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NIVERSITY OF
AMBRIDGE 31

P
S

Paper 1, Section I
5B Numerical Analysis

Given a matrix A € R™*™ and a vector y € R™ where m > n, consider the problem
of finding ¢* € R" that minimises [|Ac — yl|2 for ¢ € R", where || - ||z is the standard
Euclidean norm.

(a) Prove that c¢* is a solution to the above minimisation problem if and only if
AT Ack = ATy.

(b) Show that if A is of full rank, then ¢* is unique.

Paper 4, Section 1
6B Numerical Analysis
Consider the inner product

b
(g:) = [ g@h@yu(e) ds 0

on Cl[a,b], where w(x) > 0 for x € (a,b). Define ||g||*> = (g,9). Let Qo,Q1,Q2,... be
orthogonal polynomials with respect to the inner product (x), and let f € Cla,b].

(a) Prove that the polynomial p¥ € P, that minimises the squared distance || f — p||?
among all p € P, is given by

Pn(w) = kZ_O <Qkan>Qk( )

(b) Hence, show that

LFI1* = 1Lf = ol + N>

Part IB, Paper 1 [TURN OVER]
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Paper 1, Section II

17B Numerical Analysis
Consider the ODE

Y = f(y), y(0)=wyo >0, (*)

where f(y) = —sign(y), y(t) € R and ¢t € [0, 7], with T' > yo. The sign function is defined
as

1 fory>0
sign(y) = 0 fory=0
-1 fory<O.

(a) Does the function f satisfy a Lipschitz condition for y € R? Justify your answer.

(b) Show that there is a unique continuous function y : [0,7] — R that is
differentiable for all ¢+ € [0,7] except for some ¢ € (0,T] and satisfies the ODE (x) for
all t € [0,7] \ t.

(¢) The Euler method for (x) produces a sequence {yn}n<n, where N = |T | and
h > 0 is the step-size. Is

[yn — y(nh)| < O(h), for 0 <n < N,

where y(t) is the solution described in part (b)? Justify your answer.

Paper 2, Section 11

17B Numerical Analysis
Consider an ODE of the form

V=1, y0)=weR, (+)
where y(t) exists and is unique for ¢t € [0,7] and T > 0.

(a) For a numerical method approximating the solution of (x), define the linear
stability domain. What does it mean for such a numerical method to be A-stable?

(b) Let a € R and consider the Runge-Kutta method—producing a sequence
{yn}n<n, where N = || and h > 0 is the step-size—defined by

1 1
by = f (yn—i- L+ <Z —a)hkg) ,
1 1
ko = f <yn+ (Z +a>h/€1 + 4h]€2) ,
1
yn+1:yn+§h(k’1+k‘2), n=0,1,...,N — 1.

Determine the values of the parameter a € R for which the Runge—Kutta method is
A-stable.

Part IB, Paper 1
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Paper 3, Section II
17B Numerical Analysis

Consider C|a, b] equipped with the inner product (f, g) = f; f(x)g(x)w(z)dx, where
w(zx) > 0 for z € (a,b). Let P, denote the set of polynomials of degree less than or equal
to n. For f € C[a,b] consider the quadrature formulas

b n
I(f):/ f(m)w(x)dmzzal(n)f(xz(n)):In<f), n=0,1,2,... (%)
a i=0

(n)

with weights a; " € R and nodes a:l(n) € [a, b], which are exact on all polynomials ¢ € P,,.

(a) Prove that the quadrature formula (x) is exact for all ¢ € P4 14 if and only
if the polynomial Q,41(z) = [[io(z — xgn)) is orthogonal (with respect to (-,-)) to all
polynomials of degree k.

(b) Prove that no quadrature formula () could be exact on polynomials of degree
2n + 2.

(c) Prove that if (x) is exact on Py, then agn) > 0.
(d) Show that if agn) > 0 for all 7 and n, then

[Hint: Use the Weierstrass theorem: for any e > 0 there exists n € N and a polynomial
Pn € Py such that |f(x) — pp(z)| <€, for x € [a,b].]

Part IB, Paper 1 [TURN OVER]



2022

NIVERSITY OF
AMBRIDGE 29

P
S

Paper 1, Section I
5C Numerical Analysis

Use the Gram—Schmidt algorithm to compute a reduced QR factorization of the
matrix

2 2 0
2 0 -4

A= 2 2 2|7
-2 0 2

i.e. find a matrix Q € R**3 with orthonormal columns and an upper triangular matrix
R € R?*3 such that A = QR.

Paper 4, Section 1
6C Numerical Analysis

(a) Suppose that w(zx) > 0 for all z € [a,b]. The weights by,...,b, and nodes
c1,...,cpn are chosen so that the Gaussian quadrature formula for a function f € C|a, b]

b n
[ w@s@ds =Y bsen)
a k=1

is exact for every polynomial of degree 2n — 1. Show that the b;, ¢ = 1,...,n are all
positive.

(b) Evaluate the coefficients by and ¢, of the Gaussian quadrature of the integral
1
| et
~1

which uses two evaluations of the function f(z) and is exact for all f that are polynomials
of degree 3.

Part IB, Paper 1 [TURN OVER]
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Paper 1, Section II
17C Numerical Analysis
For a function f € C3[—1,1] consider the following approximation of f”(0):

F7(0) = n(f) = a1 f(=1) + aof(0) + a1 f(1) ,

with the error

e(f) = f"(0) —n(f).

We want to find the smallest constant ¢ such that

le(f)l < e max |f"(x)]. (%)

z€[—1,1]

(a) State the necessary conditions on the approximation scheme 7 for the inequality
(%) to be valid with some ¢ < co. Hence, determine the coefficients a_1, ag, aj.

(b) State the Peano kernel theorem and use it to find the smallest constant ¢ in the
inequality (*).

(¢) Explain briefly why this constant is sharp.

Paper 2, Section II
17C Numerical Analysis

A scalar, autonomous, ordinary differential equation ' = f(y) is solved using the
Runge-Kutta method

k1 = f(yn) )
ko = f(yn + (1 — a)hk:l + ahk’g) ,

h
Yn+l = Yn + §(k1 + kQ) s

where h is a step size and a is a real parameter.
(a) Determine the order of the method and its dependence on a.

(b) Find the range of values of a for which the method is A-stable.

Part IB, Paper 1
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Paper 3, Section II
17C Numerical Analysis

(a) The equation 3’ = f(¢,y) is solved using the following multistep method with s
steps,

s s
Z PkYn+k = h Z ka(tn+k7 yn+k) )
k=0 k=0

where h is the step size and pg, o are specified constants with ps = 1. Prove that this
method is of order p if and only if

S S
> okP(tnsk) =h Y okP (tnyk)
k=0 k=0
for all polynomials P of degree p.

(b) State the Dahlquist equivalence theorem regarding the convergence of a mul-
tistep method. Consider a multistep method

Yn+3 + (2a - 3)(yn+2 - yn—f—l) —Yn = ha(fn-I—Q + fn+1) s

where a # 0 is a real parameter. Determine the values of a for which this method is
convergent, and find its order.

Part IB, Paper 1 [TURN OVER]
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Paper 1, Section I
5B Numerical Analysis

Prove, from first principles, that there is an algorithm that can determine whether
any real symmetric matrix A € R™*™ is positive definite or not, with the computational
cost (number of arithmetic operations) bounded by O(n?).

[Hint: Consider the LDL decomposition.]

Paper 4, Section I
6B Numerical Analysis

(a) Given the data f(0) =0, f(1) =4, f(2) =2, f(3) = 8, find the interpolating
cubic polynomial p3 € P3[z] in the Newton form.

(b) We add to the data one more value, f(—2) = 10. Find the interpolating quartic
polynomial py € P4[z] for the extended data in the Newton form.

