Mich. 2022 LINEAR ALGEBRA - PRELIMINARY SHEET G. Taylor

1. For each case below, let U be the subset of the real vector space R? consisting of all vectors
(w1, 9, x3) satisfying the given condition. In which cases is U a subspace of R3?
(a)x1>0 (d)ZL’1+J]2:1
(b) either z; = 0 or x5 =0 (e) 2+ a3=0
(C)J]1+ZE2:0 (f)x1+x2+x3:0andx1—x3:0.

2. Let RY be the set of all real sequences, which you may assume is a vector space over R.
Determine which of the following sets of sequences of real numbers (z,) form subspaces of
RY. (You may assume any results from Part IA Analysis I.)

a) z, is bounded €) Tpyo = Tpy1 + T, for all n

( (e)

(b) x, is convergent (f) there exists N such that x,, = 0 for n > N
(¢) xt, > 0asn— oo (g) > |zn| is convergent
( (

)
d) z, > o0 asn — o h) > 22 is convergent.
3. Let R be the set of all functions f : R — R, with addition and scalar multiplication defined
pointwise, which you may assume is a vector space over R. Determine which of the following
sets of functions f form subspaces of RE.

(a) f is a polynomial (d) f is a solution of (f/(t))? — f(t) =0
(b) f is a polynomial of even degree (e) f is a solution of (f”(¢))* + (f(¢))> =0
(c) f is constant on Z (f) f is periodic.

4. For each of the vector spaces found in questions 1-3, determine whether it is finite-dimensional
or not. When it is finite-dimensional, state the dimension and find a basis. When it is not
finite-dimensional, demonstrate why is it not.

5. Which of the following are bases for the given spaces?
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(a) For R3 : 1),(1),(0 (c) For R? : 1),(1),(0
0 1 1 0 1 1
1 0 0 0 1 0 0 1
1 1 0 0 1 1 0 0
4. 4.
(b) For R* : ol il 11l 1o (d) For R* : ol il 11l 1o
0 0 1 1 0 0 1 1



6. For each following matrix A, find bases for the kernel and image of the linear map x — Ax.
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(a) Let P denote the vector space of all polynomial functions R — R, and let P, denote
the subspace of P consisting of polynomials of degree at most n. Which of the following

define linear maps P, — P?

(i) S(p)(*)
(if) T(p)(?)
(iif) U(p)(t)

p(t? +1)
p(t)? +1
p(t?) — tp(t)

For those that are linear maps, find their rank and nullity.

(b) Let Q(p) and R(p), respectively, be the quotient and remainder when p is divided by
t? + 1. Show that @ and R are linear maps P, — P. Find their rank and nullity.

. The linear map « : R? — R? is defined by

TN -5z + 9y
y —4dr+Ty)

Find the matrix of « relative to the basis

W) By

Write down the matrix of « relative to the basis

{oR61

. Let V1, V5 be subspaces of R* with bases

1 2 -2 (
2 2 3
Vi 3 1 9 and V5 @ <
4 1 3 {
a
Find a basis for the subspace V; N V5 of the form li
0

1 0 —4

0 1 4
—4 3 1
-3 2 2

c

d .

0 , for suitable a, b, ¢, d.
1

Let A, B be n x n real matrices. If AB =0, must BA =07 If (AB)" =0, must (BA)" =07



