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Paper 1, Section II
41C Numerical Analysis
Consider the diffusion equation in 2D on a square domain (z,y) € [0, 1]?

ou

a(xayat) = VQU(.ZE,y,t), (1)
where V2 = 02/0x 4+ 0?/0y? is the Laplacian. We assume zero Dirichlet boundary
conditions u(x,0,t) = u(z,1,t) = u(0,y,t) = u(l,y,t) = 0 for all t > 0.

We discretize the domain [0, 1]? by a regular grid (ih, jh) where 0 < 4,7 < m + 1
and h =1/(m +1).

(a) Show that if we discretize the Laplacian operator V2 by the five-point finite-
difference scheme, we get an ordinary differential equation of the form

du(t) 1 2
W — et At u() R )
where u;; ~ u(ih, jh), and A, and A, are two matrices of size m? x m? that correspond
respectively to discretizations of 92 /0z? and 9% /9y?. You should verify that your matrices

A, and Ay commute, i.e., A, A, = AyA,.

(b) Consider the following time-stepping scheme for (2), where k£ > 0 is the time
step and p = k/h?:
{un+1/2 —u"+ uAyun+1/2
u

n+1 — un+1/2 + ,UAa:un+1/2~

1 can be computed from u” using at most O(m?) arithmetic

(i) Explain why u™*
operations.
(ii) Show that u"*! = Cu" for some matrix C' that you should make explicit. Deduce

conditions on u for the method to be stable.

[Hint: For (i1), you can use the fact that A, and A, are diagonalizable in the

same orthogonal basis of eigenvectors (V(p’q))1<p7q<m where v € R™ | and that
AvPD =\ vPD and AvPD) =\ vPD and \, = —4sin®(prh/2).]

(c) We consider the following modified discretization method to compute u™*! from

antl/2 — yn + MAy’ﬁn+1/2

antl — qnt1/2 + ,quﬁnJrl/Q

un+1 — ﬁn-{—l + MAx(un+1 _ un).
Jr

By writing the method as u™*! = Du” for some matrix D, and analyzing the eigenvalues
of D, show that this method is stable for any choice of p > 0.
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Paper 2, Section II
41C Numerical Analysis
Consider the variable coefficient advection equation

ou

ou
E(m,t) +c(x)=—(z,t) =0 (1)

Ox
where z € (—00,00) and ¢ > 0. Assume that c¢(z) > 0 is 2-periodic, i.e., ¢(z + 2) = ¢(x).
We will seek a 2-periodic solution u(z,t) that satisfies u(z,t) = u(z + 2,t) for all ¢.

(a) Assume c(x) has a finite decomposition in a Fourier basis

d
c(x) =Y Ee™ (¢ =0for |i| > d).

n=—d

Give an expression for ¢, in terms of ¢(z). Using the fact that ¢(x) > 0 for all =, show
that the (2d + 1) x (2d + 1) matrix [¢h—m]| g, meq 18 Hermitian positive definite.

(b) We seek a solution u(z,t) of (1) of the form

d

u(a,t) = Y Gn(t)e™.

n=—d

Let U(t) = (Un(t))n<a € C2?4+1, Applying the spectral method to (1) derive an ODE of

the form R
du(t)

dt
for some matrix B of size (2d + 1) x (2d + 1) that you should specify.

= irBu(t) (2)

(c) Explain why the eigenvalues of B are all real. Deduce that the explicit Euler
discretization of (2) is unstable.

[Hint: you can assume, without proof, that if P and Q) are two Hermitian matrices
and P is positive definite, then the eigenvalues of PQ are all real.]

(d) Consider the case ¢(z) = 2+cos(mz) —(1/2) sin(mzx) and d = 1. Form the matrix
B and compute its eigenvalues.

Part II, Paper 1
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Let A be an n x n real symmetric positive definite matrix and consider the linear
system of equations Ax = b, with b,x € R". Let F(x) = (1/2)x” Ax — bTx.

(a) Define the steepest descent method with exact line search to minimize F. Show
that for the 2 x 2 linear system

10
A:(O 7), b=0cR? (y>1), (1)

with the starting point x(©) = (v, 1), the k-th iterate of this method satisfies

nﬂ“—xw2_<m—1>k )

@ ey~ \m+1

where k is the condition number of A that you should define.

Define the conjugate gradient method. If the conjugate gradient method is applied
to this example, at most how many iterations will be needed to reach x*?

(b) Return to the case of general nxn A as specified at the beginning of the question.
The heavy-ball method to minimize F(x) is defined by the following iterations

xFHD = xB) _ oV F () 4+ g(x®) — x*k=1) (3)

for some constants «, 8 > 0, with the initial point x(©) = 0. Show that r*®) ¢ Kr(A,b)
where r®) = b — Ax(*) is the residual at the kth iterate, and Ki(A,b) is the kth Krylov

subspace of A with respect to b.

(c) Let e®) = x* —x(¥) be the error for the iterates of the heavy-ball method. Show
that we can find a matrix M of size 2n x 2n such that

e(k+1) o)
(o) =20 ().

Your matrix M should be explicit, and depend only on A, « and 3. Assuming A is
diagonal, show that M can be made block diagonal with 2 x 2 blocks by an appropriate
permutation of its rows and columns (i.e. there is a permutation matrix P such that
PMPT is block diagonal).

(d) Compute the spectral radius of M for the particular A and b given in (1) and
the choice a = 1/ and 3 = (1 — \/1/7)2. Compare your result with the rate in (2) when
v > 1. [ Hint: To simplify the algebra you may find it helpful to write o in terms of 5. ]
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(a) Define the Rayleigh quotient of a matrix A € R™*™ at a vector x € R". Describe
the method of Rayleigh quotient iteration to compute an eigenvalue of a matrix.

In the remainder of the question A € R™*™ and A € R is a simple eigenvalue of A.
u,v € R" with ||ull2 = ||v]2 = 1, are respectively the left and right eigenvectors of A
associated with the eigenvalue \. We define s(\) = 1/[u”v| to be the sensitivity of the
eigenvalue A.

When A is to be regarded as depending on a parameter ¢ the notation A(t) will be
used, with corresponding use of A(t), u(t) and v(¢).

(b) Let E € R™ " be a perturbation matrix and let A(f) be an eigenvalue of
A(t) = A(0) + tE with t € R. Assuming A(¢) is differentiable at ¢ = 0, show that

112

IN(0)] < [a(0)v (0)] (1)

where || E||2 is the operator norm of E.
[Hint: consider u(0)T A(t)v(t).]

(c) What can you say about the sensitivity s()A) if A is a symmetric matrix? More
generally, what can you say if A is a normal matrix?

(d) Let
A1

A= AQ 1 )

An

where \; = 1, and \; = 1 — 1/i for ¢ > 2. Show that for the eigenvalue A = \; = 1, the
sensitivity s(A) is at least n!.

(e) Consider applying Rayleigh quotient iterations to compute the eigenvalue A of
a matrix A. Upon termination of the algorithm, we obtain v € R”, ||¥| =1 and A € R
such that
|AV — AV]j2 = €

where € is the machine precision. Show that [A — A| < es(\).

[Hint: construct a perturbation matriz E such that (A + E)v = AV and use the
approzimation |A\(1) — A(0)] = |\ (0)].]

Part II, Paper 1
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(a) Let H € R™™ be diagonalisable. Show that the sequence defined by z(+1) =
Hz*) converges to 0 for all initial vectors z(%) € C™ if, and only if, p(H) < 1 where p(H)
is the spectral radius of H.

Let A € R™ "™ be a symmetric positive definite matrix, and let b € R™.

(b) Prove that the solution to Ax = b is the unique minimiser of the function
f(x) = (1/2)xT Ax — bTx.

(c) The steepest descent method with constant step size « is defined by
xF D = x(B) _ v f(x*)).
Applying the method to the function f given in (b), write down the iterations explicitly in
terms of A and b. Under what conditions on a does the sequence x*) converge to A~'b?

(d) Consider the steepest descent method with ezact line search, where at each
iteration k, the constant o = a® is chosen so that f(x*+1)) is as small as possible.
Give an explicit expression for the step size a¥). Show that, in this case, the residuals
r(®) = b — Ax®) satisfy (r)Te+D =0 for all k.

Part II, Paper 1
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(a) Consider a linear recurrence relation
S S
Zaku%fk:Zbku%Jrk n>0, meZ,
k=r k=r
where (ay) and (bg) are fixed coefficients.

i) Show that if we define the Fourier transform of u" = (u}},)mez by un(f) =
m
Y omez e~"™9y"  then the linear recurrence relation takes the form

—

unt1(6) = H(9)u"(6)
where H(#) is a function that you should specify.
(i) Show that the sequence (u™),>¢ is bounded in the ¢3 norm, for all u, if and

only if |[H(#)| < 1 for all § € [—7,x].

[You may assume Parseval’s identity:

™

1 ~
ful, = 3t =5 [ [a@Fds. ]

—T

(b) Consider the following three recurrence relations:

(i) umtt =, + p(upy, —up,_y)
(i) up™ = gu(+ pup,_y + (1= p)up, — gl — pup, 4
(iif) uppt =g — o) (upy = 2upt + UZf.fl) = upy, 5 () (up,_y = 2up +uly, )
where n € N is the time discretization index, m € 7Z is the spatial discretization index,
p = 0 is the Courant number, and, for (iii), @ > 0 is a parameter. In each case give an

expression for the amplification factor H(#), and deduce the set of values p (and « for
(iii)) for which we have stability.

Part 11, Paper 1 [TURN OVER]
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Let A € R™ "™ be a symmetric matrix with real eigenvalues A1,...,\, ordered by
their magnitudes in nonincreasing order, |A1| = |A2| = ... = |A\y].

