Part 11

Partial Differential
Equations

Year

2015
2014
2013
2012
2011
2010
2009
2008
2007
2006
2005



2015

% UNIVERSITY OF
¥ CAMBRIDGE 72

Paper 4, Section II
29E Partial Differential Equations

(a) Show that the Cauchy problem for u(x,t) satisfying
Ut + U = Ugg

with initial data u(x,0) = ug(x), which is a smooth 27-periodic function of z, defines a
strongly continuous one parameter semi-group of contractions on the Sobolev space Hp,,
for any s € {0,1,2,...}.

(b) Solve the Cauchy problem for the equation

Uyt + U + ZU = Ugg

with u(x,0) = up(z), ui(x,0) = ui(z), where ug,u; are smooth 2w-periodic functions of
x, and show that the solution is smooth. Prove from first principles that the solution
satisfies the property of finite propagation speed.

[In this question all functions are real-valued, and

Hpo, = {u = Z a(m)e™® € L? : ||u||%s = Z(l +m?)%|a(m)]? < oo}
meZ meZ

are the Sobolev spaces of functions which are 27-periodic in z, for s =0,1,2,... ]
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(a) Show that if f € S(R™) is a Schwartz function and u is a tempered distribution
which solves
—Au+m*u=f

for some constant m # 0, then there exists a number C' > 0 which depends only on m,
such that ||ul|gs+2 < C||f||ms for any s > 0. Explain briefly why this inequality remains
valid if f is only assumed to be in H*(R").

Show that if e > 0 is given then [|v%, < €[[v]|%2 + £|v[|%0 for any v € H*(R").
[Hint: The inequality a < ea® + i holds for any positive € and a € R ]

Prove that if u is a smooth bounded function which solves
—Au+mPu=1}+a Vu

for some constant vector & € R™ and constant m # 0, then there exists a number C’ > 0
such that ||ul|zz < C" and C” depends only on m, «, ||ul| e, ||u| 2.

[You may use the fact that, for non-negative s, the Sobolev space of functions
HR") = {f € L*(R") : || f|%s = /Rn (14 €1%)°1 £ (§) d¢ < o0} ]

(b) Let u(z,t) be a smooth real-valued function, which is 27-periodic in x and

satisfies the equation

Uy = u2um + ul.

Give a complete proof that if u(z,0) > 0 for all x then u(x,t) > 0 for all z and ¢ > 0.

Part II, 2015 List of Questions [TURN OVER
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Prove that if ¢ € C(R™) is absolutely integrable with [ ¢(x)dx = 1, and
¢e(x) = € "¢(x/€) for € > 0, then for every Schwartz function f € S(R™) the convolution

e * f(x) = [(2)

uniformly in z as € | 0.

Show that the function N, € C*°(R3) given by
1

Nez)= ———
(o) At/ |x|? + €2

for € > 0 satisfies
lim —AN(z) f(z)dx = f(0)

e—0 R?’

for f € S(R™). Hence prove that the tempered distribution determined by the function
N(z) = (47|x|)~! is a fundamental solution of the operator —A.

[You may use the fact that [ r?/(1+ 252 dr =1/3 ]

Paper 1, Section 11
30E Partial Differential Equations

(a) State the Cauchy—Kovalevskaya theorem, and explain for which values of a € R
it implies the existence of solutions to the Cauchy problem

xuw+yuy+auz:ua u(xvyvo):f(x7y)7

where f is real analytic. Using the method of characteristics, solve this problem for these
values of a, and comment on the behaviour of the characteristics as a approaches any
value where the non-characteristic condition fails.

(b) Consider the Cauchy problem
Uy = Vg, Vy = —Uy

with initial data u(z,0) = f(x) and v(x,0) = 0 which are 27-periodic in z. Give
an example of a sequence of smooth solutions (u,,v,) which are also 2m-periodic in
x whose corresponding initial data u,(x,0) = f,(z) and v,(x,0) = 0 are such that

2 27
/ | fu(2)]?dz — 0 while / |t (, y)|*dx — oo for non-zero y as n — oo.
0 0

Comment on the significance of this in relation to the concept of well-posedness.
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(a) Derive the solution of the one-dimensional wave equation

U — Ugg = 0, u(0,z) = up(z), u(0,2) =wui(x), (1)

with Cauchy data given by C? functions u; = u;j(z),j = 0,1, and where z € R and
ug = O?u etc. Explain what is meant by the property of finite propagation speed for the
wave equation. Verify that the solution to (1) satisfies this property.

(b) Consider the Cauchy problem
Ut — Uy + U =0, w(0,2) = up(z), u(0,z)=ui(x). (2)
By considering the quantities
e= %(u% +u2 + x2u2) and D= —Uply ,

prove that solutions of (2) also satisfy the property of finite propagation speed.

