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Paper 1, Section I
8D Classical Dynamics
The Lagrangian for a particle of charge ¢ and mass m in an electromagnetic field is

1
L= gmi* —g(o—i-A),
where A(r,t) is the vector potential and ¢(r,t) is the scalar potential associated with the
electromagnetic field.

(a) Determine how L changes under the gauge transformation

0
¢»—>¢—a—{, A—-A+Vf,
where f(r,t) is a smooth function. Why does this change in L not affect the Euler-Lagrange

equations?
(b) Show that the Euler-Lagrange equations imply the Lorentz force law.

(c) Now suppose that the electric field vanishes and the magnetic field is constant
and uniform. Show that the component of the particle’s canonical momentum along the
direction of the magnetic field is conserved.

Paper 2, Section I
8D Classical Dynamics

A rigid body rotates with angular velocity w(t) around its centre of mass. Define
what is meant by the fized space frame and the principal body frame.

Write down an expression for how the body axes change in time. Hence derive
Euler’s equations for the torque-free motion of a rigid body.

Consider an axisymmetric body with principal moments of inertia I; = Iy # Is.
Show that Euler’s equations imply the angular momentum L, the angular velocity w and
the body’s symmetry axis are always coplanar.

Paper 3, Section 1
8D Classical Dynamics
Consider a 3-dimensional system with phase space coordinates (q, p).

(a) Define the Poisson bracket {f, g} of two smooth functions on phase space.

(b) Show that f(q,p) is conserved along a particle’s trajectory if and only if
{f(aq,p), H} =0, where H is the Hamiltonian.

(c) Derive a constraint satisfied by a function f(q, p) given that {f(q,p),q-p} = 0.
Show that any smooth function obeying f(Aq, A"'p) = f(q, p), where )\ is a real constant,
satisfies this constraint.

Part 11, Paper 1 [TURN OVER]
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Paper 4, Section I
8D Classical Dynamics
What is meant by an adiabatic invariant of a mechanical system?

A particle of mass m and energy F moves between two fixed, parallel walls that
are a distance L apart. The particle travels freely in a direction perpendicular to the
walls except when it collides elastically with a wall at which point its velocity changes
instantaneously. Compute the action I = ¢ pdg and verify that T' = dI/dE is the period
of oscillation.

Suppose that the distance between the walls is varied very slowly so that L(t)
depends on time. How does the energy of the particle depend on time? Give a brief
physical explanation for why the particle’s energy changes.

Paper 2, Section II
14D Classical Dynamics

Three identical particles, each of mass m, are constrained to move around a fixed
circle of radius r that lies in a horizontal plane. You may assume that the particles do
not collide. The angles between the locations of the particles are «, 5,7 as in the figure,
which shows the view from above.

(a) Write down a constraint obeyed by «,3,7. What degree of freedom is not
described by these three angles?

(b) The particles feel the influence of a potential
V(e B,7) = Vo(e ™ +e72 +e72),

where Vj is a positive constant. Solving your constraint to find v = ~y(«a, 3), obtain a
Lagrangian governing the dynamics of the particles’ relative separations as a function of
a, B, & and £.

(¢) Find an equilibrium configuration of the system and show that it is stable. Find
three linearly independent normal modes, together with their frequencies, that describe
small perturbations about this equilibrium.

(d) The physical system is unchanged by permutations of («,3,7). Explain how
this is consistent with your answer to part (c).

Part II, Paper 1
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Paper 4, Section II

15D Classical Dynamics
What does it mean for a phase space coordinate transformation to be canonical?

Consider a coordinate transformation (g, p) — (Q, P) on the phase space of a system with

one degree of freedom. Show that if this transformation is defined in terms of a generating

function F(q, P) via

_OF

~oP

_OF

¢ ~ 9

and P

q P

then it is canonical.

Find the phase space coordinate transformation associated to the generating func-

tion
q
F(q,P):/ V2P —u?du.
0

Obtain Hamilton’s equations for Q and P in the case H(q,p) = %(p2 + ¢%). Hence find
Q(t) and P(t) and check that these agree with the usual solution for a simple harmonic
oscillator.

A particle of energy E has Hamiltonian H(q,p) = 1(p? + ¢?) + eq?, where 2¢%¢ < 1
for all ¢ in the range —v2F < g < v2E. By choosing an appropriately modified generating
function Fi(q, P), show that

(t)
t)

where qo(t) = V2Esin(t — tp) and I(x,y) is defined by

T U4
to) = || Gy

L)

= tan(t — to) — € [(qo(t), E) (1 4 tan®(t — to)) + eq) (t) tan® (t — t9) + O(€?),

g~
—~

Part 11, Paper 1 [TURN OVER]
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Paper 1, Section I
8B Classical Dynamics

(a) Show that the canonical transformation (q,p) — (Q,P) associated with a
generating function Fy(q, P) of type 2 satisfies

_OR

OF OB
p_ aq 9

Q-5

(b) A physical system with two degrees of freedom is described by the Hamiltonian

H(q,p) = Ho(p1,p2) + H1(p1,p2) cos b,

where
0 =niq1 +nago

and n; and no are non-zero integers.

Show that a certain linear combination of p; and ps is conserved, and that there is a
(linear) canonical transformation (q,p) — (Q,P) such that @Q; = 6 and the transformed
Hamiltonian does not depend on Qs.

Explain why the system is integrable.

Paper 2, Section I
8B Classical Dynamics

Show that Hamilton’s equations for a system with n degrees of freedom can be
written in the form

oH
'a = Qa )
v b@xb

where a,b € {1,2,...,2n} and ) is a matrix that you should define.

Using a similar notation, define the Poisson bracket {f, g} of two functions f(x,t)
and g(x,t). Evaluate the Poisson bracket {x,,zp}.

Show that the transformation x — X(x) preserves the form of Hamilton’s equations
if and only if the Jacobian matrix

0X,
Jop =
b oxy
satisfies
JOJT = Q.

Deduce that such a canonical transformation leaves the phase-space volume invariant.

Part 11, Paper 1 [TURN OVER]
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Paper 3, Section I
8B Classical Dynamics

The Lagrangian of the Lagrange top can be written as
1 . 1 . 2
inll (9 + ¢* sin 0>—|—§Ig (¢+¢0059> — Mgl cosé.

Define the generalized momenta py and py, and describe how they evolve in time.

Show that the nutation of the top is governed by the equation
1 '2
5110 + Vesr(0) = constant ,

where Veg(0) is an effective potential energy that you should define.

Explain why py and py, must be equal in order for the top to reach the vertical
position § = 0. In this case, show that § = 0 is a stable equilibrium provided that the top
spins sufficiently fast.

Paper 4, Section I
8B Classical Dynamics

A particle of mass my = 3m is connected to a fixed point by a massless spring of
natural length [ and spring constant k. A second particle of mass mg = 2m is connected
to the first particle by an identical spring. The masses move along a vertical line in a
uniform gravitational field g, such that mass m; is a distance z;(t) below the fixed point
and z9 > 21 > 0.

You may assume that the potential energy of a spring of length |+ x is L1kx?, where
[ y P 9y pring g ska?,
k is the spring constant and 1 is the natural length.]

Write down the Lagrangian of the system.
Determine the equilibrium values of z;.

Let ¢; be the departure of z; from its equilibrium value. Show that the Lagrangian
can be written as | .
L= Eququ — EVijqiqj + constant ,

and determine the matrices T and V.

Calculate the angular frequencies and eigenvectors of the normal modes of the
system.

In what sense are the eigenvectors orthogonal?

Part II, Paper 1
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Paper 2, Section II
14B Classical Dynamics
(a) A homogeneous, solid ellipsoid of mass M occupies the region
22 g2 2

+5 4

2tpta<b

where a, b and c¢ are positive constants. Calculate the inertia tensor of the ellipsoid.

(b) According to Poinsot’s construction, the evolution of the angular velocity vector
w(t) of a rigid body undergoing free rotational motion corresponds to the movement of
an inertia ellipsoid on an invariable plane. Derive this construction, explaining why the
inertia ellipsoid is tangent to the invariable plane and rolls on it.

(c) Describe qualitatively the general free rotational motion of the body considered
in part (a) in an inertial frame of reference, in the special case a = b < c.

Paper 4, Section 11
15B Classical Dynamics

An isolated three-body system consists of particles with masses m1, ms and mg and
position vectors ry(t), ro(¢) and r3(¢). The particles move under the action of their mutual
gravitational attraction. Write down the Lagrangian L of the system.

Let a, b and c be defined by

miry + morag - c miri + meors + msrs
= ———— 3 5 p— .

a=r|y—ro, b
mi1 + msg mi1 + mo + ms

By expressing ri, ro and r3 in terms of a, b and ¢, or otherwise, show that the total
kinetic energy can be written as

1 1 . 1
§Ol|f51|2 + 55\b|2 + §’Y|é’2 ;
and obtain expressions for «, 8 and 7.

Show that the total potential energy can be expressed as a function of a and b only.
What does this imply for the evolution of ¢? Give a physical interpretation of this result.

Show also that the total angular momentum of the system about the origin is

aaxa+pfbxb+ycxe.

Part 11, Paper 1 [TURN OVER]
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Paper 1, Section I
8D Classical Dynamics

Two equal masses m move along a straight line between two stationary walls. The
mass on the left is connected to the wall on its left by a spring of spring constant kq, and
the mass on the right is connected to the wall on its right by a spring of spring constant
ko. The two masses are connected by a third spring of spring constant ks.

(a) Show that the Lagrangian of the system can be written in the form

1 L. 1
L= iTijl‘il‘j — ivijl'il'j N

where x;(t), for i = 1,2, are the displacements of the two masses from their equilibrium
positions, and T;; and V;; are symmetric 2 X 2 matrices that should be determined.

(b) Let
ky = k(1 +€d), ko = k(1 — €d), ks = ke,

where £ > 0, e > 0 and |ed| < 1. Using Lagrange’s equations of motion, show that the
angular frequencies w of the normal modes of the system are given by

k

w2 =\—,
m

where
Azl—i—e(li 1+52>.

Paper 2, Section I
8D Classical Dynamics

Show that, in a uniform gravitational field, the net gravitational torque on a system
of particles, about its centre of mass, is zero.

Let S be an inertial frame of reference, and let S’ be the frame of reference with the
same origin and rotating with angular velocity w(t) with respect to S. You may assume
that the rates of change of a vector v observed in the two frames are related by

dl = dl +wXv
dt Si dt S/ '

Derive Euler’s equations for the torque-free motion of a rigid body.

Show that the general torque-free motion of a symmetric top involves precession
of the angular-velocity vector about the symmetry axis of the body. Determine how the
direction and rate of precession depend on the moments of inertia of the body and its
angular velocity.

