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Paper 2, Section II
32E Asymptotic Methods

(a) Let ¢p(x) > 0, for n = 0,1,2,..., be a sequence of real functions defined on
{x € R: 0 < |z — 29| < a} which is an asymptotic sequence as x — xg.

(i) Let ¥o(x) = ¢o(x) and

_ b (@)dn(z)
Pn(x) = (@) + Onl@)

Show that (1, (2))5, is an asymptotic sequence as x — x .

=1,2,3,...

Is it true that ¢, (x) ~ ¥, (x) as © — z¢ for every n = 0,1,2,... 7 You
should either give a proof or a counterexample.

(ii) Let xo(x) = ¢o(x) and
Xn(x) =V ¢n—1($)¢n(x)7 n = 1)2537"'
Show that (xn(z))s2, is an asymptotic sequence as x — xg .

Is it true that ¢, (x) ~ xn(x) as © — xo for every n = 0,1,2,... 7 You
should either give a proof or a counterexample.

(b) Let (¢ ()52 and (¢ ()52, be two sequences of real functions defined on
{r € R: 0 < |z — x¢| < a} which are asymptotic sequences as © — xy. Suppose that

On(z) ~Yp(x) as x — x,

for n=10,1,2,..., and that for some sequence of real numbers (a, )52, we have

fx) ~ ianqﬁn(x) as T — 2.
n=0

Does there necessarily exist a sequence of real numbers (b))%, such that

f(z) ~ ibnwn(w) as x —xp?
n=0

You should either give a proof or a counterexample.
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Paper 3, Section II
30E Asymptotic Methods
A stationary Schrodinger equation in one dimension has the form

2
52% = (E-V(@)y, for zeR, (+)

where € > 0 is assumed to be very small and the potential V(x) is given by

Vi) = nkd for |33|<4'
>4

Vel =1 for |z

The connection formula for the approximate energies E of bound states v in (%) is

1

b
8/@ (B~ V(@) dr = (n+ Hr. (+%)

(a) State the appropriate values of a,b and n.

(b) For E > 0 define

b
fB)= [ (B Vi) da,
with a,b as in (a). Find and sketch f, and deduce that for each n and €, (x*) has a unique
solution F = E,,.

(c) Show that for n fixed and e sufficiently small, E,, can be determined explicitly
and give an expression for it.

(d) Show that as n — oo with ¢ fixed, E,, satisfies
E, ~cn®,

and determine the values of ¢ and « .

Paper 4, Section 11
31E Asymptotic Methods

Justifying your steps carefully, use the method of steepest descent to find the first
term in the asymptotic approximation of the function:

1
I(m):/ 2+166$C°Shzdz, as T — 00,
Cc <

where x € R and the integral is over the contour
C={2€C: z=p+iq,q=2arctanp, p € R},

taken in the direction of increasing p.

Part 11, Paper 1 [TURN OVER]
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(a) Let n =1,2,.... Which of the following sequences are asymptotic and why?

(i) én(x) = In(cos(z™)) asz — 0.

(ii) p(z) = n'/* as r — 0.
(iii) xn(z) = sin(a™) as r — 00.
(b) Let ¢pn(z) and ¢,(x), for n = 0,1,2,..., be two sequences of real positive

functions defined on {x € R : 0 < |z — 20| < 1} which are asymptotic sequences as
T —r Xg.

For n =0,1,2,..., show that the sequence

Xn(@) = br(@)nr(@),
k=0

is an asymptotic sequence as x — xg .

Paper 3, Section II
30E Asymptotic Methods

(a) Derive the leading order term of the asymptotic expansion, as x — oo, for the
integral

2
I(z) :/ Int *®* =2+ gy |
0
Justify your steps.

(b) The derivative of the Gamma function has the following integral representation

*“Int
I'(2) :/ nTeZlnt_tdt for Rez > 0.
0

In what follows we assume z € R and z > 0.

(i) Justify briefly why the integral converges. Explain why Laplace’s method
cannot be used directly to find the leading order behaviour of I'(z) as
z — 00.

(ii) Now perform the change of variables t = zs, then apply Laplace’s method
to show that

a —_
F'(z)w[ezmz Inz as z — 00,
z

for a real number a, which you should determine.

Part II, Paper 1



2022

NIVERSITY OF
AMBRIDGE 15

@)

Paper 4, Section II
31E Asymptotic Methods

Consider the differential equation

1
2y ey -y =0. (*)

(i) What type of regular or singular point does equation () have at z = 07

(ii) For z > 0, find a transformation that maps equation (x) to an equation of
the form
u”’ + q(z)u =0 (t)

and compute ¢(z) .
(iii) Determine the leading asymptotic behaviour of the solution u of equation
(1), as  — 07, using the Liouville-Green method and justifying your

assumptions at each stage.

(iv) Conclude from the above an asymptotic expansion of two linearly inde-
pendent solutions of equation (x), as x — 07 .

Part 11, Paper 1 [TURN OVER]
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(a) Let z(t) and ¢y (t), for n =0,1,2,..., be real-valued functions on R.