(a) Define the power method to compute the leading eigenvalue of A. Show that,
under suitable assumptions, the iterates (xj) of the power method satisfy

r(x) = At = O(|Aa/ A [*)
as k — oo, where r(x) = x! Ax/x”x is the Rayleigh quotient.
(b) Let
5 1 3
A=11 7 1
3 15
to which we apply the power method with starting vector xo = (1/v/2,—1/v/2,0).

Compute xj;, and r(xy) explicitly, and find the limit value limg_,o r(xx). Compare with
the result in (a) and comment. [Hint: The eigenvalues of A are 9, 6 and 2.]

(c) Define the inverse iteration with shift, and describe (without proof) the conver-
gence of the method, clearly stating the assumptions.

Part II, Paper 1
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(a) State and prove the Gershgorin circle theorem.

(b) Consider the diffusion equation on the square [0, 1]?
ou 0 0 0 9]
o = o (e ruten) ) + 4 (el gouen))

where 0 < a(r,y) < amax for all (z,y) € [0,1]? is the diffusion coefficient, and with
Dirichlet boundary conditions u(z,y,t) = 0 for (z,y) on the boundary of [0, 1]2.

Consider a uniform grid of size M x M with step h = 1/(M + 1) and let
ui; = u(ih, jh) for 1 <i < M and 1< j < M.

(i) Using finite differences, show that the right-hand side of the diffusion equation
can be discretised by an expression of the form

1
ﬁ(auz'—l,j + Buit1j + Yuij-1 + 0ui i1 — (o + B+ + 6)ui ;)

for some a, 3,7, which you should specify, and which depend on ¢, j and the
diffusion coefficient. Show that the error of this discretisation is O(h?).

(ii) The time derivative is discretised using a forward Euler scheme with a time
step At = k. Use Gershgorin’s theorem, clearly justifying all your steps, to
show that the resulting scheme is stable when 0 < p < 1/(4amax), Where
p = k/h? is the Courant number.

Part 11, Paper 1 [TURN OVER]
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Let A € R™"™ with n > 2 and define Spec(A) = {\ € C| A — A is not invertible}.
The QR algorithm for computing Spec(A) is defined as follows. Set Ay = A. For
k = 0,1,... compute the QR factorization Ay = QrR; and set Axr1 = RpQy. (Here
Q. is an n X n orthogonal matrix and Ry is an n X n upper triangular matrix.)

(a) Show that Ay is related to the original matrix A by the similarity trans-
formation Agy1 = QgAQk,_Where Qr = QoQ1 - Qp is orthogonal and QR is the QR
factorization of A¥*! with Ry, = RpRi_1 - -- Ro.

(b) Suppose that A is symmetric and that its eigenvalues satisfy
|)\1| < |)\2| <0 < |/\n—1’ = |/\n‘ .

Suppose, in addition, that the first two canonical basis vectors are given by e; = )" | b;wy,
e = > ., cw;, where b; # 0, ¢; # 0 for i = 1,...,n and {w;}]", are the normalised
eigenvectors of A.

Let By, € R?2*2 be the 2 x 2 upper left corner of A;. Show that dy (Spec(Bk), S) —0
as k — oo, where S = {\,} U{)\,_1} and dy denotes the Hausdorff metric

dip(X,Y) = max< sup inf |x — y|, sup inf |z —y| ¢, X, Y cC.
reX YEY yeyaceX

[Hint: You may use the fact that for real symmetric matrices U,V we have
iy (Spec(U), Spec(V) < [U — V2.
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(a) Let x € RY and define y € R?V by

) Zn, 0<ng<N-1
T gy m, N<n<2N -1,

Let Y € C?V be defined as the discrete Fourier transform (DFT) of y, i.e.

2N—-1

Y, = Z Ynwh¥,  won = exp (—mi/N), 0<k<2N —1.

n=0

Show that

N-1
_ 1
Yk:2w2]€/2 onncos []7\; <n+>k}, 0<k<2N —1.
n=

2

(b) Define the discrete cosine transform (DCT) Cy : RY — RN by

N

N—-1
T 1
z = CnNX, Wherezk:ancos [ <n—1—2> k‘], k=0,...,N—1.

n=0

2021

For N = 2P with p € N, show that, similar to the Fast Fourier Transform (FFT), there
exists an algorithm that computes the DCT of a vector of length N, where the number of
multiplications required is bounded by C'N log N, where C' is some constant independent

of N.

[You may not assume that the FFT algorithm requires O(N log N') multiplications

to compute the DFT of a vector of length N. If you use this, you must prove it.]

Part II, 2021 List of Questions [TURN OVER]
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Paper 3, Section II
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Consider discretisation of the diffusion equation

ou  0*u
— = 0<t<1,
ot 0zx2’ ()
by the Crank—Nicholson method:
U = gy =20 B ) = g, —2up g ). n=0,. N, (1)

where p= % is the Courant number, h is the step size in the space discretisation, k = ﬁ
is the step size in the time discretisation, and u', ~ u(mh,nk), where u(zx, t) is the solution
of (x). The initial condition u(z,0) = ug(x) is given.

(a) Consider the Cauchy problem for (%) on the whole line, x € R (thus m € Z),
and derive the formula for the amplification factor of the Crank—Nicholson method ().
Use the amplification factor to show that the Crank—Nicholson method is stable for the
Cauchy problem for all ;> 0.

[You may quote basic properties of the Fourier transform mentioned in lectures, but
not the theorem on sufficient and necessary conditions on the amplification factor to have
stability.]

(b) Consider (x) on the interval 0 < x < 1 (thusm=1,...,M and h = ﬁ) with
Dirichlet boundary conditions u(0,t) = ¢o(t) and u(1,t) = ¢1(t), for some sufficiently
smooth functions ¢ and ¢;. Show directly (without using the Lax equivalence theorem)
that, given sufficient smoothness of u, the Crank—Nicholson method is convergent, for any

> 0, in the norm defined by |92, = (h 2%21 |77m\2)1/2 for n € RM,

[You may assume that the Trapezoidal method has local order 3, and that the
standard three-point centred discretisation of the second derivative (as used in the Crank—
Nicholson method) has local order 2.]

Part 11, 2021 List of Questions



2021

NIVERSITY OF
AMBRIDGE 81

@)

Paper 4, Section 11
40E Numerical Analysis

(a) Show that if A and B are real matrices such that both A and A—B—B” are
symmetric positive definite, then the spectral radius of H = —(A—B)~!B is strictly less
than 1.

(b) Consider the Poisson equation Vu = f (with zero Dirichlet boundary condition)
on the unit square, where f is some smooth function. Given m € N and an equidistant
grid on the unit square with stepsize h = 1/(m + 1), the standard five-point method is
given by

2 .o
Ui—1,j + Uit1,j + Wij—1 + Uijr1 — 4duij = h"fi g, hj=1,...,m, (*)

where f; ; = f(ih, jh) and ug j = Um41,; = Ui,0 = Uim+1 = 0. Equation (*) can be written
as a linear system Ax = b, where A € R™>*m* and b € R™ both depend on the chosen
ordering of the grid points.

Use the result in part (a) to show that the Gauss—Seidel method converges for the
linear system Ax = b described above, regardless of the choice of ordering of the grid
points.

[You may quote convergence results — based on the spectral radius of the iteration
matriz — mentioned in the lecture notes.]

Part II, 2021 List of Questions [TURN OVER]



2020

NIVERSITY OF
AMBRIDGE 71

P
S

Paper 1, Section 11
41E Numerical Analysis

Let A € R™™*" be a real symmetric matrix with distinct eigenvalues \y < Ag < -+- <
An and a corresponding orthonormal basis of real eigenvectors {w;}? ;. Given a unit norm
vector (9 € R”, and a set of parameters s; € R, consider the inverse iteration algorithm

A-sy=2®,  zFD=y/lyl, Ek>0.

n

(a) Let sp = s = const for all k. Assuming that 20 = Zcz-'wi with all ¢; # 0,

i=1
prove that
s<) = 2P sw; or 2™ = —w (k — 0).
Explain briefly what happens to ®) when \,,, < s < Amt1 for some m € {1,2,...,n—1},

and when \,, < s.

(b) Let s, = (Ax®), z®)) for k > 0. Assuming that, for some k, some a; € R and
for a small €,
$(k) =c! (wl + € Z aiwi) ,
i>2

where c is the appropriate normalising constant. Show that s, = A\; — Ke? 4+ O(e?) and
determine the value of K. Hence show that

D) — cl_l <w1 +é Z biw; + 0(65))7

122

where c¢; is the appropriate normalising constant, and find expressions for b;.
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(a) For A € R™™" and nonzero v € R", define the m-th Krylov subspace K,,(A,v)
of R™. Prove that if A has n linearly independent eigenvectors with at most s distinct

eigenvalues, then
dim K,,,(A,v) <s Vm.

(b) Define the term residual in the conjugate gradient (CG) method for solving a
system Ax = b with a symmetric positive definite A. State two properties of the method
regarding residuals and their connection to certain Krylov subspaces, and hence show that,
for any right-hand side b, the method finds the exact solution after at most s iterations,
where s is the number of distinct eigenvalues of A.

(c) The preconditioned CG-method PAPTZ = Pb is applied for solving Ax = b,
with
21
12 .
A= S
1 2 11
Prove that the method finds the exact solution after two iterations at most.
(d) Prove that, for any symmetric positive definite A, we can find a preconditioner

P such that the preconditioned CG-method for solving Ax = b would require only one
step. Explain why this preconditioning is of hardly any use.
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(a) Give the definition of a normal matrix. Prove that if A is normal, then the
(Euclidean) matrix ¢3-norm of A is equal to its spectral radius, i.e., [|A]2 = p(A).