Part 11, 2021 List of Questions
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Paper 3, Section 1
8D Classical Dynamics

The Lagrangian of a particle of mass m and charge ¢ in an electromagnetic field
takes the form

1 . .
L= §m|r|2+q(—¢>+r-A).
Explain the meaning of ¢ and A, and how they are related to the electric and magnetic
fields.
Obtain the canonical momentum p and the Hamiltonian H(r, p,t).

Suppose that the electric and magnetic fields have Cartesian components (E,0,0)
and (0,0, B), respectively, where E and B are positive constants. Explain why the
Hamiltonian of the particle can be taken to be

2 _ oBz)? 2
g b y—aB)” P2 oo
2m 2m 2m

State three independent integrals of motion in this case.

Paper 4, Section I
8D Classical Dynamics
Briefly describe a physical object (a Lagrange top) whose Lagrangian is

L= %Il (02 +$2sin2 9) + %Ig <¢+qﬁcos€)2 — Mglcos®.

Explain the meaning of the symbols in this equation.

Write down three independent integrals of motion for this system, and show that
the nutation of the top is governed by the equation

W = f(u),

where u = cosf and f(u) is a certain cubic function that you need not determine.

Part II, 2021 List of Questions [TURN OVER]
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Paper 2, Section II
14D Classical Dynamics
(a) Show that the Hamiltonian

1 1
H— 292 14 ~22
2p+2wq7

where w is a positive constant, describes a simple harmonic oscillator with angular
frequency w. Show that the energy E and the action I of the oscillator are related by
F=wl.

(b) Let 0 < € < 2 be a constant. Verify that the differential equation

=0 subject to z(1)=0, (1)=1

is solved by
t
x(t) = \k:[ sin(k logt)
when ¢ > 1, where k is a constant you should determine in terms of e.

(c¢) Show that the solution in part (b) obeys

1., 1 2% 1--cos(2klogt)+ 2ksin(2klogt) + 4k?
2 (et)2 8k2t '

Hence show that the fractional variation of the action in the limit e < 1 is O(e), but that
these variations do not accumulate. Comment on this behaviour in relation to the theory
of adiabatic invariance.

Part 11, 2021 List of Questions
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Paper 4, Section II
15D Classical Dynamics

(a) Let (q,p) be a set of canonical phase-space variables for a Hamiltonian system
with n degrees of freedom. Define the Poisson bracket {f, g} of two functions f(q,p) and
9(q,p). Write down the canonical commutation relations that imply that a second set
(Q, P) of phase-space variables is also canonical.

(b) Consider the near-identity transformation

Q=q+4dq, P =p+dp,

where dq(q, p) and dp(q, p) are small. Determine the approximate forms of the canonical
commutation relations, accurate to first order in dq and dp. Show that these are satisfied
when

5q:€%, 5p:—€7

where € is a small parameter and F'(q, p) is some function of the phase-space variables.
(¢) In the limit € — 0 this near-identity transformation is called the infinitesimal

canonical transformation generated by F. Let H(q,p) be an autonomous Hamiltonian.

Show that the change in the Hamiltonian induced by the infinitesimal canonical trans-

formation is

§H = —€e{F,H}.

Explain why F is an integral of motion if and only if the Hamiltonian is invariant under
the infinitesimal canonical transformation generated by F.

(d) The Hamiltonian of the gravitational N-body problem in three-dimensional

space is
N N-1 N
1 ‘pz|2 szm]
H=— —
32 om; T X o)
i=1 1=1 j=i+1

where m;, r; and p; are the mass, position and momentum of body i. Determine the form
of F' and the infinitesimal canonical transformation that correspond to the translational
symmetry of the system.

Part II, 2021 List of Questions [TURN OVER]
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Paper 1, Section I

8B Classical Dynamics

A linear molecule is modelled as four equal masses connected by three equal springs.
Using the Cartesian coordinates x1,xs, s, x4 of the centres of the four masses, and
neglecting any forces other than those due to the springs, write down the Lagrangian
of the system describing longitudinal motions of the molecule.

Rewrite and simplify the Lagrangian in terms of the generalized coordinates

_T1+ x4 T2+ 23 X1 — T4 T2 — T3
q1 = 9 ) q2 = 2 ’ g3 = 2 ) q4 = 2 .

Deduce Lagrange’s equations for q1, g2, ¢3, g4. Hence find the normal modes of the system
and their angular frequencies, treating separately the symmetric and antisymmetric modes
of oscillation.

Paper 2, Section I

8B Classical Dynamics

A particle of mass m has position vector r(¢) in a frame of reference that rotates
with angular velocity w(t). The particle moves under the gravitational influence of masses
that are fixed in the rotating frame. Explain why the Lagrangian of the particle is of the
form

1
L= §m(r +wxr)? = V(r).
Show that Lagrange’s equations of motion are equivalent to

m (¥ + 2wXr + wXr + wx(wxr)) = -VV.

Identify the canonical momentum p conjugate to r. Obtain the Hamiltonian H (r, p)
and Hamilton’s equations for this system.

Part 11, 2020 List of Questions
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Paper 3, Section 1

8B Classical Dynamics
A particle of mass m experiences a repulsive central force of magnitude k/r2, where
r = |r| is its distance from the origin. Write down the Hamiltonian of the system.

The Laplace-Runge—-Lenz vector for this system is defined by
A=pXL+mkt,

where L = r X p is the angular momentum and # = r/r is the radial unit vector. Show
that
{L,H}={A,H} =0,

where {-,-} is the Poisson bracket. What are the integrals of motion of the system? Show
that the polar equation of the orbit can be written as

A

r= -—
ecosf—1"

where A and e are non-negative constants.

Paper 4, Section I
8B Classical Dynamics

Derive expressions for the angular momentum and kinetic energy of a rigid body in
terms of its mass M, the position X(t) of its centre of mass, its inertia tensor I (which
should be defined) about its centre of mass, and its angular velocity w.

A spherical planet of mass M and radius R has density proportional to
r~tsin(rr/R). Given that [ zsinzds = 7 and [ #¥sinzde = w(7? — 6), evaluate
the inertia tensor of the planet in terms of M and R.

Part II, 2020 List of Questions [TURN OVER]
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Paper 2, Section II

14B Classical Dynamics

A symmetric top of mass M rotates about a fixed point that is a distance [ from
the centre of mass along the axis of symmetry; its principal moments of inertia about the
fixed point are I; = I and I3. The Lagrangian of the top is

L= %Il (02 +Q5281n20) + %Ig <¢+¢0059>2 — Mgl cosé.

(i) Draw a diagram explaining the meaning of the Euler angles 0, ¢ and .
(ii) Derive expressions for the three integrals of motion E, L3 and L,.

(iii) Show that the nutational motion is governed by the equation
1 )2 !
5110 + Veg(0) = E,

and derive expressions for the effective potential Veg(f) and the modified energy E’ in

terms of F/, L3 and L,.
€2
Lz = L3 (1 - 2> )

where € is a small positive number. By expanding Vg to second order in € and 6, show
that there is a stable equilibrium solution with § = O(¢), provided that L3 > 4Mgll;.
Determine the equilibrium value of 6 and the precession rate q.S, to the same level of
approximation.

(iv) Suppose that

Part 11, 2020 List of Questions
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Paper 4, Section 11
15B Classical Dynamics

(a) Explain how the Hamiltonian H(q, p,t) of a system can be obtained from its
Lagrangian L(q,q,t). Deduce that the action can be written as

S—/(p-dq—Hdt).

Show that Hamilton’s equations are obtained if the action, computed between fixed
initial and final configurations q(¢1) and q(¢2), is minimized with respect to independent
variations of q and p.

(b) Let (Q,P) be a new set of coordinates on the same phase space. If the old and
new coordinates are related by a type-2 generating function Fy(q, P,t) such that

0F, 0F,
P=—F-> Q = o
dq oP
deduce that the canonical form of Hamilton’s equations applies in the new coordinates,
but with a new Hamiltonian given by

OF
K=H+ —.
o
(c) For each of the Hamiltonians
. .. 1
(i) H=H(p), (i) H=("+p",

express the general solution (¢(t),p(t)) at time ¢ in terms of the initial values given by
(Q, P) = (q(0),p(0)) at time ¢t = 0. In each case, show that the transformation from (g, p)
to (@, P) is canonical for all values of ¢, and find the corresponding generating function
F5(q, P, t) explicitly.

Part II, 2020 List of Questions [TURN OVER]
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Paper 4, Section 1
8E Classical Dynamics

(a) The angular momentum of a rigid body about its centre of mass is conserved.
Derive Euler’s equations,

Loy = (I — I3)waws,
Iy = (I3 — I )wswy ,

Iswg = (11 — Ir)wiwa ,

explaining the meaning of the quantities appearing in the equations.

(b) Show that there are two independent conserved quantities that are quadratic
functions of w = (w1, w9, ws), and give a physical interpretation of them.

(¢) Derive a linear approximation to Euler’s equations that applies when |w| < |ws]
and |wa| < |ws|. Use this to determine the stability of rotation about each of the three
principal axes of an asymmetric top.

Paper 3, Section I
8E Classical Dynamics
A simple harmonic oscillator of mass m and spring constant k has the equation of
motion
mi = —kx.

(a) Describe the orbits of the system in phase space. State how the action I of
the oscillator is related to a geometrical property of the orbits in phase space. Derive
the action—angle variables (6, I) and give the form of the Hamiltonian of the oscillator in
action—angle variables.

(b) Suppose now that the spring constant k varies in time. Under what conditions
does the theory of adiabatic invariance apply? Assuming that these conditions hold,
identify an adiabatic invariant and determine how the energy and amplitude of the
oscillator vary with k in this approximation.

Part II, 2019 List of Questions



2019

BB UNIVERSITY OF
¥¥ CAMBRIDGE 23

Paper 2, Section 1
8E Classical Dynamics

(a) State Hamilton’s equations for a system with n degrees of freedom and Hamilto-
nian H(q,p,t), where (q,p) = (q1,---,n,P1,---,Pn) are canonical phase-space variables.

(b) Define the Poisson bracket {f, g} of two functions f(q,p,t) and g(q, p,?).

(c) State the canonical commutation relations of the variables q and p.
(d) Show that the time-evolution of any function f(q,p,t) is given by
daf of
— = H .
o = W HN
(e) Show further that the Poisson bracket of any two conserved quantities is also a
conserved quantity.

[You may assume the Jacobi identity,

g, bty +H{g,{h f}} +{h,{f,9}} =0.]

Paper 1, Section I
8E Classical Dynamics

(a) A mechanical system with n degrees of freedom has the Lagrangian L(q,q),
where q = (q1, ..., qn) are the generalized coordinates and q = dq/dt.