(c) Define what is meant by a strongly continuous one-parameter group of unitary
operators on a Hilbert space. Consider the Cauchy problem for the Schrédinger equation
for ¢(x,t) € C:

i¢t = _wmm + $2¢, ¢(l‘,0) = lﬁo(x) ) —0<r <. (3)

[In the following you may use without proof the fact that there is an orthonormal set
of (real-valued) Schwartz functions {f;(z)}72, which are eigenfunctions of the differential
operator P = —02 + 2 with eigenvalues 2j + 1, i.e.

Pfi=2j+1)fi, fi€SR), (fj,fx)re= /R [i(@) fe(@)dz = 01,

and which have the property that any function u € L? can be written uniquely as a sum
u(x) = > ;(fj,w)rz2 fj(x) which converges in the metric defined by the L? norm.]

Write down the solution to (3) in the case that 1)y is given by a finite sum
Yo = Zj\[: 1(f,%0) 2 f; and show that your formula extends to define a strongly continuous
one-parameter group of unitary operators on the Hilbert space L? of square-integrable
(complex-valued) functions, with inner product (f,g)r2 = [ f()g(x)dx.
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(a) Consider variable-coefficient operators of the form

n n
Pu= — Z ajkajaku + Z bj(?ju + cu
7,k=1 j=1

whose coefficients are defined on a bounded open set 2 C R” with smooth boundary 0f2.
Let ajj, satisfy the condition of uniform ellipticity, namely

n

mlgl? < Y ajr(@)gée < MIIE|? forallz € Q and & € R”
g k=1

for suitably chosen positive numbers m, M.

State and prove the weak maximum principle for solutions of Pu = 0. [Any results
from linear algebra and calculus needed in your proof should be stated clearly, but need
not be proved.|

(b) Consider the nonlinear elliptic equation
—Au+e'=f (1)
for u : R™ — R satisfying the additional condition

lim u(x)=0. (2)

|z| =00

Assume that f € S(R™). Prove that any two C? solutions of (1) which also satisfy (2) are
equal.

Now let u € C?(R™) be a solution of (1) and (2). Prove that if f(x) < 1 for all x
then u(z) < 0 for all z. Prove that if max, f(z) = L > 1 then u(z) < In L for all .
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State the Cauchy-Kovalevskaya theorem, including a definition of the term non-
characteristic.

For which values of the real number a, and for which functions f, does the Cauchy—
Kovalevskaya theorem ensure that the Cauchy problem

U = Ugz + QUggaa u(w,O) =0, ut(x70) = f(l') (1)

has a local solution?

Now consider the Cauchy problem (1) in the case that f(z) =", .z F(m)e™ is a
smooth 27-periodic function.

(i) Show that if a < 0 there exists a unique smooth solution u for all times, and
show that for all T > 0 there exists a number C' = C(T") > 0, independent of f, such that

—+7 —+
/ u(z,t)2dz < € [ |f(a)da 2)
forall ¢:[t| < T.

(ii) If a = 1 does there exist a choice of C'= C(T') for which (2) holds? Give a full
justification for your answer.
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31D Partial Differential Equations
In this question, functions are all real-valued, and

Hpo ={u=Y_a(m)e™ € L |lulf. = Y (1+m?)*|a(m)[* < oo}
meZ meZ
are the Sobolev spaces of functions 27-periodic in x, for s =0,1,2,....

State Parseval’s theorem. For s = 0,1 prove that the norm ||u||gs is equivalent to
the norm || ||s defined by
2 —~ [t 2
2 =3 [ @ d.
r=0 v T

Consider the Cauchy problem
Up — Uz = [, u(z,0) = ug(z), t>0, (1)

where f = f(x,t) is a smooth function which is 27-periodic in z, and the initial value wug
is also smooth and 2mw-periodic. Prove that if u is a smooth solution which is 2w-periodic
in z, then it satisfies

T T s
/ (ut2+u§x)dt<0<||uo|ﬁp+/ / |f(9c,t)|2da:dt>
0 0 —T

for some number C' > 0 which does not depend on u or f.

State the Lax—Milgram lemma. Prove, using the Lax—Milgram lemma, that if

fla,t) = eMg(z)

with ¢ € H?, and A > 0, then there exists a weak solution to (1) of the form

per

u(z,t) = eMp(z) with ¢ € H!,,.. Does the same hold for all A € R? Briefly explain

per:*
your answer.
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(i) Show that an arbitrary C? solution of the one-dimensional wave equation
Uyt — Ugy = 0 can be written in the form u = F(xz —t) + G(z + t).

Hence, deduce the formula for the solution at arbitrary ¢ > 0 of the Cauchy problem
Ut — Ugy = 07 U(O,l‘) - u0($) ) ut(O,x) - Ul(.’l?) ) (*)

where ug, u1 are arbitrary Schwartz functions.

Deduce from this formula a theorem on finite propagation speed for the one-
dimensional wave equation.

(ii) Define the Fourier transform of a tempered distribution. Compute the Fourier
transform of the tempered distribution 7; € §’'(R) defined for all ¢ > 0 by the function

5 ifJyl <t
Tt(@/)—{2 vl

0 if |y >t
that is, (T}, f) = % fjtt fly)dy for all f € S(R). By considering the Fourier transform

in z, deduce from this the formula for the solution of (x) that you obtained in part (i) in
the case ug = 0.