(b) The advection equation
U = Uy, , 0<x <1, 0<t < oo,
is discretized by the Crank—Nicolson scheme
umtl —yn n+1 n+1

1 1
Uy = Ziu(um—‘rl _um—l)_'_zu(u?n—i—l _u?n—l)v m= 1727""M’ TLEZ+.

Here, p = % is the Courant number, with £k = At, h = Az =
approximation to u(mh,nk).

ﬁ, and u;, is an

Using the eigenvalue analysis and carefully justifying each step, determine conditions
on g > 0 for which the method is stable. [Hint: All M x M Toeplitz anti-symmetric
tridiagonal (TAT) matrices have the same set of orthogonal eigenvectors, and a TAT
matriz with the elements aj; = a and ajj1 = —ajj—1 = b has the eigenvalues

A =a+ 211)005]\/[”—_If_1 where 1 =+/—1. ]

(c) Consider the same advection equation for the Cauchy problem (z € R, 0 < ¢ <
T). Now it is discretized by the two-step leapfrog scheme
U = (g — g, y) gy

Applying the Fourier technique, find the range of ;1 > 0 for which the method is stable.

Part II, 2020 List of Questions [TURN OVER]
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(a) For a function f = f(x,%) which is real analytic in R? and 2-periodic in each
variable, its Fourier expansion is given by the formula

r i J r 1 ! ! —1 —imn
f(xa y) = Z fm,nelﬂmx+lwny; fm,n = i / . / . f(t, 9)6 vmmt edtde .

m,ne”L

Derive expressions for the Fourier coefficients of partial derivatives f,, f, and those of the
product h(z,y) = f(x,y)g(x,y) in terms of f, , and G n.

(b) Let u(x,y) be the 2-periodic solution in R? of the general second-order elliptic
PDE

(auq)s + (auy)y = f,

where a and f are both real analytic and 2-periodic, and a(xz,y) > 0. We impose the
normalisation condition f_ll f_ll udxdy = 0 and note from the PDE f_ll f_ll fdxdy = 0.

Construct explicitly the infinite-dimensional linear algebraic system that arises from
the application of the Fourier spectral method to the above equation, and explain how to
truncate this system to a finite-dimensional one.

(c) Specify the truncated system for the unknowns {%,,} for the case
a(z,y) =5+ 2cosmz + 2cosmy,

and prove that, for any ordering of the Fourier coefficients {uy,,} into one-dimensional
array, the resulting system is symmetric and positive definite. [You may use the Gershgorin
theorem without proof.]

Part 11, 2020 List of Questions



2019

BB UNIVERSITY OF
¥¥ CAMBRIDGE 72

Paper 4, Section 11
39C Numerical Analysis
For a 2-periodic analytic function f, its Fourier expansion is given by the formula

f@= > e hi=s e ar,

n=—oo

(a) Consider the two-point boundary value problem

N

r<1,
T

o
—%(1+2cos7rx)u"—|—u:l—i—zrﬂiﬂcoswnx, -1
n=1
with periodic boundary conditions u(—1) = wu(l). Construct explicitly the infinite
dimensional linear algebraic system that arises from the application of the Fourier spectral
method to the above equation, and explain how to truncate the system to a finite-
dimensional one.

(b) A rectangle rule is applied to computing the integral of a 2-periodic analytic

function h:
N/2

/1h(t)dtz% > h(%) (%)

-1 k=—N/2+1

Find an expression for the error ey(h) := LHS — RHS of (%), in terms of T, and show
that ey(h) has a spectral rate of decay as N — oo. [In the last part, you may quote a
relevant theorem about h,,.]
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The Poisson equation on the unit square, equipped with zero boundary conditions,
is discretized with the 9-point scheme:

10 2
— Ui+ 3 (UWit1,j + Uim1,j + Wi + Uij-1)

+ (Ui g + i1 o1 + U1+ uis o) = 2 fig,
where 1 < 4,5 < m, u;; = u(ih, jh), and (ih, jh) are the grid points with h = mLH We
also assume that Uo,j; = Uj,0 = Um+1,j5 = Uim+1 = 0.

(a) Prove that all m x m tridiagonal symmetric Toeplitz (TST-) matrices

a B
H =1[8,0,8) = 5.,0.‘.:# eR™™ (1)
B «
share the same eigenvectors g, with the components (sinjlmh)?:l for kK = 1,....m.
Find expressions for the corresponding eigenvalues A\ for £k = 1,...,m. Deduce that
H =QDQ™!, where D = diag{)\} and Q is the matrix (sin ijwh)Z}:l.

(b) Show that, by arranging the grid points (ih, jh) into a one-dimensional array
by columns, the 9-points scheme results in the following system of linear equations of the
form

B C u; b:
. U2 b2
Au=b & ¢B =1 . (2)
.o : :
C B U b,

where A € Rm2xm2, the vectors ug, by € R™ are portions of u,b € ng, respectively, and
B, C are m x m TST-matrices whose elements you should determine.

(c) Using v = Q ' uy, ¢, = Qb show that (2) is equivalent to

D FE v1 C1
E D V2 C2

E . = . ’ (3)
E D Vm Cm

where D and E are diagonal matrices.

(d) Show that, by appropriate reordering of the grid, the system (3) is reduced to
m uncoupled m x m systems of the form

Aki)\kz/c\k, k=1,...,m.

Determine the elements of the matrices Ay.
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The diffusion equation

Ut = Ugy, ngg]-u t>0)

with the initial condition u(z,0) = ¢(x), 0 < = < 1, and boundary conditions u(0,t) =
u(1,t) = 0, is discretised by u], ~ u(mh,nk) with k = At, h = Az = 1/(1 + M). The
Courant number is given by u = k/h?.

(a) The system is solved numerically by the method
uﬁfl:u%—I—u(u%,l—Qu%—i—uan), m=12,..M, n>0.

Prove directly that x4 < 1/2 implies convergence.
(b) Now consider the method

aup ™t — 3 =) (upy = 20"+ upfh) = aug, + 5t o) (up, g — 2up, )

where a and c are real constants. Using an eigenvalue analysis and carefully justifying
each step, determine conditions on u, a and ¢ for this method to be stable.

[ You may use the notation [, «, 5] for the tridiagonal matriz with o along the diag-
onal, and B along the sub- and super-diagonals and use without proof any relevant theorems
about such matrices.]

Paper 1, Section 11
40C Numerical Analysis
(a) Describe the Jacobi method for solving a system of linear equations Az = b as

a particular case of splitting, and state the criterion for its convergence in terms of the
iteration matrix.

(b) For the case when

A=

QL
O =9
— Q9 Q

find the exact range of the parameter a for which the Jacobi method converges.

(c) State the Householder-John theorem and deduce that the Jacobi method con-
verges if A is a symmetric positive-definite tridiagonal matrix.
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The inverse discrete Fourier transform F, ! : R® — R” is given by the formula

n—1
w:fﬁly, where xe:Zwayj, £=0,...,n—1.
j=0

2mi

Here, wy, = exp < is the primitive root of unity of degree n and n =27, p =1,2,....

(a) Show how to assemble x = f;,iy in a small number of operations if the Fourier
transforms of the even and odd parts of y,

are already known.

(b) Describe the Fast Fourier Transform (FFT) method for evaluating «, and draw
a diagram to illustrate the method for n = 8.

(c) Find the cost of the FFT method for n = 2P (only multiplications count).
(d) For n = 4 use the FFT method to find = F,, 'y when:

(i) y=(1,-1,1,-1), (i) y=(1,1,-1,-1).
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The Poisson equation % = f in the unit interval [0, 1], with «(0) = u(1) = 0, is
discretised with the formula
U1 — 2u; + uir1 = B f;, I<i<n,

where ug = u,11 = 0, h = (n + 1)7!, the grid points are at x = ih and u; ~ u(ih).

(a) Write the above system of equations in the vector form Au = b and describe
the relaxed Jacobi method with relaxation parameter w for solving this linear system.

(b) For * and ) being the exact and the iterated solution, respectively, let
e® := ) — z* be the error and H,, be the iteration matrix, so that

et = g e

Express H,, in terms of the matrix A and the relaxation parameter w. Using the fact that
for any n x n Toeplitz symmetric tridiagonal matrix, the eigenvectors vy (k = 1,...,n)

have the form:
s

v = (sinikz)! 4, T =709

find the eigenvalues A\;(A) of A. Hence deduce the eigenvalues A\;(w) of H,,,.
(c) For A as above, let

e = Z a,(:)'vk
k=1

be the expansion of the error with respect to the eigenvectors (vy) of H,,.

Find the range of the parameter w which provides convergence of the method for
any n, and prove that, for any such w, the rate of convergence e*) — 0 is not faster than
(1 — ¢/n?)” when n is large.

(d) Show that, for an appropriate range of w, the high frequency components a,(:)

(L <k < n) of the error e tend to zero much faster than the rate obtained in
part (c). Determine the optimal parameter w, which provides the largest supression of the
high frequency components per iteration, and find the corresponding attenuation factor pi.

assuming n is large. That is, find the least y,, such that |a,(:+1)| < ,uw|a,(:)| for 2 <k < n.
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(a) Suppose that A is a real n X n matrix, and w € R™ and \; € R are given so that
Aw = \w. Further, let S be a non-singular matrix such that Sw = ce®), where e is
the first coordinate vector and ¢ # 0.

Let A = SAS~!. Prove that the eigenvalues of A are Ay together with the
eigenvalues of the bottom right (n — 1) x (n — 1) submatrix of A.

Explain briefly how, given a vector w, an orthogonal matrix S such that Sw = ce(")
can be constructed.