Part IB, 2021 List of Questions
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Paper 1, Section II

17B Numerical Analysis
For the ordinary differential equation

y' =f(ty), y0) =g, t=0, (*)

where y(t) € RV and the function f : R x RN — RY is analytic, consider an explicit
one-step method described as the mapping

ynJrl =Yn + hSD(tn, Yns h) (T)
Here ¢ : Ry x RV xRy — RN, n=0,1,... and t,, = nh with time step h > 0, producing
numerical approximations y,, to the exact solution y(¢,) of equation (x), with y, being
the initial value of the numerical solution.

(i) Define the local error of a one-step method.

(i) Let || - || be a norm on RY and suppose that
lp(t, w, h) — o(t,v,h)|| < Lf|u —vl|,

for all h > 0, t € R, u,v € RY, where L is some positive constant. Let t* > 0 be
given and eg = y, — y(0) denote the initial error (potentially non-zero). Show that
if the local error of the one-step method (1) is O(hPT!), then

max ||y, —y(nh)| < " "o + O(P), h—0. (1)
n=0,...,[t* /]
(iii) Let N = 1 and consider equation (x) where f is time-independent satisfying

|f(u) — f(v)| < K|u—v| for all u,v € R, where K is a positive constant. Consider
the one-step method given by

1 2
Ynt+1l = Yn + Zh(kl + 31432)7 k1 = f(yn)a ko = f(yn + ghkl)

Use part (ii) to show that for this method we have that equation (1) holds (with a
potentially different constant L) for p = 2.

Part IB, 2021 List of Questions [TURN OVER]
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Paper 2, Section II

17B

Numerical Analysis

36

2021

(a) Define Householder reflections and show that a real Householder reflection is
symmetric and orthogonal. Moreover, show that if H, A € R" " where H is a
Householder reflection and A is a full matrix, then the computational cost (number
of arithmetic operations) of computing HAH ~! can be O(n?) operations, as opposed

to O(n?) for standard matrix prod

ucts.

Show that for any A € R™*" there exists an orthogonal matrix @) € R™*"™ such that

QAQT =T =

[t11 t1o
to1 to2
0 t3,2
0

t13 - t1n
tag - ton

t3sz - t3.n

0 tn,n—l tn,n

In particular, 7' has zero entries below the first subdiagonal. Show that one
can compute such a 7 and @ (they may not be unique) using O(n?) arithmetic

operations.

[Hint: Multiply A from the left and right with Householder reflections.]

Part IB, 2021
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Paper 3, Section II
17B Numerical Analysis

The functions pg, p1, p2, . .. are generated by the formula
12, 2 A" 1/2
pn(z) = (—1)"zY exdzrin (x”+ / e_x) , 0<zr<oo.

(a) Show that p,(z) is a monic polynomial of degree n. Write down the explicit
forms of po(x), p1(x), pa(z).

(b) Demonstrate the orthogonality of these polynomials with respect to the scalar
product

(f,q) = /0 a2 f(a)g(x) de

i.e. that (pn,pm) = 0 for m # n, and show that

3

where I'(y) = [;° 2¥ le " da.

(c) Assuming that a three-term recurrence relation in the form

pn—i-l(x) = (.’E - Oén)pn<l') - /Bnpn—l(x)a n=12...,
holds, find the explicit expressions for «;,, and 8, as functions of n.

[Hint: you may use the fact that T'(y + 1) = yI'(y).]

Part IB, 2021 List of Questions [TURN OVER]
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Paper 1, Section I
5C Numerical Analysis
(a) Find an LU factorisation of the matrix

1 1 0 3

0o 2 2 12
A= o 5 7 32}

3 -1 -1 -10

where the diagonal elements of L are L1y = Lyy =1, Log = L3z = 2.

(b) Use this factorisation to solve the linear system Ax = b, where

-3
—12
—-30

13

b=

Part IB, 2020 List of Questions
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Paper 1, Section II

18C Numerical Analysis

(a) Given a set of m + 1 distinct real points xzg,z1,...,x, and real numbers
fo, f1,-.-, fn, show that the interpolating polynomial p, € P,[z], pn(x;) = fi, can be
written in the form

n

n
T — X
pn(x):Zak H ﬁ; reR,
k J

=0 j=0,j#k
where the coefficients a; are to be determined.

(b) Consider the approximation of the integral of a function f € Cfa,b] by a finite
sum,

b s—1
[ t@)dem S s, (1)
@ k=0

where the weights wy, ..., ws—1 and nodes co, ..., cs—1 € [a,b] are independent of f. Derive
the expressions for the weights wy that make the approximation (1) exact for f being any
polynomial of degree s — 1, i.e. f € Ps_q]x].

Show that by choosing cy, ..., cs—1 to be zeros of the polynomial gs(x) of degree s,
one of a sequence of orthogonal polynomials defined with respect to the scalar product

b
(u,v>:/ u(x)v(x)dz, (2)

the approximation (1) becomes exact for f € Pos_1[z] (i.e. for all polynomials of degree
2s —1).

(¢) On the interval [a,b] = [—1,1] the scalar product (2) generates orthogonal
polynomials given by

1 ar
~onpldan

qn(z)

(2 -1)", n=0,1,2,....

Find the values of the nodes ¢, for which the approximation (1) is exact for all polynomials
of degree 7 (i.e. f € Py[z]) but no higher.

Part IB, 2020 List of Questions [TURN OVER]
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Paper 2, Section II
17C Numerical Analysis
Consider a multistep method for numerical solution of the differential equation

y =£(ty):

Ynt2 = ¥nt1 = [ (1 + @)f (tns2, Yny2) + BE(tns1, yns1) — (@ + B)E(tn, yn) |, (%)
where n =0,1,..., and « and 3 are constants.

(a) Define the order of a method for numerically solving an ODE.

(b) Show that in general an explicit method of the form (%) has order 1. Determine
the values of o and g for which this multistep method is of order 3.

(c) Show that the multistep method (x) is convergent.

Part IB, 2020 List of Questions
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Paper 1, Section 1
6C Numerical Analysis

Let [a,b] be the smallest interval that contains the n + 1 distinct real numbers
o, X1, --,Tn, and let f be a continuous function on that interval.

Define the divided difference f[zg,x1,...,zy] of degree m < n.

Prove that the polynomial of degree n that interpolates the function f at the points

g, T1,- -,y is equal to the Newton polynomial
n—1
pu(x) = flzo] + flwo, x1](x — o) + - + flzo, w1, 2] [[ (& — 22).
i=0
Prove the recursive formula
f[xlax27 cee 7xm] - f[x()axla e )xmfl]

f[$0,$1,...,$m] —
Tm — X0

forl<m<n.

Paper 4, Section 1
8C Numerical Analysis
Calculate the LU factorization of the matrix

3 2 =3 =3

6 3 -7 -8
A= 3 1 -6 —4
-6 -3 9 6

Use this to evaluate det(A) and to solve the equation
Ax=Db

with

Part IB, 2019 List of Questions [TURN OVER
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Paper 1, Section II
18C Numerical Analysis
(a) An s-step method for solving the ordinary differential equation

dy
— = f(t,
o = tty)
is given by
S S
Zplyn+l:hzalf(tn+layn+l)v n:0717"'7
1=0 1=0
where p; and o; (I = 0,1,...,s) are constant coefficients, with p; = 1, and h is the

time-step. Prove that the method is of order p > 1 if and only if
p(e*) — za(e) = O(zF*)
as z — 0, where

S S
p(w) = Z prwt o(w) = Z o
1=0 1=0
(b) Show that the Adams—Moulton method

h
Yn+2 = ¥Ynt1 + E (5f(tn+27}’n+2) + 8f(tn+1a Yn+1) - f(tna Yn)>

is of third order and convergent.

