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\ﬂfro é&gﬁog s

Topelogy: spaces and conbiawows Cunchions [MG.PSJ &,
Spaces X and ¥ age \‘Lowow‘o.fg\/ut. (xz=v) i 3 W\afs X‘-'Y such dhaat gf- ’1

|
i Excu.u'g‘is of s?o,m_;r ﬂz“ E s %u?\,u
B n-ball - SxeR uxpt}

"' aa- sphere = § xe R Well = (5.
i 4 thtma} zutr& ocx< 1y

Tovus 1 $'%5' = R anulus -

Mebius bad = 2D R, Kiin bothle.

cﬂ = iy'

Tor the cowse metvic spaces wll do.

Racalh: EX i o mebric space, U €%, U is opent e For cah xell 3820 swclh Hak
Aln ) €5 o He ik
£ XY & coshnuous (FF for every open seb VY, F'V is open inX.

Definition: A dopolagical space is a set X together with a colkeckion of subsets of X that
ae called QP&\’ such ﬁu,t () <?‘Mol X e open,

(i) omy umicn of open seks s o pen
() iF W and Uy ace opea, so is U, al,.

CMeteic > topolgical . (K= s Calse).

L6 X, Y are dopological spaces X xY is the set of pairs [y) And, o set is open
WE ik i @ unden of cebs WXV, it B open M X, V open w Y,

: Quo\-{e_gs: guﬂ)ﬂif X s a ‘EOP.:Logica,l ‘FPRCG, A RN e%wlvalmcﬂ Maﬁon on Set x

Let X/~ be dre set of equiveltnce classes Have qucbieat map, 4 X>Xn , x ]
- Define quutienk topology on /v byt N open in X/w <> 47V open in X

‘?gmpuf ¥ i: j"“ @ - hane {-OPG[;xa;j on Moblus basel.

QEQL ijco{:ive A -Space, RP“: SA"‘&"”‘”EJ-

Note: ¥/~ may net be @ wmekric space , ewen F X s,

'\T ("J Fwda,mml'al gmwpopx

im! associcke Growps with topolegical spaces: X, spaece
_&_m (j “-P poleg P anfE‘-P — & -FK homomagphism

Y, spece -rr,w)
T (% ¢ Tl =2 X Y.



Stmilarly, W, , 7lh Womology group of X.
" %‘/) Fr, growp homomorphism

Clossity surfaces. For eme\.e: @ $

Brouwer Fixed powt Weowem : oy Map F‘-‘Bn""@n has a Fixed foinf-
Mo O O F @

I, Roustopy and the Fundamental (rreup.

Debiaion: A \omotopy betueen waps ",c]: X>Y s o map F: XxI=2Y such et
Flx,0)= flx), Flx1)z9(n VxeX. (Ld: f:Xx=>Y be F ()= F(xt). Fo-F, F,:q]
Wate F¥a. | “
W AcX omd Flag): Fla)=gle) VaeA te T, then the homectopy is vel A

Lemma 11: ”Howo'\-o?‘j rel A" i o equvalence velabion on waps X Y.
‘?&E_-’ 1Y) Fa¢: Set Fxt)= Fl) ¥t
Gr 6 FF9 vel A defhre GlxH= Flxl-t) Thea qgF 0 o
iy \F FFa velh, 9z h vel A, define Y: XxT>Y \nj Wi t) {G(x,‘lt-;j’ sceet. Then, P h

fo % = ~
Lemma 1.2: Suppose X T Y572, amd KEF , 9,529 . Then 9,F > g,f,.
Proof: 9.6 &= %.6.= 9f. \f F and ¢ ave rel A, then the amswer s reld.
BF 7 Gty

Lemma 1.3 (Lineor homotopy) guwose €,q: X=>YcR" amd ¥xeX the stright (e Gowm Fx)
™ g(x) is i Y. Thea c'—"ﬂ 3 qa’ﬁ‘A c"l’Svae AcX, then c'—‘grdﬂ
Dol Define Flx,® = (1-6) F0x) + et tglx)

Comp_aﬂg: ‘Supfose F.g XS and E(x) #-g(x) ¥ 2. Then F=g.
| Prool 4 Br S
F,;Z"* o fo3 _'—"En- - and wse lewmwma 1.2

g —_— =
liap

Eﬂ&; F’X"’gn—l Md 3 aegn-‘wlw (Z(NJ*G VKGK- T\'\-&n F’} COﬂstﬂ.&ut IMCA.P (Ta_he q{x}:-a v")

¢
Defintion: gpaces X and ¥ ase hemotopy gq,a,'ua.iub , X2y, ;€3 maps X :; Y cuch thet
gf = 1, =1y (gcu_,, € is a womotopy equivalence, with homotopy  avesse g ).

Note: 'V\Omemorp\mrsun = \’\Ow.o‘b?ﬂj %MUOMMCQ.

Leama L&t & is an equivalence relabion on class of +opologyical Spaces.
Em_gﬁ-’ Ti‘o.ﬂsi.“:iui{nﬂ: X;:—?Yé?. 9Y¢F > 9F (Lamma\.l),'k X (Lomma 1.0)



Defintion: X s comtraghible € X %{a single po(.&.}

Dec\'nih‘m: su??os? AcX and v X=X such Hadt rD_dCA, r(A)= 14, Then r s o m&ﬁﬂl

\f P4 1; (re.l A) i W Q [Stﬂﬂqz dgFo-mgﬁog ﬁ@'on of X & A.
Xu?ﬂ,r[=1nl ir =f’}1x,50 X oand A ave wo*ﬂ’pa %WQM

Exg_v_ngl.es: f0f {5 a strong e formation rekract of " onena 18],

SO ~ ,S'x'I
S - msblys band.
R~ Thwo polds} = O==

-g'vs'

5 I

Definition: A Rath ia X fow 2 to #, IS a map w: I=>X such that ule)=x, ull)=x,
\F 2o =2, , the Pakk s a leop &k %o. .

Definkion: Suppose w,,, ua are patrs in X, wibth U Fowm x., to x;
Define < peodwuct pabhn by (u,- - un”f) =y (ns-ce1), = ‘5‘ % , 56T
Define am  inverse pakln by : w aF < u(t-s), se I Nete: (u,.u;)"= u:. q"l.