(b) Suppose that A is a real n x n matrix, and two linearly independent vectors
v, w € R" are given such that the linear subspace L{v, w} spanned by v and w is invariant
under the action of A, i.e.,

z € L{v,w} = Azxe L{v,w}.

Denote by V' an n x 2 matrix whose two columns are the vectors v and w, and let S be a
non-singular matrix such that R = SV is upper triangular:

U1 wy 11 Ti2
vy We 0 7o

SV =5 x V3 W3 = 0 0 . (*)
Up Wy 0 0

Again, let A= SAS:I. Prove that the eigenvalues of A are the eigenvalues of the top left
2 x 2 submatrix of A together with the eigenvalues of the bottom right (n —2) x (n — 2)
submatrix of A.

Explain briefly how, for given vectors v, w, an orthogonal matrix S which satisfies
(*) can be constructed.
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The diffusion equation for u(z,t):

ou 0%

E = W’ reR, t>0,
is solved numerically by the difference scheme

n+l _  n 3 n n n 1 n—1 n—1 n—1
Up, = Uy + Eu(um—l - 2um + um-‘,—l) - §:u(um—1 - 2um + um-',-l) .

Here u = % is the Courant number, with k = At, h = Az, and u}, ~ u(mh,nk).
(a) Prove that, as k — 0 with constant u, the local error of the method is O(k?).

(b) Applying the Fourier stability analysis, show that the method is stable if and
only if p < %. [Hint: If a polynomial p(x) = 2 — 2ax + B has real roots, then those roots
lie in [a,b] if and only if p(a)p(b) = 0 and o € [a, b].]

(¢) Prove that, for the same equation, the leapfrog scheme
= A 2,y — 2up, U )

is unstable for any choice of © > 0.

Part II, 2018 List of Questions [TURN OVER



2017

BB UNIVERSITY OF
¥¥ CAMBRIDGE 73

38A Numerical Analysis
The Poisson equation V2u = f in the unit square Q = [0, 1] x [0, 1], equipped with
the zero Dirichlet boundary conditions on 0f2, is discretized with the nine-point formula:

10 2
Poluigl == =5 wij + 5 (i1 + tim1j + i g1 + ij-1)

1 2
+g (Wit L1 + Uirrj—1 + Uimrg +uim1-1) = B iy,

1

where 1 < i,j < m, u;; ~ u(ih, jh), and (ih, jh) are the grid points with h = .

(i) Find the order of the local truncation error 7; ; of the approximation.

(ii) Prove that the order of the truncation error is smaller if f satisfies the Laplace
equation V2f = 0.

(iii) Show that the modified nine-point scheme
2 Lo
Poluigl = h°fij+ 5P Tslfig)
1
= hifij+ EhQ(fi—i—l,j + fic1,j + fij+1 + fij—1 — 4fij)

has a truncation error of the same order as in part (ii).

(iv) Let (u;;);—; be a solution to the m? x m? system of linear equations Au = b

arising from the modified nine-point scheme in part (iii). Further, let u(z,y) be the
exact solution and let e; j := w; j — u(ih, jh) be the error of approximation at grid
points. Prove that there exists a constant ¢ such that

1/2

2 < ch?, h = 0.

m

lellz = | > leig

1,j=1

[Hint: The nine-point discretization of Vu can be written as
Dolu] = (Ts + gAAY) u = (A + A} + gAZAY ) u,
where s[u] = (A2 + Az)u is the five-point discretization and

A2 u(z,y) == u(z — h,y) — 2u(x,y) + u(z + h,y),
Al u(z,y) == u(z,y —h) — 2u(z,y) + u(z,y +h). }

[Hint: The matriz A of the nine-point scheme is symmetric, with the eigenvalues

/\k’e:—4sin2@—4sin2%+§sin2@sin2&%, 1<k l<m. }
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State the Householder—John theorem and explain how it can be used in designing
iterative methods for solving a system of linear equations Ax = b. [You may quote other
relevant theorems if needed.]

Consider the following iterative scheme for solving Ax =b. Let A =L+ D+ U,
where D is the diagonal part of A, and L and U are the strictly lower and upper triangular
parts of A, respectively. Then, with some starting vector x(?), the scheme is as follows:

(D 4 wL)x®+) = (1 -w)D —wU] x®) 4+ wb.

Prove that if A is a symmetric positive definite matrix and w € (0,2), then, for any x(©),
the above iteration converges to the solution of the system Ax = b.

Which method corresponds to the case w = 17

Part II, 2017 List of Questions



2017

BB UNIVERSITY OF
¥¥ CAMBRIDGE 75

Paper 3, Section II
39A Numerical Analysis

Let A be a real symmetric n x n matrix with real and distinct eigenvalues
0=MX < -+ < A1 =1 < A\, and a corresponding orthogonal basis of normalized
real eigenvectors (w;)!" ;.

To estimate the eigenvector w,, of A whose eigenvalue is A, the power method with
shifts is employed which has the following form:

y = (A_SkI)X(k)v X(kJrl) :y/Hyuv sk € R, k=0,1,2,...
Three versions of this method are considered:
(i) no shift: s, = 0;
(i) single shift: s, = %;

(iii) double shift: so = so = (2 4+ V2), so41 = 51 = (2 — V2).

Assume that A, = 1 +¢, where € > 0 is very small, so that the terms O(e?) are negligible,
and that x(©) contains substantial components of all the eigenvectors.

By considering the approximation after 2m iterations in the form
(2m) _ 2m
X =tw, + O0(p™™) (m— ),

find p as a function of € for each of the three versions of the method.

Compare the convergence rates of the three versions of the method, with reference
to the number of iterations needed to achieve a prescribed accuracy.
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(a) The diffusion equation

ou 0%
T 0<a<l, 0<t<T,
ot 02 TS

is approximated by the Crank—Nicolson scheme

1
uzjl _ n+1 _ QUZjl + un-i—l )

1
5“( m—1 m-+1 :u:Ln—i—_:u (u:Lnfl _2u%+u%+1) s

2

with m = 1,...,M. Here u = k/h?, k = At, h = Az = M+1, and u) is an
approximation to u(mh,nk). Assuming that u(0,¢) = u(1,t) = 0, show that the

above scheme can be written in the form
Bu"™l' =Cu", 0<n<T/k-1,

where u” = [u7,...,u%]T and the real matrices B and C should be found. Using
matrix analysis, find the range of p > 0 for which the scheme is stable.

[Hint: All Toeplitz symmetric tridiagonal (TST) matrices have the same set of
orthogonal eigenvectors, and a TST matriz with the elements a;; = a and a; ;41 = b

has the eigenvalues A\, = a + 2b cos J\/’[r_’ﬁl ]
The wave equation
9? 9?
a_tg — a_z . z€eR, t>0,
x

with given initial conditions for u and du/0t, is approximated by the scheme
i = 2ul, i = e y — 2ul ),

with the Courant number now u = k2/h%. Applying the Fourier technique, find the
range of p > 0 for which the method is stable.
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(a) Describe an implementation of the power method for determining the eigenvalue
of largest modulus and its associated eigenvector for a matrix that has a unique eigenvalue
of largest modulus.

Now let A be a real n x n matrix with distinct eigenvalues satisfying |\,| = [A\n—1]
and [\,| > |N], ¢ = 1,...,n — 2. The power method is applied to A, with an initial
condition x(© = Z?Zl ¢;w; such that ¢,_1¢, # 0, where w; is the eigenvector associated
with A;. Show that the power method does not converge. Explain why x®) | x(k+1) and
x(51+2) hecome linearly dependent as k — co.

(b) Consider the following variant of the power method, called the two-stage power

method, applied to the matrix A of part (a):

0. Pick x(© e R” satisfying ||x@| = 1. Let 0 < ¢ < 1. Set k = 0 and
<D — 4x©)
1. Calculate x*12) = Ax(*+1) and calculate «, 8 that minimise

f(a718) - HX(k+2)—|—ax(k+l)+BX(k)H

2. If f(a, B) < ¢, solve A24+aA+B = 0 and let the roots be A; and \o. They are
accepted as eigenvalues of A, and the corresponding eigenvectors are estimated
as xF+1) — \ox®) and x(*+1) — )\ x*),

3. Otherwise, divide x**2) and x(**1 by the current value of ||x**1)||, increase
k by 1 and return to Step 1.
Explain the justification behind Step 2 of the algorithm.

(c) Let n = 3, and suppose that, for a large value of k, the two-stage power method
yields the vectors

1 2 2
ye=x® =11 |, Yk+1 = Ax® = 3 |, Yito = A0 = | 4
1 4 6

Find two eigenvalues of A and the corresponding eigenvectors.
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(a) The advection equation

U =Uy, 0<z<1,t20

is discretised using an equidistant grid with stepsizes Ax = h and At = k. The
spatial derivatives are approximated with central differences and the resulting ODEs are
approximated with the trapezoidal rule. Write down the relevant difference equation for
determining (u%t!) from (u?). What is the name of this scheme? What is the local
truncation error?

The boundary condition is periodic, u(0,t) = u(1,¢). Explain briefly how to write
the discretised scheme in the form Bu"t! = Cu", where the matrices B and C, to be
identified, have a circulant form. Using matrix analysis, find the range of u = At/Azx
for which the scheme is stable. [Standard results may be used without proof if quoted
carefully.]