[You may assume the Dahlquist equivalence theorem if you state it clearly.]

Part IB, 2019 List of Questions
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BB UNIVERSITY OF
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Paper 3, Section II
19C Numerical Analysis
(a) Let w(x) be a positive weight function on the interval [a,b]. Show that

b
mw:/fummmwm

defines an inner product on Cla, b].

(b) Consider the sequence of polynomials p,,(z) defined by the three-term recurrence
relation

Prnt1(x) = (& — an)pn(z) — Bupn—1(x), n=12,..., (%)
where
po(z) =1, pi(x) =2 — g,
and the coefficients a, (for n > 0) and 8, (for n > 1) are given by

<pna xpn> 8, = <pn7pn>

ap = , .
" <pnapn> <pn717pn71>
Prove that this defines a sequence of monic orthogonal polynomials on [a, b].

(c) The Hermite polynomials He,(z) are orthogonal on the interval (—oo, 00) with
weight function e~®*/2. Given that

He, (z) = (71)71612/261_” (6712/2> ’

dz™

deduce that the Hermite polynomials satisfy a relation of the form (%) with «,, = 0 and
Brn = n. Show that (He,, He,) = nl\v/2m.

(d) State, without proof, how the properties of the Hermite polynomial Hey (z), for
some positive integer IV, can be used to estimate the integral

/00 f(z) e 2 4y,

where f(x) is a given function, by the method of Gaussian quadrature. For which
polynomials is the quadrature formula exact?

Part IB, 2019 List of Questions [TURN OVER
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Paper 2, Section II
19C Numerical Analysis
Define the linear least squares problem for the equation

Ax =Db,
where A is a given m X n matrix with m > n, b € R™ is a given vector and x € R” is an
unknown vector.

Explain how the linear least squares problem can be solved by obtaining a QR
factorization of the matrix A, where @) is an orthogonal m x m matrix and R is an upper-
triangular m x n matrix in standard form.

Use the Gram—Schmidt method to obtain a QR factorization of the matrix

b

Il
— == =
SO = O =

S O = =

and use it to solve the linear least squares problem in the case

S W N =

Part IB, 2019 List of Questions
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Paper 1, Section 1
6D Numerical Analysis
The Trapezoidal Rule for solving the differential equation

y'(t)=f(t,y), tel0,T],  y(0)=uwo
is defined by

Yn+1 = Yn + %h [f(tnayn) + f(tn—i-hyn-l-l)] )
where h = t, 11 — t,.

Determine the minimum order of convergence k of this rule for general functions f
that are sufficiently differentiable. Show with an explicit example that there is a function
f for which the local truncation error is Ah¥*! for some constant A.

Paper 4, Section 1
8D Numerical Analysis

Let
1 2 1 2 1
2 5 5 6 3
A= 1 5 13 14|’ b= 7’
2 6 14 X W

where A and p are real parameters. Find the LU factorisation of the matrix A. For what
values of A does the equation Ax = b have a unique solution for x?

For A = 20, use the LU decomposition with forward and backward substitution to
determine a value for p for which a solution to Az = b exists. Find the most general
solution to the equation in this case.

Part IB, 2018 List of Questions
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Paper 1, Section II
18D Numerical Analysis
Show that if u € R™\ {0} then the m x m matrix transformation

uuT

[uf?

is orthogonal. Show further that, for any two vectors a, b € R™ of equal length,

Hy=1-2

Ha,ba =b.

Explain how to use such transformations to convert an m x n matrix A with m > n
into the form A = QR, where @ is an orthogonal matrix and R is an upper-triangular
matrix, and illustrate the method using the matrix

1 -1 4
1 4 -2
A=11 4
1 -1 0

Part IB, 2018 List of Questions [TURN OVER
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Paper 3, Section II
19D Numerical Analysis
Taylor’s theorem for functions f € C**'[a, b] is given in the form

(z —a)*

g fP(a) + R(2).

fl@)=fla) + (x—a)f'(a) + -+
Use integration by parts to show that
R(r) = / (z — O)F 4D (9) do.

Let A; be a linear functional on C**1[a,b] such that A\i[p] = 0 for p € Py. Show
that

b
Mlf = 55 [ KO (6) ds (h

where the Peano kernel function K(0) = A, [(z —0)%]. [You may assume that the
functional commutes with integration over a fixed interval.]

The error in the mid-point rule for numerical quadrature on [0, 1] is given by

elf] = /0 fa)dz — £(L).

Show that e[p] = 0 if p is a linear polynomial. Find the Peano kernel function

corresponding to e explicitly and verify the formula (1) in the case f(x) = 22.

Part IB, 2018 List of Questions
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Paper 2, Section II
19D Numerical Analysis
Show that the recurrence relation

3

(Gny1, k) (o),

pn+1(x) = anrl(x) - <pkapk>

k=0

where (-, ) is an inner product on real polynomials, produces a sequence of orthogonal,
monic, real polynomials p,(z) of degree exactly n of the real variable z, provided that ¢,
is a monic, real polynomial of degree exactly n.

Show that the choice ¢,,+1(x) = zp,(z) leads to a three-term recurrence relation of
the form

pn+1(x) = (x - an)pn(x) - 5npn71(x)a

where «,, and 3,, are constants that should be determined in terms of the inner products
<pn7p7’b>7 <pn—1upn—1> and <pna$pn>-

Use this recurrence relation to find the first four monic Legendre polynomials, which
correspond to the inner product defined by

1
(p,q) :/ p(x)q(z)dx.

-1

Part IB, 2018 List of Questions [TURN OVER
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Paper 1, Section 1
6C Numerical Analysis

Given n+1 real points g < 1 < - -+ < zy, define the Lagrange cardinal polynomials
li(x), i = 0,1,...,n. Let p(z) be the polynomial of degree n that interpolates the
function f € C"[xg,z,] at these points. Express p(x) in terms of the values f; = f(x;),

1=0,1,...,n and the Lagrange cardinal polynomials.
Define the divided difference flxg,x1,...,2,] and give an expression for it in terms
of fo, f1,..., fn and zg,x1,...,x,. Prove that

f[x()axla cee 7xn] = %f(n)(g)

for some number £ € [zg, T,

Paper 4, Section 1
8C Numerical Analysis
For the matrix

11 1 1
1 5 5 5
A= 1 5 14 14
1 5 14 X
find a factorization of the form
A=LDL",

where D is diagonal and L is lower triangular with ones on its diagonal.
For what values of A is A positive definite?

In the case A = 30 find the Cholesky factorization of A.

Part IB, 2017 List of Questions
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Paper 1, Section II
18C Numerical Analysis

A three-stage explicit Runge—Kutta method for solving the autonomous ordinary
differential equation

dy
ar f(y)
is given by
Yn+1 = Yn + h(bi1k1 + baka + b3ks),
where

kl — f(yn) )
ks = f(yn + hai1k1),
ks = f(yn + h(azks + azks))

and h > 0 is the time-step. Derive sufficient conditions on the coefficients b1, b, b3, a1,
as and as for the method to be of third order.

Assuming that these conditions hold, verify that —% belongs to the linear stability
domain of the method.

Paper 2, Section II
19C Numerical Analysis

Define the linear least-squares problem for the equation Ax = b, where A is an
m X n matrix with m > n, b € R™ is a given vector and x € R" is an unknown vector.

If A= QR, where @ is an orthogonal matrix and R is an upper triangular matrix
in standard form, explain why the least-squares problem is solved by minimizing the
Euclidean norm ||[Rx — Q "bl|.

