a blue boset FocC’. gcj S::)md——vj, uleg , we hawe
, & wed asset Eforl'. Thus Y HeT™Y  we Ve Clho1n8) = ped.
| By dekmition of R7ls-i4), Z coctains either am (-9-set, all of whose
| s ave vl ora toset, allof Wose rsebs ave blue. (6 e colowrivg €
| (6 a bive t-set: dove
| 1€ a ced Ub-y-sek: add o b obtdn o ced sseb.  Dowe

| st () Simlar vesulk for R-colourings of ol , eg by r:h-urcbu,e(re o . S?ed'aciﬂs“
' i) The Downds we obtain for R (s 4 ave rather lage: -
Defne €“(22"._ NN by ¢ E0d=0x , xeN ,and b2 fo )= E\q(ebl (-'(F..., a)-V. 2
S B2, s P 5 o ower of heigd . Bl &lie2, Ritedn L o2 =1,
Our bownd for R I5H from e proof of Thenew b i5 of dhe o G lont].
(Muchh  wove, .—ea,u.,,)

i
|

[afinite Ramsey Theony

Let ™ be 2-colawed, (ie, have C:N">1123) . Must dhere orist an inlinite Mch Hat is
éMorWC/{AwMﬂ*{C [l'{, ¢ constant om MJ_
;Exgﬂghé: W Colowr § red iF i+) even, blue i F it) odd . Toke M= faen: n (s wwz
i) Colowr &5 red iF max §n: 2'1i6Y 0 even, blue IF 4 s odd. Take M= 9% mmsiiak.
Gin Celowr [ red P ity Uas an sven nwmber of (distut) prame fockers, andl blue if odd.

:[A.)e hﬁow \U«d Sowme Colowsr Was QX(MWLQ La,mge Q’M{C Mau.ac)'uow‘aﬁlric se*r) B.,.:f Hass d.oeau.&t
wply an wahuade seX of Mokt edowr. Eg fﬁéﬁ’é@ - ok,

Tueorew S (Rawsets Theoreun , lnbiusteNestod) : LEN® be 2- cdaured. Then T falinde neonoumugtic M.
}B:c_z_of_ (heoose a, €N . Thenm 3 an binite K,CN—{%} such, dak <l g,{ﬂed q;(,: be R, % "
e Yo e cous say . Choose 2y By Then T an fubintle B, €B-Ta ] cuck et all
edges a,b: be B, Uave the same colows, say ¢, Codinue induchively. We obtein o Sequence @,ap..
intN omdd o Segence <, . of colowrs such Hat a;a; (igj) has colowr ¢;. a.écf &
Sowe coloww oCcurs hwitedy oﬂwmac‘=,s%c¢'=q;=... Thea fﬂc,,acu...‘} is wowoclwomahic,




i.

Remarks d) g'twwl.aa—(o fov R colowrs. Ecter by same proof, or \;'., fw%oice Spec:taoles‘.‘
W |l .@(mr(c () ajooue, woe .zXa.iMrU is Rnowa.

Exauple: p‘ﬂ‘j Sequenee X, Ay . w2 totally ordeced so‘*‘ kay a wowctoue subseguence.
tPf'oQFf Colowy N"J bto ﬂfvfu\g 'y (1<) wlownr P F A, €Hy _amd down F A F N,
Theorem S giver an inlinite wono Aromattic set.

Wik ghed N7 Egis3. Colour 1,5k (i<j k) ced iF il vk, bue othenuise. Talee M= 12 nem}

| Theovew 6 (lnfinite Ramse, for vosets): Lot N be L-clowred [te, have ¢: W™ 1, Tl o
. I MeN swh Hgt M Mowochromatkic (l‘-e’ & sopibad s _M"'l
| Proak? lnduckion our. v=l, done. (Aud, rs2, closel. i~
‘ hogse @, €N, TWis ndumces a Q—Q’loc.m of (W- 541})‘”} LR
by (F)= c(Fuiul), Fe(N- % | it By w,[“c;hau kogpotisis
3 nfite B cn- {4.} ‘mouochiomabic for . Te, all sebs of dhe ﬂwm e chtrt,’
have the sawme coloww, s0uq <,
= Cloose a, € B,. We obtain an itaFiw Ee K cg {qt} Secls M ill s of b
| foam_ Fu tasl, FeB, ™" Wane dve same colour, sasy ¢, Coutiune indudkivels,,
. We oclitain @, &1, - nIN aud colows € ¢y, ... Such deat Gwcw..a e-set G- ay, U‘é{"’;
we have cla,. a)=co Bk, iafuitely many of e & agree L S =Coy e
T\"‘QM{ LT } 1S moaog‘@pm,ﬁ‘g

() )

Eﬂp_ We baos thak , gluen (1), (ms), (Bers)e 1aR, 3 subsopuance suck
Yot the ‘induced Camckion  lie, precewise Unean] Vs wowtoue. (1 (3,31
<a~\ guaiantee dut the mduad buncton is JROREDE e Coavex o conaave: ealouw
N by aivieg i jk (i <5 <k) the ol convex (F we have _’ 5 * el oo[nw —
: € we howe J ?‘H amol a.ff[e Theoem b Yo obtain an (nGudte MGMM«M&J‘&
| Sw’asei‘.