[Hint: An n x n circulant matric has the form

aq aq e Ap—1
A — anfl
: a
ai ce. Ap—1 ag
. . \n—1
All such matrices have the same set of eigenvectors vy = (wﬂ)?.l_ , £ =0,1,...,n—1,
7=0

2mi/n ke ]

where w = e , and the corresponding eigenvalues are \p = Zz;é apw

(b) Consider the advection equation on the unit square
up = aug +buy, 0<z,y<1l, t>0,

where u satisfies doubly periodic boundary conditions, u(0,y) = u(1,y), u(z,0) = u(z, 1),
and a(z,y) and b(x,y) are given doubly periodic functions. The system is discretised
with the Crank—Nicolson scheme, with central differences for the space derivatives, using
an equidistant grid with stepsizes Ax = Ay = h and At = k. Write down the relevant
difference equation, and show how to write the scheme in the form

u'tt = (1 = GpA) NI+ ppA)u”, ()

where the matrix A should be identified. Describe how (x) can be approximated by Strang
splitting, and explain the advantages of doing so.

[Hint: Inversion of the matriz B in part (a) has a similar computational cost to that of a
tridiagonal matriz. |
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(a) Consider the periodic function

f(z) =54 2cos (27r:): - 5) + 3 cos(4rx)

on the interval [0,1]. The N-point discrete Fourier transform of f is defined by

N—

H

frwy™, n=0,1,...,N—1, (%)
k=0

1
N

where wy = €™/N and f;, = f(k/N). Compute Fy(n),n =0,...,3, using the Fast Fourier
Transform (FFT). Compare your result with what you get by computing Fy(n) directly
from (x). Carefully explain all your computations.

(b) Now let f be any analytic function on R that is periodic with period 1. The
continuous Fourier transform of f is defined by

1
fn:/f(T)e%deT, nez.
0

Use integration by parts to show that the Fourier coefficients fn decay spectrally.

Explain what it means for the discrete Fourier transform of f to approximate the
continuous Fourier transform with spectral accuracy. Prove that it does so.

What can you say about the behaviour of Fy(N —n) as N — oo for fixed n?
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(a) Define the Jacobi and Gauss—Seidel iteration schemes for solving a linear
system of the form Au = b, where u,b € R™ and A € RM*M | giving formulae for

the corresponding iteration matrices H; and Hgg in terms of the usual decomposition
A= L() + D+ U().

Show that both iteration schemes converge when A results from discretization of
Poisson’s equation on a square with the five-point formula, that is when

S I —4 1
I S 1 1 —4 1

I S I
I S 1 —4
and M = m2. [You may state the Householder—John theorem without proof.|
b) For the matrix A given in (*):
g
(i) Calculate the eigenvalues of H; and deduce its spectral radius p(H ).

(ii) Show that each eigenvector q of Hgg is related to an eigenvector p of Hy
by a transformation of the form g¢; ; = a**/p; ; for a suitable value of c.

(iii) Deduce that p(Hgs) = p?(Hj). What is the significance of this result for
the two iteration schemes?

[H@'nt: You may assume that the eigenvalues of the matriz A in (%) are

z kmh Irh
Ak = —4<sin2§ + sin? %), where x = mL—i—l’ Yy = m7:—1 , kit=1,....m,
with corresponding eigenvectors v = (v;j), v;j =sinixsinjy, i,j=1,...,m. ]
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(a) Define the mth Krylov space Ky,(A,v) for A € R™*™ and 0 # v € R". Letting 6, be
the dimension of K,,(A,v), prove the following results.

(i) There exists a positive integer s < n such that 6, = m for m < s and d,, = s
for m > s.

’
(ii) If v =>"7_, cjw;, where w; are eigenvectors of A for distinct eigenvalues and all
¢; are nonzero, then s = s’.

(b) Define the term residual in the conjugate gradient (CG) method for solving a system
Az = b with symmetric positive definite A. Explain (without proof) the connection
to Krylov spaces and prove that for any right-hand side b the CG method finds an
exact solution after at most t steps, where t is the number of distinct eigenvalues of A.
[You may use without proof known properties of the iterates of the CG method.]

Define what is meant by preconditioning, and explain two ways in which precondi-
tioning can speed up convergence. Can we choose the preconditioner so that the CG
method requires only one step? If yes, is it a reasonable method for speeding up the
computation?
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(a) The boundary value problem —Au + cu = f on the unit square [0,1]? with zero
boundary conditions and scalar constant ¢ > 0 is discretised using finite differences as

2 2 . .
—Ui-1j = Uitlj — Wij—1 = Wij+1 +duij 4 chui; = h”f(ih, jh),

1,7 =1,...,m,

with h = 1/(m + 1). Show that for the resulting system Au = b, for a suitable matrix
A and vectors u and b, both the Jacobi and Gauss—Seidel methods converge. [You may
cite and use known results on the discretised Laplace operator and on the convergence
of iterative methods.]

Define the Jacobi method with relaxation parameter w. Find the eigenvalues Ay ; of
the iteration matrix H, for the above problem and show that, in order to ensure
convergence for all h, the condition 0 < w < 1 is necessary.

[Hint: The eigenvalues of the discretised Laplace operator in two dimensions are
4 (sin® “Tkh + sin? ”2&) for integers k,1.]

(b) Explain the components and steps in a multigrid method for solving the Poisson
equation, discretised as Apup = by. If we use the relaxed Jacobi method within the
multigrid method, is it necessary to choose w # 1 to get fast convergence? Explain
why or why not.
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(a) Given the finite-difference recurrence
S S
Zaku:;:_lk = Zbkuﬁﬂw meZ, nelr,
k=r k=r

that discretises a Cauchy problem, the amplification factor is defined by

H() = <i: bkeik0> / (i akeiM) .
k=r k=r

Show how H () acts on the Fourier transform 4" of u"™. Hence prove that the method
is stable if and only if |H(0)| < 1 for all § € [—7, 7]

(b) The two-dimensional diffusion equation
Ut = Ugg + ClUyy

for some scalar constant ¢ > 0 is discretised with the forward Euler scheme

n+1

_.n n o n n n o n n
uiy =iyt pui g — 2udy it g+ ey — 2euiy 4 cudy ).

Using Fourier stability analysis, find the range of values p > 0 for which the scheme
is stable.
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(a) The diffusion equation

ou_ 0 [ ou
ot Ox

a(:c)a—x> in 0<x<1, t>=0,

with the initial condition u(x,0) = ¢(x) in 0 < x < 1 and zero boundary conditions
at x = 0 and = = 1, is solved by the finite-difference method
1
ultt = "

n n
= upy + p [am_%um_l - (a,,_1 —|—am+%)um + ap,,

n
1U
3 5 m+1 | »
:1’

2. M,
where u = k/h?, k= At, h=1/(M + 1), u?, ~ u(mh,nk), and a, = a(ah).

Assuming that the function a and the exact solution are sufficiently smooth, prove
that the exact solution satisfies the numerical scheme with error O(h?) for constant .

(b) For the problem in part (a), assume that there exist 0 < a— < a4 < oo such that
a— < a(r) <ag forall 0 <z < 1. State (without proof) the Gershgorin theorem and
prove that the method is stable for 0 < p < 1/(2a4).
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Let A be a real symmetric n X n matrix with n distinct real eigenvalues \; < Ay <
.-+ < A, and a corresponding orthogonal basis of normalized real eigenvectors {w;}!" ;.

(i) Let s € R satisfy s < A\;. Given a unit vector x(¥) € R”, the iteration scheme

(A—sly =x®,

xD =y /Iyl

generates a sequence of vectors x*t1) for k = 0,1,2,... . Assuming that x(© = > ew;
with ¢; # 0, prove that x(*) tends to +w; as k — co. What happens to x*) if s > \;?
[Consider all cases.]

(ii) Describe how to implement an inverse-iteration algorithm to compute the
eigenvalues and eigenvectors of A, given some initial estimates for the eigenvalues.

(iif) Let n = 2. For iterates x(¥) of an inverse-iteration algorithm with a fixed value
of s £ A1, A9, show that if

xF) = (wy + ewa) /(1 + 2)'/2,

where |eg| is small, then |ex11]| is of the same order of magnitude as |eg|.

(iv) Let n = 2 still. Consider the iteration scheme
se= (x®, ax®), (A- sy =x®,  xED —y /|y

for K = 0,1,2,..., where ( , ) denotes the inner product. Show that with this scheme
lex+1] = lex]®.
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Consider the one-dimensional advection equation

U = Uy, —00<zT<00, t=0,

subject to an initial condition u(z,0) = ¢(x). Consider discretization of this equation
with finite differences on an equidistant space-time {(mh,nk), m € Z, n € Z*} with
step size h > 0 in space and step size k > 0 in time. Define the Courant number p and
explain briefly how such a discretization can be used to derive numerical schemes in which
solutions u”, ~ u(mh,nk), m € Z and n € Z* satisfy equations of the form

S S
+1 _
Z Ay = Z bitty, g (1)
i=r i=r

where the coefficients a;, b; are independent of m,n.

(i) Define the order of a numerical scheme such as (1). Define what a convergent
numerical scheme is. Explain the notion of stability and state the Lax equivalence
theorem that connects convergence and stability of numerical schemes for linear
partial differential equations.

(ii) Consider the following example of (1):

n+l _  n W, n n
m = Um + _(um-i-l _um—l) +

Y 2

(U1 = 2ty + 1) (2)

Determine conditions on u such that the scheme (2) is stable and convergent. What
is the order of this scheme?
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Consider the linear system
Az =0, (1)

where A € R™" and b,z € R".
(i) Define the Jacobi iteration method with relazation parameter w for solving (1).

(ii) Assume that A is a symmetric positive-definite matrix whose diagonal part D is
such that the matrix 2D — A is also positive definite. Prove that the relaxed Jacobi
iteration method always converges if the relaxation parameter w is equal to 1.

(iii) Let A be the tridiagonal matrix with diagonal elements a;; = « and off-diagonal
elements a;11; = a;;41 = 3, where 0 < 8 < %a. For which values of w (expressed in
terms of o and ) does the relaxed Jacobi iteration method converge? What choice
of w gives the optimal convergence speed?