Suppose that L is invariant under the continuous symmetry transformation q(t) —
Q(s,t), where s is a real parameter and Q(0,¢) = q(t). State and prove Noether’s theorem
for this system.

(b) A particle of mass m moves in a conservative force field with potential energy
V(r), where r is the position vector in three-dimensional space.

Let (7, ¢, z) be cylindrical polar coordinates. V(r) is said to have helical symmetry
if it is of the form

V(r) = f(r,¢ —kz),

for some constant k. Show that a particle moving in a potential with helical symmetry
has a conserved quantity that is a linear combination of angular and linear momenta.

Part II, 2019 List of Questions [TURN OVER
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Paper 2, Section II
14E Classical Dynamics

The Lagrangian of a particle of mass m and charge ¢ moving in an electromagnetic
field described by scalar and vector potentials ¢(r,t) and A(r,t) is

1
L=cmlif* +q(-¢+1i-A),

where r(t) is the position vector of the particle and & = dr/dt.

(a) Show that Lagrange’s equations are equivalent to the equation of motion
mi=q(E+v xB),

where

A
E:—Vqﬁ—%—t, B=VxA

are the electric and magnetic fields.

(b) Show that the related Hamiltonian is
_ Ip—qAP
2m

H +qo,

where p = mi + ¢A. Obtain Hamilton’s equations for this system.

(c) Verify that the electric and magnetic fields remain unchanged if the scalar and
vector potentials are transformed according to
~ 0 f
= o=¢— =
b d=g— =,
A—-A=A+Vf,

where f(r,t) is a scalar field. Show that the transformed Lagrangian L differs from L by
the total time-derivative of a certain quantity. Why does this leave the form of Lagrange’s
equations invariant? Show that the transformed Hamiltonian H and phase-space variables
(r,p) are related to H and (r,p) by a canonical transformation.

[Hint: In standard notation, the canonical transformation associated with the type-2
generating function Fy(q,P,t) is given by

OF, OF, 0F,
_ 9K _ 9 K=H+22
P=q Q=7p " + 5 ]

Part II, 2019 List of Questions
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Paper 4, Section 11
15E Classical Dynamics

(a) Explain what is meant by a Lagrange top. You may assume that such a top has
the Lagrangian

1 iy o 1 . 2
L:QIl (9 + ¢“ sin 9)—1—5[3 (¢+¢Cos€> — Mgl cos6
in terms of the Euler angles (6, ¢, ). State the meaning of the quantities I, I3, M and [

appearing in this expression.

Explain why the quantity
oL

o

is conserved, and give two other independent integrals of motion.

Dy

Show that steady precession, with a constant value of € (0, §), is possible if

pi > 4Mgll cosf.

(b) A rigid body of mass M is of uniform density and its surface is defined by

2 2 2 95%
.’E1+$2:$3—Z,

where h is a positive constant and (z1, z2, x3) are Cartesian coordinates in the body frame.

Calculate the values of Iy, I3 and [ for this symmetric top, when it rotates about
the sharp point at the origin of this coordinate system.

Part II, 2019 List of Questions [TURN OVER
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Paper 1, Section 1
8B Classical Dynamics
Derive Hamilton’s equations from an action principle.

Consider a two-dimensional phase space with the Hamiltonian H = p? 4+ ¢~2. Show
that F' = pq — ctH is the first integral for some constant ¢ which should be determined.
By considering the surfaces of constant F' in the extended phase space, solve Hamilton’s
equations, and sketch the orbits in the phase space.

Paper 2, Section I
8B Classical Dynamics
Let x = xi + yj + zk. Consider a Lagrangian

1
L=-%*+yi
2
of a particle constrained to move on a sphere |x| = 1/c of radius 1/c. Use Lagrange
multipliers to show that
X+ gi — &j + (%> + yi — 29)x = 0. (%)

Now, consider the system (%) with ¢ = 0, and find the particle trajectories.

Paper 3, Section 1
8B Classical Dynamics
Three particles of unit mass move along a line in a potential

1
V= 5((1‘1 — .732)2 + (.731 — ZL‘3)2 + (ZL‘g — .732)2 +:L‘% +.73% —1—3:%),

where x; is the coordinate of the i’th particle, i = 1,2, 3.
Write the Lagrangian in the form
1., .. 1
L= iTijxixj — §Vijl‘il‘j,

and specify the matrices T;; and V;.

Find the normal frequencies and normal modes for this system.

Part II, 2018 List of Questions
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Paper 4, Section 1
8B Classical Dynamics
State and prove Noether’s theorem in Lagrangian mechanics.

142 492 x
T Y

for a particle moving in the upper half-plane {(z,y) € R y > 0} in a potential V' which
only depends on z/y. Find two independent first integrals.

Consider a Lagrangian

Paper 2, Section II
14B Classical Dynamics

Define a body frame e,(t),a = 1,2,3 of a rotating rigid body, and show that there
exists a vector w = (w1, ws,ws) such that

€, = w X e,.

Let L = Lwi(t)e + Iows(t)es + Isws(t)es be the angular momentum of a free rigid
body expressed in the body frame. Derive the Euler equations from the conservation of
angular momentum.

Verify that the kinetic energy E, and the total angular momentum L? are conserved.
Hence show that

w?% = f((«dg),

where f(w3) is a quartic polynomial which should be explicitly determined in terms of L?
and F.

Paper 4, Section II
15B Classical Dynamics

Given a Lagrangian £(g;, ¢;,t) with degrees of freedom ¢;, define the Hamiltonian
and show how Hamilton’s equations arise from the Lagrange equations and the Legendre
transform.

Consider the Lagrangian for a symmetric top moving in constant gravity:
1 . . 1. .
L= §A(02 + ¢ sin® ) + §B(w + ¢cos ) — Mgl cos 6,

where A, B, M, g and [ are constants. Construct the corresponding Hamiltonian, and
find three independent Poisson-commuting first integrals of Hamilton’s equations.
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Paper 1, Section 1
8E Classical Dynamics
Consider a Lagrangian system with Lagrangian L(x4,%4,t), where A =1,...,3N,
and constraints
falza,t) =0, a=1,...,3N —n.

Use the method of Lagrange multipliers to show that this is equivalent to a system
with Lagrangian £(g;,qi,t) = L(xa(q,t),a(¢,di,t),t), where i = 1,...,n, and ¢; are
coordinates on the surface of constraints.

Consider a bead of unit mass in R? constrained to move (with no potential) on a

wire given by an equation y = f(x), where (z,y) are Cartesian coordinates. Show that
the Euler-Lagrange equations take the form

doL oL

dt 0  Ox
for some £ = L(x,%) which should be specified. Find one first integral of the Euler—
Lagrange equations, and thus show that

t = F(a),

where F'(x) should be given in the form of an integral.

[Hint: You may assume that the Euler-Lagrange equations hold in all coordinate
systems.]

Paper 2, Section 1
8E Classical Dynamics
Derive the Lagrange equations from the principle of stationary action

t1
S[Q] = \ ‘C(Qi(t)’%(t)vt)dtv 45 =0,

where the end points g;(t9) and ¢;(¢1) are fixed.

Let ¢ and A be a scalar and a vector, respectively, depending on r = (z,y, 2).
Consider the Lagrangian
mi?

5:7—(¢—i"A)7

and show that the resulting Euler-Lagrange equations are invariant under the transfor-
mations

F
¢_>¢+a(?9_t’ A—A+VF,

where F' = F(r,t) is an arbitrary function, and « is a constant which should be determined.
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Paper 3, Section 1
8E Classical Dynamics

Define an integrable system with 2n-dimensional phase space. Define angle-action
variables.

Consider a two-dimensional phase space with the Hamiltonian
21
s 1 =gk

H—
om 27

where k is a positive integer and the mass m = m(t) changes slowly in time. Use the fact
that the action is an adiabatic invariant to show that the energy varies in time as m°,
where c¢ is a constant which should be found.

Paper 4, Section 1
8E Classical Dynamics
Consider the Poisson bracket structure on R? given by

{x7y} =z, {y7z} =z, {Z7x} =Y

and show that {f,p*} = 0, where p? = 22 + y? + 2% and f : R? — R is any polynomial
function on R3.

Let H = (Az? + By? + C2?%)/2, where A, B,C are positive constants. Find the
explicit form of Hamilton’s equations

r={r,H}, where r=(z,y,2).

Find a condition on A, B, C such that the oscillation described by

z=1+4a(t), y=pt), z=7()

is linearly unstable, where a(t), 5(t),v(t) are small.

Part II, 2017 List of Questions
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Paper 2, Section II
13E Classical Dynamics

2017

Show that an object’s inertia tensor about a point displaced from the centre of mass

by a vector c is given by

(IC)ab = (Io)ab + M(’CP(Sab - CaCb)7

where M is the total mass of the object, and (Iy),, is the inertia tensor about the centre

of mass.

Find the inertia tensor of a cube of uniform density, with edge of length L, about

one of its vertices.

Paper 4, Section II
14E Classical Dynamics
Explain how geodesics of a Riemannian metric

g = gap(x€)dzda®

arise from the kinetic Lagrangian

where a,b=1,...,n.

Find geodesics of the metric on the upper half plane
% = {(z,y) € R*,y > 0}

with the metric
B dz? + dy?

y2

and sketch the geodesic containing the points (2,3) and (10, 3).

[Hint: Consider dy/dx.]

Part IT, 2017 List of Questions
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Paper 4, Section 1
8E Classical Dynamics

Using conservation of angular momentum L = L,e, in the body frame, derive the
Euler equations for a rigid body:

Ilwl—l—(Ig—Ig)wa;;:O, I2w2+(Il—Ig)CU3¢U1 =0, Igd)g—i-(IQ—Il)wlcUQ = 0.

[You may use the formula &, = w A e, without proof.]

Assume that the principal moments of inertia satisfy Iy < Iy < I3. Determine
whether a rotation about the principal 3-axis leads to stable or unstable perturbations.

Paper 1, Section I
8E Classical Dynamics

Consider a one-parameter family of transformations ¢;(t) — Q;(s,t) such that
Q:(0,t) = ¢;(t) for all time ¢, and

0 .
%L(Qh Qut) = 07

where L is a Lagrangian and a dot denotes differentiation with respect to t. State and
prove Noether’s theorem.

Consider the Lagrangian
Lo o .o
L= 5(@"+g" +27) = V(zty, y+2),
where the potential V' is a function of two variables. Find a continuous symmetry of this

Lagrangian and construct the corresponding conserved quantity. Use the Euler-Lagrange
equations to explicitly verify that the function you have constructed is independent of .
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Paper 2, Section 1
8E Classical Dynamics
Consider the Lagrangian

L = A(6%+ ¢*sin®0) + B(¢) + ¢cos ) — C(cos )",

where A, B, C are positive constants and k is a positive integer. Find three conserved
quantities and show that u = cos 0 satisfies

where f(u) is a polynomial of degree k+2 which should be determined.