(i) Define what it means for the sequence {(ﬁn(t)}:ozo to be an asymptotic
sequence as t — 00 .

(ii) Define what it means for z(t) to have the asymptotic expansion
[e.e]
x(t) ~ Zanqﬁn(t) as t— 00.
n=0

(b) Use the method of stationary phase to calculate the leading-order asymptotic
approximation as x — oo of

I(z) = /0 sin (v(2t* — %)) dt .

(o ¢]
[You may assume that / e dy, = Ve

—0o0
(c) Use Laplace’s method to calculate the leading-order asymptotic approximation
as ¢ — oo of

J(x) = /01 sinh (z(2t* — %)) dt .

[In parts (b) and (c) you should include brief qualitative reasons for the origin of
the leading-order contributions, but you do not need to give a formal justification.]

Paper 3, Section 11
30A Asymptotic Methods
(a) Carefully state Watson’s lemma.

(b) Use the method of steepest descent and Watson’s lemma to obtain an infinite
asymptotic expansion of the function

0 efz(z272iz)
I(m):/ ———dz as T — 0.
oo 1 —uz

Part II, 2021 List of Questions [TURN OVER]
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(a) Classify the nature of the point at oo for the ordinary differential equation

2 1 1
Vi /
+ 2+ (=== )y=0.
vy ( x2>y (*)

X

(b) Find a transformation from (x) to an equation of the form
u” +q(z)u=0, (1)

and determine g(x).

(c) Given u(z) satisfies (f), use the Liouville-Green method to find the first three
terms in an asymptotic approximation as x — oo for u(x), verifying the consistency of
any approximations made.

(d) Hence obtain corresponding asymptotic approximations as * — oo of two
linearly independent solutions y(z) of ().

Part 11, 2021 List of Questions
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(a) Let 06 > 0 and zp € R. Let {¢n(x)}22, be a sequence of (real) functions that
are nonzero for all z with 0 < |z — z¢| < 4, and let {a,}22, be a sequence of nonzero real

numbers. For every N =0,1,2,..., the function f(z) satisfies
N
F@) = andn(@) = o(pn(x)), as z— xp.
n=0

(i) Show that ¢nii(z) = o(¢n(x)), for all n = 0,1,2,...; ie, {pn(z)}72, is an

asymptotic sequence.
(ii) Show that for any N = 0,1,2,..., the functions ¢o(x), $1(x),...,on(z) are
linearly independent on their domain of definition.
(b) Let
oo
I(e) = / (14¢et)2e 0+ ar, fore>0.
0

(i) Find an asymptotic expansion (not necessarily a power series) of I(g), ase — 0F.

(ii) Find the first four terms of the expansion of I(¢) into an asymptotic power series
of €, that is, with error o(¢3) as ¢ — 0F.

Paper 3, Section II

30D Asymptotic Methods
(a) Find the leading order term of the asymptotic expansion, as * — oo, of the
integral

3
I(.%‘) _ / e(t-l—xcost) dt .
0

(b) Find the first two leading nonzero terms of the asymptotic expansion, as x — 0o,
of the integral

J(z) = / (1 — cost)e U+t gt
0

Part 11, 2020 List of Questions
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31A Asymptotic Methods
Consider the differential equation

(i) Classify what type of regularity/singularity equation (f) has at = oco.
(ii) Find a transformation that maps equation () to an equation of the form

u" + g(x)u=0. (%)

(iii) Find the leading-order term of the asymptotic expansions of the solutions of
equation (%), as © — 0o, using the Liouville-Green method.

(iv) Derive the leading-order term of the asymptotic expansion of the solutions y of
(t). Check that one of them is an exact solution for (7).

Part II, 2020 List of Questions [TURN OVER]
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Consider, for small €, the equation

d2
@O gy =0 (+)

Assume that (%) has bounded solutions with two turning points a,b where b > a, ¢'(b) > 0
and ¢'(a) < 0.

(a) Use the WKB approximation to derive the relationship

1 1
;/ lq(&)[/2de = <n+§>ﬂ' with n=0,1,2,-- . ()

[You may quote without proof any standard results or formulae from WKB theory.]

(b) In suitable units, the radial Schrodinger equation for a spherically symmetric

potential given by V(r) = —V,/r, for constant Vj, can be recast in the standard form (x)
as:

R A%y, h2 1\?

v v T\ — zy _ 2 (] - —2z —

o g2 T € V(e") 2m(+2> e 1 =0,

where 7 = ¢” and € = i/v/2m is a small parameter.

Use result (xx) to show that the energies of the bound states (i.e A = —|\| < 0) are
approximated by the expression:

[You may use the result

[ TG =) [Vo- va]

Part II, 2019 List of Questions [TURN OVER
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30A Asymptotic Methods
(a) State Watson’s lemma for the case when all the functions and variables involved

are real, and use it to calculate the asymptotic approximation as x — oo for the integral
I, where

I:/ e " sin(t?) dt.
0

(b) The Bessel function J,(z) of the first kind of order v has integral representation

where I' is the Gamma function, Re(v) > 1/2 and z is in general a complex variable. The
complex version of Watson’s lemma is obtained by replacing x with the complex variable
z, and is valid for |z| — oo and |arg(z)| < 7/2—6 < 7/2, for some § such that 0 < ¢ < 7/2.
Use this version to derive an asymptotic expansion for J, (z) as |z| — oo . For what values
of arg(z) is this approximation valid?