Part 11, 2013 List of Questions
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Define the parabolic boundary Op,,€7 of the domain Qp = [0, 1] x (0,7 for T' > 0.

Let u = u(x,t) be a smooth real-valued function on Q7 which satisfies the inequality
Ut — AlUgy + buy +cu < 0.

Assume that the coefficients a,b and ¢ are smooth functions and that there exist positive
constants m, M such that m < a < M everywhere, and ¢ > 0. Prove that

max u(z,t) < max ut(z,t). (%)
(x:t)GQT (xvt)eaparQT

[Here u™ = max{u,0} is the positive part of the function w.]

Consider a smooth real-valued function ¢ on Qp such that
G = Gue — (L=0")0 =0,  ¢(x,0) = f(z)

everywhere, and ¢(0,t) = 1 = ¢(1,t) for all ¢ > 0. Deduce from (x) that if f(z) < 1 for
all z € [0,1] then ¢(x,t) < 1 for all (z,t) € Qp. [Hint: Consider u = ¢*> — 1 and compute
Up — Ugy -]

Part II, 2013 List of Questions [TURN OVER
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(i) Discuss briefly the concept of well-posedness of a Cauchy problem for a partial
differential equation.

Solve the Cauchy problem
Dot + z101u = au?, u(zy,0) = ¢(x1) ,

where a € R, ¢ € C'(R) and 0; denotes the partial derivative with respect to z; for
i=1,2.

For the case a = 0 show that the solution satisfies max |u(z1, z2)| = ||@]|co, where
T1€

the C" norm on functions ¢ = ¢(x1) of one variable is defined by
[éller = max|di(a)].
i=0

Deduce that the Cauchy problem is then well-posed in the uniform metric (i.e. the metric
determined by the C° norm).

(ii) State the Cauchy—Kovalevskaya theorem and deduce that the following Cauchy
problem for the Laplace equation,

FPu+03u=0,  u(x,0)=0, du(z,0) = ¢(z1), (%)

has a unique analytic solution in some neighbourhood of x9 = 0 for any analytic function
¢ = ¢(x1). Write down the solution for the case ¢(z1) = sin(nz1), and hence give a
sequence of initial data {¢n(z1)}52; with the property that

lpnllcr — 0, asn — oo, for each r € N,
whereas u,, the corresponding solution of (x), satisfies

max |up(z1,z2)] — +00, asn — oo,
r1€ER

for any xo # 0.

Part 11, 2013 List of Questions
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State the Lax—Milgram lemma.

Let V. = V(x1,22,23) be a smooth vector field which is 2m-periodic in each

coordinate x; for j = 1,2,3. Write down the definition of a weak H, . solution for

the equation
—Au+2‘fj@ju+u:f (%)

J

to be solved for u = u(xy,z2,23) given f = f(x1,z2,23) in HY, with both u and f also
2m-periodic in each co-ordinate. [In this question use the definition

= {uz S am)e™ € 12 - Julfye = 3 (14 [ml)la(m)]? < oo}
m€Z3 meZB

for the Sobolev spaces of functions 27-periodic in each coordinate z; and for s = 0,1,2,... ]

If the vector field is divergence-free, prove that there exists a unique weak H}%er
solution for all such f.

Supposing that V is the constant vector field with components (1,0, 0), write down
the solution of (x) in terms of Fourier series and show that there exists C' > 0 such that

[ull 2 < Cllf | ao -

Part II, 2013 List of Questions [TURN OVER
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30B Partial Differential Equations
i) State the Lax-Milgram lemma.

ii) Consider the boundary value problem

Au—Au+u=f inQ,
u=Vu-y=0 on 0,

where €2 is a bounded domain in R™ with a smooth boundary, v is the exterior unit normal
vector to 98, and f € L%(Q). Show (using the Lax-Milgram lemma) that the boundary
value problem has a unique weak solution in the space

H2(Q) := {u: Q= Riu=Vu-v=0o0ndN}.

[Hint. Show that

2
A2 ) = Z Haxzaxj | for all u € C(),

LQ
».7_

and then use the fact that C§°(Q) is dense in HZ(S2).]

Part II, 2012 List of Questions [TURN OVER
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Consider the nonlinear partial differential equation for a function u(zx,t), z € R™, ¢t > 0,
upy = Au — a|Vul?, (1)
subject to  u(z,0) = up(z), (2)
where ug € L2 (R").

(i) Find a transformation w := F'(u) such that w satisfies the heat equation
wy = Aw, x € R",

if (1) holds for u.

(ii) Use the transformation obtained in (i) (and its inverse) to find a solution to the initial
value problem (1), (2).
[Hint. Use the fundamental solution of the heat equation.]

