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Paper 1, Section I

3B Complex Analysis OR Complex Methods
(a) What is the Laurent series of e'/# about zy = 07

(b) Let p > 0. Show that for all large enough n € N, all zeros of the function

1 1
fn(z):1+;+2!z2+“'+n!z”

lie in the open disc {z : |z| < p}.

Paper 1, Section II

12G Complex Analysis OR Complex Methods
(a) Let f(z) = =>..2 % for |z — 1] < 1. By differentiating z exp(—f(z)), show

n=1
that f is an analytic branch of logarithm on the disc D(1,1) with f(1) = 0. Use scaling
and the function f to show that for every point a in the domain D = C\ {z € R: z > 0},
there is an analytic branch of logarithm on a small neighbourhood of a whose imaginary
part lies in (0, 27).

(b) For z € D, let 6(z) be the unique value of the argument of z in the interval
(0,27). Define the function L: D — C by L(z) = log|z| + i6(z). Briefly explain using
part (a) why L is an analytic branch of logarithm on D. For a € (—1,1) write down an
analytic branch of z% on D.

(c) State the residue theorem. Evaluate the integral

[ee] :Ea
= % g4
/0 x+12™

where a € (—1,1).

Paper 2, Section II
12B Complex Analysis OR Complex Methods

(a) Suppose that f : C — C is analytic, and is bounded in the half-plane
{# : Re(z) > 0}. Prove that, for any real number ¢ > 0, there is a positive real constant
M such that

[f(z1) = f(z2)| < M|z1 — 2
whenever z1, zo € C satisfy Re(z1) > ¢, Re(z2) > ¢, and |21 — 22| < c.
(b) Let the functions g, h : C — C both be analytic.
(i) State Liouville’s Theorem.
(ii) Show that if g is not constant, then g(C) is dense in C.

(iii) Show that if |h(z)| < |Re(z)|~'/2 for all z € C, then h is constant.

Part IB, Paper 1
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Paper 3, Section 1
3B Complex Methods

Let f = u+iv be an analytic function in a connected open set D C C, where u(zx,y)
and v(z,y) are real-valued functions on D, with x = Re(z), y = Im(z), for z € D.

(a) Show that f' = % + ig—;, and state the Cauchy—Riemann equations.

(b) Suppose there are real constants a,b and ¢ such that a® + b2 # 0 and
au(z,y) + bu(z,y) = c, z€D.

Show that f is constant on D.

Paper 4, Section II
12B Complex Methods

Let B :[0,00) — R™*P be a n x p matrix-valued function. The Laplace transform
L{B} of B is defined componentwise on the matrix element functions of B.

(a) Show that if A is a constant n X n matrix and B : [0,00) — R™P is an n x p
matrix-valued function, then £L{AB} = AL{B}.

(b) Consider the ODE given by

y'(t) = Ay(t) + g(t), y(0) =y €R", t>0, (*)

where A is a constant n x n matrix, and ¢ : [0, 00) — R™ is a vector-valued function whose
Laplace transform G(s) = L£{g}(s) exists for all but one s € C. Show that

Y (s) = (s — A) " (yo + G(s)),

and that
L{e}(s) = (sI — A)~,

for all s that are not eigenvalues of A, where Y = L{y} is the Laplace transform of the
solution y of (x). You may assume that y exists and is the unique solution to the ODE
for all t > 0 with solution y(t) = e!4yy when g = 0.

(c) Consider the ODE

y(t) = B ﬂ y(t) + [itt} . y(0) = [_12] , t>0.

Determine the integer values n € N such that limg ., e ™y(t) exists and is a finite and
nonzero vector in R2.

Part IB, Paper 1 [TURN OVER]
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Paper 1, Section I
3G Complex Analysis or Complex Methods

Show that f(z) = %= has a removable singularity at z = 0. Find the radius of

sin z
convergence of the power series of f at the origin.

Paper 1, Section II
12G Complex Analysis or Complex Methods

(a) Let © C C be an open set such that there is zg €  with the property that for
any z € €, the line segment [2g, z] connecting zy to z is completely contained in . Let
f:Q — C be a continuous function such that

/Ff(z)dz =0

for any closed curve I'" which is the boundary of a triangle contained in 2. Given w € €2,
let

g(w) = /[ G

Explain briefly why ¢ is a holomorphic function such that ¢'(w) = f(w) for all w € Q.

(b) Fix zp € C with zp # 0 and let D C C be the set of points z € C such that the
line segment connecting z to zg does not pass through the origin. Show that there exists
a holomorphic function h : D — C such that h(z)? = z for all 2 € D. [You may assume
that the integral of 1/z over the boundary of any triangle contained in D is zero.]

(c) Show that there exists a holomorphic function f defined in a neighbourhood U
of the origin such that f(z)? = cosz for all z € U. Is it possible to find a holomorphic
function f defined on the disk |z| < 2 such that f(2)? = cos z for all z in the disk? Justify
YyOUur answer.

Paper 2, Section II
12A Complex Analysis or Complex Methods
(a) Let R = P/Q be a rational function, where deg Q > deg P + 2, and @ has no

real zeros. Using the calculus of residues, write a general expression for
o .
/ R(z)e" dx
—00

in terms of residues. Briefly justify your answer.
[You may assume that the polynomials P and @) do not have any common factors.]

(b) Explicitly evaluate the integral

/°° rsinx
ﬁd:c.
P S

Part IB, Paper 1
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Paper 3, Section 1
3A Complex Methods

The function f(z) has Fourier transform
~ & - —2ki
k) = —zkzd —
f = [ st =
where p > 0 is a real constant. Using contour integration, calculate f(z) for z > 0.

[Jordan’s lemma and the residue theorem may be used without proof.]

Paper 4, Section 11
12A Complex Methods

The Laplace transform F(s) of a function f(t) is defined as

L{f0) = Flo) = | T et (t) d.

0

(a) For f(t) =t" for n a non-negative integer, show that

n!

LB} = Fls) = g
L[ (1)} = F(s—a) =

n!
(s —a)rtt-

(b) Use contour integration to find the inverse Laplace transform of

1

F(s) = m

(c) Verify the result in part (b) by using the results in part (a) and the convolution
theorem.

(d) Use Laplace transforms to solve the differential equation

d* d? d?
S O] + 451 (0) + A1) = 0,

subject to the initial conditions

d d? d?
F0) = 2 f(0) = -5 f(0) =0 and —5f(0) =1.

Part IB, Paper 1 [TURN OVER]



2021

NIVERSITY OF
AMBRIDGE 7

P
S

Paper 1, Section I
3B Complex Analysis or Complex Methods
Let x > 0, x # 2, and let C,, denote the positively oriented circle of radius x centred

at the origin. Define
2 z
é z-+e

Evaluate g(x) for x € (0,00) \ {2}.

Paper 1, Section 11
12G Complex Analysis or Complex Methods

(a) State a theorem establishing Laurent series of analytic functions on suitable
domains. Give a formula for the n'" Laurent coefficient.

Define the notion of isolated singularity. State the classification of an isolated
singularity in terms of Laurent coeflicients.

Compute the Laurent series of

1

f(z):m

on the annuli A; = {z: 0 < |z2|] < 1} and A2 = {z : 1 < |z|}. Using this example,
comment on the statement that Laurent coefficients are unique. Classify the singularity
of f at 0.