Lowma L5 S“?P"“ wp & vioeel 31 (=%0,43), w, v, paths fom e, ;. Thea,
Wieoallyy 2V v 09, el 1.
(1) Suppose w2V rel AT. Thea w'zv™ rel 1.
Progk: 1) Leb Flst) = F (sal-i,b) , 5 §5€ &

({}) Exeruse.
Nebe: Auy bwe paks in T are womotopic el 21 (€ ey agree on BT

Lemma l.6: (1) VF wp 1S o pakha e Frow xo, o x;  zln, then (uecu)ola, s <da)® Ue oug rel L.
G V6w is o« P“’H" X bow 2, o %, aud €, and €, are comstaut %o and x,
respeckively), then €,-u 2w vel 21, and u-e, 2w velol.
) weu' =6, el 0T, uiu *e, rel oL
Proof:tip(Lus)(s) = (Rus) R(s) V)Mue ®. 1>, ®la):=0 }hnw tn between, Fls)= i
() = %
@U) = | } Uinear tn bebueen, Pl)z 25-1 + £ -s)
Bt P2y el 8T 55 by emmas V-3 qad 1.2, LHS 2 RHS pol DT,
ty (e-wis) = ul@B) | whee €TI-T @ls)= § B o B 2

s, Hes<l

Y24 el 0T, by Unear Womotopy. So,u2u® rel 8T, so €, -u xu rel 31

(I‘\'f) lwaa"Xs) = u(¢(§}) 7 \A)\I\U? QJ{SJ 2 S‘ 1z, o<s€'n
120-9) 4 s € L.

@ is \/«.eme'{-.oet‘t to the comtant wop at O el 21, <o wu'zu@re, relol,



Theorew 171 The set of Womokopy classes (31 of loops based ak % eX forms a group
T (X, x,) , the Cumdlamentol droup of X with base point o, ubisie € ot »

: ace loops at %, and [W) is hometopy clas cel @1, theu (T = fu.vl.

oo Product s well-defined, by lemma VS (i) . Define [uI=[uw'], well-defined by lemma 15
Assocakivity - from lemmea 1.6 (). Define tdenkly ¢=[e], okay by lemma 1-60i).
[u](u]” =[u)fu T =(ua) =fe,1=¢, using lemma 1.6 i),

fadks: T, (5, %) 2 Z. Generoters, [0,1>5" = 12e@1n1=15; s> Bk

T (s, %0) 3 {15, e brivial group

Tr(ﬁ\’p 2.} 8 2/222. the group of two eluments. T, RO Ze .

T (RY 2 $4%. T, (Klen bottte) s web abelian, (Poeels taken]

Theoem L2 A map E: X, %, Y,y wnduces a group Wemomocphism F: Tx2)>T,(%y,)
such Hhat: () F2F ol 0T D Fx = Fy,
W) (Iade is te identity homomorphism,
wy V6 a: Yoy, > F, 2, then (9b)y =g, 6 T (X, %) » T (Z.2,).
Peook: Define 6 [u] =[Ful, welk-defined by lemma V2. Then, Fic ((1051)= £ Luv] = [€(ws)]
= [(Fu)-(va_I = [Flu)[Fei] = (‘\'x[u—])“:*«[\*]]. Wy, Wi, i) are  immeddake.
P Funchor
Aside:  Cateqory: objects and maps. Spaces, tontinuous funchions — grougs, hememerpluisms.

\{oMeom.w?\.dc Spaces Somorpme Groups.
’(*ES 61 F3= jy’ 9(1:1,‘ ; S0 F*gxf (‘1.,)~ 11-,—“.9, r Vi Fx =(1,) 11\-(,“) > Fx,gua,te {somorphisms.

Theorem 1. 4: R pathh i u in X bow xote x, induces an  {somo rphism Uy: T(X, %) > T (X, x,) Such that
) ua e el T D uy = Uy,
W) oy = identity,
Wy 1 v s a pakh from x tox,, then (Wv)y = Viuy,
w6 Fr X xg,x, > Vg, 9, then ("uJ* Fx = vy QL
Procf: \E W is a \'-Do? akinX ot %, i define U*[H:{ 2 [utiw. u] - welk- deGned : = « ™
v‘*{fv][U])‘u*([u.u]) =[ut vl #Lul wouotassd :[u".\s.u][u"M.u]:u*[v] R*Cu], U3, i), (i) @aseynos.
G Fx g [w] = [ECw.al) = 1R (0] ()] = (R0, (L)
u*(u.djg - [u".u)* =€ 4 =1J ourd (“‘h'"# Uy = gt '5':”“;[“"“1‘ So Ug (s an {SDMFP\MSM'

(€ X is path- comnected, T (X %)= W (X, x,) albways. Welte T ().
X “simply connecked ' = pathh - connecked and T (X the trvial group.

Theocewm 110" Suppose £ 29 x-v. Suppese X €X and v (s the Pa.:l:l« from Flx,) b 9 (xel;
delined by vtz Flxe t). Then, Vi Fx 29, - T (X x) = T (Y, gixa).
Prooft Lek w be a lecp ak xo. Define € IxT-> IxT - \\V @
@ls,00=(5,0) , @ lo,¢)= (0,0, Plit)=(1,0, ? 41—
CP‘SJ”T‘{(:S:,)I{,Msmj , Plas):Ga) =

R EEEAN

U, 3-3s) 255 €4 Q Waear on ';ecjmenh me ;“.L, & bawo(cma oF IxL,
Fluxl) @:IxI=Y is a howmotopy. Cux v, gu. ¥ el d I so [Cu] = [U-cju, v"“] in (Y, Fx.)
icl[u] — [v")# 6*6‘]!' $0 V#F-‘(- = 9* o



: _Cow{_l&: Let €:X2Y  be o Wowmotopy equavalence and Elxg) =1, , then B Tlxx) > T, (Yy,)
s an isomorphism.
EL@_"& vean Xéy 9“"‘1, Cgt y. Tor some paﬁ. v G-om cJF(x,}to R,
:mo[gFi* = [1,()* = 11”,(,} . So lgfly s cwm isomerphism alge.
hyTheoreml.Q “neorem| 10 isomerphism
™ OGxd e ™0 60 goameae X, o))
Slmilacly, T (Y, fix.) ‘_«L_"T' (X, gf(xc)) m_ﬂr (v, fgf)
Therefore, 9y Y, Exal) = T, (X, gF6) s an  soworplism

Bebe s an  isomovphism , S0 b is an isomorphism.,

i P Coveina S?acﬂ', CO\JW{M Ma?i

2wit
e

Example: P R'—> ¢S 5 & = Wish p" existed.