(iii) The equation (1) is posed on a bounded domain  C R"™ with smooth boundary,
subject to the initial condition (2) on © and inhomogeneous Dirichlet boundary conditions

u=up on IN,

where up is a bounded function. Use the maximum-minimum principle to prove that
there exists at most one classical solution of this boundary value problem.

Paper 1, Section II

30B Partial Differential Equations

Let up : R — R, ug € CY(R), up(z) > 0 for all z € R. Consider the partial differential
equation for u = u(zx,y),

dyu, + 3uy = u?, (z,y) € R
subject to the Cauchy condition u(x,0) = ug(z).
i) Compute the solution of the Cauchy problem by the method of characteristics.
ii) Prove that the domain of definition of the solution contains

(2,y) € R x <—oo ¥>

" supger (uo(z))

Part 11, 2012 List of Questions
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Consider the elliptic Dirichlet problem on 2 C R™, 2 bounded with a smooth boundary:

Au—e" = fin Q, u = up on 0f.

Assume that up € L>*(99Q) and f € L*>(Q).
(i) State the strong Minimum-Maximum Principle for uniformly elliptic operators.
(ii) Prove that there exists at most one classical solution of the boundary value problem.

(iii) Assuming further that f > 0 in 2, use the maximum principle to obtain an upper
bound on the solution (assuming that it exists).

Part II, 2012 List of Questions [TURN OVER
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Let H = H(x,v), z,v € R™, be a smooth real-valued function which maps R?" into
R. Consider the initial value problem for the equation

ft+VoH -Vof =V, ,H -V,f=0, xz,veR" t>0,
f(z,v,t =0) = fr(z,v), z,veR",

for the unknown function f = f(x,v,t).

(i) Use the method of characteristics to solve the initial value problem, locally in time.

(i) Let fr > 0 on R?*". Use the method of characteristics to prove that f remains
non-negative (as long as it exists).

(i) Let F': R — R be smooth. Prove that

/F(f(:z,v,t))d:zdvz/ F(fr(z,v))dxdv,
R2n

R2n

as long as the solution exists.

(iv) Let H be independent of x, namely H(z,v) = a(v), where a is smooth and real-
valued. Give the explicit solution of the initial value problem.

Part II, 2011 List of Questions [TURN OVER
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Consider the Schrodinger equation

0 (t, 7) = —%Aw(t,x) FV@W(ta),  zeRY >0,
Y(t=0,2) =9Yr(z), reR",

where V is a smooth real-valued function.
Prove that, for smooth solutions, the following equations are valid for all ¢ > 0:
(i)
|t o= [ jon@P do.
(i)
1
[ glvetadet [ vl da
n R
1
— [ V@R o+ [ V@l .
R” R

Paper 3, Section II
30A Partial Differential Equations

(a) State the local existence theorem of a classical solution of the Cauchy problem

ou u
a(xl,xz,U)a—xl + b($17m27u)a—l_2 = c(x1,22,u),
u‘l—‘ = Uo,

where T is a smooth curve in R2.

(b) Solve, by using the method of characteristics,

ou ou
201 — + 4wy — = u?
ml@ml + mza.%'g v
u(x1,2) =h,

where h > 0 is a constant. What is the maximal domain of existence in which u is
a solution of the Cauchy problem?

Part II, 2011 List of Questions
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Consider the functional

E(u):%/Q\VUIZd:J:—i—/QF(u,:r)dx,

where ) is a bounded domain in R" with smooth boundary and F : R x 2 — R is smooth.
Assume that F'(u,z) is convex in u for all x € Q and that there is a K > 0 such that

~K < F(v,z) <K (Jv]* + 1) VoeR, z €.
(i) Prove that E is well-defined on H}(f2), bounded from below and strictly convex.

Assume without proof that E is weakly lower-semicontinuous. State this property.
Conclude the existence of a unique minimizer of E.

(ii) Which elliptic boundary value problem does the minimizer solve?

Part II, 2011 List of Questions [TURN OVER
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(a) Solve by using the method of characteristics

0
xla—gjlu+2x26—mu:5u, u(z1,1) = g(x1),

where g : R — R is continuous. What is the maximal domain in R? in which u is a solution
of the Cauchy problem?

(b) Prove that the function

0, £<0,t>0,
u(z,t) = ¢ x/t, O0<z<t,t>0,
1, >t>0,

is a weak solution of the Burgers equation

0 10 ,
e e = R
tu—|—2 xu 0, zeR, >0, (%)

with initial data

(c) Let u = u(x,t), * € R, t > 0 be a piecewise C'-function with a jump
discontinuity along the curve

and let u solve the Burgers equation (x) on both sides of I". Prove that u is a weak solution
of (1) if and only if

() = & ((t) + (1)

holds, where u;(t), u,(t) are the one-sided limits
w(t) = lim wu(x,t), up(t) = lim  wu(x,t).

z /s(t)” oN\s(t)+

[Hint: Multiply the equation by a test function ¢ € C§°(R x [0,00)), split the integral
appropriately and integrate by parts. Consider how the unit normal vector along I' can be
expressed in terms of $.]
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(a) State the Lax-Milgram lemma. Use it to prove that there exists a unique function
u in the space

Hg(ﬂ) = {u S H2(Q);U’39 = 8u/8’y]39 = 0} s

where (2 is a bounded domain in R” with smooth boundary and + its outwards unit normal
vector, which is the weak solution of the equations

A%u =f in Q,
u:g—:zo on 0,

for f € L*(9), A the Laplacian and A2 = AA.