(b) Let U be an open subset of the complex plane, let a € U and let U' = U \ {a}.
Assume that f is an analytic function on U’ with |f(z)| — oo as z — a. By considering
the Laurent series of g(z) = ﬁ at a, classify the singularity of f at a in terms of the
Laurent coefficients. [You may assume that a continuous function on U that is analytic

on U’ is analytic on U]

Now let f: C — C be an entire function with |f(z)| — oo as z — oo. By considering
Laurent series at 0 of f(z) and of h(z) = f(1), show that f is a polynomial.

(c) Classify, giving reasons, the singularity at the origin of each of the following
functions and in each case compute the residue:

exp(z) — 1

g9(z) = Tlog(z £ 1) and h(z) = sin(z)sin(1/z) .

Part IB, 2021 List of Questions [TURN OVER]



2021

B UNIVERSITY OF
¥ CAMBRIDGE 8

Paper 2, Section II
12B Complex Analysis or Complex Methods

(a) Let f: C — C be an entire function and let a > 0, b > 0 be constants. Show that if
f(2)] < alz"? +b

for all z € C, where n is a positive odd integer, then f must be a polynomial with
degree not exceeding [n/2] (closest integer part rounding down).

Does there exist a function f, analytic in C\ {0}, such that |f(z)| > 1//]|z| for all
nonzero z? Justify your answer.

(b) State Liouville’s Theorem and use it to show the following.

(i) If u is a positive harmonic function on R?, then u is a constant function.

(ii)) Let L = {z|z = ax + b,z € R} be a line in C where a,b € C, a # 0. If
f: C — C is an entire function such that f(C) N L = (), then f is a constant
function.

Part IB, 2021 List of Questions
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Paper 3, Section 1
3B Complex Methods
Find the value of A for which the function

¢(x,y) = xcoshysinz + Aysinhycosz

satisfies Laplace’s equation. For this value of A, find a complex analytic function of which
¢ is the real part.

Paper 4, Section II
12B Complex Methods

Let f(t) be defined for ¢ > 0. Define the Laplace transform f(s) of f. Find an
expression for the Laplace transform of % in terms of f

Three radioactive nuclei decay sequentially, so that the numbers N;(t) of the three
types obey the equations

dN1

— = —-\N

dt 14V1,
dNo

—= = ANy — XN
dt 14V1 24N2
dN3

—= = AyNy — A3
dt 24V2 34V3

where A3 > A9 > A1 > 0 are constants. Initially, at t =0, Ny = N, No = 0 and N3 = n.
Using Laplace transforms, find N3(t).

By taking an appropriate limit, find N3(¢) when Ao = A\; = XA > 0 and A3 > A.

Part IB, 2021 List of Questions [TURN OVER]
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Paper 1, Section I

3G Complex Analysis or Complex Methods

Let D be the open disc with centre €2™/¢ and radius 1, and let L be the open
lower half plane. Starting with a suitable M&bius map, find a conformal equivalence (or
conformal bijection) of D N L onto the open unit disc.

Paper 1, Section 11

12G Complex Analysis or Complex Methods

Let ¢(z) be an analytic branch of log z on a domain D C C\ {0}. Write down an
analytic branch of z!/2 on D. Show that if 1y (2) and s (z) are two analytic branches of
21/2 on D, then either 11 (z) = 12(2) for all z € D or ¥1(z) = —the(2) for all z € D.

Describe the principal value or branch o1(z) of 2/2 on D; = C\ {z € R: = < 0}.
Describe a branch go(2) of 21/2 on Dy = C\ {z € R: z > 0}.

Construct an analytic branch ¢(z) of V1 —22 on C\ {z € R: —1 < z < 1} with
©(2i) = +/5. [If you choose to use o and o9 in your construction, then you may assume
without proof that they are analytic.]

Show that for 0 < |z| < 1 we have p(1/z) = —ioy(1 — 22)/z. Hence find the first
three terms of the Laurent series of ¢(1/z) about 0.

Set f(z) = (2)/(1+22) for || > 1 and g(z) = f(1/2)/2% for 0 < |z| < 1. Compute
the residue of g at 0 and use it to compute the integral

/M:2 £(2)dz.

Paper 2, Section 11

12B Complex Analysis or Complex Methods

For the function )

f(z) = m )
find the Laurent expansions
(i) about z =0 in the annulus 0 < |z| < 2,

(ii) about z = 0 in the annulus 2 < |z| < oo,

(iii) about z =1 in the annulus 0 < |z — 1] < 1.

What is the nature of the singularity of f, if any, at z =0, z = o0 and z = 17

Using an integral of f, or otherwise, evaluate

2™ 92— cosf
——df.
/0 5—4cosf

Part IB, 2020 List of Questions
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Paper 1, Section 1
2F Complex Analysis or Complex Methods
What is the Laurent series for a function f defined in an annulus A? Find the
Laurent series for f(z) = % on the annuli
A ={2z€C|0< 2| <1} and
Ay ={z€C|1 < |z] <2}.

Paper 1, Section II

13F Complex Analysis or Complex Methods
State and prove Jordan’s lemma.

What is the residue of a function f at an isolated singularity a? If f(z) = %
with k a positive integer, g analytic, and g(a) # 0, derive a formula for the residue of f

at a in terms of derivatives of g.

Evaluate

/°° 23 sinz
—_dzx.
oo (T 4+ 22)2

Paper 2, Section 11
13D Complex Analysis or Complex Methods

Let C7 and C5 be smooth curves in the complex plane, intersecting at some point
p. Show that if the map f : C — C is complex differentiable, then it preserves the angle
between C; and Cy at p, provided f'(p) # 0. Give an example that illustrates why the
condition f’(p) # 0 is important.

Show that f(z) = z+41/z is a one-to-one conformal map on each of the two regions
|z] > 1 and 0 < |z| < 1, and find the image of each region.

Hence construct a one-to-one conformal map from the unit disc to the complex plane
with the intervals (—oo, —1/2] and [1/2, c0) removed.

Part IB, 2019 List of Questions [TURN OVER
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Paper 3, Section 1
4D Complex Methods

By considering the transformation w = i(1 —z)/(1+ z), find a solution to Laplace’s
equation V2¢ = 0 inside the unit disc D C C, subject to the boundary conditions

i _ J¢o  for arg(z) € (0,7)
=1 ) —¢y for arg(z) € (m,2m),

where ¢ is constant. Give your answer in terms of (z,y) = (Re z,Im z).

Paper 4, Section 11
14D Complex Methods
(a) Using the Bromwich contour integral, find the inverse Laplace transform of 1/s2.

The temperature u(r,t) of mercury in a spherical thermometer bulb r < a obeys
the radial heat equation
ou 1 0?
o rae
with unit diffusion constant. At t = 0 the mercury is at a uniform temperature ug equal
to that of the surrounding air. For ¢ > 0 the surrounding air temperature lowers such that
at the edge of the thermometer bulb

1 0u

5 _ =uy —u(a,t) —t,

a
where k is a constant.

(b) Find an explicit expression for U(r,s) = [~ e u(r,t) dt.
(¢) Show that the temperature of the mercury at the centre of the thermometer
bulb at late times is

a CL2

t) ~ —t4+ — 4+ —.
U(O,) U +3/€+6

[You may assume that the late time behaviour of u(r,t) is determined by the singular part

of U(r,s) at s =0.]