Paper 3, Section 1
8E Classical Dynamics

Consider a six-dimensional phase space with coordinates (¢;,p;) for i = 1, 2, 3.
Compute the Poisson brackets {L;, L;}, where L; = €, q;j pk-

Consider the Hamiltonian
1
H = S[p* + V(lal)

and show that the resulting Hamiltonian system admits three Poisson-commuting inde-
pendent first integrals.

Paper 2, Section II
13E Classical Dynamics
Define what it means for the transformation R?” — R?" given by

(gipi) = (Qi(a.p5), Pilajips)), 4j=1,....n
to be canonical. Show that a transformation is canonical if and only if
{Qi,Q;} =0, {F,P}=0, {QiPj}=4d;.
Show that the transformation R? — R? given by
Q =qcose —psine, P =gsine+ pcose

is canonical for any real constant e. Find the corresponding generating function.
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Paper 4, Section 11
14E Classical Dynamics

A particle of unit mass is attached to one end of a light, stiff rod of length ¢. The
other end of the rod is held at a fixed position, such that the rod is free to swing in
any direction. Write down the Lagrangian for the system giving a clear definition of any
angular variables you introduce. [You should assume the acceleration g is constant.]

Find two independent constants of the motion.

The particle is projected horizontally with speed v from a point where the rod lies
at an angle « to the downward vertical, with 0 < o < /2. In terms of ¢, g and «, find
the critical speed v, such that the particle always remains at its initial height.

The particle is now projected horizontally with speed v. but from a point at angle
a + da to the vertical, where da/av < 1. Show that the height of the particle oscillates,
and find the period of oscillation in terms of ¢, g and a.

Part II, 2016 List of Questions [TURN OVER
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Paper 4, Section 1
7D Classical Dynamics

A triatomic molecule is modelled by three masses moving in a line while connected
to each other by two identical springs of force constant k as shown in the figure.

(a) Write down the Lagrangian and derive the equations describing the motion of the
atoms.

(b) Find the normal modes and their frequencies. What motion does the lowest frequency
represent?

Paper 3, Section I
7D Classical Dynamics

(a) Consider a particle of mass m that undergoes periodic motion in a one-dimensional
potential V' (gq). Write down the Hamiltonian H(p, q) for the system. Explain what is
meant by the angle—action variables (0,1) of the system and write down the integral
expression for the action variable I.

(b) For V(q) = %mw2q2 and fixed total energy F, describe the shape of the trajectories
in phase-space. By using the expression for the area enclosed by the trajectory, or
otherwise, find the action variable I in terms of w and FE. Hence describe how E
changes with w if w varies slowly with time. Justify your answer.
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Paper 2, Section 1
7D Classical Dynamics

The Lagrangian for a heavy symmetric top of mass M, pinned at a point that is a
distance [ from the centre of mass, is

1 . . 1 . .
L= 511 (92 + $? sin? 0) + §Ig(¢ + $pcosh)? — Mgl cosf.

(a) Find all conserved quantities. In particular, show that ws, the spin of the top, is
constant.

(b) Show that 6 obeys the equation of motion

where the explicit form of Vg should be determined.

(¢) Determine the condition for uniform precession with no nutation, that is § = 0 and
¢ = const. For what values of w3 does such uniform precession occur?

Part 11, 2015 List of Questions
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Paper 1, Section I
7D Classical Dynamics

(a) The action for a one-dimensional dynamical system with a generalized coordinate ¢
and Lagrangian L is given by

to
S = L(q,q,t)dt.

t1
State the principle of least action and derive the Euler-Lagrange equation.

(b) A planar spring-pendulum consists of a light rod of length [ and a bead of mass m,
which is able to slide along the rod without friction and is attached to the ends of
the rod by two identical springs of force constant k as shown in the figure. The rod
is pivoted at one end and is free to swing in a vertical plane under the influence of
gravity.

(i) Identify suitable generalized coordinates and write down the Lagrangian of the
system.

(ii) Derive the equations of motion.

Part II, 2015 List of Questions [TURN OVER
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Paper 4, Section II
12C Classical Dynamics

Consider a rigid body with angular velocity w, angular momentum L and position
vector r, in its body frame.

(a) Use the expression for the kinetic energy of the body,

%/d3rp(r) 2,

to derive an expression for the tensor of inertia of the body, I. Write down the
relationship between L, I and w.

(b) Euler’s equations of torque-free motion of a rigid body are

Iin = (L2 — I3)wows ,
Iywy = (I3 — I)wswr ,

Ig (,2)3 = (Il - Iz)wle .

Working in the frame of the principal axes of inertia, use Euler’s equations to show
that the energy F and the squared angular momentum L? are conserved.

(¢) Consider a cuboid with sides a, b and ¢, and with mass M distributed uniformly.

(i) Use the expression for the tensor of inertia derived in (a) to calculate the principal
moments of inertia of the body.

(ii) Assume b = 2a and ¢ = 4a, and suppose that the initial conditions are such that
L* =2LE

with the initial angular velocity w perpendicular to the intermediate principal
axis ey. Derive the first order differential equation for ws in terms of £, M and
a and hence determine the long-term behaviour of w.

Part 11, 2015 List of Questions
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Paper 2, Section II
12C Classical Dynamics

(a) Consider a Lagrangian dynamical system with one degree of freedom. Write down
the expression for the Hamiltonian of the system in terms of the generalized velocity
¢, momentum p, and the Lagrangian L(q, ¢,t). By considering the differential of the
Hamiltonian, or otherwise, derive Hamilton’s equations.

Show that if ¢ is ignorable (cyclic) with respect to the Lagrangian, i.e. 0L/9q = 0,
then it is also ignorable with respect to the Hamiltonian.

(b) A particle of charge ¢ and mass m moves in the presence of electric and magnetic
fields such that the scalar and vector potentials are ¢ = yE and A = (0,zB,0), where
(z,y,z) are Cartesian coordinates and E, B are constants. The Lagrangian of the
particle is

1
inmfz—ng—i-qi'-A.

Starting with the Lagrangian, derive an explicit expression for the Hamiltonian and
use Hamilton’s equations to determine the motion of the particle.
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Paper 4, Section 1
9A Classical Dynamics

Consider a heavy symmetric top of mass M with principal moments of inertia I,
Is and I3, where Iy = Is # I3. The top is pinned at point P, which is at a distance [ from
the centre of mass, C, as shown in the figure.

P

Its angular velocity in a body frame (e1, ez, eg) is given by
w = [psinfsinv) + 0 cos ] e + [psin b cosh — Osinih] ey + [¢h + dcosb] es,
where ¢, 0 and 1 are the Euler angles.
(a) Assuming that {e,}, a = 1,2,3, are chosen to be the principal axes, write down the

Lagrangian of the top in terms of w, and the principal moments of inertia. Hence
find the Lagrangian in terms of the Euler angles.

(b) Find all conserved quantities. Show that ws, the spin of the top, is constant.

(¢) By eliminating & and v, derive a second-order differential equation for 6.

Part 11, 2014 List of Questions
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Paper 3, Section 1
9A Classical Dynamics

(a) The action for a one-dimensional dynamical system with a generalized coordinate ¢
and Lagrangian L is given by

to
S = L(q,q,t)dt.
t1
State the principle of least action. Write the expression for the Hamiltonian in terms
of the generalized velocity ¢, the generalized momentum p and the Lagrangian L.
Use it to derive Hamilton’s equations from the principle of least action.

(b) The motion of a particle of charge ¢ and mass m in an electromagnetic field
with scalar potential ¢(r,t) and vector potential A(r,t) is characterized by the
Lagrangian

L=—-—q(¢—-i-A).

(i) Write down the Hamiltonian of the particle.

(ii) Consider a particle which moves in three dimensions in a magnetic field with
A = (0,Bx,0), where B is a constant. There is no electric field. Obtain
Hamilton’s equations for the particle.

Part II, 2014 List of Questions [TURN OVER
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Paper 2, Section 1
9A Classical Dynamics

The components of the angular velocity w of a rigid body and of the position vector
r are given in a body frame.

(a) The kinetic energy of the rigid body is defined as

1

T:§/d3rp(r)r"-i~,

Given that the centre of mass is at rest, show that 1" can be written in the form

1
T = §Iabwawb ’

where the explicit form of the tensor I, should be determined.
(b) Explain what is meant by the principal moments of inertia.

(¢) Consider a rigid body with principal moments of inertia Iy , Is and I3, which are all
unequal. Derive Euler’s equations of torque-free motion

Ly = (I3 — I3)waws,
Iy = (I3 — I1)wswr ,

Igd}‘g, = (Il — IQ)CL)lWQ .

(d) The body rotates about the principal axis with moment of inertia ;. Derive the
condition for stable rotation.

Part 11, 2014 List of Questions
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Paper 1, Section I
9A Classical Dynamics

Consider a one-dimensional dynamical system with generalized coordinate and
momentum (g, p).

(a) Define the Poisson bracket {f, g} of two functions f(q,p,t) and g(q,p,t).

(b) Verify the Leibniz rule
{fg.h} = f{g,h} +g{f, n}.

(c) Explain what is meant by a canonical transformation (q,p) — (Q, P).

(d) State the condition for a transformation (¢,p) — (Q,P) to be canonical in terms
of the Poisson bracket {@Q, P}. Use this to determine whether or not the following
transformations are canonical:

2
: q P
= — P:—
0 e=73, .’

(ii) Q@ =tanq, P =pcosq,
(iii) Q@ = \/2qe’'cosp, P =/2qe tsinp.
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Paper 4, Section II
15A Classical Dynamics

(a) Consider a system with one degree of freedom, which undergoes periodic motion in
the potential V' (¢). The system’s Hamiltonian is

p2

H(p,q)=—+4+V(q).

(p.a) =5+ V()

(i) Explain what is meant by the angle and action variables, 6 and I, of the
system and write down the integral expression for the action variable I. Is I
conserved? Is 6 conserved?

(ii) Consider V(q) = A¢%, where ) is a positive constant. Find I in terms of A,
the total energy E, the mass M, and a dimensionless constant factor (which
you need not compute explicitly).

(iii) Hence describe how E changes with A if A varies slowly with time. Justify
your answer.

(b) Consider now a particle which moves in a plane subject to a central force-field
F = —kr—2t.

(i) Working in plane polar coordinates (r, ¢), write down the Hamiltonian of the
system. Hence deduce two conserved quantities. Prove that the system is
integrable and state the number of action variables.

(ii) For a particle which moves on an elliptic orbit find the action variables
associated with radial and tangential motions. Can the relationship between
the frequencies of the two motions be deduced from this result? Justify your
answer.

