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Paper 3, Section 1
3B Vector Calculus
What does it mean for a vector field F in R? to be irrotational?

Given a field F that is irrotational everywhere, and given a fixed point xg, write
down the definition of a scalar potential V(x) that satisfies F = —VV and V(xg) = 0.
Show that this potential is well-defined.

Given vector fields Ay and B with V x Ag = B, write down the form of the general
solution A to V x A = B. State a necessary condition on B for such an Ag to exist.

Paper 3, Section I
4B  Vector Calculus
Cartesian coordinates x, ¥, z and cylindrical polar coordinates p, ¢, z are related by

T =pcos¢, y=psing.

Find scalars h,, hy and unit vectors e,, e4 such that dx = h,e,dp + hges do +e.dz.
A region V is defined by

po < p<po+Ap, b0 < P < P+ Ao, 20 <z < 20+ Az,

where pg, ¢g, 20, Ap, Ap and Az are positive constants. Write down, or calculate, the
scalar areas of its six faces and its volume AV.

For a vector field F(x) = F(p)e,, calculate the value of

1
li — F-nd
Apso AV /av nds,

where OV and n are the surface and outward normal of the region V.
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Paper 3, Section II
9B Vector Calculus
The vector fields u(x,t) and w(x,t) obey the evolution equations

(Z—I::—(u-V)u—VP,
%—‘::(W-V)u—(u-V)w,

where P is a given scalar field. Show that the scalar field h = u - w obeys an evolution
equation of the form

o W)+ (- V),

where the scalar fields f and ¢ should be identified.

Suppose that V-u =0 and w = V x u. Show that, if u:n =w-.n = 0 on the
surface S of a fixed volume V' with outward normal n, then

dH
— =0, whereH:/ hdV .
dt v
Suppose that u = (a? — p?)p sinzeg + ap®sin ze, in cylindrical polar coordinates
p, ¢, 2, where a is a constant, and that w = V x u. Show that h = —2ap?*sin® z, and
calculate the value of H when V is the cylinder 0 < p<a, 0 <2z < 7.
1] e peg e,
In cylindrical polar coordinates V. x F = —|0/0p 0/0¢p 0/0z|.
P|'F, pFy F.

Part 1A, Paper 1
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Paper 3, Section II
10B Vector Calculus
Show that

Vx(axb)=aV:b—-bV-.a+(b-V)a—(a-V)b.

State Stokes’ theorem for a vector field in R3, specifiying the orientation of the
integrals.

The vector fields m(x) and v(x) satisfy the conditions m =n and v:-n =0 on an
open surface S with unit normal n(x). By applying Stokes’ theorem to the vector field

m X v, show that
/S(a — nin; g;’;ds 7{ (dx x )], (+)

where C' is the boundary of S. Describe the orientation of dx x n relative to S and C.

Verify (x) when S is the hemisphere r = R, z > 0 and v = rsinf ey in spherical
polar coordinates r, 0, ¢.

[You may use the formulae (e, - V)eg = 0 and

18(r2Fr)+ 1 O(sinf Fp) 1 OF,

F=—
v r2  or rsin 6 00 rsinf 0¢ ’

and you may quote formulae for dS and dx in these coordinates without derivation.]

Part IA, Paper 1 [TURN OVER]
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Paper 3, Section II
11B Vector Calculus
(a) Verify the identity

V- (V) =9V - (kV ) + VY -V,

where k(x), ¢(x) and 1(x) are differentiable scalar functions.

Let V be a region in R3 that is bounded by a closed surface S. The function ¢(x)
satisfies
V. (kV¢)=0inV and ¢ = f(x) on S,

where x and f are given functions and x > 0. Show that ¢ is unique.

The function w(x) also satisfies w = f(x) on S. By writing w = ¢ + 1, show that
/ K| Vw*dV > / K|V dV .
\% \%4

(b) A steady temperature field T'(x) due to a distribution of heat sources H(x) in
a medium with spatially varying thermal diffusivity x(x) satisfies

V. (kVT)+ H=0.
Show that the heat flux |, Q- dS across a closed surface S, where q = —xVT, can be
expressed as an integral of the heat sources within S.
By using this version of Gauss’s law, or otherwise, find the temperature field 7'(r)

for the spherically symmetric case when

Ho ingl

k(r)=r% —-l<a<?2, H(r) =
(r) (r) {0 ifr>1

subject to the condition that T"— 0 as r — co. What goes wrong if o < —17

Deduce that if w(r) satisfies w(1) = 1 and w(r) — 0 as r — oo (sufficiently rapidly
for the integral to converge) then

oo 2
/ 7"“”(%:) dr>a-+1.
1

Part 1A, Paper 1
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Paper 3, Section II
12B Vector Calculus

(a) State the transformation law for the components of an nth-rank tensor Tj;
under a rotation of the basis vectors, being careful to specify how any rotation matrix
relates the new basis {e}} to the original basis {e;}, 7,7 =1,2,3.