Using the method of Householder reflections, find a QR factorization of the matrix

o

Il
===
o= W
— = =W

Hence find the solution of the least-squares problem in the case

1
1
b= 3
-1

Part IB, 2017 List of Questions [TURN OVER
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Paper 3, Section II
19C Numerical Analysis

Let p, € P, be the nth monic orthogonal polynomial with respect to the inner
product

b
(f9) = [ w@) @) ds
on C|a,b], where w is a positive weight function.

Prove that, for n > 1, p, has n distinct zeros in the interval (a,b).

Let ¢1,co,..., ¢, € [a,b] be n distinct points. Show that the quadrature formula

b n
[ @)@ de =3 biste)
@ i=1

is exact for all f € P,_; if the weights b; are chosen to be

b —
bi:/ w(x)H:_CC]‘da:.
a Q ]

Show further that the quadrature formula is exact for all f € Py,_1 if the nodes ¢; are
chosen to be the zeros of p, (Gaussian quadrature). [Hint: Write f as qp, + r, where
q,r € Pp_1.]

Use the Peano kernel theorem to write an integral expression for the approximation
error of Gaussian quadrature for sufficiently differentiable functions. (You should give a
formal expression for the Peano kernel but are not required to evaluate it.)

Part IB, 2017 List of Questions
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Paper 1, Section 1
6D Numerical Analysis

(a) What are real orthogonal polynomials defined with respect to an inner product
(-,-)? What does it mean for such polynomials to be monic?

(b) Real monic orthogonal polynomials, p,(z), of degree n =0,1,2,..., are defined
with respect to the inner product,

1
(prq) = / w(w)p(e)q(z) dz,

1

where w(x) is a positive weight function. Show that such polynomials obey the three-term
recurrence relation,

pn—l—l(x) = (1‘ - an)pn(x) - /Bnpn—l(x) s

for appropriate «;, and (,, which should be given in terms of inner products.

Paper 4, Section I
8D Nwumerical Analysis

(a) Define the linear stability domain for a numerical method to solve y' = f(¢,y)
What is meant by an A-stable method?

(b) A two-stage Runge-Kutta scheme is given by

ki =f(tn,yn), ke=f(tn+ L yu+2ki),  yuir1 =yn+hko,

where h is the step size and t, = nh. Show that the order of this scheme is at least two.

For this scheme, find the intersection of the linear stability domain with the real axis.
Hence show that this method is not A-stable.
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Paper 1, Section II
18D Numerical Analysis

(a) Consider a method for numerically solving an ordinary differential equation
(ODE) for an initial value problem, y’ = f(¢,y). What does it mean for a method to
converge over t € [0,T] where T' € R? What is the definition of the order of a method?

(b) A general multistep method for the numerical solution of an ODE is

S S
Zpl}’n—H :hzalf(tn+la}’n+l), nzoul)”’ )
=0 =0

where s is a fixed positive integer. Show that this method is at least of order p > 1 if and

S S S
ZPZZO and Zlkpl:kz:lkflal, k=1,...,p.
=0 =0 =0

only if

(c) State the Dahlquist equivalence theorem regarding the convergence of a multistep
method.

(d) Consider the multistep method,

Yn+2 + 0Yn+1 +ay, = h[UOf(tna Yn) + Ulf(tn+17 Yn+1) + O'Qf(tn+2’Yn+2)] .

Determine the values of o; and a (in terms of the real parameter #) such that the method
is at least third order. For what values of 6 does the method converge?
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Paper 3, Section II
19D Numerical Analysis
(a) Determine real quadratic functions a(z),b(x), c(x) such that the interpolation
formula,
f(z) = a(x)f(0) + b(2)f(2) + c(x) f(3),

is exact when f(z) is any real polynomial of degree 2.

(b) Use this formula to construct approximations for f(5) and f/(1) which are exact
when f(z) is any real polynomial of degree 2. Calculate these approximations for f(z) = 23
and comment on your answers.

(c) State the Peano kernel theorem and define the Peano kernel K(#). Use this
theorem to find the minimum values of the constants « and 8 such that

9

F) = 3[£(0) +372) - FB)]| < @ max [rO(¢)

£€[0,3]

and

[£() = 3[£0) +3£2) — /3] < BIFDs
where f € C2[0,3]. Check that these inequalities hold for f(z) = 3.

Paper 2, Section II
19D Numerical Analysis
(a) Define a Givens rotation QP4 € R™*™ and show that it is an orthogonal matrix.

(b) Define a QR factorization of a matrix A € R"™*™ with m > n. Explain how
Givens rotations can be used to find Q € R™*™ and R € R™*",

(c) Let
31 1 98/25
0 4 1 25
A= 03 2 ’ b= 25
0 0 3/4 0

(i) Find a QR factorization of A using Givens rotations.

(ii) Hence find the vector x* € R? which minimises |Ax — b||, where || - || is the
Euclidean norm. What is [|[Ax* — b||?
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Paper 1, Section I
6D Numerical Analysis

Let
1 4 3 2 1
4 17 13 11 1
A= 3 13 13 12 |’ b= 317
2 11 12 A 2

where )\ is a real parameter. Find the LU factorization of the matrix A. Give the constraint
on A for A to be positive definite.

For A = 18, use this factorization to solve the system Ax = b via forward and
backward substitution.

Paper 4, Section 1
8D Numerical Analysis

Given n + 1 distinct points {xg,x1,...,2,}, let p, € P, be the real polynomial of
degree n that interpolates a continuous function f at these points. State the Lagrange
interpolation formula.

Prove that p, can be written in the Newton form

n k—1
pn($):f($0)+2f[$0,,CL‘k]H(IE*SL‘Z),
k=1 =0

where f[zo,...,x] is the divided difference, which you should define. [An explicit
expression for the divided difference is not required.]

Explain why it can be more efficient to use the Newton form rather than the
Lagrange formula.
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Paper 1, Section II
18D Numerical Analysis
Determine the real coefficients by, by, b3 such that

2
/;ﬂmm:Mf&n+@ﬂm+@ﬂn,

is exact when f(x) is any real polynomial of degree 2. Check explicitly that the quadrature
is exact for f(r) = 2 with these coefficients.

State the Peano kernel theorem and define the Peano kernel K (). Use this theorem
to show that if f € C3[—2,2], and by, by, b3 are chosen as above, then

2 4
‘ / Qf(w)dw—blf(—l)—bzf(O)—baf(l)‘ <5 max [f9).

~ 9¢el-22

Paper 3, Section II
19D Numerical Analysis

Define the QR factorization of an m x n matrix A. Explain how it can be used to
solve the least squares problem of finding the vector z* € R™ which minimises ||Az — b||,
where b € R™, m > n, and || - || is the Euclidean norm.

Explain how to construct Q and R by the Gram-Schmidt procedure. Why is this
procedure not useful for numerical factorization of large matrices?

Let
5 6 —-14 1
5 4 4 1
A= -5 2 =8|’ b= 1
5 12 -18 0

Using the Gram-Schmidt procedure find a QR decomposition of A. Hence solve the least
squares problem giving both z* and ||Az* — b||.
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Paper 2, Section II
19D Numerical Analysis

Define the linear stability domain for a numerical method to solve vy = f(¢,y).
What is meant by an A-stable method? Briefly explain the relevance of these concepts in
the numerical solution of ordinary differential equations.

Consider
Ynt1=Yn + B[O f (tnsyn) + (1 = 0)f(tns1,Ynt1)]
where 6 € [0,1]. What is the order of this method?