(iii) Describe how E changes with m and k if one or both of them vary slowly
with time.

[You may use

JLO-2) (20 ar = S ouera) -y

where 0 <7 <o .]
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Paper 2, Section II
15A Classical Dynamics

A planar pendulum consists of a mass m at the end of a light rod of length [. The
pivot of the pendulum is attached to a bead of mass M, which slides along a horizontal
rod without friction. The bead is connected to the ends of the horizontal rod by two
identical springs of force constant k. The pivot constrains the pendulum to swing in the
vertical plane through the horizontal rod. The horizontal rod is mounted on a bracket, so
the system could rotate about the vertical axis which goes through its centre as shown in
the figure.

(a) Initially, the system is not allowed to rotate about the vertical axis.

(i) Identify suitable generalized coordinates and write down the Lagrangian of the
system.

(ii) Write down expression(s) for any conserved quantities. Justify your answer.
(iii) Derive the equations of motion.

(iv) For M =m/2 and gm/kl = 3, find the frequencies of small oscillations around
the stable equilibrium and the corresponding normal modes. Describe the
respective motions of the system.

(b) Assume now that the system is free to rotate about the vertical axis without friction.

Write down the Lagrangian of the system. Identify and calculate the additional
conserved quantity.
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Paper 4, Section 1
9B Classical Dynamics

The Lagrangian for a heavy symmetric top of mass M, pinned at point O which is
a distance [ from the centre of mass, is

1 e .
L=3h (92 + % sin? 9) + 5 13(t) + dos 0)® — Mgl cos .

(i) Starting with the fixed space frame (€1, €2,€3) and choosing O at its origin, sketch
the top with embedded body frame axis eg being the symmetry axis. Clearly identify
the Euler angles (6, ¢, ).

(ii) Obtain the momenta pg, pgy and py, and the Hamiltonian H (0, ¢, v, ps, pe, py). Derive
Hamilton’s equations. Identify the three conserved quantities.

Paper 3, Section 1
9B Classical Dynamics

Two equal masses m are connected to each other and to fixed points by three springs
of force constant 5k, k and 5k as shown in the figure.

(i) Write down the Lagrangian and derive the equations describing the motion of the
system in the direction parallel to the springs.

(ii) Find the normal modes and their frequencies. Comment on your results.
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Paper 2, Section 1
9B Classical Dynamics

(i) Consider a rigid body with principal moments of inertia Iy, I3, I3. Derive Euler’s
equations of torque-free motion,

Loy = (I3 — I3)waws,
Iywy = (I3 — I )wswi,

I3ws = (I — I2)wiw,
with components of the angular velocity w = (w1, ws,ws) given in the body frame.

(ii) Use Euler’s equations to show that the energy F and the square of the total angular
momentum L? of the body are conserved.

(iii) Consider a torque-free motion of a symmetric top with Iy = I, = %.[3. Show that in
the body frame the vector of angular velocity w precesses about the body-fixed es
axis with constant angular frequency equal to ws.

Paper 1, Section I
9B Classical Dynamics

Consider an n-dimensional dynamical system with generalized coordinates and
momenta (g;,p;), i = 1,2,...,n.

(a) Define the Poisson bracket {f, g} of two functions f(q¢;, p;,t) and g(q;, pi,t).

(b) Assuming Hamilton’s equations of motion, prove that if a function G(g;,p;) Poisson
commutes with the Hamiltonian, that is {G,H} = 0, then G is a constant of the
motion.

(c) Assume that g¢; is an ignorable coordinate, that is the Hamiltonian does not depend
on it explicitly. Using the formalism of Poisson brackets prove that the conjugate
momentum p; is conserved.

Part 11, 2013 List of Questions
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Paper 4, Section II
15B Classical Dynamics

The motion of a particle of charge ¢ and mass m in an electromagnetic field with
scalar potential ¢(r,t) and vector potential A(r,t) is characterized by the Lagrangian

LzmT"'Q—q«b—f-A).

(i) Write down the Hamiltonian of the particle.
(ii) Write down Hamilton’s equations of motion for the particle.

(iii) Show that Hamilton’s equations are invariant under the gauge transformation

oA

¢_>¢_E)

for an arbitrary function A(r,1).

A — A+ VA,

(iv) The particle moves in the presence of a field such that ¢ = 0 and A = (—3yB, $2B,0),
where (z,y, z) are Cartesian coordinates and B is a constant.

(a) Find a gauge transformation such that only one component of A(z,y, z) remains
non-zero.
(b) Determine the motion of the particle.
(v) Now assume that B varies very slowly with time on a time-scale much longer than
(¢B/m)~!. Find the quantity which remains approximately constant throughout the

motion.
[You may use the expression for the action variable I = % $ pidg;. |
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Paper 2, Section II
15B Classical Dynamics

(i) The action for a system with a generalized coordinate ¢ is given by

[2)
S = L(q,q,t)dt.
t1

(a) State the Principle of Least Action and derive the Euler-Lagrange equation.

(b) Consider an arbitrary function f(g,t). Show that L' = L + df /dt leads to the
same equation of motion.

(ii) A wire frame ABC in a shape of an equilateral triangle with side a rotates in a
horizontal plane with constant angular frequency w about a vertical axis through A.
A bead of mass m is threaded on BC and moves without friction. The bead
is connected to B and C by two identical light springs of force constant k and
equilibrium length a/2.

(a) Introducing the displacement 1 of the particle from the mid point of BC),
determine the Lagrangian L(n,n).

(b) Derive the equation of motion. Identify the integral of the motion.

(c) Describe the motion of the bead. Find the condition for there to be a stable
equilibrium and find the frequency of small oscillations about it when it exists.
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Paper 4, Section 1
9A Classical Dynamics

Consider a one-dimensional dynamical system with generalized coordinate and
momentum (g, p).
(a) Define the Poisson bracket {f, g} of two functions f(q,p,t) and g(q,p,t).
(b) Find the Poisson brackets {q, ¢}, {p,p} and {q¢,p}.

(¢) Assuming Hamilton’s equations of motion prove that

i af
a_{faH}—i_E'

(d) State the condition for a transformation (¢,p) — (@, P) to be canonical in terms of

the Poisson brackets found in (b). Use this to determine whether or not the following
transformations are canonical:

(i) @ =sing, P = &2,

(ii) Q@ =cosq, P =2

sing’

where a is constant.

Paper 3, Section 1
9A Classical Dynamics

The motion of a particle of charge ¢ and mass m in an electromagnetic field with
scalar potential ¢(r,t) and vector potential A(r,t) is characterized by the Lagrangian

L=———q(p—1-A).

(a) Show that the Euler-Lagrange equation is invariant under the gauge transformation

OA

¢_>¢_§7

for an arbitrary function A(r,t).

A = A+ VA,

(b) Derive the equations of motion in terms of the electric and magnetic fields E(r, t) and
B(r,t).

[Recall that B=V x A and E = —~V¢ — %]
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Paper 2, Section 1
9A Classical Dynamics

(a) The action for a system with a generalized coordinate ¢ is given by

to
S = L(q,q,t)dt.

t1

State the Principle of Least Action and state the Euler-Lagrange equation.

(b) Consider a light rigid circular wire of radius a and centre O. The wire lies in a
vertical plane, which rotates about the vertical axis through O. At time t the plane
containing the wire makes an angle ¢(¢) with a fixed vertical plane. A bead of mass
m is threaded onto the wire. The bead slides without friction along the wire, and its
location is denoted by A. The angle between the line OA and the downward vertical
is 0(t).

Show that the Lagrangian of this system is
ma? .,  ma® ., .,
TG + Tqb sin“ 6 4+ mga cos 6.

Calculate two independent constants of the motion, and explain their physical signif-
icance.

Paper 1, Section I
9A Classical Dynamics

Consider a heavy symmetric top of mass M, pinned at point P, which is a distance
[ from the centre of mass.

(a) Working in the body frame (e1,e2,e3) (where eg is the symmetry axis of the top)
define the Fuler angles (1,0, ¢) and show that the components of the angular velocity
can be expressed in terms of the Euler angles as

w= (ésianinzﬁ—i—écosw, $sin O cos ) — Osin, 1/1—i—gz§cos€).

(b) Write down the Lagrangian of the top in terms of the Euler angles and the principal
moments of inertia I, 3.

(c) Find the three constants of motion.
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Paper 4, Section II
15A Classical Dynamics

A homogenous thin rod of mass M and length [ is constrained to rotate in a
horizontal plane about its centre O. A bead of mass m is set to slide along the rod

without friction. The bead is attracted to O by a force resulting in a potential kx?/2,
where x is the distance from O.

(a) Identify suitable generalized coordinates and write down the Lagrangian of the system.
(b) Identify all conserved quantities.
(¢) Derive the equations of motion and show that one of them can be written as

i  OVegp () 7

ox
where the form of the effective potential Veg(x) should be found explicitly.

(d) Sketch the effective potential. Find and characterize all points of equilibrium.

(e) Find the frequencies of small oscillations around the stable equilibria.

Part II, 2012 List of Questions [TURN OVER
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Paper 2, Section II

15A Classical Dynamics

(a)

Consider a rigid body with principal moments of inertia Iy, Is, I3.
Derive Euler’s equations of torque-free motion
L = (I — I3)wows ,
Iydoo = (I3 — I )wswi ,
I3ws = (I — Iy)wiwa ,
with components of the angular velocity w = (w1, ws,ws) given in the body frame.
Show that rotation about the second principal axis is unstable if (Is — I3)(I; — I2) > 0.

The principal moments of inertia of a uniform cylinder of radius R, height A and mass
M about its centre of mass are

MR? Mh* s _ MR?

I =1, =
1 2 4+12,3 5

The cylinder has two identical cylindrical holes of radius r drilled along its length.
The axes of symmetry of the holes are at a distance a from the axis of symmetry of
the cylinder such that r < R/2 and r < a < R—r. All three axes lie in a single plane.

Compute the principal moments of inertia of the body.

Part 11, 2012 List of Questions
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Paper 1, Section I
9C Classical Dynamics

(i) A particle of mass m and charge ¢, at position x, moves in an electromagnetic field
with scalar potential ¢(x,t) and vector potential A(x,t). Verify that the Lagrangian

1
L:§m>'<2—q(¢>—5c-A)

gives the correct equations of motion.

[Note that E= —-V¢ — A and B=V x A

(ii) Consider the case of a constant uniform magnetic field, with E = 0, given by ¢ = 0,
A = (0,2B,0), where (z,y, z) are Cartesian coordinates and B is a constant. Find
the motion of the particle, and describe it carefully.