[Hint: Use reqularity of the solution of the Dirichlet problem for the Poisson equation.]

(b) Let 2 C R™ be a bounded domain with smooth boundary. Let u € H'(Q) and

denote
u:/ud”x//dnx.
Q Q

The following Poincaré-type inequality is known to hold
lu—all2 < CfVullp2,

where C only depends on €). Use the Lax-Milgram lemma and this Poincaré-type inequality
to prove that the Neumann problem

Au = f in Q,
2—320 on 0,

has a unique weak solution in the space
H'(Q) = H@Q) Nn{u:Q—=R;a = 0}

if and only if f = 0.

Part 11, 2010 List of Questions
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Consider the Schrodinger equation

1
iat\If:—EA\If, reR", t>0,
for complex-valued solutions ¥(z,t) and where A is the Laplacian.

(a) Derive, by using a Fourier transform and its inversion, the fundamental solution
of the Schrodinger equation. Obtain the solution of the initial value problem

1
z’&t\I/:—EA\If, reR” t>0,
U(z,0) = f(z), r € R",

as a convolution.

(b) Consider the Wigner-transform of the solution of the Schrodinger equation
1 1 T, 1 -
w(l"afat)—W/RH‘I’(UC—FEZI/J)‘I’(UC—QZ/J)e “u’fd"ya

defined for x € R, £ € R™, ¢t > 0. Derive an evolution equation for w by using the
Schrodinger equation. Write down the solution of this evolution equation for given initial

data w(z,§,0) = g(x, ).

Paper 4, Section II
30E Partial Differential Equations
a) Solve the Dirichlet problem for the Laplace equation in a disc in R?
Au=0 in G={z>+9y>*<R’}CR*,R>0,
u=up on OJG,
using polar coordinates (r, ) and separation of variables, u(z,y) = R(r)O(y¢). Then use

the ansatz R(r) = r® for the radial function.

b) Solve the Dirichlet problem for the Laplace equation in a square in R?

Au=0 in G=]10,a] x[0,qa],
U(J,‘,O) = fl(z)’ U(ZL‘,CL) = f2($)’ u(O,y) = f3(y)’ u(a’y) = f4(y) :
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Consider the initial value problem for the so-called Liouville equation

fe+v-Vof —=VV(x)-V,f =0, (z,v) € R¥ t R,

f(:L‘,U,tZO) = fI(a:,v),

for the function f = f(x,v,t) on R?? x R. Assume that V = V(z) is a given function with
V, V.,V Lipschitz continuous on R

(i) Let fi(x,v) = d(x — zg,v — vg), for x9,v9 € R? given. Show that a solution f is
given by
f(z,v,t) = d(x — &(t, z0,v0),v — O(t, g, o)),

where (Z,0) solve the Newtonian system

&
Il

0, zZ(t =0) = xp,

b= -VV(&), b(t = 0) = .

(ii) Let f; € L} _(R2?), f; > 0. Prove (by using characteristics) that f remains non-

loc
negative (as long as it exists).

(iii) Let f; € LP(R??), f; > 0 on R??. Show (by a formal argument) that
Hf(v '7t)HLP(]R2d) = HfIHLP(RQd)
forallt e R, 1 <p< 0.

(iv) Let V(z) = 1|z|>. Use the method of characteristics to solve the initial value
problem for general initial data.

Part II, 2009 List of Questions
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(a) Solve the initial value problem for the Burgers equation

1
ut+§(u2)x:0, reR,t>0,

u(z,t =0) = ur(x),

where
1, x <0,
ur(z) =<¢1—z, 0<z<l,
0, x> 1.

Use the method of characteristics. What is the maximal time interval in which this
(weak) solution is well defined? What is the regularity of this solution?

(b) Apply the method of characteristics to the Burgers equation subject to the initial
condition
1, >0,
ur(z) =
0, z=<0.

In {(z,t)|0 <z <t} use the ansatz u(z,t) = f(F) and determine f.

(¢) Using the method of characteristics show that the initial value problem for the
Burgers equation has a classical solution defined for all ¢ > 0 if u; is continuously

differentiable and g
Uy
o () >0

for all z € R.
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Paper 3, Section II
30B Partial Differential Equations

(a) Consider the nonlinear elliptic problem

Au= f(u,z), x€QCR?
U =up, x € 0f).

Let %(y, x) = 0 for all y € R, z € Q. Prove that there exists at most one classical
solution.

[Hint: Use the weak mazimum principle.]