[Hint: You may find the substitution t = 2T — 1 useful.

Paper 2, Section II
30A Asymptotic Methods

(a) Define formally what it means for a real valued function f(z) to have an
asymptotic expansion about xg, given by

f(z) ~ an(x —x)" as = — xg .
n=0

Use this definition to prove the following properties.

(i) If both f(x) and g(z) have asymptotic expansions about xg, then
h(z) = f(z) + g(x) also has an asymptotic expansion about x.

(ii) If f(z) has an asymptotic expansion about zy and is integrable, then

* . fn n+1
f(ﬁ)dﬁNE (x —20)" ™ as o — a0 .
/xo —n+l 0 0

(b) Obtain, with justification, the first three terms in the asymptotic expansion as
x — oo of the complementary error function, erfc(x), defined as

1 .
erfe(z) := — et dt.
V2m /x

Part II, 2019 List of Questions
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Given that fjoio e "du = /7 obtain the value of limp_, o0 fjg e~ dy for real

positive t. Also obtain the value of limp 4 fOR e—itu’ du, for real positive ¢, in terms of
T(d) = [ e du.

For a > 0, = > 0, let

Qo) = l/7T cos(zsind — af) df .
0

s

Find the leading terms in the asymptotic expansions as x — +o00 of (i) Q4 (x) with « fixed,
and (ii) of Q(x).

Paper 3, Section II
31B Asymptotic Methods
(a) Find the curves of steepest descent emanating from ¢ = 0 for the integral

1 .
Ja:(w) — % g ex(smht—t) dt

for z > 0 and determine the angles at which they meet at ¢ = 0, and their asymptotes at
infinity.

(b) An integral representation for the Bessel function K, (x) for real z > 0 is

L[ z
K,(z) == e dt h(t)=t — | — | cosht .

— 00 v

Show that, as v — 400, with z fixed,

wao-(2) ()

Part II, 2018 List of Questions [TURN OVER
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31B Asymptotic Methods
Show that

Io(fL‘) — _/ 6;vcos@ do
0

is a solution to the equation
vy’ +y —ay=0,

and obtain the first two terms in the asymptotic expansion of Iy(x) as x — +00.

For x > 0, define a new dependent variable w(z) = :c%y(x), and show that if y
solves the preceding equation then

w” + L—1 w=20
42 ’

Obtain the Liouville-Green approximate solutions to this equation for large positive «x,
and compare with your asymptotic expansion for Iy(x) at the leading order.

Part II, 2018 List of Questions
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29E Asymptotic Methods
Consider the function

1

= or

fu(z) / exp[—izsinz + ivz| dz,
C

2017

where the contour C' is the boundary of the half-strip {z : —# <Re z < wand Im z > 0 },

taken anti-clockwise.

Use integration by parts and the method of stationary phase to:

(i) Obtain the leading term for f,(z) coming from the vertical lines z = 7 + iy (0 <

y < 400) for large = > 0.

(ii) Show that the leading term in the asymptotic expansion of the function f,(x) for

large positive x is

2 ( 1 7r)
\/mjcosx 21/7r 1)

and obtain an estimate for the remainder as O(z™%) for some a to be determined.

Paper 3, Section II
29E Asymptotic Methods
Consider the integral representation for the modified Bessel function

1 _ 1T 1
I()(x) = 2—7{'Z . t 1 exXp |:5 (t — Z>:| dt,

where C' is a simple closed contour containing the origin, taken anti-clockwise.

Use the method of steepest descent to determine the full asymptotic expansion of

Iy(zx) for large real positive x .

Part II, 2017 List of Questions
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Consider solutions to the equation

Py (1 1)
dxz? 4 2
of the form

y(z) = eXP[So(l‘) + S1(z) + Sa(z) + .. } ;

with the assumption that, for large positive z, the function S;(z) is small compared to
ijl(:ﬁ) for all ] = 1,2 N

Obtain equations for the Sj(x), 7 =0,1,2..., which are formally equivalent to (x).

Solve explicitly for S and S;. Show that it is consistent to assume that S;(x) = ¢;jz= 01
for some constants c;. Give a recursion relation for the c; .

Deduce that there exist two linearly independent solutions to (x) with asymptotic
expansions as x — 400 of the form

yi(z) ~ /2 (1 + iAjEm_]) .
j=1

Determine a recursion relation for the A;t. Compute Af and AQi.

Part IT, 2017
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Consider the integral

)]dt

1 1 ‘
I(x) —/0 \/ﬁ explixzf(t

for real 2 > 0 , where f(t) = t? +t. Find and sketch, in the complex ¢-plane, the paths of
steepest descent through the endpoints ¢ = 0 and ¢ = 1 and through any saddle point(s).
Obtain the leading order term in the asymptotic expansion of I(z) for large positive x.
What is the order of the next term in the expansion? Justify your answer.