[You may quote without proof any relevant results about the convergence of iterative
methods and about the eigenvalues of matrices.|
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(i) Consider the numerical approximation of the boundary-value problem

W= f, u:l0,1] - R,

w(0) =0, u(l)=¢,

where ¢, 1 are given constants and f is a given smooth function on [0,1]. A grid
{z1,29,...,2N}, N = 3, on [0, 1] is given by

r1 =ah, ri=x;_1+hfori=2...,N—1, rxny =1—ash,

where 0 < aj,a3 < 1, ag + @g = 1 and h = 1/N. Derive finite-difference approximations
for u”(z;), for i = 1,..., N, using at most one neighbouring grid point of z; on each
side. Hence write down a numerical scheme to solve the problem, displaying explicitly
the entries of the system matrix A in the resulting system of linear equations Au = b,
A € RVXN 4. b € RN. What is the overall order of this numerical scheme? Explain
briefly one strategy by which the order could be improved with the same grid.

(ii) Consider the numerical approximation of the boundary-value problem
Viu=f, u: Q) —>R,

u(z) =0 for all x € 092,

where 0 C R? is an arbitrary, simply connected bounded domain with smooth boundary
0L, and f is a given smooth function. Define the 9-point formula used to approximate the
Laplacian. Using this formula and an equidistant grid inside €2, define a numerical scheme
for which the system matrix is symmetric and negative definite. Prove that the system
matrix of your scheme has these properties for all choices of ordering of the grid points.
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Consider the solution of the two-point boundary value problem

(2 —sintz)u”" +u=1, —-1<z<1,

with periodic boundary conditions at + = —1 and z = 1. Construct explicitly the
linear algebraic system that arises from the application of a spectral method to the above
equation.

The Fourier coefficients of u are defined by

I :
Uy, = —/ u(T)e” ™" dr.
2/,
Prove that the computation of the Fourier coefficients for the truncated system with
—N/2+4+1 < n < N/2 (where N is an even and positive integer, and assuming that
U, = 0 outside this range of n) reduces to the solution of a tridiagonal system of algebraic
equations, which you should specify.

Explain the term convergence with spectral speed and justify its validity for the
derived approximation of u.

Part 11, 2013 List of Questions



2013

% UNIVERSITY OF
¥ CAMBRIDGE 67

Paper 2, Section II
39C Numerical Analysis

Consider the advection equation u; = u, on the unit interval z € [0,1] and t > 0,
where u = wu(z,t), subject to the initial condition u(z,0) = ¢(z) and the boundary
condition u(1,t) = 0, where ¢ is a given smooth function on [0, 1].

(i) We commence by discretising the advection equation above with finite differences
on the equidistant space-time grid {(mAz,nAt), m=0,.... M +1, n=0,...,T}
with Az = 1/(M + 1) and At > 0. We obtain an equation for )}, = u(mAz, nAt)
that reads

1
u;ljl =u + iu(u%Jrl —u ), m=1,...,M, n€eZ",

with the condition uf} = 0 for all n € Z* and u = At/Ax.

What is the order of approximation (that is, the order of the local error) in space
and time of the above discrete solution to the exact solution of the advection
equation? Write the scheme in matrix form and deduce for which choices of y this
approximation converges to the exact solution. State (without proof) any theorems
you use. [You may use the fact that for a tridiagonal M x M matrix

a S 0 0
—8 0
0o . . B
0 0 -8 «
the eigenvalues are given by \p = a + 2¢03 cos J\/ﬁl ]

(ii) How does the order change when we replace the central difference approximation
of the first derivative in space by forward differences, that is uy, | — uy, instead of
(up, 11 — up,_1)/27 For which choices of y is this new scheme convergent?

(ili) Instead of the approximation in (i) we consider the following method for numerically
solving the advection equation,
= g1 — v y)

where we additionally assume that u}, is given. What is the order of this method
for a fixed p?
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(i) Suppose that A is a real n X n matrix, and that w € R™ and A\; € R are given so that
Aw = Ayw. Further, let S be a non-singular matrix such that Sw = cey, where ey is
the first coordinate vector and ¢ # 0. Let A = SAS~!. Prove that the eigenvalues
of A are A\ together with the eigenvalues of the bottom right (n — 1) x (n — 1)
submatrix of A.

(ii) Suppose again that A is a real n X n matrix, and that two linearly independent
vectors v,w € R"™ are given such that the linear subspace £L{v,w} spanned by v
and w is invariant under the action of A, that is

reL{v,w} = AxeL{v,w}.

Denote by V an n x 2 matrix whose two columns are the vectors v and w, and let
S be a non-singular matrix such that R = SV is upper triangular, that is

11 T12
v w1
vy ws 0 7o
R=Sv=8Sx| - . =1 0 0
U, Wp 0 0

Again, let A= SAS L. Prove that the eigenvalues of A are the eigenvalues of the
top left 2 x 2 submatrix of A together with the eigenvalues of the bottom right
(n —2) x (n — 2) submatrix of A.
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Let

Ala) = , a€R.

S O
S = Q
— Qo Q

(i) For which values of a is A(«) positive definite?
(ii) Formulate the Gauss—Seidel method for the solution x € R? of a system
A(a)x =b,

with A(a) as defined above and b € R3. Prove that the Gauss—Seidel method
converges to the solution of the above system whenever A is positive definite. [You
may state and use the Householder—John theorem without proof.]

(iii) For which values of « does the Jacobi iteration applied to the solution of the above
system converge?
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(i) Formulate the conjugate gradient method for the solution of a system Ax = b with
AeR"™ and b e R", n>0.

(ii) Prove that if the conjugate gradient method is applied in exact arithmetic then, for
any x(©) € R™, termination occurs after at most n iterations.

(iti) The polynomial p(z) = 2™ 4+ Y7 ' it is the minimal polynomial of the n x n
matrix A if it is the polynomial of lowest degree that satisfies p(A) = 0. [Note
that m < n.] Give an example of a 3 x 3 symmetric positive definite matrix with a
quadratic minimal polynomial.

Prove that (in exact arithmetic) the conjugate gradient method requires at most m
iterations to calculate the exact solution of Ax = b, where m is the degree of the
minimal polynomial of A.

Paper 2, Section II
39D Numerical Analysis

(i) The diffusion equation

ou  0%u

GV g<a<1,t20,

ot~ 922 !
with the initial condition u(x,0) = ¢(z), 0 < = < 1, and with zero boundary
conditions at * = 0 and = = 1, can be solved numerically by the method

ugj‘l:u%—{—/j(u%_l—Qu%—i—u%H), m=12....,M,n>0,

where Az = 1/(M + 1), p = At/(Ax)?, and u? ~ u(mAz,nAt). Prove that
p < 1/2 implies convergence.

(ii) By discretising the diffusion equation and employing the same notation as in (i)
above, determine [without using Fourier analysis| conditions on p and the constant
a such that the method
1 1
= 5 (= )Ty = 20 bl = o (e e) (U — 2u 4 )

is stable.
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The inverse discrete Fourier transform F, ! : R® — R” is given by the formula

n—1
x=F;ly, where o= iy, 1=0,...n-1.
7=0

Here, w,, = exp(27i/n) is the primitive root of unity of degree n and n =27, p=1,2,...

(i) Show how to assemble x = F,ly in a small number of operations if the Fourier
transforms of the even and odd parts of y,

x(B) — ]:n;ly(E), x(0) — fnjbly(o)’
are already known.

(ii) Describe the Fast Fourier Transform (FFT) method for evaluating x, and draw a
relevant diagram for n = 8.

(iii) Find the costs of the FFT method for n = 2P (only multiplications count).
(iv) For n = 4 use the FFT method to find x = F; 'y when:

(a) y=(1,1,-1,-1),
(b) y=(1,-1,1,-1).
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The Poisson equation ugz, = f in the unit interval Q = [0,1], v = 0 on 09 is
discretised with the formula

2
Ui—1 + U1 — 2u; = h* f,

where 1 < i < n, u; = u(ih) and ih are the grid points.

(i) Define the above system of equations in vector form Au = b and describe the
relaxed Jacobi method with relaxation parameter w for solving this linear system.
For x* and x(*) being the exact solution and the iterated solution respectively, let
e = x(") — x* be the error and H,, the iteration matrix, so that

et — g e

Express H,, in terms of the matrix A, the diagonal part D of A and w, and find the
eigenvectors vy and the eigenvalues Ag(w) of H,,,.

(ii) For A as above, let
el) = Z al(:)Vk
k=1

be the expansion of the error with respect to the eigenvectors of H,. Derive
conditions on w such that the method converges for any n, and prove that, for
any such w, the rate of convergence of e®) — 0 is not faster than (1 — ¢/n?).

(iii) Show that, for some w, the high frequency components (1 < k < n) of the error
e tend to zero much faster than (1 — ¢/n?)”. Determine the optimal parameter
w, which provides the largest suppression of the high frequency components per
iteration, and find the corresponding attenuation factor u, (i.e., the least u,, such

that \al(:H)\ < uw]agf)] for 2 <k < n).
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The nine-point method for the Poisson equation V?u = f (with zero Dirichlet
boundary conditions) in a square, reads

1
3 (Uim1j + Uig1y + U1+ U)o (Uimnj—1  tioga U1 Ui 4)
10
2 ..
_gul,j:hfl,]) /L)jzl)‘”)m)

where U0,j = Um+1,j = Ui,0 = Ujm+1 = 0, forall4,57=0,...,m+ 1.

(i) By arranging the two-dimensional arrays {u;;}ij=1,..m and {fi;}ij=1,. m into
column vectors u € R™ and b € R™” respectively, the linear system above takes
the matrix form Au = b. Prove that, regardless of the ordering of the points on the
grid, the matrix A is symmetric and negative definite.