Part IB, 2019 List of Questions
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Paper 1, Section 1
2A  Complex Analysis or Complex Methods

(a) Show that
w = log(z)

is a conformal mapping from the right half z-plane, Re(z) > 0, to the strip

S:{w : —g<1m(w)<g},

for a suitably chosen branch of log(z) that you should specify.

(b) Show that
z—1

z4+1
is a conformal mapping from the right half z-plane, Re(z) > 0, to the unit disc

D ={w : |w| < 1}.

(¢) Deduce a conformal mapping from the strip S to the disc D.

Part IB, 2018 List of Questions [TURN OVER
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Paper 1, Section II
13A Complex Analysis or Complex Methods

(a) Let C be a rectangular contour with vertices at £R + 7¢ and £R — 74 for some
R > 0 taken in the anticlockwise direction. By considering

6z'z2/47r
lim ———=dz
R—oo Jo e?/2 —e=2/277

show that

R
) . .
lim /AT o — e/
R—o0 R

(b) By using a semi-circular contour in the upper half plane, calculate

/ xsin(mx) i
0

22 4+ a?
for a > 0.

[You may use Jordan’s Lemma without proof.]

Part IB, 2018 List of Questions
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Paper 2, Section II
13A Complex Analysis or Complex Methods

(a) Let f(z) be a complex function. Define the Laurent series of f(z) about z = z,
and give suitable formulae in terms of integrals for calculating the coefficients of the
series.

(b) Calculate, by any means, the first 3 terms in the Laurent series about z = 0 for

1
e — 1’

f(z) =

Indicate the range of values of |z| for which your series is valid.

(c) Let

m

1 z
g(z)_Z—F;z?—i—w%Q'

Classify the singularities of F(z) = f(z) — g(z) for |z| < (m + 1)m.

%CR F;;)dz

where Cr = {|z| = R} for some suitably chosen R > 0, show that

k2 6
k=1

(d) By considering

Part IB, 2018 List of Questions [TURN OVER
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Paper 3, Section 1
4A Complex Methods

(a) Let f(z) = (22 — 1)//2. Define the branch cut of f(z) as [—1,1] such that
flx)=+Va? -1 x> 1.
Show that f(z) is an odd function.
(b) Let g(z) = [(z — 2)(z2 — 1)]'/*.

(i) Show that z = oo is a branch point of g(z).
(ii) Define the branch cuts of g(z) as [-1,1] U [2,00) such that

g(z) =™ |z =222 =1 =z € (1,2).

Find ¢(04), where 04 denotes z = 0 just above the branch cut, and 0_ denotes
z = 0 just below the branch cut.

Part IB, 2018 List of Questions
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Paper 4, Section 11
14A Complex Methods

(a) Find the Laplace transform of

for a € R, a # 0.

[You may use without proof that
00 02
/ exp( —ca? — — | dr = ﬁe_262 ]
0 € 2|c|

(b) By using the Laplace transform, show that the solution to

Pu_0  ca<o, t30
ox? Ot CSEEY ’
u(z,0) = f(z),

u(z,t) bounded,

can be written as

u(et) = [ Kl - l0.5(6)de

for some K (|z —£|,t) to be determined.

[You may use without proof that a particular solution to

y'(x) — sy(z) + f(z) =0
s given by

e*\/gx

y(z) = NE

Part IB, 2018 List of Questions
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Paper 1, Section 1
2A  Complex Analysis or Complex Methods

Let F(z) = u(z,y)+iv(zr,y) where z = x+1iy. Suppose F(z) is an analytic function
of z in a domain D of the complex plane.

Derive the Cauchy-Riemann equations satisfied by u and v.

For w = ——— find a suitable function v and domain D such that F = v +iv is

analytic in D.

Paper 2, Section II
13A Complex Analysis or Complex Methods

State the residue theorem.
7{ 212 ]og =
72dz

with C' a suitably chosen contour in the upper half plane or otherwise, evaluate the real

integrals
/°° 12 logx
———dz
0 1 + x

[ 1/2
/ * dx
0 1 —|—x2

where 21/2 is taken to be the positive square root.

By considering

and

Part IB, 2017 List of Questions [TURN OVER
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Paper 1, Section II
13A Complex Analysis or Complex Methods

(a) Let f(2) be defined on the complex plane such that zf(z) — 0 as |z| — oo and
f(2) is analytic on an open set containing Im(z) > —c, where ¢ is a positive real constant.

Let C; be the horizontal contour running from —oo — ic to 400 — ic and let

PO\ = —— () 4.
271 ClZ—)\

By evaluating the integral, show that F'()\) is analytic for Im(\) > —c.

(b) Let g(z) be defined on the complex plane such that z g(z) — 0 as |z| — oo with
Im(z) > —c. Suppose g(z) is analytic at all points except z = a4 and z = a_ which are
simple poles with Im(ay) > ¢ and Im(a_) < —c.

Let C5 be the horizontal contour running from —oo + ic to 400 + ic, and let

Ny =L [ 919
2mi Joy, 2 — A

1 9(2)
JA) = —— dz.
V== ), 2%

(i) Show that H(\) is analytic for Im(X\) > —e.
(ii) Show that J(A) is analytic for Im(\) < c.

(i) Show that if —¢ < Im(X) < ¢ then H(X) + J(A) = g(N).

[You should be careful to make sure you consider all points in the required regions.|

Part IB, 2017 List of Questions



2017

BB UNIVERSITY OF
¥¥ CAMBRIDGE 9

Paper 3, Section 1
4A Complex Methods
By using the Laplace transform, show that the solution to

Y~y +3y=te,

subject to the conditions y(0) = 0 and y'(0) = 1, is given by
374 17, (5 1.\ _g
t) = —e”" — — — + —t
ylt) = " — 3¢ +<288+24 )e

when ¢t > 0.

Paper 4, Section II
14A Complex Methods
By using Fourier transforms and a conformal mapping

. /TZ
w=sin | —
a

with z = x + 4y and w = £ + in, and a suitable real constant a, show that the solution to

V24 =0 —or <z <2m, y =0,
é(xz,0) = f(x) — 21 < x < 2m,
¢(£2m,y) =0 y >0,
o(x,y) = 0 y — o0, =27 < x < 2,
is given by
1 !
n F(&) /
(&:m :—/ —————d¢,
(&m) )+ (§—¢)?

where F(¢') is to be determined.

In the case of f(z) = sin <£>, give F(¢) explicitly as a function of &’. [You need

not evaluate the integral.]

Part IB, 2017 List of Questions [TURN OVER
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Paper 1, Section 1
2A  Complex Analysis or Complex Methods

Classify the singularities of the following functions at both z = 0 and at the point
at infinity on the extended complex plane:

62

hz) = 2z sin®
B 1
folz) = 21— cos2)’

f3(z) = 2%sin(1/z2).

)
z

Paper 2, Section II
13A Complex Analysis or Complex Methods

Let a = N + 1/2 for a positive integer N. Let Cx be the anticlockwise contour
defined by the square with its four vertices at a 4+ ia and —a + ia. Let

dz
oy Z2sin(mz)

Show that 1/sin(7z) is uniformly bounded on the contours Cy as N — oo, and hence
that Iy — 0as N — oo.