Find the linear stability domain of this method. For what values of § is the method
A-stable?
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Paper 1, Section I
6C Numerical Analysis

(i) A general multistep method for the numerical approximation to the scalar
differential equation ¢y’ = f(t,y) is given by

S S
Zpeymre:hzaefnw, n=0,1,...
=0 =0

where f1¢ = f(tnte,Ynte). Show that this method is of order p > 1 if and only if
p(e®) — zo(e*) = O(zPT) as 2z —0

where
S

p(w) = Zpg wt and o(w) = Zag w' .
£=0

=0

(ii) A particular three-step implicit method is given by

2
Yn+3 + (a - 1)yn+1 — aYn = h (fn+3 + Z U@fnJré) .

=0

where the oy are chosen to make the method third order. [The o, need not be found.] For
what values of a is the method convergent?

Paper 4, Section 1
8C Numerical Analysis
Consider the quadrature given by

| w@s@)dn =3 b
0 k=1

for v € N, disjoint ¢, € (0,7) and w > 0 . Show that it is not possible to make this
quadrature exact for all polynomials of order 2v.

For the case that ¥ = 2 and w(x) = sinx, by considering orthogonal polynomials
find suitable b, and ¢; that make the quadrature exact on cubic polynomials.

[Hint: [; #*sinadr =7 —4 and [} 2®sinzdr = 7° — 67.]
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Paper 1, Section II
18C Numerical Analysis
Define a Householder transformation H and show that it is an orthogonal matrix.

Briefly explain how these transformations can be used for QR factorisation of an m x n
matrix.

Using Householder transformations, find a QR factorisation of

2 5 4
2 5 1
A= -2 1 5
2 -1 16

Using this factorisation, find the value of A for which

1+ A
2
3
4

has a unique solution z € R3.

Paper 3, Section II
19C Numerical Analysis
A Runge—Kutta scheme is given by

1
k1 = hf(yn)a ko = hf(yn + [(1 - a)kl + ak?])v Ynt+1l = Yn + §(k1 + k?)
for the solution of an autonomous differential equation y' = f(y), where a is a real

parameter. What is the order of the scheme? Identify all values of a for which the
scheme is A-stable. Determine the linear stability domain for this range.
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Paper 2, Section II
19C Numerical Analysis

A linear functional acting on f € C¥*'[a,b] is approximated using a linear scheme
L(f). The approximation is exact when f is a polynomial of degree k. The error is given
by A(f). Starting from the Taylor formula for f(x) with an integral remainder term, show
that the error can be written in the form

A0 = [ KO0

subject to a condition on A that you should specify. Give an expression for K (6).

Find ¢y, c¢; and c3 such that the approximation scheme

f7(2) = cof(0) + 1 f(1) +e3f(3)

is exact for all f that are polynomials of degree 2. Assuming f € C?[0, 3], apply the Peano
kernel theorem to the error. Find and sketch K (0) for k = 2.

Find the minimum values for the constants r and s for which

A<D and A< 81D oo

and show explicitly that both error bounds hold for f(x) = z3.
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Paper 1, Section I
6C Numerical Analysis
Determine the nodes x1, z2 of the two-point Gaussian quadrature

1
LAf@M@WM%aM@ﬂ+@ﬂm% w(z) =,

and express the coefficients aj,as in terms of x1,x2. [You don’t need to find numerical
values of the coefficients.]

Paper 4, Section 1
8C Numerical Analysis

For a continuous function f, and k + 1 distinct points {xg,x1,..., 2k}, define the
divided difference f[zy,...,xx] of order k.

Given n + 1 points {zg,x1,..., 2}, let p, € P, be the polynomial of degree n that
interpolates f at these points. Prove that p, can be written in the Newton form

n k—1
pa(x) = f(wo) + > flro,.. . ax) [J (2 — 1) .
k=1 1=0

Paper 1, Section 11
18C Numerical Analysis

Define the QR factorization of an m x n matrix A and explain how it can be used to
solve the least squares problem of finding the vector * € R™ which minimises ||Az — b||,
where b € R™, m > n, and the norm is the Euclidean one.

Define a Givens rotation QP4 and show that it is an orthogonal matrix.

Using a Givens rotation, solve the least squares problem for

S O O N
S W = =
N — W N

giving both x* and ||Az* — 0|
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Paper 3, Section II
19C Numerical Analysis
Let
F(0) = aof(0) + a1 f(1) + azf(2) = A(f)

be a formula of numerical differentiation which is exact on polynomials of degree 2, and
let

be its error.
Find the values of the coefficients ag, a1, as.

Using the Peano kernel theorem, find the least constant ¢ such that, for all functions
f € C30,2], we have
le(HI <ellf"llo-

Paper 2, Section 11

19C Numerical Analysis
Explain briefly what is meant by the convergence of a numerical method for solving
the ordinary differential equation

y,(t) = f(t7y)7 te [07T]7 y(O) =Y0-

Prove from first principles that if the function f is sufficiently smooth and satisfies
the Lipschitz condition

|f(t7$)_f(t7y)|<L|$_y|v m,yGR, tG[O,T],
for some L > 0, then the backward Euler method
Yn+1 = Yn + hf (tnt1, Yn+1)

converges and find the order of convergence.

Find the linear stability domain of the backward Euler method.
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Paper 1, Section I
6D Numerical Analysis

Let
1 a a* d ¥
A a® 1 a a2 ) 0 ) A 40
— s frd 5 = —Qa .
a2 a1 a 0 7
a a® a1 0

Find the LU factorization of the matrix A and use it to solve the system Ax = b via
forward and backward substitution. [Other methods of solution are not acceptable.]

Paper 4, Section 1
8D Numerical Analysis

State the Dahlquist equivalence theorem regarding convergence of a multistep
method.

The multistep method, with a real parameter a,

Yn+3 + (2a - 3)(yn+2 - yn+1) —Yn = ha (fn+2 - fn+1)

is of order 2 for any a, and also of order 3 for a = 6. Determine all values of a for which
the method is convergent, and find the order of convergence.

Paper 1, Section 11
18D Numerical Analysis

For a numerical method for solving ¢y = f(¢,y), define the linear stability domain,
and state when such a method is A-stable.

Determine all values of the real parameter a for which the Runge-Kutta method

b= Pt (5= by + (Wb + (G~ b)),
ko = f(tn + (3 + a)h,yn + ((7 + @)hki + %h@)),
Ynt1 = Yo+ 3h(ki + ko)

is A-stable.
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Paper 3, Section II
19D Numerical Analysis

Define the QR factorization of an m x n matrix A and explain how it can be used to
solve the least squares problem of finding the vector z* € R™ which minimises || Az* — b||,
where b € R™, m > n, and the norm is the Euclidean one.

Define a Householder transformation H and show that it is an orthogonal matrix.

Using a Householder transformation, solve the least squares problem for

OO O =
SO = =
= W Ut Ot
S
Il

giving both z* and ||Az* — 0|

Paper 2, Section 11
19D Numerical Analysis

Let {P,}>%, be the sequence of monic polynomials of degree n orthogonal on the
interval [—1, 1] with respect to the weight function w .

Prove that each P, has n distinct zeros in the interval (—1,1).

Let Py(x) =1, Pi(z) = x—ay, and let P, satisfy the following three-term recurrence
relation:

Po(z) = (z — ap)Pp_1(x) — b2 Py _o(z), n>=2.
Set

al b2 0 0
b2 as b3
A= 0 . . .0

bp—1 an—1 by
o --- 0 b, an

Prove that P,(x) = det(z] — A,,), n > 1, and deduce that all the eigenvalues of A,, are
distinct and reside in (—1,1).
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Paper 1, Section I
6B Numerical Analysis

Orthogonal monic polynomials pg, p1, . .., Pn, . . . are defined with respect to the inner
product (p, q) = f_ll w(x)p(x)q(x) dx, where p, is of degree n. Show that such polynomials
obey a three-term recurrence relation

Prt1(7) = (x — an)pn(z) — Bapn-1()

for appropriate choices of «,, and 3,.