If ¢(x) is a scalar field, show that 02¢/0z;0x; transforms as a second-rank tensor.

Define what it means for a tensor to be isotropic. Write down the most general
isotropic tensors of rank k for £k =0,1,2, 3.

(b) Explain briefly why Tj;;, defined by
e 0P 1
Tijr = /]R3 xiwje " 92,02, <r) dV, where r = |x|,
is an isotropic fourth-rank tensor.

Assuming that
Tijkr = 005081 + BOix0j1 + ¥0ibjk »

use symmetry, contractions and a scalar integral to determine the constants «, 8 and ~.

[Hint: V2(1/r) =0 for r # 0.]

Part IA, Paper 1 [TURN OVER]
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Paper 3, Section 1
3A Vector Calculus

Let D be the region in the positive quadrant of the xy plane defined by

y< 7 <ay, <7 <

)

< | =
<R

where o > 1 is a constant. By using the change of variables u = z/y, v = xy, or otherwise,

evaluate
/ 22 dxdy .
D

Paper 3, Section I
4A Vector Calculus

Consider the curve in R? defined by y = logz, z = 0. Using a parametrization of
your choice, find an expression for the unit tangent vector t at a general point on the
curve. Calculate the curvature x as a function of your chosen parameter. Hence find the
maximum value of x and the point on the curve at which it is attained.

[ You may assume that k = |t X (dt/ds) | where s is the arc-length. |

Part IA, Paper 1 [TURN OVER]
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Paper 3, Section II
9A Vector Calculus

(a) Using Cartesian coordinates x; in R3, write down an expression for dr/dx;,
where r is the radial coordinate (r? = x;z;), and deduce that

V- (g(r)x) = rg'(r) +3g(r)
for any differentiable function g(r).
(b) For spherical polar coordinates r, 8, ¢ satisfying
r1=rsinfcos¢, xo=rsinfsing, x3=rcosh,
find scalars h,., hg, hg and unit vectors e,, eg, e, such that
dx = hre.dr + hgegdd + hgyesdo .

Hence, using the relation df = dx - V f, find an expression for V f in spherical polars for
any differentiable function f(x).

(c) Consider the vector fields

1 1
A+:;tange¢ (r#0,0#m), A_:—;cotgeqﬁ (r#0,0+#0).

Compute V x At and V x A~ and use the result in part (a) to check explicitly that your
answers have zero divergence.

hrer hgeg h¢e¢
[ You may use without proof the formula V x A = m d/0r 9/00 9/0¢

hrA. hoAg heAy

(d) From your answers in part (c), explain briefly on general grounds why
AT — A =Vf

for some function f(x). Find a solution for f that is defined on the region z; > 0.

Part 1A, Paper 1
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Paper 3, Section II
10A Vector Calculus

Let H be the unbounded surface defined by z? + y?> = 22 + 1, and S the bounded
surface defined as the subset of H with 1 < z < /2. Calculate the vector area element
dS on S in terms of p and ¢, where = pcos¢ and y = psin ¢. Sketch the surface and
indicate the sense of the corresponding normal.

Compute directly

/VXA-dS
S

where A = (—y22,222,0). Now verify your answer using Stokes’ Theorem.

What is the value of
/ V x A-dS

where S’ is defined as the subset of H with —1 <2< v2 7?7 J ustify your answer.

Paper 3, Section II
11A Vector Calculus

Let V be a region in R? with boundary a closed surface S. Consider a function ¢
defined in V' that satisfies
V2 —m?¢ =0

for some constant m > 0.

(i) If 9p/On = g on S, for some given function g, show that ¢ is unique provided
that m > 0. Does this conclusion change if m = 07

[ Recall: 0/0n =n -V, where n is the outward pointing unit normal on S. |

(ii) Now suppose instead that ¢ = f on S, for some given function f. Show that for
any function ¢ with ¢ = f on S,

/(|vw|2+m2w2>dv > /<|V¢|2+m2¢2>dv.
Vv 1%

What is the condition for equality to be achieved, and is this result sufficient to deduce
that ¢ is unique? Justify your answers, distinguishing carefully between the cases m > 0
and m = 0.

Part IA, Paper 1 [TURN OVER]
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Paper 3, Section II
12A Vector Calculus

Consider a rigid body B of uniform density p and total mass M rotating with
constant angular velocity w relative to a point a. The angular momentum L about a is
defined by

L = / (x —a) X [wx (x—a)] pdV,
B
and the inertia tensor I;j(a) about a is defined by the relation

Li = Iz(a) wj.

(a) Given that L is a vector for any choice of the vector w, show from first principles
that I;;(a) is indeed a tensor, of rank 2.

Assuming that the centre of mass of B is located at the origin 0, so that

B

lij(a) = I;;(0) + M(akardi; — aia; ),

show that

and find an explicit integral expression for I;;(0).

