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F16
Lent Term 1996 Mathematical Tripos Part II I T Drummond

Applications of Quantum Mechanics

Problem Set II

1. The basis vectors for the basic cell of the Bravais lattice of a crystal are {ai, a2, as} . Define the
reciprocal vectors and the reciprocal lattice for the crystal. A beam of particles incident on the crystal has
a wave vector k and is scattered into a state with wave vector k' . Show that substantial scattering only
occurs when k/ — k is an element of the reciprocal lattice.

Let n be the unit normal to the planes in the crystal parallel to {a1, as} and let d be the distance
of separation of these planes. Show that one of the reciprocal vectors is by = i—n . Verify that the above
condition for substantial scattering is satisfied by the specular reflection in this plane, of waves incident at
an angle # to the normal n where

2dcosf =rA, el 2 3 e

where A is the wavelength of the incident beam. This is the standard Bragg condition for scattering on a
crystal.

2. A one-dimensional crystal comprises a chain of atoms of mass m equally spaced by a distance a when in
equilibrium. The forces between the atoms are such that the effective spring constants are alternately A and
a)\. Show that the dispersion relation for phonons has the form

; A :
wi:ﬁ[(1+a);|:(1+2acos2ka+a2)%] )

where the wave number k satisfies —7/2a < k < m/2a. What is the velocity of sound? What is the limiting
value, at small wavenumber, of the optical band frequency?

3. For the model of the previous problem determine the 2-component polarisation vectors e+ (k) correspond-
ing to w+ (k) describing normal mode oscillations in each unit cell. Quantise this system and express the
displacements of the atoms and the Hamiltonian in terms of phonon annihilation and creation operators.

4. A square lattice crystal in two dimensions has atoms of mass M at the sites a(r,s) where r and s
are integers, joined by springs of equal force constant C and natural length b(< a) to their four nearest
neighbours (r +1,s) and (r,s £ 1). Let (€rs,Mrs) be the displacement of the atom at a(r, s). Show that the
potential energy of the spring from a(r,s) to a(r + 1, s) increases during the lattice vibration by

Cla-b)X +1iCcXx*+3C (1— %) Ve,

where X = &415 — &rs , ¥ = Nry15 — Trs (the potential energy of a spring with force constant Cis 3Ca?,
where « is the extension from natural length).

Verify that the linear terms disappear on summing over all the springs. Setting C' = C(1 — b/a) derive
the equations of motion

J"/Iérs = C(f-r-+1 s zfrsl =t ffr—l 3) + C’(Ers%-l. - 251"8 i Ers—l)

Show that this has a solution
&s = Qexpi(rKa + sLa) ,

where O + w2Q = 0, if Mw? = 2C(1 — cos Ka) +2C'(1 - cos La).

1



This describes a £ wave with the displacements all in the z-direction. For the same wave number (K, L)
show that there is also an 7-wave with displacements in the y-direction with frequency w(L, K).

Show that for wave number (K,0) the & wave is longitudinal with velocity vy = (Ca®/M )% + O(K?),
while the n wave is transverse with velocity v; = (C'a® /M )12“ +0(K?), and conversely for wave number (0, L).

5. A neutron of momentum hK is scattered elastically by a crystal, so that its final momentum is ARK' with
|K'| = |K|. The crystal has N equivalent atoms of mass M and is in its ground state |0) before and after
the scattering. The lattice potential is

V(r) =C‘26(r—-a——ua),

where u, is the displacement of the atom whose equilibrium position is a. In terms of phonon variables,

1
S ﬁ : ik-a 1’: —ik-
“‘Z(m) el ™"+ om0 57

where e, (k), a = 1,2,3 are the polarisation vectors for a phonon of wave number k.

In the Born approximation, the scattering is described by the matrix element
M= / dr (0le= TV (r) £K¥|0)

where |0) is the ground state of the crystal. Show that M = e~% M,, where M, is the matrix element for
scattering by a rigid lattice, and give an expression for W.

1 1 t
[e.\a.+;m = CZAM eha 6/\0.]
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