Now suppose that w(z) is an even function of z. Show that the p,, are even or odd
functions of x according to whether n is even or odd.

Paper 4, Section 1
8B Numerical Analysis
Consider the multistep method for numerical solution of the differential equation

y' =f(ty):
S S
szyn+z = hz oif (bt Yntt), n=0,1,....
1=0 1=0

What does it mean to say that the method is of order p, and that the method is
convergent?

Show that the method is of order p if

ipl =0, ilkpz = kilk_lo—ly k=1,2,...,p,
=0 =0 =0

and give the conditions on p(w) = >}, pw' that ensure convergence.

Hence determine for what values of 6 and the o; the two-step method

VYnt2 — (1 = 0)ynt1 — Oyn = hloof (tn, yn) + o1f (tns1, Yns1) + 0of (tni2, yni2)]

is (a) convergent, and (b) of order 3.

Part IB, 2011 List of Questions



2011

% UNIVERSITY OF
¥ CAMBRIDGE 31

Paper 1, Section II
18B Numerical Analysis

Consider a function f(x) defined on the domain = € [0,1]. Find constants «, 3,7 so
that for any fixed £ € [0, 1],

F1(€) = af(0) + Bf(0) +7£(1)
is exactly satisfied for polynomials of degree less than or equal to two.

By using the Peano kernel theorem, or otherwise, show that
3
P = 1'0) = € (el O)+ B70)+71/(1) = [ (€= 0)(0)1" ) d9
13 1
+ [ om0 0)d0 + /5 £H(0) £(6) db,
where H1(0) =1 — (1 —60)? >0, Ho(f) = —(1 — 0)? < 0. Thus show that

() = F'(0) = £(af(0) + BF(0) +1f ()] < 5(26 — 3¢+ 48 — €Y [|1]]

Paper 2, Section II
19B Numerical Analysis

What is the @QR-decomposition of a matrix A? Explain how to construct the
matrices Q and R by the Gram-Schmidt procedure, and show how the decomposition
can be used to solve the matrix equation Ax = b when A is a square matrix.

Why is this procedure not useful for numerical decomposition of large matrices?
Give a brief description of an alternative procedure using Givens rotations.

Find a ) R-decomposition for the matrix

3 4 7 13
-6 -8 —8 —12
3 4 7 11
0 2 5 7

A=

Is your decomposition unique? Use the decomposition you have found to solve the equation

Ax =

O N O
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Paper 3, Section II
19B Numerical Analysis
A Gaussian quadrature formula provides an approximation to the integral

-1

1 v
[ a-ahr@de~ Y nfe)
k=1

which is exact for all f(x) that are polynomials of degree < (2v — 1).

Write down explicit expressions for the by in terms of integrals, and explain why it
is necessary that the ¢ are the zeroes of a (monic) polynomial p, of degree v that satisfies
f_ll(l — 22)p,(z)q(x) dz = 0 for any polynomial ¢(x) of degree less than v.

The first such polynomials are pg = 1, p1 = z, py = 2 — 1/5, p3 = 23 — 32/7. Show
that the Gaussian quadrature formulae for v = 2,3 are

v=2: 2 [fC8)+ A5
=31 o [FeyD+ 1D + 22 r0)

Verify the result for v = 3 by considering f(z) = 1, 22, z*.
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Paper 1, Section I
6C Numerical Analysis
Obtain the Cholesky decompositions of

1 1 11

1 L1 2 3 14

2 3 11 1 1
1 1 1 2 3 4 5
Hy =13 35 1|; Ho= 7 1 1
11 1 3 4 5 &6

3 4 5 1 1 1
i35 6 A

What is the minimum value of A for Hy to be positive definite? Verify that if A\ = % then
H, is positive definite.

Paper 4, Section 1
8C Numerical Analysis

Suppose xg, T1, ..., T, € [a,b] C R are pointwise distinct and f(x) is continuous on
[a,b]. For k=1,2,...,n define

Ton(z) = f (o) (w, —2 - iixk)(% — ) |

and for k =2,3,...,n

Io,. k2, k—1(%) (T — ) — o1, .. k-2, k(®) (X1 — T)
Tp — Th—1

Ina, . k-2 k—1k(x) =

Show that Ip;,.. k—2k—1k(z) is a polynomial of order k which interpolates f(z) at
LOs LLyewey Lk

Given z, = {—1, 0, 2, 5} and f(zr) = {33, 5, 9, 1335}, determine the interpolating
polynomial.
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Paper 1, Section II
18C Numerical Analysis

Let ~
.2
(o) = [ e @ glado,
—00
be an inner product. The Hermite polynomials H,(z), n = 0,1,2,... are polynomials

in z of degree n with leading term 2"x™ which are orthogonal with respect to the inner
product, with
Ym >0 if m=mn,

<Hm7Hn> = {

0 otherwise,

and Ho(z) = 1. Find a three-term recurrence relation which is satisfied by H,,(z) and 7,
for n =1,2,3. [You may assume without proof that

(L) =va, (ea)=3vm, (%) =m, (2% =Rva]

Next let xg, x1, ...,z be the k+1 distinct zeros of Hy,1(z) and fori,5 =0,1,...,k
define the Lagrangian polynomials

LZ(:E) _ H l‘—Ij

G e

associated with these points. Prove that (L;, L;) = 0 if ¢ # j.

Paper 2, Section 11
19C Numerical Analysis
Consider the initial value problem for an autonomous differential equation

y'(t) = fly(t),  y(0) = yo given,

and its approximation on a grid of points ¢, = nh, n = 0,1,2,.... Writing y, = y(¢,), it
is proposed to use one of two Runge-Kutta schemes defined by

Yntl = Yn + % (kl + k2))

where k1 = hf(y,) and

b — hf(yn + k1) scheme I,
> 7 \hf(yn+ 1 (k1 + k2))  scheme IT.

What is the order of each scheme? Determine the A-stability of each scheme.
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Paper 3, Section II
19C Numerical Analysis

Define the QR factorization of an m x n matrix A and explain how it can be used
to solve the least squares problem of finding the * € R"™ which minimises || Az — b|| where
b e R™, m > n, and the norm is the Euclidean one.

Define a Householder (reflection) transformation H and show that it is an orthogonal
matrix.

Using a Householder reflection, solve the least squares problem for

9 4 7 9
0 3 -1 7

A=1o o 2|, b= 3],
0 0 1 1
0 0 -2 1

giving both z* and ||Az* — b||.
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Paper 1, Section I
6C Numerical Analysis

The real non-singular matrix A € R™*™ is written in the form A = Ap + Ay + Ay,
where the matrices Ap, Ay, A, € R™*™ are diagonal and non-singular, strictly upper-
triangular and strictly lower-triangular respectively.

Given b € R™, the Jacobi iteration for solving Az = b is
Apxy, = —(Ay+ Ap)zp—1+b, n=1,2..

where the nth iterate is x,, € R™. Show that the iteration converges to the solution z of
Az = b, independent of the starting choice xq, if and only if the spectral radius p(H) of
the matrix H = — A, (Ay + Ayp) is less than 1.

Hence find the range of values of the real number p for which the iteration will
converge when

1 0 —u
A= — U 3 —u
4y 0 4
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Paper 4, Section 1
8C Numerical Analysis

Suppose that w(xz) > 0 for all x € (a,b). The weights by, ..., b, and nodes z1, ..., z, are
chosen so that the Gaussian quadrature formula

b n
[ w@)r@as ~ Y buf)
a k=1

is exact for every polynomial of degree 2n — 1. Show that the b;,7 = 1, ..., n are all positive.