Using this result, establish that

i (_1)n71 B 7r2
n2 12

n=1

Part IB, 2016 List of Questions
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Paper 1, Section II
13A Complex Analysis or Complex Methods
Let w = u + v and let z = x + iy, for u, v, x,y real.

(a) Let A be the map defined by w = /z, using the principal branch. Show that
A maps the region to the left of the parabola y* = 4(1 — ) on the z—plane, with the
negative real axis x € (—o0,0] removed, into the vertical strip of the w—plane between
the lines v =0 and w = 1.

(b) Let B be the map defined by w = tan?(z/2). Show that B maps the vertical
strip of the z—plane between the lines x = 0 and « = 7/2 into the region inside the unit
circle on the w—plane, with the part u € (—1, 0] of the negative real axis removed.

(c) Using the results of parts (a) and (b), show that the map C, defined by
w = tan?(m\/z/4), maps the region to the left of the parabola y?> = 4(1 — ) on the
z—plane, including the negative real axis, onto the unit disc on the w—plane.

Part IB, 2016 List of Questions [TURN OVER
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Paper 3, Section 1
4A Complex Methods
The function f(z) has Fourier transform

N o0 . —2ki
I B

where p > 0 is a real constant. Using contour integration, calculate f(x) for x < 0.
[Jordan’s lemma and the residue theorem may be used without proof.]

Part IB, 2016 List of Questions
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Paper 4, Section 11
14A Complex Methods
(a) Show that the Laplace transform of the Heaviside step function H(t — a) is

e P

/ H(t —a)e Pdt = ,
0 p

for a > 0.

(b) Derive an expression for the Laplace transform of the second derivative of a
function f(¢) in terms of the Laplace transform of f(¢) and the properties of f(¢) at ¢ = 0.

(¢) A bar of length L has its end at x = L fixed. The bar is initially at rest and
straight. The end at = 0 is given a small fixed transverse displacement of magnitude a
at t = 07. You may assume that the transverse displacement y(z,t) of the bar satisfies
the wave equation with some wave speed ¢, and so the tranverse displacement y(zx,t) is
the solution to the problem:

0?2 9?2
8—;2/:023—1’% for 0 <x < Land t>0,
dy

y(x,o)—a(q;,o):O for 0<z <L,

y((),t) = a; y(L,t) =0 for ¢t > 0.

(i) Show that the Laplace transform Y (z,p) of y(x,t), defined as

Y(a:,p):/ y(z,t)e Pldt,
0

is given by

asinh [2(L — z)] '

SRS psinh {p—f}

(ii) By use of the binomial theorem or otherwise, express y(x,t) as an infinite
series.

(iii) Plot the transverse displacement of the midpoint of the bar y(L/2,t) against
time.

Part IB, 2016 List of Questions [TURN OVER
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Paper 1, Section I
2B Complex Analysis or Complex Methods

Consider the analytic (holomorphic) functions f and g on a nonempty domain €2
where g is nowhere zero. Prove that if | f(2)| = |g(2)| for all z in Q then there exists a real
constant « such that f(z) = e'“g(z) for all z in Q.

Paper 2, Section 11
13B Complex Analysis or Complex Methods

(i) A function f(z) has a pole of order m at z = zp. Derive a general expression for
the residue of f(z) at z = 2o involving f and its derivatives.

(ii) Using contour integration along a contour in the upper half-plane, determine

the value of the integral
[e's) 1 2
1 :/ 7( nz) dzx.
o (1+2?)?

Paper 1, Section II
13B Complex Analysis or Complex Methods
(i) Show that transformations of the complex plane of the form

az+b

C:cz—i-d’

always map circles and lines to circles and lines, where a, b, ¢ and d are complex numbers
such that ad — bc # 0.
(ii) Show that the transformation

Z—«
(=— ;o] <1,
az —1

maps the unit disk centered at z = 0 onto itself.

(iii) Deduce a conformal transformation that maps the non-concentric annular
domain Q = {|z| <1, |z —¢| > ¢}, 0 < ¢ < 1/2, to a concentric annular domain.
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Paper 3, Section 1
4B Complex Methods
Find the Fourier transform of the function

1

f(f’«"):ma

x € R,

using an appropriate contour integration. Hence find the Fourier transform of its
derivative, f’(z), and evaluate the integral

00 41.2
I= A, 7
/_oo T

Paper 4, Section II
14B Complex Methods

(i) State and prove the convolution theorem for Laplace transforms of two real-
valued functions.

(ii) Let the function f(t), t > 0, be equal to 1 for 0 < ¢ < a and zero otherwise,
where a is a positive parameter. Calculate the Laplace transform of f. Hence deduce the
Laplace transform of the convolution ¢ = f x f. Invert this Laplace transform to obtain
an explicit expression for g(t).

[Hint: You may use the notation (t —a)y = H(t —a) - (t —a).]
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Paper 1, Section I
2B Complex Analysis or Complex Methods

Let f(z) be an analytic/holomorphic function defined on an open set D, and let
20 € D be a point such that f’(zy) # 0. Show that the transformation w = f(z) preserves
the angle between smooth curves intersecting at zp. Find such a transformation w = f(2)
that maps the second quadrant of the unit disc (i.e. |z| < 1, 7/2 < arg(z) < 7) to the
region in the first quadrant of the complex plane where |w| > 1 (i.e. the region in the first
quadrant outside the unit circle).

Paper 1, Section II
13B Complex Analysis or Complex Methods
By choice of a suitable contour show that for a > b > 0

/027r Sin29d9 —Q—W[G—M}.

a+bcosf b2

Hence evaluate

/1 (1 — 2/ 222dx
0 1 + ZEQ

using the substitution x = cos(6/2).

Paper 2, Section 11
13B Complex Analysis or Complex Methods
By considering a rectangular contour, show that for 0 < a < 1 we have

[e.9] eax T
— dr = — .
o €+ 1 sinma

/00 dt
o t/6(1+41t)

Hence evaluate
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Paper 3, Section 1
4B Complex Methods
Find the most general cubic form

u(z,y) = az® + bx’y + cxy® + dy?

which satisfies Laplace’s equation, where a, b, ¢ and d are all real. Hence find an analytic
function f(z) = f(x + iy) which has such a u as its real part.

Paper 4, Section 11
14B Complex Methods

Find the Laplace transforms of t" for n a positive integer and H(t — a) where a > 0
and H (t) is the Heaviside step function.

Consider a semi-infinite string which is initially at rest and is fixed at one end. The
string can support wave-like motions, and for ¢ > 0 it is allowed to fall under gravity.
Therefore the deflection y(z,t) from its initial location satisfies

0? 0?
ﬁy:CQWy—i—g for z>0,t>0
with
0 gt?
y(0,t) = y(x,0) = &y(:v,O) =0 and vy(x,t) — Ty as & 0o,

where g is a constant. Use Laplace transforms to find y(z,t).

[The convolution theorem for Laplace transforms may be quoted without proof.]
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Paper 1, Section I
2D Complex Analysis or Complex Methods
Classify the singularities (in the finite complex plane) of the following functions:
1

(i) (cosh 2)2 ;

. 1

(i) cos(1/z)’

(iii) Tog 2 (—m < argz < m);
51

. z2 —

(iv) P (—m <argz<m).