Bounds on Ramsey Numbers,
iVenj few of the Rlsit) are kuown [(s433: RB3)=6, RB3.W=9, R(3S) =k, R(3,6) =I%
R(33)= 23, Rik, 0 12, R(,5)=1S.

éEMgu: Rt & >"‘;= G=25, wﬁou.xg red is oy » a ,ql,uadmi'ic residue mad IF
' blue i€ wot. (Must chock B wonoduowakic K.).

For k23 colowes, ouky eae ton-brivial Ramsey wuuber Is known: 5 (3,33)=13
Ry(333) €13 : Closse x; din= 16, 5026 edges fowm % wills sawe colowr, sy weol: * K,
| | € oy oF the K¢ ced, done. IE uet, have & blue-green e, so deone.
'.R3(3,3:3)>16'- Let F be Hae Geld of ovder 16, aud cowr oy by He whic  davacter of 2y,
n other wouls, cheose Wﬂ g e F* koycic group of oo 15), and
t t ¢ s :
ove x—yz=q the coloenr ¢ mod 3. (Must cneck B moncduromakic briave ).
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i For Co(.o@wﬁs of [n) , wo wumbers ave Ruowan. IF (5 Rucwathat 13 € Rwﬁr L) €IS
| No R(S.S) is Riloww Fov 238, Khounn . Bak G < R(S’S’J Fan Cha)& —_— oomeuba\r
To see & RIS5IP63, e woud Wave to check | k-3) Ssets 2(1.) vaghs.

Upper bowed ou RUss)

e ki RUS€ (] by cosllagl So RE59) <27 fan (01627,

| SEling would give R(s:) < },, e

we o R(s
| TrcogeF Lot 592 Thew Rls)S2

Proof : Given ", chooe a ed-Hue colouring of Kv\aj-'mywl.om,m,eadnedﬁe

_ w i Ha Prn\oa.l:nu&g AWH Me‘(s’ s-sets. For o(zixed s set Y,
P(mmw\c) 55 Se P(3 mmd»mma:hc s-set) < (92

Tuen, eectaindy, Riss)>a 1€ (2. 27« |

| e L3145 . S dup 8 F SZT wc J9eT " S den et

2
A

s (2) )-t:
Rewnaks @ ) Eq’mual.mt{u) e 1 C»Olﬁwnu-ﬁs’ owd each s-set Mousclromatic 2 a ,,.

Se dtone NS 2(,(1*4( )<2d

L4

di) The above pmel 1 & *Randor Coadus prock
6t Proof Qives we clue @ f how b cowstrudt  such a Cot.ocw{mg)_

i Neo covstrughion s T %4\;-{.;.% cua @(pouw.&id lower bouud on Ris,s).

J J' < Ris,s) <4’, 1e Rls,s) grmu.s erponentiallyy. :

;Eesf R Kavudle owe % K(s,sl{ (uﬂw_.r bowd e "La'ﬂnmsenj

ILJ\MQ 15 wotaing better Ratown *

| | Rs.s5)>n Say s 3 o ‘bed' (wo wonockue makic Ks) @lﬂmwa) of Ka ,ce a very diselesy

| colowrvg, To construct such a colowrng , could wse nduckon = buk Hais aluways  gives

| Some  Ovdacly pacs do YU grapl O owld wile o dewn divetly - bt Wow to aneld
i Ty a.‘@ebm, eq quadwabic resiues, t give @« ddsowderly “‘*Pe‘:%) greph,

| The 'wan{:'ajro‘o\u wewld seew dv he ramdowm 9&{?"\5 - Asordedly | widh Wggla P”l“'j“ Ly,
b‘j deFitow So o hiad o gm_f‘nc-om 10° f:n'd?‘ with o K {4 & or& / hest do ?wh
one ot vaumdem

K(S‘F} is Cz,¢ rowr L&u«g k'lowu.‘ it \as b@eu\ wujdw{d “UI‘G* R[G 6, w\Ut weves ".>€ \Ewmu't,