Paper 2, Section II
29C Asymptotic Methods
What is meant by the asymptotic relation

f(z) ~g(z) as z— 2z, Arg(z — z9) € (09,61)7
Show that
1
sinh(z71) ~ §exp(z_1) as z—0,Argze (—n/2,7/2),

and find the corresponding result in the sector Argz € (7/2,37/2).
What is meant by the asymptotic expansion

e}

f(z) ~ cj(z — zo)j as  z— 29, Arg(z —20) € (00,61)7

Jj=0

Show that the coefficients {c; }j‘?’;o are determined uniquely by f. Show that if f is analytic
at zp, then its Taylor series is an asymptotic expansion for f as z — zy (for any Arg (z—29)).

Show that o
u(z,t) = / exp(—ik*t + ikz) f (k) dk

—00

defines a solution of the equation i dyu + 0?u = 0 for any smooth and rapidly decreasing
function f. Use the method of stationary phase to calculate the leading-order behaviour
of u(At,t) as t — +o0, for fixed A.

Part II, 2016 List of Questions
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29C Asymptotic Methods
Consider the equation
2 d*y
€ qZ Qz)y, (1)

where € > 0 is a small parameter and Q(x) is smooth. Search for solutions of the form

y(z) = exp [% (SO(:C) +eS1(z) + 2Sy(x) + - - - )] ,

and, by equating powers of €, obtain a collection of equations for the {S;(x) 520 which is
formally equivalent to (1). By solving explicitly for Sy and S; derive the Liouville-Green
approximate solutions y“%(x) to (1).

For the case Q(z) = =V (z), where V(z) > Vj and V) is a positive constant, consider
the eigenvalue problem
d*y
LY EV@EY=0,  y(0) =y =0, e
Show that any eigenvalue E is necessarily positive. Solve the eigenvalue problem exactly
when V (z) = V).

Obtain Liouville-Green approximate eigenfunctions y~¢(z) for (2) with £ > 1, and
give the corresponding Liouville-Green approximation to the eigenvalues ELC . Compare
your results to the exact eigenvalues and eigenfunctions in the case V(z) = Vj, and
comment on this.

Part II, 2016 List of Questions [TURN OVER
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Consider the ordinary differential equation

d*u du
12 +f(Z)E +9(2)u=0,
where - -
o~ A
m=0 zm ’ m=0 zm ’ ’

and f,,, gm are constants. Look for solutions in the asymptotic form

b 1
u(z):e)‘zz“[l—i—g—i—;—i—O( )] z — 00,

23
and determine A in terms of (fo, go), as well as p in terms of (A, fo, f1,91)-
Deduce that the Bessel equation
v 1du v?
L (1-Z)u=0
dz2+zdz+< z2>u ’

where v is a complex constant, has two solutions of the form

iz [ (1) 1\ ]
u(l)(z):’:l/2 l—i-aT—i—O(;) , Z— 00,

—iz | (2) 1 i
u(Z)(z):ZlT l—i-aT—i-O(;) , Z— 00,

and determine ¥ and a® in terms of v.

Can the above asymptotic expansions be valid for all arg(z), or are they valid only
in certain domains of the complex z-plane? Justify your answer briefly.

Part II, 2015 List of Questions [TURN OVER
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Show that )
/ Mt =1, —I,, k>0,
0

where I is an integral from 0 to oo along the line arg(z) = § and I is an integral from 1

to oo along a steepest-descent contour C' which you should determine.

By employing in the integrals I; and I, the changes of variables u = —iz® and
u = —i(z3 — 1), respectively, compute the first two terms of the large k asymptotic
expansion of the integral above.

Paper 1, Section 11
27C Asymptotic Methods

(a) State the integral expression for the gamma function I'(z), for Re(z) > 0, and
express the integral

Oo .
/ et dt, 0<y<1,
0

in terms of I'(y). Explain why the constraints on « are necessary.

(b) Show that

00 6—kt2
[t S, o

S 1
2 +t) Z
for some constants a,,, @ and 8. Determine the constants o and [, and express a,, in
terms of the gamma function.

State without proof the basic result needed for the rigorous justification of the above
asymptotic formula.

[You may use the identity:

I'a+1)
(1+2)° Zcmz Cm:m!F(a+1—m)’ |z] < 1.]

Part 11, 2015 List of Questions
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Derive the leading-order Liouville-Green (or WKBJ) solution for ¢ <« 1 to the
ordinary differential equation

d*f
2 —
€ dy2 +(I)(y)f - 0)

where ®(y) > 0.

The function f(y;e) satisfies the ordinary differential equation
d? 1 2
62—f+<1+———2>f:07 (1)
y vy

subject to the boundary condition f”(0) = 2. Show that the Liouville-Green solution of
(1) for € < 1 takes the asymptotic forms

f~ oqyi exp(2i\/y/€) + agyi exp(—2i,/y/e€) for E€<y<l1
and f ~ Bcos [0+ (y + log \/y) /€] for y>1,
where a1, ag, B and 65 are constants.

y
Hint : You may assume that/ V1+utdu=/y(1+y)+sinh™/y.
0

Explain, showing the relevant change of variables, why the leading-order asymptotic
behaviour for 0 < y < 1 can be obtained from the reduced equation

2
Z—xé+<1 3>f_o. 2)

x 22

The unique solution to (2) with f7(0) = 2 is f = 2'/2.J35(22'/2), where the Bessel function
J3(z) is known to have the asymptotic form

9\ 1/2
J3(z) ~ (E) cos <z - %) as z — 00.