Paper 1, Section II
13E Complex Analysis or Complex Methods

Suppose p(z) is a polynomial of even degree, all of whose roots satisfy |z|] < R.
Explain why there is a holomorphic (i.e. analytic) function h(z) defined on the region
R < |z| < 0o which satisfies h(z)? = p(z). We write h(z) = 1/p(2).

By expanding in a Laurent series or otherwise, evaluate

/\/24—zdz
C

where C is the circle of radius 2 with the anticlockwise orientation. (Your answer will be
well-defined up to a factor of +1, depending on which square root you pick.)
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Paper 2, Section II
13D Complex Analysis or Complex Methods

Let
e'izQ/ﬂ’
I:f 72d2’,
C 1+€7 Z

where C' is the rectangle with vertices at + R and + R + i, traversed anti-clockwise.
14
(i) Show that I = md+i) .
V2
(ii) Assuming that the contribution to I from the vertical sides of the rectangle is
negligible in the limit R — oo, show that

> ix? /) :7]—(1—'—7‘)
/_Ooe dx 7\/2 .

(iii) Justify briefly the assumption that the contribution to I from the vertical sides
of the rectangle is negligible in the limit R — oo.

Part IB, 2013 List of Questions
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Paper 3, Section 1
4D Complex Methods
Let y(t) = 0 for t <0, and let lim+ y(t) = yo.
t—0

(i) Find the Laplace transforms of H(t) and tH (t), where H (t) is the Heaviside step

function.

(ii) Given that the Laplace transform of y(t) is y(s), find expressions for the Laplace
transforms of §(t) and y(t — 1).

(iii) Use Laplace transforms to solve the equation
y(t) =yt =1) = H(t) - (¢t - DH( - 1)

in the case yo = 0.

Paper 4, Section II
14D Complex Methods

Let C; and Cy be the circles 22 + y? = 1 and 522 — 4z + 5y? = 0, respectively, and
let D be the (finite) region between the circles. Use the conformal mapping

z—2
w =
2z —1

to solve the following problem:

V26 =0 in D with ¢ =1 on C; and ¢ = 2 on Cs.
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Paper 1, Section I
2A Complex Analysis or Complex Methods

Find a conformal transformation ¢ = ((z) that maps the domain D, 0 < argz < 37”,
on to the strip 0 < Im(¢) < 1.

Hence find a bounded harmonic function ¢ on D subject to the boundary conditions

¢=0,A o0n argz =0, 37”, respectively, where A is a real constant.

Paper 2, Section 11
13A Complex Analysis or Complex Methods
By a suitable choice of contour show that, for —1 < a <1,

o x® 7r
| Tt = e
o 1422 2 cos(am/2)
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Paper 1, Section II
13A Complex Analysis or Complex Methods

Using Cauchy’s integral theorem, write down the value of a holomorphic function
f(2) where |z| < 1 in terms of a contour integral around the unit circle, ¢ = €.

By considering the point 1/Z, or otherwise, show that

1 2w 1—‘Z|2

f(Z) = o f(<)|<-_z‘2

dé.
2T 0
By setting z = 7e’®, show that for any harmonic function u(r, a),

1—r2

1 2m
= — 1,0 de
u(r, @) 27 /0 ull, )1 — 2rcos(a — ) + r2

if r < 1.

Assuming that the function v(r,«), which is the conjugate harmonic function to
u(r, o), can be written as

rsin(a — 6)
1 —2rcos(a—6)+r?

27
o(ra) = mm+lA u(1,0) a0

deduce that

1 2m <+ P
= — 1,0 dé.
f(2) w(0) + 27r/0 u(1, )(_Z
[You may use the fact that on the unit circle, ¢ = 1/¢, and hence
¢ z
17T T |
(17 (-z
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Paper 3, Section 1
4A Complex Methods
State the formula for the Laplace transform of a function f(t), defined for ¢ > 0.

Let f(t) be periodic with period T (i.e. f(t+T) = f(t)). If g(¢) is defined to be
equal to f(t) in [0,7] and zero elsewhere and its Laplace transform is G(s), show that the
Laplace transform of f(t) is given by

G(s)
Fls) = =7
Hence, or otherwise, find the inverse Laplace transform of

11— e—5T/2
F(s) = ——¢ "~
s 1—esT

Paper 4, Section 11
14A Complex Methods
State the convolution theorem for Fourier transforms.

The function ¢(x,y) satisfies
V¢ = 0

on the half-plane y > 0, subject to the boundary conditions

p—0 as y— oo forall =z,

¢(x,0>={1’ =l < 1

0, |z|>1.

Using Fourier transforms, show that

_ oy [ 1
d(r,y) = ;/_1mdta

o(z,y) = % [tam‘1 (?) 4 tan~? (1;:”)] .

and hence that
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Paper 1, Section I
2A  Complex Analysis or Complex Methods

Derive the Cauchy-Riemann equations satisfied by the real and imaginary parts of
a complex analytic function f(z).

If | f(2)] is constant on |z| < 1, prove that f(z) is constant on |z| < 1.

Paper 1, Section 11
13A Complex Analysis or Complex Methods
(i) Let —1 < a < 0 and let

1 _

flz) = M where — 7 < arg(z —a) <,
1

g(z) = sz where — 7 < arg(z) < .

Here the logarithms take their principal values. Give a sketch to indicate the positions of
the branch cuts implied by the definitions of f(z) and g(z).

(i) Let h(z) = f(2) — g(2). Explain why h(z) is analytic in the annulus 1 < |z| < R
for any R > 1. Obtain the first three terms of the Laurent expansion for h(z) around
z = 0 in this annulus and hence evaluate

7|{Z|:2 h(2)dz .
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Paper 2, Section II
13A Complex Analysis or Complex Methods
(i) Let C be an anticlockwise contour defined by a square with vertices at z = x + iy

where )
ol =lol = (28 + 5 ) m

I:f WCOtZ4dz.
c (z+ma)

Assuming that I — 0 as N — oo, prove that, if a is not an integer, then

for large integer N. Let

o0 4

2. (n i a)yt 3sin7;(m) (sinz?()ﬂa) N 2) ‘

n=—oo

(ii) Deduce the value of

[e.9]

1
n:zoo (n+ 1"

(iii) Briefly justify the assumption that I — 0 as N — oc.

[Hint: For part (i) it is sufficient to consider, at most, one vertical side of the
square and one horizontal side and to use a symmetry argument for the remaining sides.]
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Paper 3, Section 1
4D Complex Methods
Write down the function ¢ (u,v) that satisfies

The circular arcs C; and Cs in the complex z-plane are defined by
z+1]=1,2#0 and |z —1|=1, 2#0,

respectively. You may assume without proof that the mapping from the complex z-plane
to the complex (-plane defined by

(1

z

takes Cy to the line u = —% and Cy to the line u = %, where ( = u + iv, and that the
region D in the z-plane exterior to both the circles |z + 1| = 1 and |z — 1| = 1 maps to the
region in the (-plane given by —% <u< % .

Use the above mapping to solve the problem

V=0 inD, ¢=-1onC and ¢ =1 on Co.

Paper 4, Section 11
14D Complex Methods
State and prove the convolution theorem for Laplace transforms.