Paper 2, Section 1
9C Classical Dynamics

Three particles, each of mass m, move along a straight line. Their positions on the
line containing the origin, O, are x1, 2 and x3. They are subject to forces derived from
the potential energy function

1
V= §m(22 [(ml —29)? 4 (w2 — x3)? + (z3 —x1)® + 2 + 22 + 2.

Obtain Lagrange’s equations for the system, and show that the frequency, w, of a
normal mode satisfies

f3—9f24+24f —16=0,

where f = (w?/Q?). Find a complete set of normal modes for the system, and draw a
diagram indicating the nature of the corresponding motions.

Part II, 2011 List of Questions
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Paper 3, Section 1
9C Classical Dynamics
The Lagrangian for a heavy symmetric top is

L= %Il (92 +$281n20) =+ %Ig (1&%—&)0050)2 — Mgl cos6.

State Noether’s Theorem. Hence, or otherwise, find two conserved quantities linear
in momenta, and a third conserved quantity quadratic in momenta.

Writing p = cos 0, deduce that p obeys an equation of the form

2 = F(p),

where F'(u) is cubic in p. [You need not determine the explicit form of F(u).]

Paper 4, Section 1
9C Classical Dynamics

(i) A dynamical system is described by the Hamiltonian H(g;,p;). Define the Poisson
bracket {f,g} of two functions f(¢;,pi,t), 9(qi,pi,t). Assuming the Hamiltonian
equations of motion, find an expression for df /dt in terms of the Poisson bracket.

(ii) A one-dimensional system has the Hamiltonian
1
2
H = P + -5
q

Show that w = pg —2Ht is a constant of the motion. Deduce the form of (¢(¢),p(t))
along a classical path, in terms of the constants v and H.

Paper 2, Section 11
15C Classical Dynamics

Derive Euler’s equations governing the torque-free and force-free motion of a rigid
body with principal moments of inertia I, I and I3, where Iy < Iy < I3. Identify two
constants of the motion. Hence, or otherwise, find the equilibrium configurations such
that the angular-momentum vector, as measured with respect to axes fixed in the body,
remains constant. Discuss the stability of these configurations.

A spacecraft may be regarded as moving in a torque-free and force-free environment.
Nevertheless, flexing of various parts of the frame can cause significant dissipation of
energy. How does the angular-momentum vector ultimately align itself within the body?

Part II, 2011 List of Questions [TURN OVER
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Paper 4, Section II
15C Classical Dynamics

Given a Hamiltonian system with variables (¢;,p;), i = 1,...,n, state the definition
of a canonical transformation

(gi,pi) = (Qs, Py),

where Q = Q(q, p,t) and P = P(q, p,t). Write down a matrix equation that is equivalent
to the condition that the transformation is canonical.

Consider a harmonic oscillator of unit mass, with Hamiltonian

1
H= 5(132 + w?g?).

Write down the Hamilton—Jacobi equation for Hamilton’s principal function S(q, E,t),
and deduce the Hamilton—Jacobi equation

Ll /ow\? o,
5[(87) tue

for Hamilton’s characteristic function W (g, E).

- F (1)

Solve (1) to obtain an integral expression for W, and deduce that, at energy F,

S_\/ﬁ/dq (1-“’55) — Et. 2)

Let a = F, and define the angular coordinate

S
b= (a_E> |
q,t
You may assume that (2) implies
1 . wq
t+p=|—Jarcsin | — | .
= (5) e (G55)

oS oW
=— =_"—— =./(2E — w?¢?),
P= 9" B V( w?q?)

Deduce that

from which

p = V2E cosw(t + B)].

Hence, or otherwise, show that the transformation from variables (q,p) to (a, ) is
canonical.
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Paper 1, Section I
9D Classical Dynamics

A system with coordinates g;, ¢ = 1,...,n, has the Lagrangian L(g;, ¢;). Define the
energy F.

Consider a charged particle, of mass m and charge e, moving with velocity v in the
presence of a magnetic field B = V x A. The usual vector equation of motion can be
derived from the Lagrangian

1
L = Emv2—|—ev-A,

where A is the vector potential.

The particle moves in the presence of a field such that
A =(0,7g(2),0), g(z) >0,

referred to cylindrical polar coordinates (7, ¢, z). Obtain two constants of the motion, and
write down the Lagrangian equations of motion obtained by variation of r, ¢ and z.

Show that, if the particle is projected from the point (rg,¢o,z0) with velocity
(0, =2 (e/m)ro g(20),0), it will describe a circular orbit provided that ¢'(zo) = 0.

Paper 2, Section I
9D Classical Dynamics
Given the form
1 L. 1
T=§Tz‘jqz'qg‘, V=§Vz'jqz‘qg‘7
for the kinetic energy T and potential energy V' of a mechanical system, deduce Lagrange’s
equations of motion.

A light elastic string of length 4b, fixed at both ends, has three particles, each of
mass m, attached at distances b,2b,3b from one end. Gravity can be neglected. The
particles vibrate with small oscillations transversely to the string, the tension S in the
string providing the restoring force. Take the displacements of the particles, ¢;, i = 1,2, 3,
to be the generalized coordinates. Take units such that m =1, S/b =1 and show that

V= @+ (1 — @)+ (e —g3)* + Q32] .

| =

Find the normal-mode frequencies for this system.

Part 11, 2010 List of Questions
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Paper 3, Section 1
9D Classical Dynamics

Euler’s equations for the angular velocity w = (w1, we,ws) of a rigid body, viewed
in the body frame, are

Il E = (IQ — I3)CL)2(.U3

and cyclic permutations, where the principal moments of inertia are assumed to obey
L < < Is.

Write down two quadratic first integrals of the motion.

There is a family of solutions w(t), unique up to time-translations t — (t — o),
which obey the boundary conditions w — (0,2,0) as t - —oo and w — (0,—£2,0) as
t — oo, for a given positive constant 2. Show that, for such a solution, one has

L? = 2EI,,
where L is the angular momentum and E is the kinetic energy.

By eliminating w; and ws in favour of we, or otherwise, show that, in this case, the

second Euler equation reduces to
ds 1 g2
- = — 8
dr ’

where s = wy/Q and 7= Qt [(Il — L)(Is — 1'3)/[1[3] 2 Pind the general solution s(7).

[You are not expected to calculate wy (t) or ws(t).]
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Paper 4, Section 1
9D Classical Dynamics

A system with one degree of freedom has Lagrangian L(q, q). Define the canonical
momentum p and the energy E. Show that F is constant along any classical path.

Consider a classical path ¢.(t) with the boundary—value data

q.(0) = qr, 9.(T)=qr, T>0.

Define the action S.(qr,qr,T) of the path. Show that the total derivative dS./dT" along
the classical path obeys

dS.
=1TL.
dT
Using Lagrange’s equations, or otherwise, deduce that
0S5, 08,
= e —E
aqF pF? aT Y

where pg is the final momentum.

Paper 2, Section 11
15D Classical Dynamics

An axially-symmetric top of mass m is free to rotate about a fixed point O on its
axis. The principal moments of inertia about O are A, A, C', and the centre of gravity G
is at a distance ¢ from O. Define Euler angles 6, ¢ and v which specify the orientation
of the top, where 6 is the inclination of OG to the upward vertical. Show that there are
three conserved quantities for the motion, and give their physical meaning.

Initially, the top is spinning with angular velocity n about OG, with G vertically
above O, before being disturbed slightly. Show that, in the subsequent motion, 6 will
remain close to zero provided C?n? > 4mglA, but that if C?n? < 4mglA, then 6 will
attain a maximum value given by

cos® ~ (C*n?/2mglA) —1.

Part 11, 2010 List of Questions
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Paper 4, Section 11
15D Classical Dynamics
A system is described by the Hamiltonian H (g, p). Define the Poisson bracket { f, g}
of two functions f(q,p,t), g(¢,p,t), and show from Hamilton’s equations that
df

_ of
i {f’H}JFE'

Consider the Hamiltonian

1
H = 5 (p2+w2q2)a

and define
a= (p— z'wq)/(2w)1/2 , a = (p+ iwq)/(?w)1/2 ,

where i = y/—1. Evaluate {a,a} and {a,a*}, and show that {a, H} = —iwa and
{a*,H} = iwa*. Show further that, when f(q,p,t) is regarded as a function of the
independent complex variables a,a* and of ¢, one has

ﬁ—iw a*af— of +(3_f
dt ot

da* @ da

Deduce that both loga* — iwt and log a + iwt are constant during the motion.
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Paper 1, Section I
9E Classical Dynamics
Lagrange’s equations for a system with generalized coordinates g;(t) are given by

d (9L oL _
dt \ 0g; o

where L is the Lagrangian. The Hamiltonian is given by
H=> pji— L,
J

where the momentum conjugate to g; is

0L
Derive Hamilton’s equations in the form
. OH . OH
q; = op; pi = g

Explain what is meant by the statement that g is an ignorable coordinate and give an
associated constant of the motion in this case.

The Hamiltonian for a particle of mass m moving on the surface of a sphere of radius
a under a potential V' (0) is given by

1 P}
H=——|p; 0
2ma? <p9 + sin20) + V),

where the generalized coordinates are the spherical polar angles (0, ¢). Write down two
constants of the motion and show that it is possible for the particle to move with constant

0 provided that
o (ma*sin®0 av
Pe = cos 0 e’
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Paper 2, Section 1
9E Classical Dynamics

A system of three particles of equal mass m moves along the z axis with z; denoting
the x coordinate of particle . There is an equilibrium configuration for which z; = 0,
r9 = a and x3 = 2a.

Particles 1 and 2, and particles 2 and 3, are connected by springs with spring
constant p that provide restoring forces when the respective particle separations deviate
from their equilibrium values. In addition, particle 1 is connected to the origin by a spring
with spring constant 164/3. The Lagrangian for the system is

mo.. . . w16
L=5 %+77%+’7§)—§<§x%+(m—w1)2+(m—m)2>,

where the generalized coordinates are x1, 71 = 2 — a and 79 = x3 — 2a.

Write down the equations of motion. Show that the generalized coordinates can
oscillate with a period P = 27 /w, where

and find the form of the corresponding normal mode in this case.

Part II, 2009 List of Questions [TURN OVER
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Paper 3, Section 1
9E Classical Dynamics

(a) Show that the principal moments of inertia of a uniform circular cylinder of
radius a, length h and mass M about its centre of mass are Iy = Iy = M(a?/4 + h?/12)
and I3 = Ma?/2, with the 3 axis being directed along the length of the cylinder.

(b) Euler’s equations governing the angular velocity (w1, ws,ws) of an arbitrary rigid
body as viewed in the body frame are

dw1

Ilﬁ = (Iy — I3)waws,
dw
[Qd—; = (Ig — [1)003001
and p
W,
Igd—tg = (Il — IQ)W1W2.