(b) Let ¢ € C°(R™) be a radial function. Prove that the Fourier transform of ¢ is
radial too.

(c) Let ¢ € C°(R™) be a radial function. Solve
—Au+u=px), zeR"
by Fourier transformation and prove that v is a radial function.

(d) State the Lax-Milgram lemma and explain its use in proving the existence and
uniqueness of a weak solution of

—Au+a(x)u = f(x), x € Q,

u=0 on 012,
where Q C RY bounded, 0 < a < a(r) <@ < oo for all z € Q and f € L%(Q).
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Paper 4, Section II
30B Partial Differential Equations
Consider the two-dimensional domain

G={(z.y) | Rf <2’ +y* < R3},

where 0 < Ry < Ry < oco. Solve the Dirichlet boundary value problem for the Laplace
equation

Au=0 in G,
’LL:U1(SO), T:Rlv
u=1uz(p), r = Ro,

where (r, ) are polar coordinates. Assume that u;, uy are 2m-periodic functions on the
real line and uy,us € L7, (R).

[Hint: Use separation of variables in polar coordinates, u = R(r)®(y), with periodic

boundary conditions for the function ® of the angle variable. Use an ansatz of the form
R(r) = r® for the radial function.]
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1/11/29C  Partial Differential Equations

(i) State the local existence theorem for the first order quasi-linear partial differen-
tial equation

~ Ju
Zaj(x,u) 8—% = b(z,u),
J=1

which is to be solved for a real-valued function with data specified on a hypersurface S.
Include a definition of “non-characteristic” in your answer.

(ii) Consider the linear constant-coefficient case (that is, when all the functions
ai,...,a, are real constants and b(x,u) = cx+d for some ¢ = (¢1,...,¢,) with ¢q,...,¢p
real and d real) and with the hypersurface S taken to be the hyperplane x-n = 0. Explain
carefully the relevance of the non-characteristic condition in obtaining a solution via the
method of characteristics.

(iii) Solve the equation
ou ou

87y+u% = 0,

with initial data w(0,y) = —y prescribed on 2 = 0, for a real-valued function u(z,y).
Describe the domain on which your solution is C' and comment on this in relation to the
theorem stated in (i).

2/11/30C  Partial Differential Equations

(i) Define the concept of “fundamental solution” of a linear constant-coefficient
partial differential operator and write down the fundamental solution for the operator —A
on R3.

(ii) State and prove the mean value property for harmonic functions on R3.

(iii) Let u € C?(R?) be a harmonic function which satisfies u(p) > 0 at every point
p in an open set Q C R3. Show that if B(z,r) C B(w, R) C , then

r

Assume that B(x,4r) C . Deduce, by choosing R = 3r and w, z appropriately, that

inf u> 33 sup .
B(z,r) B(z,r)

[In (iii), B(z,p) = {x € R : ||z — z|| < p} is the ball of radius p > 0 centred at
z € R3]
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3/11/29C  Partial Differential Equations
Let C2,. = {u € C*°(R) : u(x + 27) = u(z)} be the space of smooth 27-periodic

per
functions of one variable.

(i) For f € Cpe, show that there exists a unique uy € Cp¢,. such that

per

_ d2Uf
dx?

+Uf = f

(ii) Show that I¢[uy + ¢] > I¢[uy] for every ¢ € Cpg, which is not identically zero,
where Iy : Cpe, — R is defined by

It[u] = ;/:r [($>2+u2—2f(x)u] dz.

(iii) Show that the equation

ou  9%*u

— — 75 tu = flz),

ot 0x? /(@)
with initial data u(0,z) = uo(z) € Cpe, has, for £ > 0, a smooth solution u(t, z) such that
u(t,-) € Cpe, for each fixed t > 0. Give a representation of this solution as a Fourier series

in z. Calculate lim;_, { o u(t, z) and comment on your answer in relation to (i).

(iv) Show that I¢[u(t,-)] < Ifu(s,-)] for t > s > 0, and that I¢[u(t,-)] — If[us] as
t — +o0.
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4/11/30C  Partial Differential Equations
(i) Define the Fourier transform f = F(f) of a Schwartz function f € S(R"), and
also of a tempered distribution v € S’(R™).

(ii) From your definition, compute the Fourier transform of the distribution
W, € 8'(R3) given by

1
Wi(y) =< W, >= o ”yH:tw(y) d¥(y)

for every Schwartz function ¢ € S(R?). Here dX(y) = t>dQ(y) is the integration element
on the sphere of radius t.

Hence deduce the formula of Kirchoff for the solution of the initial value problem
for the wave equation in three space dimensions,

0%u
— — Au =
ot? w=0

with initial data «(0,2) = 0 and %(O,x) = g(x), * € R3, where g € S(R3). Explain
briefly why the formula is also valid for arbitrary smooth g € C*°(RR3).

(iii) Show that any C? solution of the initial value problem in (ii) is given by the
formula derived in (ii) (uniqueness).