Use Laplace transforms to solve

2f'(t) — /0 (t = P)2f(r) dr = 4LH (1)

with f(0) = 0, where H(t) is the Heaviside function. You may assume that the Laplace
transform, f(s), of f(t) exists for Re s sufficiently large.
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Paper 1, Section I
2A Complex Analysis or Complex Methods

(a) Write down the definition of the complex derivative of the function f(z) of a
single complex variable.

(b) Derive the Cauchy-Riemann equations for the real and imaginary parts u(z,y)
and v(z,y) of f(z), where z = z + iy and

f(2) = u(z,y) +iv(z,y).

(c) State necessary and sufficient conditions on u(x,y) and v(zx,y) for the function
f(2) to be complex differentiable.

Paper 1, Section II
13A Complex Analysis or Complex Methods

Calculate the following real integrals by using contour integration. Justify your
steps carefully.

(a)

* xsinx
11:/ ﬁd:z, a >0,
o T°+a

o 1/2]
b:/ Tl .
0 1+.1‘
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Paper 2, Section II
13A Complex Analysis or Complex Methods

(a) Prove that a complex differentiable map, f(z), is conformal, i.e. preserves angles,
provided a certain condition holds on the first complex derivative of f(z).

(b) Let D be the region
D:={zeC:|z—1] >1and |[z—2| < 2}.
Draw the region D . It might help to consider the two sets
Cl)={z€C: |z—-1] =1},
C2)={€C: |z-2] =2}

(¢c) For the transformations below identify the images of D.

z—1

Step 1:  The first map is fi(z) =

)
z

Step 2:  The second map is the composite faf; where fo(z) = (z — %)2,

Step 3:  The third map is the composite f3faf1 where f3(z) = 7=,

(d) Write down the inverse map to the composite fs3fsf1, explaining any choices of
branch.

[The composite faf1 means fa( f1(z)).]
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Paper 3, Section 1
4A Complex Methods

(a) Prove that the real and imaginary parts of a complex differentiable function are
harmonic.

(b) Find the most general harmonic polynomial of the form
u(z,y) = ax® + b’y + cxy® + dy?,
where a, b, ¢, d, x and y are real.

(c) Write down a complex analytic function of z = x + iy of which u(z,y) is the real
part.

Part IB, 2010 List of Questions
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Paper 4, Section II
14A Complex Methods
A linear system is described by the differential equation

y"(t) —y"(t) = 2y(8) +2y(t) = f(t),

with initial conditions

The Laplace transform of f(¢) is defined as

LIF®)] = f(s) = / T et (e dt.

0

You may assume the following Laplace transforms,

Lly)] =y(s),
L[y ()] = sy(s) — y(0),
L[y" ()] = s*5(s) — sy(0) — /(0),
L[y" ()] =s*j(s) — s*y(0) — sy/(0) — ¢ (0)

(a) Use Laplace transforms to determine the response, yi(t), of the system to the
signal

fit) = 2.
(b) Determine the response, ya(t), given that its Laplace transform is

N 1
a(s) = m

(¢) Given that

y" () =y () — 2/ (1) +2y(t) = g(t)

leads to the response with Laplace transform

determine g(t).
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Paper 1, Section I
3D Complex Analysis or Complex Methods

Let f(z) = u(x,y) + iv(x,y), where z =z + iy, be an analytic function of z in
a domain D of the complex plane. Derive the Cauchy-Riemann equations relating the
partial derivatives of u and wv.

For u = e™* cosy, find v and hence f(z).

Paper 1, Section II
13D Complex Analysis or Complex Methods

Consider the real function f(¢) of a real variable ¢ defined by the following contour
integral in the complex s-plane:

f(t) = i/eistds
2 Jp (s2+1)s1/2 7

where the contour I' is the line s = v + iy, —00 < y < 00, for constant v > 0. By closing
the contour appropriately, show that

. 1 [ e Ttdr
f(t):sm(t—7r/4)+;/0 m

when ¢ > 0 and is zero when ¢ < 0. You should justify your evaluation of the inversion
integral over all parts of the contour.
By expanding (r? + 1)~} r~1/2 as a power series in r, and assuming that you may
integrate the series term by term, show that the two leading terms, as ¢ — oo, are

1
(7Tt)1/2

f(t) ~sin(t —w/4) + 4.

[You may assume that [j* e 2e2dy = 71/2]
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Paper 2, Section II
14D Complex Analysis or Complex Methods

Show that both the following transformations from the z-plane to the (-plane are
conformal, except at certain critical points which should be identified in both planes, and
in each case find a domain in the z-plane that is mapped onto the upper half (-plane:

(i)¢ = Z‘f’;;
(i) ¢ = coshﬂ—,

where b is real and positive.
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Paper 3, Section 1
5D Complex Methods

Use the residue calculus to evaluate

(i) 7{) 2eY%dy and (i) f{; %,

where C' is the circle |z| = 1.

Paper 4, Section II
15D Complex Methods

The function u(z,y) satisfies Laplace’s equation in the half-space y > 0, together
with boundary conditions

u(z,y) - 0asy — ooforallz,

u(x,0) = ugp(z), where zug(z) — 0 as |z| = oo.

Using Fourier transforms, show that

U(IE,y) = / UO(t)U(':U - t7y)dt ;
where
v(z,y) = S
’ m(x? + y?)

Suppose that ug(z) = (22 + a?)~L. Using contour integration and the convolution
theorem, or otherwise, show that

y+a
alz?2+ (y +a)?]

u(xvy) =

[You may assume the convolution theorem of Fourier transforms, i.e. that if f(k),g(k:) are
the Fourier transforms of two functions f(x), g(z), then f(k)g(k) is the Fourier transform
of [%, f(t)g(z—t)dt]
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1/1/3C Complex Analysis or Complex Methods
Given that f(z) is an analytic function, show that the mapping w = f(z)
(a) preserves angles between smooth curves intersecting at z if f/(z) # 0;

(b) has Jacobian given by |f/(z)|.

1/11/13C  Complex Analysis or Complex Methods

By a suitable choice of contour show the following:
(a)

oo pl/n T
[ —
0o 14z 2 cos(m/2n)

where n > 1,

(b)
/°° z'/2log x w2
— " dr = .
0 1+ a2 2V/2

2/I1/14C Complex Analysis or Complex Methods

Let f(z) = 1/(e* —1). Find the first three terms in the Laurent expansion for f(z)
valid for 0 < |z] < 2.

Now let n be a positive integer, and define

n

1 2z
fl(z) - ; +Z 22 +47T2T2 )

f2(2) = f(2) = fi(2).

Show that the singularities of fo in {z : |z| < 2(n + 1)m} are all removable. By
expanding f; as a Laurent series valid for |z| > 2nm, and fy as a Taylor series valid
for |z| < 2(n + 1)m, find the coefficients of 27 for —1 < j < 1 in the Laurent series for f
valid for 2nm < |z| < 2(n + 1)7.

By estimating an appropriate integral around the contour |z| = (2n + 1)w, show

that
2

=1
>
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3/1/5C Complex Methods

Using the contour integration formula for the inversion of Laplace transforms find
the inverse Laplace transforms of the following functions:

1
(a) ﬁ—i—% (a real and non-zero), (b) 7
[You may use the fact that [~ e b’ dy = 7 /b.]