Hence find the values of o1 and «s.

Part II, 2014 List of Questions [TURN OVER
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31C Asymptotic Methods
(a) Find the Stokes ray for the function f(z) as z — 0 with 0 < argz < m, where

f(z) =sinh(z71).
(b) Describe how the leading-order asymptotic behaviour as z — oo of

I(z) = / ’ F()e™IMqt

may be found by the method of stationary phase, where f and g are real functions and
the integral is taken along the real line. You should consider the cases for which:

(i) ¢'(t) is non-zero in [a,b) and has a simple zero at t = b.
(ii) ¢'(t) is non-zero apart from having one simple zero at t = tg, where a < ty < b.
(iii) ¢’(t) has more than one simple zero in (a,b) with ¢’(a) # 0 and ¢'(b) # 0.

Use the method of stationary phase to find the leading-order asymptotic form as
x — oo of

o
[You may assume that / e dy, = \/7_1-61‘“/4.]

— 00

Part 11, 2014 List of Questions
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31C Asymptotic Methods
(a) Consider the integral

I(k) = /OOO f®e * dt, k>o.

Suppose that f(t) possesses an asymptotic expansion for t — 07 of the form
o0
&)~ ant?, a> -1, B>0,
n=0

where a,, are constants. Derive an asymptotic expansion for I(k) as k — oo in the form
o0
An
I(k) ~ ZO pERvt
n=

giving expressions for A, and < in terms of «,,n and the gamma function. Hence
establish the asymptotic approximation as k — oo

Li(k) = /01 o1 — +2)70dt ~ 27T (1 — b)eF kP! (1 N (a + b/i;)(l _ b)>’

where a < 1,0 < 1.

(b) Using Laplace’s method, or otherwise, find the leading-order asymptotic approx-
imation as k — oo for

I(k) _/ o~ (2k?/t+42/K) 1y
0

o0
[You may assume that I'(z) = / t*“te7t dt for Rez>0,

0
and that / e~ qt = Vm/q for ¢>0.]

Part II, 2014 List of Questions [TURN OVER
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Paper 4, Section II
31B Asymptotic Methods
Show that the equation

d>y 2 dy 1
Y 2L (2 ) y=0
dw2+3:d3:+(3:2 >y

has an irregular singular point at infinity. Using the Liouville-Green method, show that
one solution has the asymptotic expansion

as r — O0.

Paper 3, Section 11
31B Asymptotic Methods
Let

I(z) = / " ROt

where f(t) and (t) are smooth, and ¢/(t) # 0 for t > 0; also f(0) # 0, ¥(0) = a,
Y'(0) = ¢"(0) = 0 and ¢"(0) = 6b > 0. Show that, as z — +oo,

‘ 1/3
I(z) ~ f(0)eit@at/6) (ﬁ) T (1/3) .

Consider the Bessel function
1 vy
In(z) = —/ cos(nt — xsint) dt .
0
Show that, as n — +o0,

(/3 1 1
T (48)1/6 n1/3'

Part II, 2013 List of Questions [TURN OVER
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31B Asymptotic Methods
Suppose a > 0. Define what it means to say that

is an asymptotic expansion of F'(x) as x — oo. Show that F'(x) has no other asymptotic
expansion in inverse powers of = as x — oc.

To estimate the value of F(x) for large x, one may use an optimal truncation of
the asymptotic expansion. Explain what is meant by this, and show that the error is an
exponentially small quantity in x.

Derive an integral respresentation for a function F'(z) with the above asymptotic
expansion.
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Paper 4, Section II
31B Asymptotic Methods
The stationary Schrodinger equation in one dimension has the form

e
s = (B V@),

where € can be assumed to be small. Using the Liouville-Green method, show that two
approximate solutions in a region where V(z) < FE are

Cere it S AL §

where c is suitably chosen.

() ~

Without deriving connection formulae in detail, describe how one obtains the

-/ (B V) = (”+ %) ™ "

€

condition

for the approximate energies E' of bound states in a smooth potential well. State the
appropriate values of a, b and n.

Estimate the range of n for which (x) gives a good approximation to the true bound
state energies in the cases

(i) V() = [z,
(i) V(z) = 2% + A2® with X small and positive,

(iii) V(x) = 22 — A2® with A small and positive.

Paper 3, Section II
31B Asymptotic Methods
Find the two leading terms in the asymptotic expansion of the Laplace integral

1
I(z) = /0 F(t)et dt

as * — 0o, where f(t) is smooth and positive on [0, 1].
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Paper 1, Section II
31B Asymptotic Methods
What precisely is meant by the statement that

f@)~ S dua” ()
n=0

as x — 07

Consider the Stieltjes integral

Iz) = /100 ﬁiﬂt’

where p(t) is bounded and decays rapidly as t — oo, and = > 0. Find an asymptotic series
for I(z) of the form (x), as x — 0, and prove that it has the asymptotic property.