(iv) Show that any two C? solutions of the initial value problem for

%u  Ou
ﬁ—&-a—Au—O,

with the same initial data as in (ii), also agree for any ¢t > 0.
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1/11/29A  Partial Differential Equations

(i)

(iii)

Consider the problem of solving the equation
- ou
E a;(x)=— = b(x,u)
=1 837]‘

for a C! function v = wu(x) = u(zi,...,7,), with data specified on a C*
hypersurface S C R"
u(x) = o(x), Vx € S.

Assume that aq,...,an,¢,b are C! functions. Define the characteristic curves and
explain what it means for the non-characteristic condition to hold at a point on S.
State a local existence and uniqueness theorem for the problem.

Consider the case n = 2 and the equation

Ou 0w

8£E1 (9%'2 -2
with data u(z1,0) = ¢(x1,0) = f(x1) specified on the axis {x € R? : 2o = 0}.
Obtain a formula for the solution.

Consider next the case n = 2 and the equation

Ou du 4
81'1 83;2_

with data u(g(s)) = ¢(g(s)) = f(s) specified on the hypersurface S, which is given
parametrically as S = {x € R? : x = g(s)} where g : R — R? is defined by

g(s) = (s,0), s <0,

g(s) = (s,5%), s> 0.

Find the solution u and show that it is a global solution. (Here “global” means u
is C'! on all of R2.)

Consider next the equation

ou ou 0
8.7}1 8352 -
to be solved with the same data given on the same hypersurface as in (iii). Explain,
with reference to the characteristic curves, why there is generally no global C*!

solution. Discuss the existence of local solutions defined in some neighbourhood of
a given point y € S for various y. [You need not give formulae for the solutions.]

Part II 2007



I UNIVERSITY OF
¥¥ CAMBRIDGE 65

2/11/30A  Partial Differential Equations

Define (i) the Fourier transform of a tempered distribution T' € S&'(R3), and
(ii) the convolution T * g of a tempered distribution 7' € S’(R?) and a Schwartz function
g € S(R3). Give a formula for the Fourier transform of T x g (“convolution theorem”).

Let t > 0. Compute the Fourier transform of the tempered distribution A; € S'(R?)
defined by

um¢w:/t¢@mzw» Vo e S(RY),

and deduce the Kirchhoff formula for the solution u(¢, x) of

0%u
ﬁ — Au = 0,
ou 3
U(O,l‘):O, E(Oam):g(m’)a gES(R ) :
Prove, by consideration of the quantities e = §(u? + [Vu|?) and p = —u;Vu, that any C?

solution is also given by the Kirchhoff formula (uniqueness).

Prove a corresponding uniqueness statement for the initial value problem

0%w
g _A -

52 w+ V(z)w =0,
ow

ot

where V is a smooth positive real-valued function of z € R3 only.

w(0,z) =0, 0,z2) = g(x), g€ SR
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3/11/29A  Partial Differential Equations

Write down the formula for the solution u = u(t,z) for ¢ > 0 of the initial value
problem for the heat equation in one space dimension

ou_ o,
ot 0x2
u(0,7) = g(),

for g : R — C a given smooth bounded function.

Define the distributional derivative of a tempered distribution 7' € S’(R). Define a
fundamental solution of a constant-coefficient linear differential operator P, and show that
the distribution defined by the function %e"“ is a fundamental solution for the operator

d2
P=——+1
dz? +
For the equation
ou  0%*u
FR e'o(x), (*)

where ¢ € S(R), prove that there is a unique solution of the form e'v(z) with v € S(R).
Hence write down the solution of (%) with general initial data u(0,z) = f(x) and describe
the large time behaviour.

4/11/30A  Partial Differential Equations
State and prove the mean value property for harmonic functions on R3.

Obtain a generalization of the mean value property for sub-harmonic functions on
R3, i.e. C? functions for which
—Au(z) <0

for all z € R3.
Let ¢ € C?(R3;C) solve the equation

—Ap+iV(2)p =0,

where V is a real-valued continuous function. By considering the function w(z) = |¢(x)|?

show that, on any ball B(y, R) = {z : ||z — y|| < R} C R3,

sup [@(z)] < sup  [o(z)].
z€B(y,R) lz—yll=R
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1/11/29A  Partial Differential Equations

(a)

(b)

State a local existence theorem for solving first order quasi-linear partial differential
equations with data specified on a smooth hypersurface.

Solve the equation
ou ou 0

with boundary condition u(x,0) = f(x) where f € C'(R), making clear the domain
on which your solution is C'. Comment on this domain with reference to the non-
characteristic condition for an initial hypersurface (including a definition of this
concept).

Solve the equation

Oou  Ou

2
v—+—=0

or Oy
with boundary condition u(x,0) = x and show that your solution is C* on some
open set containing the initial hypersurface y = 0. Comment on the significance of
this, again with reference to the non-characteristic condition.

2/11/30A  Partial Differential Equations

Define a fundamental solution of a constant-coefficient linear partial differential

operator, and prove that the distribution defined by the function N : R® — R

N(z) = (4rz])~!

is a fundamental solution of the operator —A on R3.