4/11/15C  Complex Methods

Let H be the domain C — {x 4+ iy : < 0,y = 0} (i.e., C cut along the negative
z-axis). Show, by a suitable choice of branch, that the mapping

z—w = —ilogz
maps H onto the strip S ={z =z +iy,—7 <z < 7}.

How would a different choice of branch change the result?

Let G be the domain {# € C : |z| < 1,]z +i] > v2}. Find an analytic
transformation that maps G to S, where S is the strip defined above.
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1/1/3F Complex Analysis or Complex Methods

For the function
2z

f(2>:m7

determine the Taylor series of f around the point zg = 1, and give the largest r for which
this series converges in the disc |z — 1| < r.

1/11/13F Complex Analysis or Complex Methods

By integrating round the contour Cgr, which is the boundary of the domain
Dr={z=re:0<r <R, 0<9<%},

evaluate each of the integrals

[o.¢] (o]
/ sin z2dz, / cos x2dx .
0 0

) > 2 NZ3 . 2
[You may use the relations / e " dr = 5 and sint > —t for 0 <t < 3 ]
0 T

2/11/14F Complex Analysis or Complex Methods
Let € be the half-strip in the complex plane,

™

Q={z=2+iyeC : —g<x<§, y>0}.

Find a conformal mapping that maps {2 onto the unit disc.
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3/1/5F Complex Methods

Show that the function ¢(z,y) = tan™" Y is harmonic. Find its harmonic conjugate

Y(x,y) and the analytic function f(z) whose real part is ¢(z,y). Sketch the curves
¢(z,y) = C and Y(z,y) = K.

4/11/15F  Complex Methods
(i) Use the definition of the Laplace transform of f(¢):

Mﬂm—F@—Amfwwﬁ,

to show that, for f(t) =",
LU (D)) = Fs) = L{e" f(t)} = F S—
{f} = (5)—Snﬁ7 {e (1)} = (S*G)—m-
(ii) Use contour integration to find the inverse Laplace transform of

1

F(s):m.

(iii) Verify the result in (ii) by using the results in (i) and the convolution theorem.

(iv) Use Laplace transforms to solve the differential equation

FO@) + 2" () + f(t) =0,

subject to the initial conditions

Part IB 2007
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1/1/3D Complex Analysis or Complex Methods

Let L be the Laplace operator, i.e., L(g) = gyz + gyy. Prove that if f: Q — C is
analytic in a domain 2, then

L(If(2)]?) =4l (2)]*, zeQ.

1/11/13D Complex Analysis or Complex Methods

By integrating round the contour involving the real axis and the line Im(z) = 2,

or otherwise, evaluate
oo eaa:
/ —dr, 0<a<lLl
o L tem

Explain why the given restriction on the value a is necessary.

2/11/14D Complex Analysis or Complex Methods

Let € be the region enclosed between the two circles C; and Csy, where
Ci={z€C:|z—i|=1}, Cy={z€C:|z—2i| =2}

Find a conformal mapping that maps §2 onto the unit disc.

[Hint: you may find it helpful first to map Q to a strip in the complex plane. |
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3/1/5D Complex Methods

The transformation

f1—=z
w=1
1+z2

maps conformally the interior of the unit disc D onto the upper half-plane H,, and maps
the upper and lower unit semicircles C'y and C'_ onto the positive and negative real axis
R, and R_, respectively.

Consider the Dirichlet problem in the upper half-plane:

*f P , e
w_i_w:() in Hi; f(u,U)Z{O on R_.

Its solution is given by the formula

1 1 U
’ ) - t (7) ’
f(u,v) 2+7Tarc an {
Using this result, determine the solution to the Dirichlet problem in the unit disc:

O°F  9°F . 1 oonbhy,
@jL(‘TyQiO in D; F(:E,y){o on C_.

Briefly explain your answer.

4/11/15D Complex Methods
Denote by f * g the convolution of two functions, and by fthe Fourier transform,
ie.

[f * gl(x) = /jo ft)g(z —t)dt, ) = /jo Fl@)e ™ dz.

(a) Show that, for suitable functions f and g, the Fourier transform F of the
convolution F' = f x g is given by F' = f - g.
(b) Let
hw={1 k<12,

0 otherwise.

and let fo = f1 * f1 be the convolution of f; with itself. Find the Fourier transforms of f;
and fo, and, by applying Parseval’s theorem, determine the value of the integral

© /einy\*
[
—oo Yy
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1/1/3F Complex Analysis or Complex Methods
State the Cauchy integral formula.

Using the Cauchy integral formula, evaluate

/ Z3
az.
‘Z‘_Q 22 + 1

1/11/13F  Complex Analysis or Complex Methods

2005

Determine a conformal mapping from Qy = C\ [—1, 1] to the complex unit disc

O ={zeC: |z <1}

[Hint: A standard method is first to map Qg to C\ (—00,0], then to the complex right

half-plane {z € C : Rez > 0} and, finally, to ;]

2/11/14F Complex Analysis or Complex Methods

Let F = P/Q be a rational function, where deg @ > deg P 4+ 2 and @ has no real

zeros. Using the calculus of residues, write a general expression for

/ F(z)e™dx

in terms of residues and briefly sketch its proof.

Evaluate explicitly the integral

* cosx
dr .
/,oo4+x4 :
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3/1/5F Complex Methods

Define a harmonic function and state when the harmonic functions f and g are
conjugate.

Let {u,v} and {p,q} be two pairs of harmonic conjugate functions. Prove that
{p(u,v), q(u,v)} are also harmonic conjugate.

4/11/15F  Complex Methods

Determine the Fourier expansion of the function f(z) = sin Az, where —7 < = < 7,
in the two cases where ) is an integer and A is a real non-integer.

Using the Parseval identity in the case A\ = %7 find an explicit expression for the

2 (a1

n=1

sum
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BB UNIVERSITY OF
¥ CAMBRIDGE 5

1/1/5A Complex Methods

Determine the poles of the following functions and calculate their residues there.

1 el 1
22 4 247

(i)

1/11/16A Complex Methods
Let p and g be two polynomials such that

q(z) = | |(z — ),

=

~

1

where o, . .., a,, are distinct non-real complex numbers and deg p < m—1. Using contour

integration, determine
o0
/ p(.’IJ) eimdx ,
oo ()

carefully justifying all steps.

2/1/5A Complex Methods

Let the functions f and g be analytic in an open, nonempty domain 2 and assume
that g # 0 there. Prove that if |f(2z)] = |g(z)| in Q then there exists a € R such that

f(z) = e g(2).

2/I1/16A Complex Methods

Prove by using the Cauchy theorem that if f is analytic in the open disc
Q={z€C : |z| <1} then there exists a function g, analytic in , such that ¢'(z) = f(z),
z € Q.

4/1/5A Complex Methods
State and prove the Parseval formula.

[You may use without proof properties of convolution, as long as they are precisely
stated.]

Part IB 2004
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4/11/15A Complex Methods

(i) Show that the inverse Fourier transform of the function

i(s) = e —e % s <1,
9 =10, Is| > 1.
is .
(x) 20 (2 sinh1 cos x — coshl sin z)
r) = —— _
g w14 2?

(ii) Determine, by using Fourier transforms, the solution of the Laplace equation

o ot
ox2 oy

given in the strip —oo < z < 00, 0 < y < 1, together with the boundary conditions

u(z,0) = g(x), wu(z,1)=0,

—00 < & < 00,

where g has been given above.