Note: Fos #ais c)AaPLu; X wih be Qn:'rh* connected -

Defiation: A Wvenng space oCX with covenng Map EX—»X s a aoun-emply
pﬁ;d" conpeched Sf’acex Sudnw for each xeX a3 open V n X, areV, w it

e propesty ek ? Vs the otaSJow\k wm on uu of open subsets Uy CX
and P[u« :ug("’v s a \Lome.owwrrh‘sM for eczcln o

\
E"__O_N_Pl%: FN? in abeve qu,w?b,\. 6-;.. R

f‘bu 1
A o

Ly
v S

This deGakion impuies Huat P s surjeckive, oumd wmaps open sebs to opea seks.

Examples: (,;R'LS' ay X X i $' =8 @) =2 fixed n. ) p:S SRR 2 hrimex
(v) ? § - LP = Lens space, 9.4, wpme m‘;ege,;_ s"’; {[1 ;,)c-ct_. iz, 1m0t :l}.
Define 9: <* > ; 9(7, ?;J— (e e 2, ,e.h wpi;)- ) gwera/{’es an ackion
of G = R/eﬂ’ Loy 2 /G , e, X My <> 3 qr Such that 9 x:= g.

Lpg v o manibld. § s a q’woheuk wmenp.

Lebesanes Lemma: Lot X be @ compack mekiie spuce amd suppese et X 5 the wuicn
of a collechion $U;3 of open subsets. Then there exists a ral number $>0
sech that iF SCX and S Wanr dlameter loss tuaun 8, then S s coatained (n one of the UL
@_?ro_o@-' Amﬂ xeX is in some WU So choose €x)>0 so thakt the open ball le 28y) s
Cokained tn Huis U Clealy X= 5 Blx, &0, <o by compactness X* Y Ring, sory),
for some Faibe seb $2,., %% C X Lek $= min 1800, €xa}  amd Suppose S haa
Hiawmeter loss than Hais 8. W eS| ten ye Blx), £0x))) For seme j , anclse S < Blx;, 20x,))
which i, bcj wastruckion, coutoined in some WU @




Lemme 2-1 (Path Lic{im?ro?erfq)’ Su,ﬂ)ose ?'-k"*x s a covevug map. Suppose w: I3X is a
pakh, and ‘7%62 is such tat X, = ule). Twend a wnique path & ¥ sush
that Glo= x, and PE = '

E@E’_ %‘\’,as tn debaiton of wuu} are an  opea-toveying of X.{5So Xx= UVJ-' T s (‘-OM(’aot‘,So
by Lebesques lemma on §u (Wi}, 3 dissechion of T: 0t < < <tuz1 sach Hhat
wlto,, t:] €\, some Vi |, some V o5 ia deGaibion. Bssaume & i dofined on [0,6.].
wlte,) € Uy , some open Wiy C;' omd pUiy >N s @ Weomor?wm (h.j defintion).
Define a‘[h-l,h] : [P[u;,,)du. Conbinue tn Ythis way.

Ue\it((ue.nesn Suppese & \s amother Lt , God:=%,. Leb T= SOLF{t'- al[n,g] ’u\[qq}_
(Note that G(v) = g(T), by :.owt{m.il-g)‘ W t<l: uttieSome V as in d»e‘:iwiﬁoml So ulv
and (1) both € some open Uy ar tn definition. For sufficienkly small 8, G(T+8)
and G(T+8) €Uy By contiawity. So, A(T+48)= U(t+8) , an Plug s injedive. #*. So -l

Lemmon 2.2 iﬂg&a{@gg Lfﬁﬁrg?mi;!: guﬂ)os‘e iv)?-»‘( s @ (ovenw wap Swproae we  hage

F: TxI2K qud £ Tx10f>X suh tat pFls,0) = Fls,0) Vs, Thea, 3 waique
ecbension of F to IxI BX 50 that r?=F.
Coocb: Discect IxT (o swell Squases | So F(s%we)c some V as n debamblon of Covenng
Ocoler £quaves “onckes dait. aess Fashion, so that (51w4 oJa ipfedece.sssu} is

" S i tonnecked. Preceed as la  lomma 2.1-
<} uv\iqluwss EolWows from = Lwmma 2.1 , aa F\S-:I is a UK of
“1-

' F(g,,i ) u.ﬂbq we.

{“bueowarpwﬂﬁﬁ’ S S’ S O‘SPQQ} s a Smu?’ but vast. (€ a group & is [l\Sowwu?w; ’{'0)
a Su_lbsmwp oF ﬂ«{S) Sa{j C— acks on -2 Decl"f S/a‘= S/sf"‘g! € 5795, Some aeﬁ‘.

Theorem 2.3 Suﬂ)oxe a growp & aks e a group of homeomorphisms on @  simply connected
grm‘/, ond  ach qéY has an  epen neiﬂhbowlwod U such that
UngU=F Yge G-115. Thea T (V626
M’ Cowsioler %u.o{:-'lemt P Y- Ya. \F yeY, then Yye open W such that UI\gu:‘?‘/ (3#1
gLL s open (s g s a \nﬂmevwwrp\n—'ﬂm)J $o pU s open, (as ?.4{?“]:9‘.3& U, a wicn opope"seh),
puU2pU i an n)edion, as Ung“-‘-?’,g*i- \FV open  and Veld, pV is open
(as above) .. plu* g&BPu s oa \mmeomoq:\aism. So p s a wvenny Map.
Fix v,eY. Let qch. Define P: G > T (Ve, Pl'ivl) as  follows
let w b o path fom y to gy in Y. Leb Rq = [?“], a locp ok Mwe'\T.["'/a.l PY.).
iE uzv rel oL, then [pud =Lpvl. Bt ¥V s simply comected (S0 any uzv vel QIJ, so @ s
well- defined. € i gu;h‘)e&iw by luma LI aqud :Ajed'iuz by lewme 1.2 (al-ot'ail‘exercis‘e).
lF W b o path fom y, b 9y, and v a path fom y to gy , thea g s
Fowm 9y, & 9,9, 4, and wig9) i fom y, b a9y,
PAY = pv (wr p w o quotient wop) , so [pudlpd= [ptu.guld 5o (¥lg, (@) - ?la,q,)

CocoMany: T, §' ‘;;z L Tillpe) 5 T/ |, T lboews) 5 ZOZ,
RP* =< /agHou\ by 22z . 'ﬁl[RP“J = Zhp Vn), 2



Deciﬂi{:{o.\: A map (‘-!Sn-‘égn it awhoodel fF \ixeS", Cl-») = -F0).