Show that, for the cylinder of part (a), ws is constant. Show further that, when ws # 0,
the angular momentum vector precesses about the xg axis with angular velocity 2 given

by
3a? — h?
V= —— .
(3@2 —|—h2> w3

Paper 4, Section 1
9E Classical Dynamics

(a) A Hamiltonian system with n degrees of freedom has the Hamiltonian H(p, q),
where q = (q1,¢2,93,---,qn) are the coordinates and p = (p1,p2,ps,...,pn) are the
momenta.

A second Hamiltonian system has the Hamiltonian G = G(p, q). Neither H nor G
contains the time explicitly. Show that the condition for H(p,q) to be invariant under
the evolution of the coordinates and momenta generated by the Hamiltonian G(p,q) is
that the Poisson bracket [H,G] vanishes. Deduce that G is a constant of the motion for
evolution under H.

Show that, when G = a)_;_, pk, where « is constant, the motion it generates is a
translation of each g by an amount af, while the corresponding p; remains fixed. What
do you infer is conserved when H is invariant under this transformation?

(b) When n = 3 and H is a function of p? + p3 + p2 and ¢? + ¢ + ¢3 only, find [H, L;]
when
L; = €;xq;pk-
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Paper 2, Section II
15E Classical Dynamics

A symmetric top of unit mass moves under the action of gravity. The Lagrangian
is given by

1 ‘9 9 . 9 1 . . 2
L =30 (0 + #2sin e) +51s (¢+¢cose) — gl cos ),
where the generalized coordinates are the Euler angles (6, ¢,1), the principal

moments of inertia are I; and I3 and the distance from the centre of gravity of the top to
the origin is [ .

Show that ws = w + gbcos@ and py = [u%bsin2 0 + Iswscosf are constants of the
motion. Show further that, when py = I3wsz, with w3 > 0, the equation of motion for 8 is

@ _ glsind 1 I3w3
dt? L 4l glcos*(0/2) )

Find the possible equilibrium values of € in the two cases:
(i) 3w} > 4l g,

(i) I3w} < 4, gl.

By considering linear perturbations in the neighbourhoods of the equilibria in each case,
find which are unstable and give expressions for the periods of small oscillations about the
stable equilibria.
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Paper 4, Section II
15E Classical Dynamics

The Hamiltonian for a particle of mass m, charge e and position vector q = (z,y, 2),
moving in an electromagnetic field, is given by

1 eA\?
H(p7q7t) - 5 <p_ _> )

2m c

where A(q,t) is the vector potential. Write down Hamilton’s equations and use them to
derive the equations of motion for the charged particle.

Show that, when A = (—yBy(z,1),0,0), there are solutions for which p, = 0 and
for which the particle motion is such that

d?y

2
ae =Y

)

where Q = eBy/(mc). Show in addition that the Hamiltonian may be written as

=" (% 2+E’
2 \dt ’

=" @ 2—|—Q2y2
2 dt '

Assuming that By is constant, find the action

/ - 1% dy
I(E’BO)_QW m| = dy

associated with the y motion.

where

It is now supposed that B, varies on a time-scale much longer than Q~! and thus
is slowly varying. Show by applying the theory of adiabatic invariance that the motion in
the z direction takes place under an effective potential and give an expression for it.
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1/1/9A Classical Dynamics

The action for a system with generalized coordinates g;(t) for a time interval [ty ts]
is given by
to
ty
where L is the Lagrangian. The end point values g;(¢1) and g;(t2) are fixed.

Derive Lagrange’s equations from the principle of least action by considering the
variation of S for all possible paths.

Define the momentum p; conjugate to g;. Derive a condition for p; to be a constant
of the motion.

A symmetric top moves under the action of a potential V' (f). The Lagrangian is
given by
1 9 9 . 9 1 . . 2
L=3h (9 + ¢%sin 9) + 51 (1/1+¢cos€) _v,
where the generalized coordinates are the Euler angles (6, ¢, 1) and the principal moments
of inertia are I; and Is.

Show that w3 = 1) + ¢ cos 0 is a constant of the motion and give expressions for two
others. Show further that it is possible for the top to move with both # and ¢ constant
provided these satisfy the condition

. . d
I ¢?sin 0 cos 0 — Iswspsinf = d—‘g
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2/11/15B  Classical Dynamics

A particle of mass m, charge e and position vector r = (x1,x2,x3) = q moves in a
magnetic field whose vector potential is A. Its Hamiltonian is given by

1 A2
H(p,q) = 3 (p—ec) .

Write down Hamilton’s equations and use them to derive the equations of motion for the
charged particle.

Define the Poisson bracket [F,G] for general F(p,q) and G(p,q). Show that for
motion governed by the above Hamiltonian

. . _ e (0A; 0A;
[mi;, xj] = —0;j, and [ma;, md;| = - <8xj — 6%) .
Consider the vector potential to be given by A = (0,0, F(r)), where r = \/z? + x2.

Use Hamilton’s equations to show that ps is constant and that circular motion at radius
r with angular frequency 2 is possible provided that

02 (p eF) e dF
= — 3 — —

¢ ) m2cr dr’
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2/1/9A Classical Dynamics

A system of N particles i = 1,2,3,..., N, with mass m;, moves around a circle of
radius a. The angle between the radius to particle ¢ and a fixed reference radius is 6;. The
interaction potential for the system is

1 N
V=gk > (011 - 6;)?,

Jj=1

where k is a constant and 01 = 01 + 27.

The Lagrangian for the system is
1L
L= iaQZm]ﬂ? -V
j=1

Write down the equation of motion for particle ¢ and show that the system is in equilibrium
when the particles are equally spaced around the circle.

Show further that the system always has a normal mode of oscillation with zero
frequency. What is the form of the motion associated with this?

Find all the frequencies and modes of oscillation when N = 2, m; = km/a® and
my = 2km/a?, where m is a constant.
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3/1/9E Classical Dynamics

Writing x = (p1,02,03,---,Pn, 41,492,043, - - - ,qn), Hamilton’s equations may be
written in the form

x=J—

ox’

0 —I
(1)

and I and 0 denote the n X n unit and zero matrices respectively.

where the 2n x 2n matrix

Explain what is meant by the statement that the transformation x — y,

(plap27p37" -7pn7q1;q2,q3,~--;Qn) — (P17P27P37'"7Pn7Q1aQ2aQ37" '7Qn>7

is canonical, and show that the condition for this is that
J=7377,

where J is the Jacobian matrix with elements

y;
Jij = o,

Use this condition to show that for a system with n = 1 the transformation given by

1

1
P =p+2q, Q=§q—1p

is canonical.
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4/11/15B  Classical Dynamics

(a) A Hamiltonian system with n degrees of freedom has Hamiltonian H = H(p, q),
where the coordinates q = (q1,¢2,43,---,¢n) and the momenta p = (p1,p2,P3,---,Pn)
respectively.

Show from Hamilton’s equations that when H does not depend on time explicitly,

for any function F = F(p,q),

dF
— =[F,H
dt [7 ]ﬂ

where [F, H| denotes the Poisson bracket.

For a system of N interacting vortices

LN
H(p,q) = 1 ZZIH [(Pz‘ —pj)2 + (q; — %’)2]7

Jj#i

where k is a constant. Show that the quantity defined by

N
F=> (g +p))
=1

is a constant of the motion.

(b) The action for a Hamiltonian system with one degree of freedom with
H = H(p,q) for which the motion is periodic is

1
I= o ]{p(H, q)dq.

Show without assuming any specific form for H that the period of the motion T is given
by

2r  dH
T dI’

Suppose now that the system has a parameter that is allowed to vary slowly with
time. Explain briefly what is meant by the statement that the action is an adiabatic
invariant. Suppose that when this parameter is fixed, H = 0 when I = 0. Deduce that, if
T decreases on an orbit with any I when the parameter is slowly varied, then H increases.
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4/1/9B Classical Dynamics

(a) Show that the principal moments of inertia for an infinitesimally thin uniform
rectangular sheet of mass M with sides of length a and b (with b < a) about its centre of
mass are I; = Mb%/12, Iy = Ma?/12 and I3 = M(a® + b*)/12.

(b) Euler’s equations governing the angular velocity (w1,ws,ws) of the sheet as
viewed in the body frame are

dw
117; = (I2 — I3)waws,
dw
IQGT; = (I3 — I)wswr,
and p
w
137; = (I — I)wiws.

A possible solution of these equations is such that the sheet rotates with w; = w3z = 0,
and wy = 2 = constant.

By linearizing, find the equations governing small motions in the neighbourhood
of this solution that have (wj,ws) # 0. Use these to show that there are solutions
corresponding to instability such that w; and ws are both proportional to exp(8€2t), with

B =/(a% —b2)/(a® + b2).
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1/1/9C Classical Dynamics

The action for a system with generalized coordinates, ¢;(t), for a time interval
[t1,t2] is given by

to

t1

where L is the Lagrangian, and where the end point values ¢;(t1) and ¢;(t2) are fixed
at specified values. Derive Lagrange’s equations from the principle of least action by
considering the variation of S for all possible paths.

What is meant by the statement that a particular coordinate g; is ignorable? Show
that there is an associated constant of the motion, to be specified in terms of L.

A particle of mass m is constrained to move on the surface of a sphere of radius a
under a potential, V'(0), for which the Lagrangian is given by

L = % a? (92 + ¢? sin? 9) - V().
Identify an ignorable coordinate and find the associated constant of the motion, expressing
it as a function of the generalized coordinates. Evaluate the quantity

oL

in terms of the same generalized coordinates, for this case. Is H also a constant of the
motion? If so, why?

Part II 2007

2007



I UNIVERSITY OF
¥¥ CAMBRIDGE 27

2/11/15C  Classical Dynamics

(a)

A Hamiltonian system with n degrees of freedom is described by the phase space
coordinates (¢1, g2, ..., ¢,) and momenta (p1, pa, ..., pr). Show that the phase-space
volume element

dr = dqdgs.....dg,dprdps.....dp,

is conserved under time evolution.

The Hamiltonian, H , for the system in part (a) is independent of time. Show that
if F(q1, ..., qn,p1, ..., Pn) is a constant of the motion, then the Poisson bracket [F, H]
vanishes. Evaluate [F, H| when

n
F = Zpk
k=1

and

H = Zpi +V(Q17(I2’--~’Qn) ’
k=1

where the potential V' depends on the g (k= 1,2, ...,n) only through quantities of
the form ¢; —¢q; for i # j.

For a system with one degree of freedom, state what is meant by the transformation

(¢.p) = (Q(g;p), Pq,p))

being canonical. Show that the transformation is canonical if and only if the Poisson
bracket [Q,P] =1.
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2/1/9C Classical Dynamics

The Lagrangian for a particle of mass m and charge e moving in a magnetic field
with position vector r = (x,y, z) is given by
1 r-A

inmi'Q—i-e ,
c

where the vector potential A(r), which does not depend on time explicitly, is related to
the magnetic field B through
B=VxA.