[You may use without proof properties of Fourier transforms.)
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1/1/7B Complex Methods

Let u(z,y) and v(x,y) be a pair of conjugate harmonic functions in a domain D.
Prove that

Ulw,y) = e 2 cos(u? —v2)  and  V(w,y) = e 2 sin(u? — 0?)

also form a pair of conjugate harmonic functions in D.

1/11/16B  Complex Methods
Sketch the region A which is the intersection of the discs

Dy={z€C:|z|<1} and D;={z€C:|z—(1+14)]<1}.

Find a conformal mapping that maps A onto the right half-plane H = {z € C: Rez > 0}.
Also find a conformal mapping that maps A onto Dy.

[Hint: You may find it useful to consider maps of the form w(z) = ?Zzis]

2/1/7B Complex Methods

(a) Using the residue theorem, evaluate

(b) Deduce that
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2/11/16B  Complex Methods
(a) Show that if f satisfies the equation

f'(z) = 2*f(z) = uf(x), z€R, (%)

where p is a constant, then its Fourier transform f satisfies the same equation, i.e.

—~ o~ ~

F'O) =X ) = f(N).

(b) Prove that, for each n > 0, there is a polynomial p,(x) of degree n, unique up
to multiplication by a constant, such that

fa(@) = pa(@)e™
is a solution of () for some pu = p,.

(c) Using the fact that g(z) = e~"/2 satisfies § = cg for some constant ¢, show
that the Fourier transform of f,, has the form

FaN) = ga(N)e /2

where g, is also a polynomial of degree n.

(d) Deduce that the f, are eigenfunctions of the Fourier transform operator, i.e.
fn(x) = cnfn(zx) for some constants c,,.

4/1/8B Complex Methods
Find the Laurent series centred on 0 for the function

1

1z) = G-1(-_2

in each of the domains

(a) |zl <1, (b) 1<|z|<2, (¢) |z] >2.
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4/11/17B  Complex Methods
Let

Zm

1) = o

and let Cr be the boundary of the domain

n>m+1, m,neN,

Dr={z=re": 0<r <R, 0<9<277r , R>1.
(a) Using the residue theorem, determine

f(z)dz.

Cr

(b) Show that the integral of f(z) along the circular part yg of Cr tends to 0 as
R — oo.

(c) Deduce that

/OO ™ d T
r = :
o l+an nsin T
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1/1/7B Complex Methods
Using contour integration around a rectangle with vertices
—x, T, x4+ 1y, —x + 1y,

prove that, for all real y,

o0 s +o0 5
/ e~ (@ti) d:r:/ e ¥ dx.

Hence derive that the function f(z) = e~*"/2 is an eigenfunction of the Fourier transform

Fly) = / f(@)e =iz,

— 00

ie. fis a constant multiple of f.

1/11/16B  Complex Methods

(a) Show that if f is an analytic function at zg and f'(zg) # 0, then f is conformal
at zg, i.e. it preserves angles between paths passing through zj.

(b) Let D be the disc given by |z 4+ i| < v/2, and let H be the half-plane given by
y > 0, where z = x + iy. Construct a map of the domain D N H onto H, and hence find
a conformal mapping of D N H onto the disc {z : |z| < 1}. [Hint: You may find it helpful
to consider a mapping of the form (az +b)/(cz + d), where ad — be # 0.]

2/1/7B Complex Methods

Suppose that f is analytic, and that |f(z)|? is constant in an open disk D. Use the
Cauchy—Riemann equations to show that f(z) is constant in D.

Part IB
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2/11/16B  Complex Methods

A function f(z) has an isolated singularity at a, with Laurent expansion

oo

f)= 3 elz—a)

n—=—oo

(a) Define res (f, a), the residue of f at the point a.
(b) Prove that if a is a pole of order k + 1, then

res (f,a) = lim h9(z)

z—a !

. where h(z) = (z —a)fFTf(2).

(c¢) Using the residue theorem and the formula above show that

o dx (2k)! .
| a2

4/1/8B Complex Methods

2dx < oo. Prove that

Let f be a function such that fjf: |f(x)

+oo .
/ flx+k)f(x+1)dr =0 for all integers k and | with k # [,
—o0

if and only if
+oo )
/ If(®)|?e ™ dt =0 for all integers m # 0,

—0o0

where ]? is the Fourier transform of f.

4/11/17B  Complex Methods

(a) Using the inequality sin@ > 26/7 for 0 < 6 < 7, show that, if f is continuous
for large |z|, and if f(z) — 0 as z — oo, then

lim (2)e?*dz =0 for X\ >0,

R—o0 Tr

where ' = Re®?, 0 < 0 < 7.

(b) By integrating an appropriate function f(z) along the contour formed by the
semicircles I'g and T, in the upper half-plane with the segments of the real axis [— R, —7]

and [r, R], show that
/ *sinx d T
r=_.
0 x 2
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1/1/7E Complex Methods
State the Cauchy integral formula.

Assuming that the function f(z) is analytic in the disc |z| < 1, prove that, for every
0 < r <1, it is true that

d”f<0>,n!/ J& ge,  n=—o,1,....
\

dzr 2 J ey €711

[Taylor’s theorem may be used if clearly stated.)

1/11/16E  Complex Methods

Let the function F' be integrable for all real arguments x, such that

/ |F(z)|dx < oo,

and assume that the series -

f(r) = Z F(2nm + 1)

n=—oo
converges uniformly for all 0 < 7 < 27.

Prove the Poisson summation formula

1 o0

:g Z F(n)einr7

n—=—oo

f(7)
where F is the Fourier transform of F. [Hint: You may show that

1 o —imx 1 > —imx
— e flx)dx = — / e F(x)dx
2m Jo 2m

— 00

or, alternatively, prove that f is periodic and express its Fourier expansion coefficients
explicitly in terms of F'.]

Letting F(z) = e~ %!, use the Poisson summation formula to evaluate the sum
oo

1
2 i

n=—oo
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2/1/7E Complex Methods

A complex function is defined for every z € V', where V' is a non-empty open subset
of C, and it possesses a derivative at every z € V. Commencing from a formal definition
of derivative, deduce the Cauchy—Riemann equations.

2/11/16E  Complex Methods

Let R be a rational function such that lim, ,.{zR(z)} = 0. Assuming that R has
no real poles, use the residue calculus to evaluate

/_Z R(x)dx.

Given that n > 1 is an integer, evaluate

/OO dx
0o 1+a?

4/1/8F Complex Methods

Consider a conformal mapping of the form

a+bz
f(Z)_C—f—dZ’

where a,b,c,d € C, and ad # bc. You may assume b # 0. Show that any such f(z) which
maps the unit circle onto itself is necessarily of the form
_ Atz

f(z) 1+az

[Hint: Show that it is always possible to choose b= 1.]

zeC,

4/11/17F  Complex Methods

State Jordan’s Lemma.

7 j{ P sin(zz)
= e
o (a?+2%)sinmz
for real z and a. The rectangular contour C runs from 400+ i€ to —oo+ i€, to —oo — i€, to

400 — i€ and back to +00 + i€, where € is infinitesimal and positive. Perform the integral
in two ways to show that

Consider the integral

pnsinnz sinh ax
E (_1) 2 5 - e )
a®+n sinh am

for |x| < 7.
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