(ii) Formulate the Jacobi method with relaxation for solving the above linear system.

(iii) Prove that the iteration converges if the relaxation parameter w is equal to 1.

[You may quote without proof any relevant result about convergence of iterative
methods.]

Part II, 2011 List of Questions



2011

% UNIVERSITY OF
¥ CAMBRIDGE 65

Paper 2, Section II
39A Numerical Analysis
Let A € R™ ™ be a real matrix with n linearly independent eigenvectors. The
eigenvalues of A can be calculated from the sequence z®), k=0,1,..., which is generated
by the power method
k+1) _ Ax®)
- [[Az®”

2(
where 2(© is a real nonzero vector.

(i) Describe the asymptotic properties of the sequence z® in the case that the
eigenvalues \; of A satisfy |[\;| < [Ay], 2 =1,...,n — 1, and the eigenvectors are of
unit length.

(ii) Present the implementation details for the power method for the setting in (i) and
define the Rayleigh quotient.

(iii) Let A be the 3 x 3 matrix
000
A=X+P, P=|(10 0],
010

where ) is real and nonzero. Find an explicit expression for A%, k =1,2,3,....

Let the sequence z(*) be generated by the power method as above. Deduce from
your expression for A* that the first and second components of z**t1) tend to zero
as k — oo. Further show that this implies Az* D — \z*+1) — 0 as k — oo.
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(i) The difference equation

ntl —

U;

3 _ _ _
P+ Sy — 20+ ) — g (S - 20 )
where u = At/(Ax)?, is the basic equation used in the second-order Adams-—
Bashforth method and can be employed to approximate a solution of the diffusion
equation u; = ugz;. Prove that, as At — 0 with constant u, the local error of the
method is O(At)2.

(ii) By applying the Fourier stability test, show that the above method is stable if and
only if p < 1/4.

(iii) Define the leapfrog scheme to approximate the diffusion equation and prove that it
is unstable for every choice of p > 0.
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Consider the Poisson equation
Viu=f, —-1<zy<l1,
with the periodic boundary conditions

u(_lvy) :u(l’y)’ UI(_l’y) :ux(l,y), -
w(x,—1) =u(z,1), uy(z, 1) =uy(z,1), -—

and the normalization condition

11
/ / u(z,y) de dy =0.
-1J-1

Moreover, f is analytic and obeys the periodic boundary conditions f(—1,y) =
f(]-ay)’ f(I,—l) = f(xa 1)7 -1 < z,y < L.
Derive an explicit expression of the approximation of a solution u by means of a

spectral method. Explain the term convergence with spectral speed and state its
validity for the approximation of .

Consider the second-order linear elliptic partial differential equation
V-(@Vu)=f, —1<ay<l,

with the periodic boundary conditions and normalization condition specified in (i).
Moreover, a and f are given by

a(z,y) = cos(mzx) + cos(my) + 3, f(x,y) =sin(rz) + sin(ny) .

[Note that a is a positive analytic periodic function.]

Construct explicitly the linear algebraic system that arises from the implementation
of a spectral method to the above equation.
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(a) State the Householder—John theorem and explain its relation to the convergence

analysis of splitting methods for solving a system of linear equations Az = b with a positive
definite matrix A.

(b) Describe the Jacobi method for solving a system Ax = b, and deduce from the
above theorem that if A is a symmetric positive definite tridiagonal matrix,

o o -
C1 a9 C2 0
A= ,
0 Cn—2 Gp—-1 Cp—1
L Cn—1 [
then the Jacobi method converges.
[Hint: At the last step, you may find it useful to consider two vectors x = (x1, Ta, ..., Tn)

and y = ((—Dzxy, (—1)%2z9, ..., (=1)"2,).]
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The inverse discrete Fourier transform F,!:R" — R" is given by the formula

X:}"nfly, where .’L‘@:nggyj’ 0 =0,...,n—1.

Here, w,, = exp(27i/n) is the primitive root of unity of degree n, and n =2P, p=1,2,....

(1) Show how to assemble x = ]:2;11 y in a small number of operations if we already
know the Fourier transforms of the even and odd portions of y:

xB) = Fiy®  4(0) _ p-1y(0)

(2) Describe the Fast Fourier Transform (FFT) method for evaluating x and draw
a relevant diagram for n = 8.

(3) Find the costs of the FFT for n = 2P (only multiplications count).
(4) For n = 4, using the FFT technique, find

X = f4_1y’ fOI' y = [171,—1,—1], and y = [17—1717_1]

Paper 3, Section 11
39A Numerical Analysis

The Poisson equation V?u = f in the unit square Q = [0,1] x [0,1], u =0 on 9,
is discretized with the five-point formula

Wi o1+ Ui+ i1 w1 — dui g = WP,
where 1 <14, j <M, u; j = u(ih, jh) and (ih, jh) are grid points.

Let u(z,y) be the exact solution, and let e; ; = u; ; — u(ih, jh) be the error of the
five-point formula at the (i, j)th grid point. Justifying each step, prove that
1/2

M
le| = Z leq ] < ch  for sufficiently small h >0,
ij=1

where c¢ is some constant independent of h.
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An s-stage explicit Runge—Kutta method of order p, with constant step size h > 0,
is applied to the differential equation vy = Ay, ¢t > 0.

(a) Prove that
Ynt1 = Ps(AR) yy .

where P; is a polynomial of degree s.

(b) Prove that the order p of any s-stage explicit Runge-Kutta method satisfies the
inequality p < s and, for p = s, write down an explicit expression for Ps.

(¢) Prove that no explicit Runge-Kutta method can be A-stable.
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(i) Define the Jacobi method with relaxation for solving the linear system Ax = b.

(ii) For * and ) being the exact and the iterated solution, respectively, let
e .= x) — x* be the error and H,, the iteration matrix, so that

eVt = H e .

Express H,, in terms of the matrix A, its diagonal part D and the relaxation parameter
w, and find the eigenvectors vy and the eigenvalues \i(w) of H,, for the n x n tridiagonal
matrix

2 -1
-1 2 -1

-1 2 -1

-1 2

[Hint: The eigenvectors and eigenvalues of A are

kim i =1,...,n, )\;C(A)zélsinZk—Tr k=1,...,n.]

(ur)i = sin 275, 2(n+1)

(iii) For A as above, let
e® — Z aéy)vk
k=1

be the expansion of the error with respect to the eigenvectors (vy) of H,,.

Find the range of parameter w which provides convergence of the method for any
n, and prove that, for any such w, the rate of convergence e — 0 is not faster than
(1 —c/n?)".

(iv) Show that, for some w, the high frequency components (”T‘H < k < n)of
the error e tend to zero much faster. Determine the optimal parameter w, which
provides the largest suppression of the high frequency components per iteration, and find
the corresponding attenuation factor p, (i.e. the least p,, such that |a,(:+1)| < uw|a,(:)| for

2R <k <n).
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The Poisson equation V2u = f in the unit square Q = [0, 1] x [0, 1], equipped with
appropriate boundary conditions on 0f2, is discretized with the nine-point formula:
10 2

Iy [um,n] = _E Um,n + 3 (Uerl,n + Um—1,n + Umn+1 + Um,nfl)

1 2
+6 (um+1,n+1 + Un+in—1 + Un—1,n+1 + umfl,nfl) =h fm,na

where 1 <m,n < M, Uy, = u(mh,nh), and (mh,nh) are grid points.

(i) Find the local error of approximation.
(ii) Prove that the error is smaller if f happens to satisfy the Laplace equation
V2f =o0.

(iii) Hence show that the modified nine-point scheme

1—‘9 [um,n] -

1
hme,n + Eh2r5 [fm,n]

h2fm,n + EhQ(fm+l,n + fm—l,n + fm,n-‘,—l + fm,n—l - 4fm,n)

has the same smaller error as in (ii).

[Hint. The nine-point discretization of Vu can be written as

Dolu] = (T5 + gAZAY) u = (A + A) + gAIAY) u

where Ts[u] = (A2 + Az)u is the five-point discretization and
AZu(e,y) =ulz — h,y) = 2u(z,y) + u(z + h,y),
Aju(z,y) = u(w,y — h) — 2u(z,y) +u(z,y +h). ]
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Prove that all Toeplitz tridiagonal M x M matrices A of the form

a b
b a b
A= N
-b a b
. _b a -
share the same eigenvectors (v'™));Z;, with the components vy’ = ™ sin {45, m =
1,..., M, where i = /—1, and find their eigenvalues.
The advection equation
ou Ou
is approximated by the Crank—Nicolson scheme
n+1 n 1 n+1 n+1 1 n n
Uy — Uy = Z“ (um+1 - umfl) + Z“ (um+1 - umfl) )

where p = (AA;)Q, Axr = ﬁ, and u, is an approximation to u(mAz,nAt). Assuming

that w(0,t) = u(1,t) = 0, show that the above scheme can be written in the form
Bu™l =Cu", 0<n<T/At-1,

where u”™ = [uf},...,u%]T and the real matrices B and C should be found. Using matrix
analysis, find the range of p for which the scheme is stable. [Fourier analysis is not
acceptable.]

Paper 4, Section 11
39B Numerical Analysis

(a) For the s-step s-order Backward Differentiation Formula (BDF) for ordinary
differential equations,

S
Z AmYntm = hfnys,

m=0

express the polynomial p(w) =>"" _,anw™ in a convenient explicit form.

(b) Prove that the interval (—oo,0) belongs to the linear stability domain of the
2-step BDF method.
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The Poisson equation V2u = f in the unit square Q = [0,1] x [0, 1], with zero
boundary conditions on 02, is discretized with the nine-point formula

10 2

? um,n - g ( m—+1,n + um—l,n + um,n+1 + Um,n—l)
1 2
- 6 ( m+1,n+1 + um—l—l,n—l + Um—1,n+1 + um—l,n—l) =—h fm,na

where 1 < m,n < M, Uy, n =~ u(mh,nh), and (mh,nh) are grid points.

