
Mich. 2017 NUMBERS & SETS – PRACTICE QUESTIONS G.Taylor

1. Find 100 consecutive natural numbers, each of which is composite.

2. Prove that every positive integer has some multiple which, when written in base 10,
consists only of the digits 0 and 1.

3. Let p be a prime such that p+ 2 and p2 + 2 are prime. Prove that p3 + 2 is prime.

4. Written in base 10, the number 229 has nine digits, all distinct. Which digit is missing?

5. Find a positive integer a such that, for every integer n, the number n4 + a is not prime.

6. How many subsets of {1, 2, . . ., n} contain no consecutive numbers?

7. Let Sn denote the sum of the first n primes. Prove that there is always a square number
strictly between Sn and Sn+1.

8. Does there exist a subset S ⊂ N such that every distance occurs exactly once? (In other
words, for every n ∈ N there is exactly one pair of points x, y in S with |x− y| = n.)

9. What is the 5th-last digit of 55
5
5
5

?

10. For part (ii), you might want to use a result from N&S sheet 2.

(i) Prove that there are infinitely many primes of the form 6n− 1.

(ii) Let p be a prime of the form 6n− 1. Prove that −3 is not a square modulo p.

(iii) By considering numbers of the form (2p1. . .pk)
2 +3, prove that there are infinitely

many primes of the form 6n+ 1.

11. In this question, you may assume that for any prime p, the multiplicative group modulo
p is cyclic. I.e., there is some g in Zp for which gk ≡ 1 mod p only if p− 1 divides k.

An integer n > 1 is called a Carmichael number if it is not prime, but every positive
integer a satisfies an ≡ a mod n.

(i) Show that a Carmichael number is odd.

(ii) Show that a Carmichael number cannot be divisible by the square of a prime.

(iii) Show that a Carmichael number cannot be the product of two distinct odd primes.

(iv) Show that a product of three distinct odd primes p, q, r is a Carmichael number
if and only if p− 1 divides qr − 1, q − 1 divides pr − 1 and r − 1 divides pq − 1.

(v) Deduce that 1729 is a Carmichael number.

12. For which positive integers n does φ(n) divide n, where φ is the Euler totient function?

13. Let (xn) be a sequence of real numbers which have a decimal expansion that uses only
the digits 0 and 1. If xn → x, must x have a decimal expansion that uses only the digits
0 and 1?



14. Let (Fn) denote the sequence of Fibonacci numbers, and let xn = Fn+1/Fn. Show that
xn−xn+1 = (−1)n/FnFn+1 for all n. Deduce that (xn) converges to a limit τ as n → ∞,
and that τ is irrational and algebraic.

15. (i) Let (xn) be a sequence of positive reals such that
∑∞

n=1
xn converges. Must

∑∞
n=1

√
xn

n
converge?

(ii) Let (xn) be a sequence of reals such that
∑∞

n=1
xn converges. Must

∑∞
n=1

xn

n
con-

verge?

16. Let (xn) be a real sequence with xn → 0. Prove that we may choose a sequence (εn), with
each εn = ±1, such that

∑∞
n=1

εnxn is convergent. If (yn)
∞
n=1 is another real sequence

tending to 0, can we choose the εn so that
∑∞

n=1
εnyn is convergent as well?

17. Let p be prime. Prove that if 0 < k < p then
(

p

k

)

≡ 0 mod p in two different ways: using
the factorial formula (but argue correctly), and using the definition in terms of subsets.

18. (i) Give eight relations on the set Z, one for each subset of {reflexive, symmetric,
transitive}. E.g.: one obeying all of R, S, T; one obeying R and S but not T; etc.

(ii) For each of the eight subsets of {reflexive, symmetric, transitive}, what is the
smallest set on which we can define such a relation?

19. For two sets A,B, we write AB for the set of functions from B to A. Prove that for
(not necessarily finite) sets A,B,C, there is a bijection between (AB)C and AB×C .

20. The Schröder-Bernstein theorem states the following: if A,B are sets and there are
injections f : A → B and g : B → A, then there is a bijection h : A → B.

(i) Show that there is a bijection between the open interval (0, 1) and the closed
interval [0, 1]. Give an explicit bijection.

(ii) Show that there is a bijection between the set P(R) of all subsets of R and the set
R

R of all functions R → R.

21. Let A be the set of all bijections from N to N, and let B = {f ∈ A : f(n) = n for all
but finitely many n ∈ N}. Show that A is uncountable, but that B is countable.

+22. Let n and k be positive integers. Suppose that n is a kth power modulo p for all primes
p. Must n be a kth power?

+23. Let (xn) be a real sequence such that
∑∞

n=1
|xn| is convergent. Show that if

∑∞
n=1

xkn = 0
for every k ∈ N then xn = 0 for all n. What if we drop the restriction that

∑∞
n=1

|xn| is
convergent?

+24. Each of an infinite sequence of dons has a favourite colour, namely red or blue, and each
of finitely many first year mathematicians decides to buy a don a hat for Christmas.
Each student may ask about the colour preferences of any proper subset of the dons, in
any order, but to keep their presents a surprise, the students don’t share this information
with each other, and each must buy a hat for a don whose preference they haven’t asked
about. How many students can successfully buy their chosen don’s favourite colour hat?