In the case that p(t) = e~!, show that the coefficients d, satisfy the recurrence

relation 1
dp=(-1)"= —nd,—1 (n>=1)
e

1
and that dy = —. Hence find the first three terms in the asymptotic series.
e

Part 11, 2012 List of Questions
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Paper 1, Section II
31A Asymptotic Methods

A function f(n), defined for positive integer n, has an asymptotic expansion for
large n of the following form:

f(n)NZak%, n— oo. (%)
k=0

What precisely does this mean?

Show that the integral

2m
t
o 1+t

has an asymptotic expansion of the form (x). [The Riemann-Lebesgue lemma may be
used without proof.] Evaluate the coefficients ag, a1 and as.

Paper 3, Section 11
31A Asymptotic Methods
Let

Ioz/ @ gy
Co

where ¢(z) is a complex analytic function and Cj is a steepest descent contour from a
simple saddle point of ¢(z) at zp. Establish the following leading asymptotic approxima-
tion, for large real x:

T
To ~ i z¢(z0)
0~ 29" (z0)x €

Let n be a positive integer, and let

I:/etQanntdt,
C

where C' is a contour in the upper half t-plane connecting t = —oo to t = 0o, and In t is
real on the positive t-axis with a branch cut along the negative t-axis. Using the method
of steepest descent, find the leading asymptotic approximation to I for large n.
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Paper 4, Section II
31A Asymptotic Methods
Determine the range of the integer n for which the equation

d%y

2 Y

has an essential singularity at z = oco.

Use the Liouville-Green method to find the leading asymptotic approximation to
two independent solutions of

d2

—y = Z3y)
for large |z|. Find the Stokes lines for these approximate solutions. For what range of
arg z is the approximate solution which decays exponentially along the positive z-axis an
asymptotic approximation to an exact solution with this exponential decay?
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Paper 1, Section II
31C Asymptotic Methods
For A > 0 let

b
I(\) = / f(z)e Mdr, with 0<b<oo.
0
Assume that the function f(z) is continuous on 0 < x < b, and that

o0
flx) ~ xaz an "8,
n=0
as x — 04, where a > —1 and 8 > 0.

(a) Explain briefly why in this case straightforward partial integrations in general
cannot be applied for determining the asymptotic behaviour of I(\) as A — oo.

(b) Derive with proof an asymptotic expansion for I(\) as A — oo.

(¢) For the function

1
B(s,t) = / w1 —w) T du, s,t >0,
0

obtain, using the substitution u = e™*, the first two terms in an asymptotic expansion as
s — 0o. What happens as t — 00?

[Hint: The following formula may be useful

I'(y) :/ v le ™ dt, for z>0. ]
0

Paper 3, Section 11
31C Asymptotic Methods
Consider the ordinary differential equation

y' = (lz| - E)y,

subject to the boundary conditions y(+oo) = 0. Write down the general form of the
Liouville-Green solutions for this problem for £ > 0 and show that asymptotically the
eigenvalues E,,, n € N and E, < E, 11, behave as E,, = O(n?/3) for large n.

Part 11, 2010 List of Questions
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Paper 4, Section II
31C Asymptotic Methods
(a) Consider for A > 0 the Laplace type integral

f&)zjwﬂwewwm,

for some finite a,b € R and smooth, real-valued functions f(t),(t). Assume that the
function ¢(t) has a single minimum at ¢ = ¢ with a < ¢ < b. Give an account of Laplace’s
method for finding the leading order asymptotic behaviour of I(\) as A — oo and briefly
discuss the difference if instead ¢ = a or ¢ = b, i.e. when the minimum is attained at the
boundary.

(b) Determine the leading order asymptotic behaviour of

1
I(\) = / cost e M dt, (%)
-2

as A — oo.

(¢) Determine also the leading order asymptotic behaviour when cost is replaced
by sint in (x).
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Paper 1, Section II
31A Asymptotic Methods
Consider the integral

A
I(\) = /0 e M f(t)ydt, A>0,

in the limit A\ — oo, given that f(t) has the asymptotic expansion

o0
t) ~ Z ant™
n=0
as t — 04, where 8 > (0. State Watson’s lemma.

Now consider the integral

b
J(\) = / A0 F(t)dt,

where A > 1 and the real function ¢(¢) has a unique maximum in the interval [a,b] at ¢,
with a < ¢ < b, such that

¢'(c)=0, ¢"(c) <0

By making a monotonic change of variable from t to a suitable variable ¢ (Laplace’s
method), or otherwise, deduce the existence of an asymptotic expansion for J(\) as
A — 0o. Derive the leading term

TR) ~ O F(0 <A|¢2'7T<c>| > E

The gamma function is defined for z > 0 by

o0
Mx+1) = / exp (zlogt — t) dt.
0
By means of the substitution ¢ = xs, or otherwise, deduce Stirling’s formula

T(z+1) ~zt2)e \/_( +—+ )

as r — O0.
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Paper 3, Section II
31A Asymptotic Methods
Consider the contour-integral representation

1 .
Jo(l') — Re - ezxcosht dt
i Jo

of the Bessel function Jy for real x, where C is any contour from —oo — % to +o0 + %

Writing ¢ = u + v, give in terms of the real quantities u,v the equation of the
steepest-descent contour from —oo — - to +oo + 5 which passes through ¢ = 0.