Theorem Lle* | awhpodal wap ' ' F i: == fg
woof'  Sugpoe F:5°= S is aubipedal F induces o ®P >R q; quoked.
oty g T T
10— 2
Comide, TEE #E:Pl , wlt) = (wswt, siamt, O, Fu s o path Gom scwme x to -x
Lt v be auy ist:molmd) path  in 8! Bow -x to o, (fu.v] €T, (s'a), =nel, Sy .
(4] = 2a21 e Z2 T RF , aud [4,fd 7 %.ubelud 7 9.9, (.

Bt g, s the zero wap , 9*[?1=092, as g‘:ﬂ/'zz“‘?zl U 2ax\ 200

Cowllony o) V6 €S2 R, corbiasous, Hren I eS' cuch taak Flx) = F-)

P!—anI S“??GS? F(’ﬁ) £ F("XJ ‘d ”® e Sl‘ &QM 5"”{1‘;:5::,),-:,[,7:‘ , so q; §7 - S‘ g Mkl?odwl. #

Comllany' 1€ P awd B are bownded measwreable sebs in B, 3 a staight line bisecting both
A ead B [ “Ham Soudeuich Theoven ).

Proo € \F v_‘eii‘ et T = plane Hucugh (0,01 ?u?emo\amla( t (000> x, .,rw,o,,)
€,0d= 1 (pat of A on same side of Ty asis =)
F;bth,u (pak of 8 on same sicke of Ty asls x). /
Bossuk > Ix  with (B0, 61 = (£ (%),

¥ sl S'u.ﬂ,ag ¢ X >X s G covenwg wap . Take % ¢ ):‘" let x, = F(ﬁj’. The greup Wowo moipWism,
Pu (X, %) = W, (X x,) is lajedhiva. [f*TT.lq,’?;) is caMled the Group of the wueciul].
Right corcks of o T(K, %) (0 T, (K,xp) 2522 g7,
Broof: F w s o Wop at % and pu = Constant rel 3T, UEHt hamotepy (lewma 2.2) .

So Pe 18 lajechve

S uppese [Vle W, (X,xo) amd ae p'x,. LiEt v to be o path n X Eom o toseme be '

(Lewne 2.0, This gives & mapt T IX, %) = premubobions of p'x, ; V1> (av b as aheve).

[Noéc Hagk Pe_;w,fai—io.as act on r.‘%\at]. Lemma 2.2 > vell- defined.

Stabiliser of %, i p MK, %), OBt of % » alk p'we (X s path- connected).

Lemma 2.6° S'up(’a“ ?-.f(-»x is G covenng wop ?;f", =%, Suppose ¥ s path- comected, and
Locally  patir-counected Lie, auny poik has arbbruily swall path- ounecked necghbous).

Let Yo €Y, cuppuse we hawe €+ Voo » X, 5, 9/);59
Then, J LFt map g Y,go-a X, xp with ?C}:F <& (:g WYy, )c P*_‘T,[g,xo). y—z“l

Such @ 0 15 waique.
'_'_&_olf:._-’ q exist > p,9, =08 . This e “"
('Ov\ucrsehﬂ , Aefine g: et w I=2Y, utej= Y, wlijzaeV. fo i1 w path in X
Lt te €2 T > X, Blo)= %, . Define W te) - forced definition
(ondibion > 9 s well-defined. Locally pathe - conmecked > g s cowkinueus.



~ ™ s
XI.——P x,‘

Covers ave eq,w'um N 3 MW\QOMor"wsw b P,\ix‘/f’z & ?zla=9,.
e A ~ 3, A
Same group > equivakuk.  Xieg X (iing emma 2.6 2 X 52 M s So a,9,:1
%

Theoem 23 : W6 X ks path-connected omd  locally conbrackible (ie, » Was arbitranly sweall
tontrachible nelghbous hoods), then X has o simply- conneded covenng X > X,
whigue by above. T (X,x5) acl on X (the wniversal cover of X) with quobient

& Lopy of X.
Pt A pant of X i o hometepy class  of gaths a X starbing ok x,.

.CC’_“’U;"{.QJ suﬂ)ase G is ws»«bgmuf of TUX, x) . Then G acts on X [‘h'iviq,u,.j]_
TAX/G =G, by Theerew 23, e 3 coveriny & ¥ o Gwl ,.fx° e
Cumdawvental group- Have  Saume Group , oplves \A.Ome.o-uor?\/vl‘c ";G ~
Covess with bare points. Forgething base poiuts ladds bo- %/ = X
fruu_Sugauj claues of s...)z-qmufs oF "\T' [X,X.) M_'Z‘-a me‘_{}‘q‘ aFX ,x_

3. Simplicial Cowplexes

D!anHOﬂ: Poinks L PO < I é'iRMV axfe nlomﬁ.ﬁl ;!MMM ‘l' veol-o.—s A-A ,-, An-d, aN€
Uneady indepanclent. (¢> Zxai =0 and ZXiz0 dAi:0 v

tF H’\l.’ ;S SU/ %e ﬂ'OI"LMmft-oﬂﬂ,‘ iqmew q’n W:w Ved-o“ ao‘alr.’ - (sc {g:k;a.',;/\;,ZO‘ ZJ;:I}
1 t/\.)r\,[-{ P [qoa'..q“], E!Melns: g% . i g": — q'z: ; otc.

A simpler T is @ face of o simplax @ | T4, F guavﬁceroftfggvu&es of a’}_
The inteser of o, &, is: - Vlproper Faces o 7) = {Z‘r\;a;-‘ A Yo, Z'r\'.ﬁ'}_

The baryceptre of @ is: i (,+-9a,) € Feq.

" s clesed, coavex, meaolj Connecked omd conbretible.

T=T <> verhces of ¢ = verhices of T.

Definition: A (Bnite simpliciall complex K is o Baite set of simpleses in some R such tuat :

() ek <D TeK
() G, TeK > amam=¢, o is a face of T and T.

i 2o T c R”

is te undeclyng poluhedsos of K.
v X

VKl IS

i
1

o




The _0{/‘_'“9“550*‘ of K = max { dim T Te Ki
A tr{%gdaj:{on of a space X s @ Womeomorphism Eiri=>X  For some K.