State and prove the mean value property for harmonic functions on R? and deduce

that any two smooth solutions of

~Au=f, feC=RY

which satisfy the condition

lim wu(z)=0
|z]— o0

are in fact equal.
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3/I1/29A Partial Differential Equations

Write down the formula for the solution u = w(t,z) for ¢ > 0 of the initial value
problem for the n-dimensional heat equation

ou
E — AU = 0 5
u(0,z) = g(z) ,

for g : R™ — C a given smooth bounded function.

State and prove the Duhamel principle giving the solution v(t,x) for ¢ > 0 to the
inhomogeneous initial value problem

ov
E —Av= f )
v(0,z) = g() ,

for f = f(t,z) a given smooth bounded function.

For the case n = 4 and when f = f(z) is a fixed Schwartz function (independent
of t), find v(t,x) and show that w(z) = lim;—, 4o v(¢, z) is a solution of

—Aw=f.

[Hint: you may use without proof the fact that the fundamental solution of the Laplacian
on R* is —1/(47%|z|?).]

4/11/30A Partial Differential Equations

(a) State the Fourier inversion theorem for Schwartz functions S(R) on the real line.
Define the Fourier transform of a tempered distribution and compute the Fourier
transform of the distribution defined by the function F(z) = % for -t < x <+t
and F(z) = 0 otherwise. (Here ¢ is any positive number.)

Use the Fourier transform in the x variable to deduce a formula for the solution to
the one dimensional wave equation

Ut — Uge =0, with initial data w(0,2) =0, w(0,2)=g(x), (x)

for g a Schwartz function. Explain what is meant by “finite propagation speed”
and briefly explain why the formula you have derived is in fact valid for arbitrary
smooth g € C*°(R).

(b) State a theorem on the representation of a smooth 2m-periodic function g as a

Fourier series ‘
glz) = gla)e™
Q€L

and derive a representation for solutions to (x) as Fourier series in x.

(c) Verify that the formulae obtained in (a) and (b) agree for the case of smooth 27-
periodic g.
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1/11/29C  Partial Differential Equations

Consider the equation

ou ou ou (%)
To——T1— t+a—-— =u,
2 8x1 ! 8:62 81'3
where a € R, to be solved for u = wu(x1,x2,23). State clearly what it means for a

hypersurface
S = {(5517552,%3) s p(xy,x0,23) = ()}7

defined by a C! function ¢, to be non-characteristic for (x). Does the non-characteristic
condition hold when ¢(z1, z2,x3) = 237

Solve () for a > 0 with initial condition u(x1,x2,0) = f(x1,22) where f € C1(R?).
For the case f(x1,72) = 2% 4+ 23 discuss the limiting behaviour as a — 0.

2/11/30C  Partial Differential Equations

Define a fundamental solution of a linear partial differential operator P. Prove that
the function
G(z) = el

defines a distribution which is a fundamental solution of the operator P given by

d?u

Pu=_2%
Y dx?

+u.

Hence find a solution ug to the equation

d2u0

— g2 T =V(z),

where V(z) =0 for |z| > 1 and V(z) =1 for |z| < 1.

Consider the functional

I[u] :A{;[($)2+u2} - Vu} dz.

Show that Ifug + ¢] > I[ug] for all Schwartz functions ¢ that are not identically zero.
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3/11/29C  Partial Differential Equations
Write down a formula for the solution u = (¢, x) of the n-dimensional heat equation
wy(t,x) — Aw =0, w(0,2) = g(x),

for g : R™ — C a given Schwartz function; here w; = Oyw and A is taken in the variables
x € R™. Show that

J lg(@)| dx
t <.
Consider the equation ‘
up — Au = e f(z), (%)

where f: R" — C is a given Schwartz function. Show that (x) has a solution of the form
u(t, ) = ev(x),

where v is a Schwartz function.

Prove that the solution u(t, z) of the initial value problem for (x) with initial data
u(0, ) = g(x) satisfies

- _ it _
t_lg?oo’u(t,x) e v(x)| 0.

4/11/30C  Partial Differential Equations

Write down the solution of the three-dimensional wave equation
utt_Au:O7 U(O,I)ZO, ut(07x):g(m)7

for a Schwartz function g. Here A is taken in the variables + € R3 and u; = Ou/ot
etc. State the “strong” form of Huygens principle for this solution. Using the method of
descent, obtain the solution of the corresponding problem in two dimensions. State the
“weak” form of Huygens principle for this solution.

Let u € C?([0,T] x R3) be a solution of

ug — Au+ |z[Pu =0, w(0,2) =0, u(0,2) =0. (%)
Show that
de+V -p=0, ()
where
e=1(u?+|Vu*+|z[?u?), and p=-uVu.

Hence deduce, by integration of (xx) over the region
K={(t2):0<t<ty—a<ty |zv—uz<ty—1t}

or otherwise, that () satisfies the weak Huygens principle.
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