Deduce the leading term in the asymptotic expansion of Jy(z), valid as z — oo

Jo(a) ~ \/g cos (x - %) .

Paper 4, Section II
31A Asymptotic Methods
The differential equation

f"=Q()f (%)

has a singular point at x = co. Assuming that Q(x) > 0, write down the Liouville-Green
lowest approximations fi(x) for z — oo, with f_(z) — 0.

The Airy function Ai(z) satisfies (%) with

Q(x) = =,

and Ai(z) — 0 as x — oco. Writing
Ai(z) = w(@)f_(2),

show that w(z) obeys

1 5)
2, I 5/2 /
- 2 - - - .

Derive the expansion

wwc(l—f—8x_3/2> as T — 00,

where ¢ is a constant.
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1/I1/30A  Asymptotic Methods

Obtain an expression for the nth term of an asymptotic expansion, valid as A — oo,
for the integral

1
I\ = / 2o M EH) g (0> —1/2).
0
Estimate the value of n for the term of least magnitude.

Obtain the first two terms of an asymptotic expansion, valid as A\ — oo, for the
integral

1
J(\) = / 2o ME) g (12 <a <0).
0

[Hint:
r(2) :/ Fle=t gt ]
0

[Stirling’s formula may be quoted.]

3/11/30A Asymptotic Methods

Describe how the leading-order approximation may be found by the method of
stationary phase of

b
100 = [ #0) exp (ing(t) .

for A > 1, where A, f and g are real. You should consider the cases for which:
(a)  ¢'(t) has one simple zero at t = to, where a < ¢y < b;
(b)  ¢'(t) has more than one simple zero in the region @ < t < b; and
(¢) ¢'(t) has only a simple zero at t = b.
What is the order of magnitude of I()) if ¢’(¢) is non zero for a < ¢t < b7

Use the method of stationary phase to find the leading-order approximation for
A>1to

J(\) = /Olsin (A (£ —1t)) at.

[Hint:
/ exp (iu?) du = Vre™ ]

Part IT 2008



BB UNIVERSITY OF
¥ CAMBRIDGE 73

4/11/31A  Asymptotic Methods

The Bessel equation of order n is

2y 2y + (P —n®)y = 0. (1)
Here, n is taken to be an integer, with n > 0. The transformation w(z) = 22 y(2)
converts (1) to the form

w’ +q(z)w =0, (2)

where ( ) 1)

n2_1

— 4

q(Z) =1- 22

Find two linearly independent solutions of the form

o0
w = eschkzp*k, (3)
k=0

where ¢, are constants, with ¢y # 0, and s and p are to be determined. Find recurrence
relationships for the cy.

Find the first two terms of two linearly independent Liouville-Green solutions of
(2) for w(z) valid in a neighbourhood of z = co. Relate these solutions to those of the
form (3).

Part IT 2008
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1/11/30B  Asymptotic Methods

State Watson’s lemma, describing the asymptotic behaviour of the integral

A
I0) = /O eMEWd, A0,

as A — oo, given that f(t) has the asymptotic expansion

[o¢]
Ft) ~ 2> an t"7
n=0

as t — 04, where 5 > 0 and o > —1.

Give an account of Laplace’s method for finding asymptotic expansions of integrals
of the form

J(z) = /_ ) q(t) dt

for large real z, where p(t) is real for real t.

Deduce the following asymptotic expansion of the contour integral

co+im
/ exp (zcosht) dt = 21/24e% T (%) [2_1/2 + % 273240 <2_5/2):|

—oo—1m

as z — OoQ.

3/11/30B  Asymptotic Methods

Explain the method of stationary phase for determining the behaviour of the
integral

b
I(x) :/ du 1)

for large x. Here, the function f(u) is real and differentiable, and a, b and x are all real.

Apply this method to show that the first term in the asymptotic behaviour of the
function

F(m—i—l):/ duu™ e,
0

where m = ¢n with n > 0 and real, is

F'in+1) ~ \/27re_i”exp{(in+é)<Z;T+logn>}

as n — oo.

Part II 2007
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4/11/31B  Asymptotic Methods

Consider the time-independent Schrodinger equation

qg(z) >0 for a<uz<b,
and ¢(x) <0 for —oco<z<a and b<z <0

and consider a bound state ¢(x). Write down the possible Liouville-Green approximate
solutions for ¢(z) in each region, given that ¢ — 0 as |z| — oc.
Assume that ¢(x) may be approximated by ¢'(a)(x —a) near z = a, where ¢’(a) > 0,
and by ¢'(b)(z — b) near x = b, where ¢’(b) < 0. The Airy function Ai(z) satisfies
d?(Ai)
dz?