[EKGAM(’.\Z of a MI{"j sPace: Hquw{im Ecu’ridwj, @ - df&j,raouus?:\, centre H.'.,O)]

A subcomplex L of K s a subieb of slmploxes of K sahsbying 1) (i folbowss)

Definition: Let K,L be S'mp\/icq‘.a.i cowmplexes . A funchon “f’fiﬂl-"ll—l is o sime\.cin} wmap [wrtr\‘,[,) F
(1) foc eagh stmplax (@) €K ffap, - Fan§ ave verhices of o simplex of L,
(y FIZXay)= X Flay)
Note thet € s codinuvous.

Lopoan Sl 102 8 T [0 wouns Riggatd witen).

Reook: [F xeqek | x:éi)l; a; , ¢:lo,m9,), xeinkerior of face of ¢ Wit verhices {a;] for which A0

Nebe: \F v {s o vertex V=v.

else U & A'P__':v‘r-
Definibion: 1F i’ vecter of K, the stas of @, ster (@) =g g - Example: ',“Z._é" ;
[+ 7~ skar ef o

Leswma 32: § star (e,H) 1 & s a vertex of i IS am opem-cover of Kl
ProoF: € gek &c star (awj vetex of ¢} .. Ug = Ulstars) = \Kl, b.j lemma 2.
1Kl - star (Q,K) = Voo o a Bnile winion of closed sebs, so cdosed . .". starlan) s opest n K1

G‘EK’ QA agt
G vertexof

DeRnition: A s(Mpl;u'ai wep Bkl i g slﬁn?l}dw\ u.?gmx—ime.if'\on tv o leonBlaious) wap
@ ki Ll b every vertex ae K, Plstar(ak) ¢ stor (Fla),1)

Notes: @la) € ¢ | some Teb, €la) being a verber ofL.
CoNVos{Hw of approximakions is an oppresamelion b a wm{msiﬁoa.

Lesne33° Sugpose €K1 15 0 siopliciol agpremation to @ Thon €% € along sbinight lnes
(reiA ; where (-}:{x:f’{xj: ‘P(ul} .
E‘.‘ﬁ’ Suplaose xe ¢ ,0eK, o5 (a5..an), %€ ::Q star lag, 6) . Pl e \ ctar [F(ﬂd, L.
\F P € 'E , 'ceL’ then F(‘Q‘:‘) k & verkex a(:r e,
o Une seqment from Pl €0 f) €T c Ll Then wse Unear lsuslopy,

i

Addendum: VX<l DX ML, M o subcongler, tnew FNCM | aud omobopy is in M.

Lewma 3 ke Su.?foase @ ikl2i s conhauwews, and b €adh verbex a €K | @ lstas (o, x) ¢ stas (b, L)
P some vectes bl Then 3 & simplicial opproximation € o @ wid. Hap)= b
Poof: Leb 7= (ag..a,) € K [haning relobelled) \F xe & @imie T, some Tel, where by, b, ave
Vﬁv’n‘r_e; of T [Mm,bf b;= bj). Then {bal.‘, \M} ase V&rHces, not Ol&sl‘ind‘, OF Som¢ Fuce
ofFt. .\ Cam debfine Flay=b;, awd evteud linady over a;.



”Mahe staes of yeshies Smauer“ -Sublwi;{ow, '&

W r=las.2a) Davrgcentet &= .;Z‘*

The Youndary , o7 = g?wfc. faces of ? B oa complax.

(¢ X isa SLMPLuwl compler, the s-skelebo,, of K= {G’EK dAmu-<s}

($e o7 = (n-i)- skelebon oF T, where c'Umc=n)

: m WK s e compley, O{E(:Me {, the Bnt doived subdivision of K Selirobiuslon
dim K F dmKz0 K":K, frn-)skae{w

\c' dﬂ*\ ’ “) -:'i' (‘;‘0 l)F T [_opm‘j ‘3 'U\A.ud'l'm
T1: ger, dimozn , B8 (c’:r)m

Cveahcej Hogr of 1T culd <r

Nckes: () \KMI zlxl
Ty ) . '
(i) Every simplex of K € some simplax of K.
(i) K{" e {(5’;,0"‘.,..,&.}‘ 6945‘ (“CﬁneK}

r -y i0
o W=k

1Dt*(:ia\il-igm; The mesh of o cowmplex K = max § b (star (o)) @ a vertee oFK}.

Lemma 350 Given €30, ¢ suck thot  wesh K <€ (he qiven K).

Proof: Let Lg: VLGK L ML ngﬂn of a 1'5{»«‘:(& n K. So mesh K £ QLK
beeo Sn—i‘rl’x,v“'\oe dim Kzn  (lace distance fom verter o barycentve =n-'% MGUUM)J,
S0, b ¢ () le, and () 2©C as row

Theorem 36 (Simplicsal Rpposimahion Theoem]’ Let @ KIS be  conkinuous. For suffictently lame v,
a ""‘"PUW’( appoamation € K7IS WL B @ TKE1S> W
‘PL‘F' § 9 star U b a verter of Lf is an open- coves of K’compmi.
Lebesque \ewma > For sulficiently large r; star (0, K] ¢ some ¥ '(taribL)) for  2ach
vectex ae K, By lmma 34 | F exists.

; COc—nU.a,.rﬂr W {\{Ouxo‘l-ow classes of maps \Kl"\LI} is Counteble: 3 sfmp\.{aql wppmxiwmhw 'n each dass
i) TG (1KY, ag) iy countable: by \owma %3 addeadum - base ?m.Jf fixed.
Gy T(S"w-13F Va3 2 a sm«phual oppmmmai'wn to o leop maps iwko 1-skeleton i:S

L >¥7 [& P,g'.lK"’I-b\LI both approamake F: k"1 = 1Ll , then ¥ 1€ K'”, Arel such that
fret and qrsc. (ga.g Yat F and g are owhog '&euﬂ.
Pocf: Wxeq, ge K™, @)eT some el o lmmad3) FieT and gloeT . S Fo and
qc  awe faces of T

Lemma 38 Given Kawd L, 3 §50 sugh that a.'.:,.m.f, ¢ ¥:iKl> 1Ll are sudh that Al ¥<S,
- then 3 for some roa SkM?\Aaa,l afpromma)non to botha CPMV F i > il
ProoF C“wose 5 so Yt diam SSLE D Sc star (b,L) , Sowme verter bel . (F Acl,
et A%: $ xeh: %(x!ifﬁ) A fovr some £%09- open. E(stmm) 5 b a ket VY e o

opawn- cover of L), because xeltlD Bix 28) ¢ some star (bL) .. xefstacthr)® , $=2€
{ELM 48



Select a5 befre a lame r amd KIS suk tat i @ i o verbex
ok K, ‘P(stm—(q, k7)) ¢ star(fla), L)* C star (F[m}; T S Sh&fbndal aﬁm)«;n\lﬂ%ﬂn to @
\Ylsl-u(a,K‘”)] ¢ stac (Bla)t) since d(E,¥Ict - F is o S{Mpuu‘ua.l a-pprom'uaﬁon Lot

| k. ‘lOmobgg Grn&gg of Comglgxgs.