(a) Prove that, for any ordering of the grid points, the method can be written as
Au = b with a symmetric positive-definite matrix A.

(b) Describe the Jacobi method for solving a linear system of equations, and prove
that it converges for the above system.

[You may quote without proof the corollary of the Householder—John theorem
regarding convergence of the Jacobi method.]

2/11/38C  Numerical Analysis

The advection equation
Up = Uy, reR, t=0,
is solved by the leapfrog scheme
W = (W =)
where n > 1 and u = At/Az is the Courant number.
(a) Determine the local error of the method.

(b) Applying the Fourier technique, find the range of p > 0 for which the method
is stable.
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(a) A numerical method for solving the ordinary differential equation

y/(t) = f(ta y)a te [OvT]a y(O) = Yo,

generates for every h > 0 a sequence {y,}, where y, is an approximation to y(t,) and
t, = nh. Explain what is meant by the convergence of the method.

(b) Prove from first principles that if the function f is sufficiently smooth and
satisfies the Lipschitz condition

|f(t,x)—f(t,y)|<)\|x—y|, l’,yER, tE[O7T]7

for some A > 0, then the trapezoidal rule

1
Yn+l = Yn + 5 h [f(tm yn) + f(tn+1a yn+1)}

converges.

4/11/39C Numerical Analysis

Let A € R™™"™ be a real matrix with n linearly independent eigenvectors. When
calculating eigenvalues of A, the sequence x(®), k = 0,1,2,..., is generated by the power
method x**+1) = Ax(®) /|| Ax(®)||, where x(°) is a real nonzero vector.

(a) Describe the asymptotic properties of the sequence x(®) | both in the case where
the eigenvalues \; of A satisfy |\;| < |Au], ¢ = 1,...,n — 1, and in the case where
IAil < |An=1] =|An|,i=1,...,n—2. In the latter case explain how the (possibly complex-
valued) eigenvalues A,,_1, A, and their corresponding eigenvectors can be determined.

(b) Let n = 3, and suppose that, for a large k, we obtain the vectors

1 2 2
vi=xt=|1|, yiri=Axp= 3|, yro=A% = |4
1 4 6

Find two eigenvalues of A and their corresponding eigenvectors.
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(a) For a numerical method to solve y' = f(t,y), define the linear stability domain and
state when such a method is A-stable.

(b) Determine all values of the real parameter a for which the Runge-Kutta method

by = f(tn + (3 = @h, yo+h[ki + (5 - a)kzD’
ky = f(tn + (3 +a)h, yo +h[(G + )k + ik‘zD’
Yn+1 = Yn + sh(ky + k2)

is A-stable.

2/11/38C  Numerical Analysis

(a) State the Householder—John theorem and explain how it can be used to design
iterative methods for solving a system of linear equations Az =b.

(b) Let A= L+ D+U where D is the diagonal part of A, and L and U are, respectively,
the strictly lower and strictly upper triangular parts of A. Given a vector b, consider
the following iterative scheme:

Prove that if A is a symmetric positive definite matrix, and w € (0,2), then the
above iteration converges to the solution of the system Ax = b.
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(a) Prove that all Toeplitz symmetric tridiagonal M x M matrices

ra b 0 -+ 07
b a L
A=lo ~ 0
: b a
L0 0 b _
. (k)\M . (k) . kir
share the same eigenvectors (v'"));Z; with components v;"’ = sin Ml

1=1,..., M, and eigenvalues to be determined.

(b) The diffusion equation

ou  0%*u
— =2, 0<z<1l, 0<t<T,
ot  Ox?’ v

is approximated by the Crank—Nicolson scheme
umtt —

1 n+1 n+1 n+l\ _ .n 1 n n n
b1 (um—l - 2um + um-l—l) = Uy, + S (um—l - 2um + um+1) )

for m=1,...,M,
where u = At/(Az)?, Az = 1/(M +1), and u!, is an approximation to
u(mAz,nAt). Assuming that u(0,t) = w(l,t) = 0, V¢, show that the above
scheme can be written in the form
Bu™t! = Cu", 0<n< (T/A) -1
where u” = [u},...,u?%]" and the real matrices B and C' should be found. Using

matrix analysis, find the range of p for which the scheme is stable. [Do not use
Fourier analysis.]
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(a)

Suppose that A is a real n X n matrix, and that w € R"™ and A\; € R are given so
that Aw = Ajw. Further, let S be a non-singular matrix such that Sw = ce'V,
where e is the first coordinate vector and ¢ # 0. Let A = SAS™'. Prove
that the eigenvalues of A are A\; together with the eigenvalues of the bottom right
(n—1) x (n — 1) submatrix of A.

Suppose again that A is a real n X n matrix, and that two linearly independent
vectors v,w € R™ are given such that the linear subspace L{v,w} spanned by v
and w is invariant under the action of A, i.e.,

zr € L{v,w} = Azxe L{v,w}.

Denote by V an n x 2 matrix whose two columns are the vectors v and w, and let
S be a non-singular matrix such that R = SV is upper triangular, that is,

v Wi 11 T12
Vg Wy 0 7o
R=585V=5x v3 W3 = 0 0
Vp Wy 0 0

Again let A=SAS7" Prove that the eigenvalues of A are the eigenvalues of the
top left 2 x 2 submatrix of A together with the eigenvalues of the bottom right
(n —2) x (n — 2) submatrix of A.
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1/11/38C  Numerical Analysis
(a) Define the Jacobi method with relaxation for solving the linear system Az = b.

(b) Let A be a symmetric positive definite matrix with diagonal part D such that the
matrix 2D — A is also positive definite. Prove that the iteration always converges
if the relaxation parameter w is equal to 1.

(c) Let A be the tridiagonal matrix with diagonal elements a;; = 1 and off-diagonal
elements a;+1,;, = a;;41 = 1/4. Prove that convergence occurs if w satisfies
0 < w < 4/3. Explain briefly why the choice w = 1 is optimal.

[ You may quote without proof any relevant result about the convergence of iterative methods
and about the eigenvalues of matrices.)

2/11/38C  Numerical Analysis

In the unit square the Poisson equation V2u = f, with zero Dirichlet boundary
conditions, is being solved by the five-point formula using a square grid of mesh size
h=1/(M+1),

Ui g1+ Wigg1 + i1+ Ui — duig =B fij .

Let u(z, y) be the exact solution, and let e; j = u; j—u(ih, jh) be the error of the five-point
formula at the (7, j)th grid point. Justifying each step, prove that

1/2
2 <ch, h—0,

M
> leiy

i,j=1

where c is some constant.
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(a) For the equation ' = f(t,y), consider the following multistep method with s steps,
S S
> piynyi =0 0if (tnis Ynsi) 5
i=0 i=0

where h is the step size and p;, o; are specified constants with ps = 1. Prove that
this method is of order p if and only if

Z piQ(tn+i) =h Z UiQ/(thri)
=0 =0

for any polynomial @ of degree < p. Deduce that there is no s-step method of order
25+ 1.

[You may use the fact that, for any a;,b;, the Hermite interpolation problem
Qzi) = a;,  Q'(xi) = by, 1=0,...,5

is uniquely solvable in the space of polynomials of degree 2s + 1.

(b) State the Dahlquist equivalence theorem regarding the convergence of a multistep
method. Determine all the values of the real parameter a # 0 for which the
multistep method

Yn+3 + (20 = 3)[Yn+2 = Yn+1] — Yn = ha[fror2 + fryi]

is convergent, and determine the order of convergence.

4/11/39C  Numerical Analysis
The difference equation
up =+ S (o — 20, ) — b (g — 2 )

where p = At/(Ax)?, is used to approximate a solution of the diffusion equation u; = .
(a) Prove that, as At — 0 with constant y, the local error of the method is O(At)2.

(b) Applying the Fourier stability test, show that the method is stable if and only if
p< g
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Let
K 1 1M 1 H I
ZUZL + unm+ - Zuml = 71“%—1 + Uy, + ZU:LH’

where n is a positive integer and m ranges over all integers, be a finite-difference method
for the advection equation

@ = % —co<zwz<oo, t=0
ot ox’ T

Here p = ﬁ—; is the Courant number.
(a) Show that the local error of the method is O((Az)3).

(b) Determine the range of > 0 for which the method is stable.

2/11/38A° Numerical Analysis
Define a Krylov subspace IKC,,(A,v).

Let d, be the dimension of K,(A4,v). Prove that the sequence {d,}m=12,. .
increases monotonically. Show that, moreover, there exists an integer k with the following
property: d,, = m for m = 1,2,... k, while d,, = k for m > k. Assuming that A has a
full set of eigenvectors, show that k is equal to the number of eigenvectors of A required
to represent the vector v.

3/11/38A Numerical Analysis
Consider the Runge—Kutta method

kv = f(yn),
ks = f(yn + (1 — a)hky + ahky),
h
Yn+1 = Yn + 5(](31 + kg)

for the solution of the scalar ordinary differential equation ' = f(y). Here a is a real
parameter.

(a) Determine the order of the method.
(b) Find the range of values of a for which the method is A-stable.
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An n x n skew-symmetric matrix A is converted into an upper-Hessenberg form B,
say, by Householder reflections.

(a) Describe each step of the procedure and observe that B is tridiagonal. Your
algorithm should take advantage of the special form of A to reduce the number of
computations.

(b) Compare the cost (counting only products and looking only at the leading
term) of converting a skew-symmetric and a symmetric matrix to an upper-Hessenberg
form using Householder reflections.
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