—2z(Al) =0
and has the asymptotic expansions
2
Ai(z) ~ %W_I/Q,z_l/‘i exp <—3z3/2> as 2z — +00,

and

2
Ai(z) ~ 7 V2274 cos [(3]2!3/2) — Z} as  z— —00.

Deduce that the energies EF of bound states are given approximately by the WKB
condition:

b
)\/ q1/2(1‘) dl‘:(n‘F%)W (n:O,l,Q,...).
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1/11/30B  Asymptotic Methods

Two real functions p(t), () of a real variable t are given on an interval [0, b], where
b > 0. Suppose that ¢(t) attains its minimum precisely at ¢t = 0, with ¢’(0) = 0, and that
q"(0) > 0. For a real argument z, define

b
I(z) = / p(t)e==1® dt.
0
Explain how to obtain the leading asymptotic behaviour of I(x) as z — +oo (Laplace’s
method).
The modified Bessel function I, (x) is defined for x > 0 by:

1 (7 , i o ;
Ilj(x) _ 7/ % cos 6 COS(I/Q) do — Sln(y/ﬂ) / efw(cosh t)—vt dt.
T Jo 7T 0

Show that

x

V2mx

I(x) ~

as ¢ — oo with v fixed.

3/11/30B  Asymptotic Methods
The Airy function Ai(z) is defined by

1 1
Ai(z) = Tm/cexp (3153 + zt> dt ,

where the contour C' begins at infinity along the ray arg(t) = 47/3 and ends at infinity
along the ray arg(t) = 2w /3. Restricting attention to the case where z is real and positive,
use the method of steepest descent to obtain the leading term in the asymptotic expansion
for Ai(z) as z — oo:

exp (3:92)

Ai(z) ~

[Hint: put t = 2Y/27]
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4/11/31B  Asymptotic Methods

(a) Outline the Liouville-Green approximation to solutions w(z) of the ordinary

differential equation
d?w

O = few

dz?

in a neighbourhood of infinity, in the case that, near infinity, f(z) has the convergent

series expansion
— /.
S
s=0

with fo # 0.

In the case 1 9
= 1 _ _—
JE =142+,

explain why you expect a basis of two asymptotic solutions wi(z), wa(z), with
z oz
b b
'LU2(Z) NZ_%e_Z (1_"_1_1’_3_1_.),
z oz

as z — +o0o, and show that a; = f%

(b) Determine, at leading order in the large positive real parameter A, an approximation
to the solution u(z) of the eigenvalue problem:

u”(z) + Ng(x)u(z) = 0;  u(0) =u(l) =0;

where g(x) is greater than a positive constant for z € [0, 1].

Part IT 2006
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1/I1/30A  Asymptotic Methods

Explain what is meant by an asymptotic power series about = a for a real function
f(z) of a real variable. Show that a convergent power series is also asymptotic.

Show further that an asymptotic power series is unique (assuming that it exists).

Let the function f(t) be defined for ¢ > 0 by

671,

1 oo
t) = d
f(t) 7T1/2/0 2(1 + 200)

By suitably expanding the denominator of the integrand, or otherwise, show that,
ast — 0+,

ft) ~ f:(—l)’fl.s 2k — 1)tk

k=0

and that the error, when the series is stopped after n terms, does not exceed the absolute
value of the (n + 1)th term of the series.

3/II/30A Asymptotic Methods

Explain, without proof, how to obtain an asymptotic expansion, as x — 0o, of

o) = [~

if it is known that f(¢) possesses an asymptotic power series as t — 0.
Indicate the modification required to obtain an asymptotic expansion, under

suitable conditions, of
/ e~ f(t) dt .

Find an asymptotic expansion as z — oo of the function defined by

I(z) = /_OO mdt (Im(z) < 0)

and its analytic continuation to Im(z) > 0. Where are the Stokes lines, that is, the critical
lines separating the Stokes regions?
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4/11/31A  Asymptotic Methods
Consider the differential equation
d*w
dz?

where ¢(z) > 0 in an interval (a, 00). Given a solution w(z) and a further smooth function
&(x), define

=q(z)w,

W(a) = [¢' ()] w(z).

Show that, when £ is regarded as the independent variable, the function W () obeys
the differential equation

dPW d?
de? = {532(](@ + @1/2d§2[¢—1/2]}w’ (*)

where & denotes dx/d¢.

Taking the choice

show that equation (x) becomes
d*W
de?

={1+W,
where
B 1 d? 1
6= =g (i)
In the case that ¢ is negligible, deduce the Liouville-Green approximate solutions
Wy = qil/4 exp(:l:/ql/zdz> .
Consider the Whittaker equation

dPPw [1 s(sl)]w

dx? 4 2

where s is a real constant. Show that the Liouville-Green approximation suggests the
existence of solutions w4 g(x) with asymptotic behaviour of the form

wa ~ exp(x/2) (1 + Z anx”>’ wp ~ exp(—z/2) (1 + Z bnx”>

n=1 n=1

as r — oQ.

Given that these asymptotic series may be differentiated term-by-term, show that

(="

n!

Ap =

(s=n)(s—n+1)...(s+n—-1).
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