Cueles Somethitg with 40 beunda
Homology = Bowndane ~  Tome tisg Eiak Bownde

- [-scmpler, erolpoints are bewndary: Tola ats, egy *Q- bourdanes cancel, So a wyole.
J
N -eyele bowo!‘x.&ﬂ 2 where @ i caa cos &, Se laner artow: cameed,
_?‘vumem{amf ebjﬂ;l-' L@Mu‘mg addg G2 h@m:‘.ﬁdcﬁ.

4 cyele bounds T azb, elace
qemcucdos oF (bt owd right a-b boumol
H - sucboce Wasd s ides-2ere

A simplex {5 odered € we e guen an oderng of & verhes Wake 7200, q.) € oag.<a,,
Let K be o Fade simpiclal compler

Delibion: The nth ghain arp, (alk), w20 s

Free cholicm group with generates (o I-l Corpespeaclasce S i ’ :
e e it waos, diaems” Sy an) - Enlog, am,): TeZa, symmelvic grupd

.2, Corce relation {0.5. au) = gr(qra--‘lhj , s0 T with ocentabion defined (s

een prrmwkahion W am onewked simpler

,@j wivedhion (oK)= © (F <0 o wWO>dumK.
An slepment  of CalK) s ?/\; @, /\;czz, T, an n-sanpler it ow\uﬁg.

.Ver'n;Hw The boundary V_\Qﬁgmrg\dsu,dw: ¢, ()= 'Cn,{[i‘(l s the Uncar map e Fined
on generators byt dala,.. a,,)cfg Cila,. [ an) | sere ] indi cates ewit

Example: i “simplex : dla (2.2,8,) = (@ a;) - (202) +(a,a,) : 4N "ﬂ-'pfing,“—* 2

Lemma Lel: A, s well ~debined. . : a; .
Proat ¢ A (8. o, @y, &, 0, - ag) = & 0 (a0. /" agea,- ay) + (0" (a0../ - a,)
+ )™ {ao..]‘aru aan) +‘,£z il T e - .]‘q"-r a,) = dylao-ay,), so well- oo Gined

| o .
Lewma 2 20 te, Call) S Col) S5 Coylie) is 3erm, |

e % oila, 7 e > Dent S E 0 (o S5 a)-F s F 150} = 0
Yrook: dlag.. ay,) - olh WHe. o) - %‘H} {J:o(—u (a, - f] o A o 1] v ag)f =



Can () BT m-‘-i» Cant ().
Kee (i (o) > Co 041) 2 lonage [ dpset Cuncl) > Galv))
n- chlﬂ[ n-bowndanes.

Definition: The - boundacies, Bal) §s lmage o ® Cau (K1 Cal)
a-cagles 2, [«J, is Remel dut Ca (1) Cuoy (K0,

d’=0 2> B, (K ¢ Z (K c(n

Za fo/Bn 0

Definton: The n™ Wowology group , Ho (K) of K is:

I,n;o (<] (o Cp
50, ave, > $0>2 >0~

ESQ&E\!'— Ha [( Pold’) e

d
¢ L £ o Best ; (5% ¢ — ¢ — .,
o - Simplex ) zgiez Ze zoze z o

\ (o]
4 frec aheliva,  cjeneradors’
i " Genesateir Qe A, 4,
(%&",“r“z’,f‘l“o)
dlea) =a,-4, dlaa)=a,-q,, dle, @) @ -a,. "¢gclsae: n (‘%"‘-h le,a3, (4, 0.

LR A= NN -2, M (B): O

Nete! Hot patha- connecked 'Zinqlﬂ‘) =Z, a d(a;a“: Q;-a; ,s0 in Hal-d , [ﬁj]:[fli],

g‘*?eose Ewmi= Il s o simplicaal . Define Gt Gal)= G (V) to be the Unear ectension
of o Flagay) = Ui b it fod dhasbind - ol debined.
" ax e
———‘C (n) — G, (K —> e, d.* E=E dt W

Lemma k3t ) The following Magom Commutbes: g L I,

__\Cn “’) T (ﬂ {I-) —a

w L, the 6= dp NIT 6 a chhoun wap
Gy (gfh= 9.6, bekocem chhoun complexes

Prock: \F o, fo, awe distinck, d b (o q,,)-z(.u (fa,. :r “fay) = d(e,a,)
i€ F‘\,— p“s Fn.qd[‘l--auj":q-.d(ac . ..):—Fn_,dfa. G»J ,w\ﬁdﬂ%*‘d’l’ dﬁn(‘a"dﬂ)

ComVay' f induces $6a] whith induce b2 WK1 > Halt) such ok 4321, [Fy)y = beay
Prock: By, 60 2, BBINCBAL  and 5o induees Ha(K) = F0 R 00 = V1 = Hatt)
Later: Shall we the SCM?UC}.G.L A??wm&m Theopem o o.ﬂgmxlmde q:': “‘ﬂ"“’l, Cowhauous, by

a simp‘vlu'd map and uge above. \WiU qg,{:l 4’*‘ Ralk)=> MalL) such Yot 1)"1, (?Y), - ﬁr%

s Cn« le%-b Ca (W —; (ot () —

Lemma k.be’ Su.Ppose have chatn Compleres aud chatn waps {Cq},§‘ing /’(Ml« 3/(;' lgyﬁn 1‘,_’,/

(L) "“‘"—’ v\“r, '—9(»‘" —p

a'“d L‘GMD M-DfPL“-SMI ( (Kj - (:I\«(L, V“ SU—(.L\ W FU\ gy\ = n+. h * hn-—ndp\ 7
the By 79, : R (1 Wy 1) vﬂ [ 103 e dhial Voveobony Debvoom obute wugn, 6, .71
P_u_w_g_ﬁ: 6 xe Ha(Kl, x=[7), 2 ¢ Z. (K) , bal2)-9,) = a“n (B + h,., J‘f{i [F,.!i)] [q,,lij] Yoo L
\:omdmnﬂ