Write down Lagrange’s equations and use them to show that the equation of motion of
the particle can be written in the form

rxB
pal

myr = e

Deduce that the kinetic energy, T, is constant.

When the magnetic field is of the form B = (0,0, dF/dx) for some specified function
F(x), show further that

2
2T eF(z)+C
a2 (Fwiey
m m=c

where C' and D are constants.

3/1/9C Classical Dynamics

A particle of mass m; is constrained to move in the horizontal (z,y) plane, around
a circle of fixed radius r; whose centre is at the origin of a Cartesian coordinate system
(z,y,2). A second particle of mass msy is constrained to move around a circle of fixed
radius ro that also lies in a horizontal plane, but whose centre is at (0,0,a). It is given
that the Lagrangian L of the system can be written as

L = LS ¢1 2 2 + w? 172 €0s(p2 — ¢1)

using the particles’ cylindrical polar angles ¢1 and ¢- as generahzed coordinates. Deduce
the equations of motion and use them to show that mir? ¢, + mor3 qbg is constant, and
that ¥ = ¢2 — ¢1 obeys an equation of the form

¥ = —k%sinv

where k is a constant to be determined.

Find two values of v corresponding to equilibria, and show that one of the two
equilibria is stable. Find the period of small oscillations about the stable equilibrium.
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4/11/15C  Classical Dynamics
The Hamiltonian for an oscillating particle with one degree of freedom is

p?
H=—+V(gM\.
The mass m is a constant, and A is a function of time t alone. Write down Hamilton’s

equations and use them to show that

dH OH d\

dt T oxdt
Now consider a case in which A is constant and the oscillation is exactly periodic.
Denote the constant value of H in that case by FE. Consider the quantity I =

(2m)~1 f pdq, where the integral is taken over a single oscillation cycle. For any given
function V' (g, \) show that I can be expressed as a function of F and A alone, namely

(2m)1/2

I=1E) = -
7

f(qu,A))“?dq,

where the sign of the integrand alternates between the two halves of the oscillation cycle.
Let 7 be the period of oscillation. Show that the function I(E, A) has partial derivatives

or g oL _ _1 fov .,
oE o2 ™ ox o [ ax

You may assume without proof that 9/0F and 9/0\ may be taken inside the integral.

Now let A change very slowly with time ¢, by a negligible amount during an
oscillation cycle. Assuming that, to sufficient approximation,
d(H)  O0(H) ax
dt 0\ dt

where (H) is the average value of H over an oscillation cycle, and that

I _ OLd(H) 0Id\
dt — OE dt O\ dt ’

deduce that d I/dt = 0, carefully explaining your reasoning.

When
Vg, \) = \g*"

with n a positive integer and A positive, deduce that
<H> — C)\l/(n+1)

for slowly-varying A, where C' is a constant.

[Do not try to solve Hamilton’s equations. Rather, consider the form taken by I. |
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4/1/9C Classical Dynamics

(a) Show that the principal moments of inertia for the oblate spheroid of mass M
defined by
(27 + 23) 73
a? a?2(1—e2) =

are given by (I1,I5,I3) = 2Ma*(1— 3e2, 1 —
axis and e is the eccentricity.

e?, 1). Here a is the semi-major

[You may assume that a sphere of radius a has principal moments of inertia %M a®.]

(b) The spheroid in part (a) rotates about an axis that is not a principal axis. Euler’s
equations governing the angular velocity (wq,ws,ws) as viewed in the body frame

are d
W

117; = (Iy — I3)wows ,
dw

127; = (I3 - II)WBWI ,

and p

W

137; = (Il — Ig)wlwg .

Show that ws is constant. Show further that the angular momentum vector
precesses around the x3 axis with period

_ 2m(2 — e?)

P
e2ws
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1/1/9C Classical Dynamics

Hamilton’s equations for a system with n degrees of freedom can be written in
vector form as
x=J—
ox

is a 2n-vector and the 2n x 2n matrix J takes the form

0 1
= (50)

where 1 is the n x n identity matrix. Derive the condition for a transformation of the form
x; — y;(x) to be canonical. For a system with a single degree of freedom, show that the
following transformation is canonical for all nonzero values of «:

2
Q =tan™! (aq) : P:é(aq2+p> .
p o

where x = (Q1,~~~,Qnap17"‘7pn)T

1/11/15C  Classical Dynamics

(a) In the Hamiltonian framework, the action is defined as

S = / (paQLL H(qavpaat)> dt .

Derive Hamilton’s equations from the principle of least action. Briefly explain how
the functional variations in this derivation differ from those in the derivation of
Lagrange’s equations from the principle of least action. Show that H is a constant
of the motion whenever 0H /0t = 0.

(b) What is the invariant quantity arising in Liouville’s theorem? Does the theorem
depend on assuming 0H /0t = 07 State and prove Liouville’s theorem for a system
with a single degree of freedom.

(¢) A particle of mass m bounces elastically along a perpendicular between two parallel
walls a distance b apart. Sketch the path of a single cycle in phase space,
assuming that the velocity changes discontinuously at the wall. Compute the action
I = §pdq as a function of the energy E and the constants m, b. Verify that the
period of oscillation T is given by T = dI/dE. Suppose now that the distance b
changes slowly. What is the relevant adiabatic invariant? How does E change as a
function of b?
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2/1/9C Classical Dynamics

Two point masses, each of mass m, are constrained to lie on a straight line and
are connected to each other by a spring of force constant k. The left-hand mass is also
connected to a wall on the left by a spring of force constant j. The right-hand mass is
similarly connected to a wall on the right, by a spring of force constant ¢, so that the
potential energy is

Vo= Lk(m —n2)® + 3ini + 3tn3 .

where 7); is the distance from equilibrium of the i*" mass. Derive the equations of motion.
Find the frequencies of the normal modes.

3/1/9C Classical Dynamics

A pendulum of length ¢ oscillates in the zy plane, making an angle 6(t) with
the vertical y axis. The pivot is attached to a moving lift that descends with constant
acceleration a, so that the position of the bob is

x=/{sinf , y:%at2—|—€c089.
Given that the Lagrangian for an unconstrained particle is
L =1im(i® +9*) +mgy ,

determine the Lagrangian for the pendulum in terms of the generalized coordinate 6.
Derive the equation of motion in terms of 8. What is the motion when a = ¢g?

Find the equilibrium configurations for arbitrary a. Determine which configuration
is stable when

(i) a<yg

and when
i) a>g.
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3/I1/15C  Classical Dynamics
A particle of mass m is constrained to move on the surface of a sphere of radius £.
The Lagrangian is given in spherical polar coordinates by

L= %mﬁz(éﬂ + ¢?sin? 0) + mglcos |

where gravity g is constant. Find the two constants of the motion.

The particle is projected horizontally with velocity v from a point whose depth
below the centre is £cosf = D. Find v such that the particle trajectory

(i) just grazes the horizontal equatorial plane 6 = 7/2;

(ii) remains at depth D for all time t.

4/1/9C Classical Dynamics

Calculate the principal moments of inertia for a uniform cylinder, of mass M,
radius R and height 2h, about its centre of mass. For what height-to-radius ratio does the
cylinder spin like a sphere?
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1/1/9C Classical Dynamics

A particle of mass m, is constrained to move on a circle of radius rq, centre
x = y = 0 in a horizontal plane z = 0. A second particle of mass ms moves on a
circle of radius ro, centre z = y = 0 in a horizontal plane z = ¢. The two particles are
connected by a spring whose potential energy is
_1 27
V= 5(4} d N
where d is the distance between the particles. How many degrees of freedom are there?

Identify suitable generalized coordinates and write down the Lagrangian of the system in
terms of them.

1/I1/15C  Classical Dynamics

(i) The action for a system with generalized coordinates (g,) is given by

to
S = L(qa,qb) dt.

ty

Derive Lagrange’s equations from the principle of least action by considering all paths
with fixed endpoints, dg,(t1) = dgq(t2) = 0.

(ii) A pendulum consists of a point mass m at the end of a light rod of length [.
The pivot of the pendulum is attached to a mass M which is free to slide without friction
along a horizontal rail. Choose as generalized coordinates the position x of the pivot and
the angle 6 that the pendulum makes with the vertical.

Write down the Lagrangian and derive the equations of motion.
Find the frequency of small oscillations around the stable equilibrium.

Now suppose that a force acts on the pivot causing it to travel with constant
acceleration in the z-direction. Find the equilibrium angle 6 of the pendulum.

Part IT 2005

2005



UNIVERSITY OF
» CAMBRIDGE 27

2/1/9C Classical Dynamics

A rigid body has principal moments of inertia Iy, I and I3 and is moving under the
action of no forces with angular velocity components (w1, ws,ws). Its motion is described
by Euler’s equations

Lin — (Ig = I3)wowz =0

Igd)g — (I3 - Il)W3w1 =0

Igd]g — (Il - IQ)CUlwz = 0
Are the components of the angular momentum to be evaluated in the body frame or the
space frame?

Now suppose that an asymmetric body is moving with constant angular velocity
(©,0,0). Show that this motion is stable if and only if I; is the largest or smallest principal
moment.

3/1/9C Classical Dynamics

Define the Poisson bracket {f, g} between two functions f(qq,ps) and g(qa, pa) on
phase space. If f(qq,p,) has no explicit time dependence, and there is a Hamiltonian H,
show that Hamilton’s equations imply

df_
@*{f’H}

A particle with position vector x and momentum p has angular momentum L = x X p.
Compute {pq, Ly} and {L,, Lp}.
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3/11/15C  Classical Dynamics

(i) A point mass m with position ¢ and momentum p undergoes one-dimensional
periodic motion. Define the action variable I in terms of ¢ and p. Prove that an orbit of

energy E has period

daI
A
TdE

(ii) Such a system has Hamiltonian

P+ ¢
M2_q2’

H(q,p) =

where 1 is a positive constant and |g| < p during the motion. Sketch the orbits in phase
space both for energies £ > 1 and F < 1. Show that the action variable I is given in
terms of the energy E by

L

2 VE+1'
Hence show that for £ > 1 the period of the orbit is T = %71'#3/1)0, where pg is the
greatest value of the momentum during the orbit.

4/1/9C Classical Dynamics

Define a canonical transformation for a one-dimensional system with coordinates
(g,p) = (Q, P). Show that if the transformation is canonical then {Q, P} = 1.

Find the values of constants « and g such that the following transformations are
canonical:

(i) Q=p¢®, P=aq'.
(ii) @ = q“cos(Bp), P = q"sin(fp).
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