When w(z) = 1+ 22, a = —1 and b = 1, the first three underlying orthogonal

polynomials are po(z) = 1,p1(z) = z, and pa(z) = 2% — 2/5. Find z1, 72 and by, by when
n=2.
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Paper 2, Section II
18C Numerical Analysis

The real orthogonal matrix QlPdl ¢ Rm>xm with 1 < p < g < mis a Givens rotation
with rotation angle 8. Write down the form of QP-4

Show that for any matrix A € R™*™ it is possible to choose 6 such that the matrix
QP9 A satisfies (P9 A), ; = 0 for any j, where 1 < j < m.
Let
1 3 2
A= 1 4 4
V2 TV2 42

By applying a sequence of Givens rotations of the form QMI31QM2 | chosen to reduce the
elements in the first column below the main diagonal to zero, find a factorisation of the
matrix A € R3*3 of the foorm A = QR, where Q € R3*3 is an orthogonal matrix and
R € R?**3 is an upper-triangular matrix for which the leading non-zero element in each
row is positive.
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Paper 3, Section II
19C Numerical Analysis

Starting from Taylor’s theorem with integral form of the remainder, prove the Peano
kernel theorem: the error of an approximant L(f) applied to f(z) € C**1[a,b] can be
written in the form

L(f) = % / bK(f))f(k“)(e)de.

You should specify the form of K (). Here it is assumed that L(f) is identically zero when
f(z) is a polynomial of degree k. State any other necessary conditions.

Setting a = 0 and b = 2, find K (#) and show that it is negative for 0 < 6 < 2 when

2
L) = [ H@)de =3 (70)+47(1)+ F2)) for (@) € C"D.2L
Hence determine the minimum value of p for which

LI < ol f oo

holds for all f(z) € C*[0,2].
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1/1/6D Numerical Analysis

Show that if A = LDLT, where L € R™*™ is a lower triangular matrix with all
elements on the main diagonal being unity and D € R™*™ is a diagonal matrix with
positive elements, then A is positive definite. Find L and the corresponding D when

1 -1 2
A=|-1 3 1
2 1 3

2/11/18D Numerical Analysis

(a) A Householder transformation (reflection) is given by

2uut
H=1-—,
2
[l
where H € R™*"™ o € R™, and [ is the m X m unit matrix and u is a non-zero vector

which has norm ||u|| = (321", ©?)'/2. Show that H is orthogonal.

(b) Suppose that A € R™*" z € R™ and b € R™ with n < m. Show that if z
minimises || Az — b||? then it also minimises ||QAx — Qb||?, where @ is an arbitrary m x m
orthogonal matrix.

(c) Using Householder reflection, find the x that minimises || Az — b||* when

b=

=N RN

1
1
2
-1

OO O
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3/I1/19D Numerical Analysis

Starting from the Taylor formula for f(x) € C¥*![a,b] with an integral remainder
term, show that the error of an approximant L(f) can be written in the form (Peano

kernel theorem)
1 b
H=p [ KO8 @)

when L(f), which is identically zero if f(x) is a polynomial of degree k, satisfies conditions
that you should specify. Give an expression for K ().

Hence determine the minimum value of ¢ in the inequality

LA < el f Moo s

when
1

L(f) = 1) = 5 (f(2) = (0)) for f(z) e c*[0,2].

4/1/8D Numerical Analysis

Show that the Chebyshev polynomials, T}, (z) = cos(ncos™'x),n = 0,1,2, ...
obey the orthogonality relation

3

! T, (x)Tm (.13)

Vi Tl )

State briefly how an optimal choice of the parameters ay, i, kK = 1,2...n is made
in the Gaussian quadrature formula

/ ﬁdxwz:akf Zk).

Find these parameters for the case n = 3.
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1/1/6F Numerical Analysis

Solve the least squares problem

NN W

4

Ty | 1
Hak
-1

using QR method with Householder transformation. (A solution using normal equations
is not acceptable.)

o o o+

2/1I/18F Numerical Analysis

For a symmetric, positive definite matrix A with the spectral radius p(A), the linear
system Ax = b is solved by the iterative procedure

gD = B _ 1 (Az®) —p), k>0,

where 7 is a real parameter. Find the range of 7 that guarantees convergence of z(¥) to
the exact solution for any choice of (%),

3/II/19F Numerical Analysis

Prove that the monic polynomials Q),,, n > 0, orthogonal with respect to a given
weight function w(x) > 0 on [a, b], satisfy the three-term recurrence relation

Qn+1($) = (1' - an)Qn(l’) - ann,1($), n>0.

where Q_1(z) = 0, Qo(z) = 1. Express the values a,, and b,, in terms of Q,, and Q,_1
and show that b,, > 0.

4/1/8F Numerical Analysis
Given f € C3[0,2], we approximate f’(0) by the linear combination

3 1
plf) = =5 10)+2f(1) = 51(2).
Using the Peano kernel theorem, determine the least constant c¢ in the inequality

1F/(0) = (O < ellf " lloo

and give an example of f for which the inequality turns into equality.
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1/1/6D Numerical Analysis

(a) Perform the LU-factorization with column pivoting of the matrix
2 11
A= 4 1 0
-2 2 1

(b) Explain briefly why every nonsingular matrix A admits an LU-factorization
with column pivoting.

2/11/18D Numerical Analysis

(a) For a positive weight function w, let

[ f@u@ =3 e
-1 i=0

be the corresponding Gaussian quadrature with n+1 nodes. Prove that all the coefficients
a; are positive.

(b) The integral
1) = [ faula)da

is approximated by a quadrature

which is exact on polynomials of degree < n and has positive coefficients agn). Prove that,

for any f continuous on [—1, 1], the quadrature converges to the integral, i.e.,

1I(f) = I.(f)] =0 as n— oco.

[ You may use the Weierstrass theorem: for any f continuous on [—1,1], and for any e > 0,
there exists a polynomial Q of degree n=n(e, f) such that rr[lax | If(z) — Qx)] < €]
ze[—1,1
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3/I1/19D Numerical Analysis

(a) Define the QR factorization of a rectangular matrix and explain how it can be
used to solve the least squares problem of finding an z* € R™ such that

|[Az™ — b|| = m]iRn |Az —b||, where AeR™ " beR™, m>=n,
zeR™

and the norm is the Euclidean distance [y = />, |vi]>.

(b) Define a Householder transformation (reflection) H and prove that H is an
orthogonal matrix.

(¢) Using Householder reflection, solve the least squares problem for the case

2 4 1
A=1|1 -1|, b=|5],
2 1 1

and find the value of ||Az* —b|| = m]iRn |Az — b]|.
rER?

4/1/8D Numerical Analysis
(a) Given the data

s -1 o) 1]
() ‘—7 ‘—3 ‘—3 ‘ 9
find the interpolating cubic polynomial p € P3 in the Newton form, and transform it to
the power form.

(b) We add to the data one more value f(z;) at x; = 2. Find the power form of
the interpolating quartic polynomial ¢ € P, to the extended data
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1/1/6F Numerical Analysis

Determine the Cholesky factorization (without pivoting) of the matrix

2 —4 2
A=1]-4 10+X 243X
2 243X 234+9X

where A is a real parameter. Hence, find the range of values of A for which the matrix A
is positive definite.

2/11/18F Numerical Analysis

(a) Let {Qn}n>0 be a set of polynomials orthogonal with respect to some inner
product (-, -) in the interval [a,b]. Write explicitly the least-squares approximation to
f € Cla,b] by an nth-degree polynomial in terms of the polynomials {Qy, }n>0-

(b) Let an inner product be defined by the formula
1
(o) = [ (1 =" Hg(a)h(a)da.
-1

Determine the nth degree polynomial approximation of f(x) = (1 — xQ)% with respect to
this inner product as a linear combination of the underlying orthogonal polynomials.