Q‘-’F‘LHW_’ The cove vK o COMMK fv aveq-l:«) is 7 %"}"{iﬂo--«»eﬁ}v {fvu, ay)! Q- q,Jeki_
Z F w=0
Lo 6.5 R K = | o oterwire, % H.(v),
Prosft visyKisy. Slupliciad waps, Jybes de=1. Cowsicer {: wavl(sv.ouK,
Defue b, Ca bK) 2 Canlvi) by W (ve) 20, W (W=0, L d: v [oeK)
Rhg o o fl\hdjlvrf SO+ O rye.
Lade v dh, +'h,-,al}[") =V + 0 +0
(tajn v de +hp D@ = 0+ dive) 19lde) = o, dim a2
("nj,,. rd.‘»,\+hn-.d)[ﬂ')’ Viydevod + © = ¢ dmo:=o.
L, s a chan \vwmoto;ag from 1,. 4o bl ; S Uy L,ri,!]..
Sa by Jy OFC I‘Jom,orf\dms.

o,n %0

Co';uﬂly_‘ Wb o s e cowplex oF a simplex  and ks Gace:' W, (o)== 12 -0

Co;gﬂg_gf Let ¢ be an Lnﬁ)-simPl.ax and all ks Faces. Let 07 be 4 propes Freces
F v (5 3 blaadess 5. Tan, K0 =1 2” Hivia
Ceocf: (n=t done, asume n32). Have tnclusion i 97 ¢. Mowe:
& =% £,006) Lo Cpliig) s s =% Lilde) =+ £ii0e) = O
0% Gyl Coll —sit  e) e en Cllat —& Ligss B
Via 1, the fwe o towmploxes are the same excyt in Aimension  pal.
Se, ¥, (90) = H () 7 réna1 |, amd A (a0 f 20
0= Hayled s 298 @ | So Zaule)= O ,
o L7 Cle) 225 (la) s ajeckive (sice Rer duy = 2y = O)
Bl Z ,co Zola) 5 Z  as Halo)= O
o a0 L | aud B 0020, tivially , D Waloe) ¥ Zy =1

Debrmition: ﬁsev.\euca, ~--4G.-§>Gn-.&:"> Gpy - of grovps  and homeo mevphisms (s exack
i€ Rer B 2 tmaﬁe of & Va wnder considerahion,
Crowdin: e 36, 3 60, B0 Goy - it rad IR ol Momsligy youps s pers
w \f OQGzE*G,'PO it exock then F is an someyplism.
fip) O = G e N mw@ 20 ¢ exad whea G 5 o nevwel Su.logrou.f of H.
\f 06—=03BB>C>0 , then (¥ B/lmu (Gust isomorphism Yneovem).

Theosepn k.6 (ijer- Vigtoris T\n@m)‘ SUffofe bt K is a S“‘M"udd COMYW and
KzLuM , where L avd M oue Su)bmwfmef (> Lam « SMLW‘“?M, - Thew Jown exack
sequence of owolagy groups : -+ = H,,(Lnnfﬁ‘é ?nu)@u,\(mi & Ho 0K) 25 o, (Lo m) =22 -
whee, F Inclusions ave denmoted, LaM < L o) = (L, Lin), =),

it ) Bbig) = Ulex- (), -

Proch: Ho (L) G HAM) s the ath Womolegy of chatn compler § Calt) ®Catm), ("0}

Defintbion of 8,1 (F [2) e Nalk), means 2€CalK) , d2=0.
g.\ N schcﬁvﬂ, $o ]dé Cal @ Gl itk B'jti' So’ since umuuﬂq‘

Bo. dy = dBayz 0. Exadmess> Tx € (o (Lat) with «,, 4 = dy,




d’L ;v—-'—'—z;:— \J-‘i-dg.d‘l' iﬂ-—'_—‘ »L
O = Callam) m C.y@(, (m) l—”——(;—f C alK) — 0O
| j* *!‘H - exack [ commutes)

d s a“ﬂ-Q)'dl
0 - C..(an) —e s G, (BT T"”
d l ¥ ‘{L/) At

HAn-1
ofpeq dx

dx

Ao, (x)= d1~j=0, L tepde O g, s ;,\jedc{ue levachmess), .. dx-z0 so x is

¢ wychke. Define A,[2]2[x) € W, (Lam)

Chek Ay is well- defined.
S.uf’ oe Z,9,% 15 amother tiple of Molces vl tha (21-[2]. Se 2-7z¢B,k).
3§ eCu (W@GU(M such tat dBan§=2-2 , 5o B, dg= 2-F, aud

Boly-3) = 2-2, so Baly-3-d3j) =©

3 R e G (Lam) with = y-3-dg .

A = O
So, dwa = Aly-3) 'd};
e(,,,., (d3) nf,,_:l(x -7)

Kot iAJ'eJ,v{ue > dx = x-x , So [»] - fi] O s Vs well-debaed.

Noke: A,\ 'S a \\-omomrfhl‘;u, \E we  Mawe 34,2, cuned 22,4, %, Hrean For

2,42 Wwe can clwese 9,49, amd A+,

(—!Aegh Ugi!!!i‘
) M R‘\“"e “n[ML gaxnzof So G* ngzo. ,.. ‘MO" chﬁvl‘p“

\f (k] € ger Be, B,R'—cﬂ. some Le Con (00
= dGu-u W Some WE CM,,(I«) @(nﬂ (ML = ﬁﬂ dwm = O.

!
S", 6n[k'd“‘} =0 . S, ['?]5 [k -de € Im oy
() At H, (K. 16 [y] € Hall) @Halm) ,ie dy=0, then Bely]= [yl
A LB,y =[n) Such thak dy %= dy =0 .\ x:0,ie AnBez0, 50 \mp, ¢ Rer A
Conversely, if [3] € ker Ay, 7:" 5"’2, x=dx, some Xe Ca (Lam] ; aa [M=0.
o =0y

danx =dy, . dly-il=0, o y-o, X s a eyele.

Boly-wart)=B,y=2. [3=8ly-=, 2] (2] € m By
© At ¥, (LaM « A0, (obvicus, ab u&,A.\[ﬂ [ab.ﬂ =0] |

[F oyl =20 Adx=0. o x= dy , some 4. d(;,‘ (Z,.-, Wi X =0

" Bny is a wole, 2, say, amd AL2]=[x]

se lmd € Rew oy

Let 27 be He bownolary aF an HSLM.f\-?X Let K be cone [uar) v wne [voe)

Example:
6%, Bom=n ) = L2 75 Come Lowmual &
m%u-metons g (L)@H[M}—)HJK)‘*H [an)au,,mwﬁ(ml @é
7, O E
S ) E R (Lam) - {o 'M}'ﬁ" VoW K=Z, M, (K O, 28 vé e,
. O-image o-rermel

XU (Lam) 5 Wil @ Ho(m) = HolK) = O
Z — ZzZ26 Z — Z
1 4 (a4
[erter] . & = & W)= O
(¢ 4) —> -1

Rt eudd of sequance: (K

(Lam, LM eouneced]



EKO.M(pLg-' F K=LvM (e, KzLoM, amd Lom: § one ?o:wl'%), Hell) =W, (@ d, W), Do

g» \num'wce of Homal.cg\i Grrwgs.

Lewma Go1 ¢ Lot o § vedioss of Kt - S verkices of K] be such Hat V rek L0 5 &
verte of . Then o extewds to o Si:mfudqi Map ot K2k wihwick it am
agpesmakion & Lo 1KY 2Kl

Prook: \F Te Km, T < f?l SCme M%ue Te K. d{vertices of )  wwe vedhees of o,

Coowiverhees of tf are verkices of some fae of 7, so o axfewds o o stmphiccal wop.
IF v o vebe of T Tcde sbor(av, K, with v some veder oF 0. Taee V slmp laves
T wWwh v s a vedex, so 1-‘;'-’44’(\‘,\(”,(-!{‘“[@,?()’.‘{, di. W ek a,frn*(m,d-{m ol

Woete: ¢ ir an n-Simphex of K/ 0= ot @o,just one n-St.meM J‘t,te Kw, and Ted
{dig  cnduchion wa .l
_L.QAMLEl.: 3 Cj"%:m wap gﬂ:cu [K)“Cn(Km} \’v\, lds,‘: 9.1..0'), Such Haak \\F a 5 o

V- S g lex of K, 9;10""3{;9 IT  (some choie with *).

Peacfr Let 8, be (nclusion. Su.wose bawe B, defined for rem  owd VYot dimg =a.
Define 9,7 = &(0,, (de)), whee ¢ (Zhlas-al)) = ZX(Fal. ).
0. 4% well-defined. \nduckively, d0,., = 8,,d.
A8 - A0, Ae)) = Oay do = & ,,A!%g;f“il_ozz 9, d.
Noke: W dhugen, @ dir:2r (using aote bo lemma 521).
odbe b5 am omegism  CuK) (LK) (self -favene)
Voo O s w50 mevpleism K= 1, ]

LQMA 5.3: g‘uﬂoase {Fmi, {3,7 PCAK CL) ave o maps such Yaat -
() € oud 9, wag verkices fo veskices, - subcomplex
() For caclh p-simplec Tel, 3 @ come Ay cL sudk Bk f,.,v:r and 9.0 € (. (Ag) C(n(LJ
i) T €6 2 AL cA,.
Then, b 9, Re (k) 24 ,(1) V.
Peook: (Recalt \twwa &.L). Constiuck Samin Wewedepy \ﬂ“f Calil+ G lt)
Qg =0, hir snd @ o o viclicss o o ING T ednd
3 S-chaln, call it Woo € G A such thot Co-q.¢ =dl(h,ol
§~'~W’9“ for vin  amd olim o = r, have \\rO” € CN' “\c} Sulch, Hank c'."gr:d‘nr-'r\nr_‘d,
-gu.‘:fose A r=nd>o, d(cn"jw‘\\,__,d‘a' 2(‘:,\_,”3“_‘—6'(‘\»-.}(10': [M“,la)dﬂ“ = O,
But -9, - W doeC, (Ar] by popedies i) omad ().
ga, [ﬁ.\—q.n- h,,,_ld!(l' s & wyche. Hn[)\q—]:O (Il' s 0 come— 5 \omma &-5)
o b o s d) e = A owme chadd) = d (Moo , Sawy . Tads clefines ..
il 2oy By Lo s



Coollamy:  ohes M €2 Holk)  amd By - HalK)oMalK™) ot wnkuadly  iavese isemerplainms.

Procf: Have Yt e By s an isomephisim - Cevsicler 1 and 9.9 C, (\‘fw)"’ Cn["(m)
16 TeK” Tcé, veX at is a Fae of 0.  Take /\,_=0"')=3'1va“, - come.
By Wamma 53 Sz dy -1 0 0y aud oy ase Dol somerphisms, amd 8, oy

9|r'

De fuctlon 9..,.-~ Mﬁ
H, m,., H, m"} 5 HKIS T, (rc“’)
Eﬂm‘_ o “__,_,__——-—’
b(ﬁnhcq d )

Theovew 5. & * For ey conk{mnous map F: = i Hn?x\’—u‘,g {or e.a.olr\n, o well- cﬂg(:maf
Womomorpwism P+ Ha (K] UL Sudh Haak 1y 1 amd (V9), = ¥ %
Preof: Leb BIKT 5 1Ll be @ M?umx approsmation & P (Taeorem 3.6).
Dec\ne P R( 9”) guﬂwse gl =kl s amelher !’wu?l/\ual N{frméma}'wn (samme r) .
E oand F are oowhgwou (lewma3.3), ie tr and Fr are both Faces of some tel.
T i & Cone U‘MP\&(). Let Ag‘ be Mumnl sudh T. B’j Lemma 5.3, &,—&.
o, - 6o,
Now  swppose Fo s b o stmpliciad agprimation, wilh s<r, wleg
% o5 am foanai'!ov\ ‘Hi 3 f'd:”) IKWi—thI s Upp coxm matien te €.
B, akove, f L han 6,9 5 (”)9")— ﬁ 5,” ,;aq:’ s well- defiaed.
1.‘«:1 s hiwad. Su-??mc we \aa.oe cowknwous wags | — “’3-"““"\1 and S'l'Mf)L«u'al
G-wadew{‘fom \K”’f‘r}[lf"lL\W ?F s a simp'w:mi a.?‘m.a'm;aﬂ't'an o 1Y
l‘}/ﬂ 2 ngJ r:) W = 3 &Qw :é_v_’m wg 9 () ‘”%%
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