3/II/19F Numerical Analysis

Given real u # 0, we consider the matrix

L1 0 o
S 1 0

-1 4

_ Iz
A= 0 -1 ,% 1
0 0 -1 1
13

Construct the Jacobi and Gauss—Seidel iteration matrices originating in the solution of
the linear system Ax = b.

Determine the range of real p # 0 for which each iterative procedure converges.

4/1/8F Numerical Analysis
Define Gaussian quadrature.

Evaluate the coefficients of the Gaussian quadrature of the integral

/ (-2 ()

—1
which uses two function evaluations.
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2/1/9A Numerical Analysis
Determine the coefficients of Gaussian quadrature for the evaluation of the integral

/01 f(@)xdx

that uses two function evaluations.

2/11/20A  Numerical Analysis
Given an m x n matrix A and b € R™, prove that the vector x € R™ is the solution

of the least-squares problem for Ax ~ b if and only if AT (Ax —b) = 0. Let

1 2 3

-3 1 0
A= 1 3|’ b= -1

4 1 2

Determine the solution of the least-squares problem for Ax ~ b

3/I/11A° Numerical Analysis

The linear system

2 1
a 2| x=Db,
1 «

N o~ D

where real « # 0 and b € R3 are given, is solved by the iterative procedure

KB+ —

1 1
2| x®) + Zp, k> 0.
0 «

QI
S
=N

Determine the conditions on a that guarantee convergence.

3/I1/22A Numerical Analysis
Given f € C?[0,1], we approximate f’(3) by the linear combination

1

[SCNRTN

5
TIf| = ~2(0) +
By finding the Peano kernel, determine the least constant ¢ such that

T =D <l o
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2/1/5B Numerical Analysis

Let
1 a a® a° ol
a> 1 a a® 0 4
A= a2 a3 1 a ) b= 0 ) 7_1_0’ 7&0
a a®> o 1 ya

Find the LU factorization of the matrix A and use it to solve the system Az = b.

2/11/14B  Numerical Analysis

Let
f7(0) = ao f(=1) + a1 f(0) + a2 f(1) = u(f)

be an approximation of the second derivative which is exact for f € P,, the set of
polynomials of degree < 2, and let

be its error.
(a) Determine the coefficients ag, a1, as.

(b) Using the Peano kernel theorem prove that, for f € C3[—1,1], the set of three-
times continuously differentiable functions, the error satisfies the inequality
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3/1/6B Numerical Analysis

Given (n + 1) distinct points g, x1,. .., Zn, let
L
— T
ti(z) =
' g T —
ki

and let p be any polynomial of degree < n.
(a) Prove that Y1, p(xi);(z) = p(x).

(b) Hence or otherwise derive the formula

p() A, _ p(@)

n
wz) T w'(x;)

which is the decomposition of p(z)/w(z) into partial fractions.

3/I1/16B Numerical Analysis

The functions Hy, Hy, ... are generated by the Rodrigues formula:

n
2 dh o

H,(z)=(-1)"¢ T €

(a) Show that H, is a polynomial of degree n, and that the H,, are orthogonal with

respect to the scalar product

(f,9) = /jo f(x)g(ac)eﬂ”2 dx .

(b) By induction or otherwise, prove that the H,, satisfy the three-term recurrence
relation
H,1(x) =2zH,(z) — 2nH,_1(x) .

[Hint: you may need to prove the equality H) (x) = 2nH,_1(z) as well]
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2/1/5B Numerical Analysis

Applying the Gram—Schmidt orthogonalization, compute a “skinny”
QR-factorization of the matrix

1 1 2

1 3 6
A_ll()’

1 3 4

i.e. find a 4x3 matrix @ with orthonormal columns and an upper triangular 3 x 3 matrix
R such that A = QR.

2/11/14B  Numerical Analysis
Let f € Cla,b] and let n + 1 distinct points xo, ..., z, € [a,b] be given.

(a) Define the divided difference f[zg,...,z,] of order n in terms of interpolating
polynomials. Prove that it is a symmetric function of the variables z;, ¢ = 0,...,n.

(b) Prove the recurrence relation

flz1, - yzn] = flzo, .o s Tn—1
Tp — X0 .

flzo,y - an] =

(¢) Hence or otherwise deduce that, for any i # j, we have

flo 2] = Flxo, o Tic1, Tig1s oo T — fl@0y oo Tjm1, Tty - - T
0y+-+5Tn pryp—y .
(d) From the formulas above, show that, for any i = 1,...,n — 1,
flzo, - mica, i, - @] = f [0, ] + (L =) flo, o 2],
where v = e
Tp — To

3/1/6B Numerical Analysis

For numerical integration, a quadrature formula

b n
/ @) de ~ Y aif (i)
a i=0

is applied which is exact on P, i.e., for all polynomials of degree n.

Prove that such a formula is exact for all f € Py, 41 ifand onlyifz;,4 =0,...,n, are

the zeros of an orthogonal polynomial p, 1 € P11 which satisfies ff DPrni1(x)r(z)de =0
for all r € P,,. [You may assume that pp,11 has (n+ 1) distinct zeros.]
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3/I1/16B  Numerical Analysis

(a) Consider a system of linear equations Az = b with a non-singular square n X n
matrix A. To determine its solution x = x* we apply the iterative method

2t = Hak + .

Here v € R", while the matrix H € R™*"™ is such that z* = Hz* + v implies Ax* = b.
The initial vector z° € R” is arbitrary. Prove that, if the matrix H possesses n linearly
independent eigenvectors wy, ..., w, whose corresponding eigenvalues A1, ..., A, satisfy
max; |A;| < 1, then the method converges for any choice of 2%, i.e. 2% — z* as k — oo.

(b) Describe the Jacobi iteration method for solving Az = b. Show directly from
the definition of the method that, if the matrix A is strictly diagonally dominant by rows,

i.e.
n

lag| ™! Z la;j] <vy<1l, i=1,...,n,
J=Lj#i

then the method converges.
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2/1/5E Numerical Analysis

Find an LU factorization of the matrix

2 -1 3 2
-4 3 -4 =2

4 -2 3 6]’
—6 5 =8 1

A:

and use it to solve the linear system Ax = b, where

-2
2

4
11

b=

2/I1/14E  Numerical Analysis

(a) Let B be an n X n positive-definite, symmetric matrix. Define the Cholesky
factorization of B and prove that it is unique.

(b) Let A be an m X n matrix, m > n, such that rankA = n. Prove the uniqueness
of the “skinny QR factorization”
A=QR,

where the matrix ) is m xn with orthonormal columns, while R is an nxn upper-triangular
matrix with positive diagonal elements.

[Hint: Show that you may choose R as a matrixz that features in the Cholesky factorization
of B=ATA)

3/1/6E Numerical Analysis

Given f € C"*[a,b], let the nth-degree polynomial p interpolate the values f(x;),
i =0,1,...,n, where zg,21,...,2, € [a,b] are distinct. Given z € [a,b], find the error
f(z) — p(x) in terms of a derivative of f.
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3/I1/16E  Numerical Analysis
Let the monic polynomials p,, n > 0, be orthogonal with respect to the weight
function w(z) > 0, a < x < b, where the degree of each p,, is exactly n.

(a) Prove that each p,, n > 1, has n distinct zeros in the interval (a,b).

(b) Suppose that the p,, satisfy the three-term recurrence relation

(@) = (T — an)pp—1(x) = b2pp—2(x), n>2,

where po(z) =1, p1(z) = x — a;. Set

a1 by 0 e 0
by ax by :
An=1| o ol n=2
b1 apn—1 by
0 0 b, a,

Prove that p,(z) = det(zI — Ay,), n > 2, and deduce that all the eigenvalues of A,, reside
in (a,b).
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