(b) Now suppose that B is a cube centred at 0 with edges of length ¢ parallel to the
coordinate axes, i.e. B occupies the region —%K <z < %E . Using symmetry, explain in
outline why [;;(0) = A¢;; for some constant \.

Given that A = M¢?/6, find I;;(a) when a = £/(1, 1,0), writing the result in matrix
form. Hence, or otherwise, show that if the cube is rotating relative to a with |w| =1
then, depending on the direction of the angular velocity, |L| has a maximum value that is
four times larger than its minimum value.

Part 1A, Paper 1
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Paper 3, Section 1
3B Vector Calculus
(a) Prove that

Vx (WA) =y VxA+ViyxA,
V- (AxB)=B-VxA-A:-VxB,

where A and B are differentiable vector fields and 1 is a differentiable scalar field.
(b) Find the solution of V2u = 1672 on the two-dimensional domain D when
(i) D is the unit disc 0 < r < 1, and u=1on r = 1;

(ii) D is the annulus 1 <7 < 2, and w =1 on both r =1 and r = 2.

[Hint: the Laplacian in plane polar coordinates is:

ou 1 9%u
2, Lo [ Ou 1 o0%u
vu_r8r<r8r>+r2302' )

Paper 3, Section 1
4B Vector Calculus

2021

(a) What is meant by an antisymmetric tensor of second rank? Show that if a second
rank tensor is antisymmetric in one Cartesian coordinate system, it is antisymmetric in

every Cartesian coordinate system.

(b) Consider the vector field F = (y, z, ) and the second rank tensor defined by
Tij = OF;/0x;. Calculate the components of the antisymmetric part of Tj; and verify that

it equals —(1/2)e;;, By, where € is the alternating tensor and B =V x F.

Part IA, 2021 List of Questions [TURN OVER]
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Paper 3, Section II
9B Vector Calculus

(a) Given a space curve r(t) = (z(t), y(t), z(t) ), with ¢ a parameter (not necessarily
arc-length), give mathematical expressions for the unit tangent, unit normal, and unit
binormal vectors.

(b) Consider the closed curve given by
z =2cos’t, y = sin®t, z =+/3sin’t, ()

where t € [0, 27).

Show that the unit tangent vector T may be written as
1 . .
T = i§ (—2 cost, sint, \/§Smt> ,

with each sign associated with a certain range of ¢, which you should specify.

Calculate the unit normal and the unit binormal vectors, and hence deduce that
the curve lies in a plane.

(¢) A closed space curve C lies in a plane with unit normal n = (a, b, ¢). Use
Stokes’ theorem to prove that the planar area enclosed by C is the absolute value of the

line integral
1

3 /(bz —cy)dz + (cx — az)dy + (ay — bz)dz.
c

Hence show that the planar area enclosed by the curve given by (%) is (3/2)m.

Paper 3, Section II
10B Vector Calculus
(a) By considering an appropriate double integral, show that

/Ooe“x2dx:1/7r,
0 4CL

(b) Calculate fol x¥dy, treating = as a constant, and hence show that

00 —u _ ,—2u
/ =) = log2.
0 u

where a > 0.

(c) Consider the region D in the z-y plane enclosed by z? +y? = 4, y = 1, and
y =3z with 1 <y < +/3z.

Sketch D, indicating any relevant polar angles.

A surface S is given by z = zy/(2? + y?). Calculate the volume below this surface
and above D.

Part 1A, 2021 List of Questions
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Paper 3, Section II
11B Vector Calculus

(a) By a suitable change of variables, calculate the volume enclosed by the ellipsoid
22/a? + y?/b? + 22 /c® = 1, where a, b, and ¢ are constants.

(b) Suppose Tj; is a second rank tensor. Use the divergence theorem to show that

_ [ 9Ty
/STunJ dS_/V D v, (*)

where S is a closed surface, with unit normal n;, and V is the volume it encloses.

[Hint: Consider e;Tj; for a constant vector e;.]

(c) A half-ellipsoidal membrane S is described by the open surface 4x?+4y?+ 22 = 4,
with z > 0. At a given instant, air flows beneath the membrane with velocity u =
(—y, x, o), where « is a constant. The flow exerts a force on the membrane given by

Fi = / Bguiujnj dS,
S

where [ is a constant parameter.
Show the vector a; = d(u;u;)/0z; can be rewritten as a = —(x, y, 0).

Hence use (x) to calculate the force F; on the membrane.

Part IA, 2021 List of Questions [TURN OVER]
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Paper 3, Section II
12B Vector Calculus

For a given charge distribution p(x,t) and current distribution J(x,¢) in R3, the
electric and magnetic fields, E(x,t) and B(x,t), satisfy Maxwell’s equations, which in
suitable units, read

oB

V.E-= VxE=-""
p? X at7
V.-B=0, VxB:J+aa—]t3.

The Poynting vector P is defined as P = E x B.

(a) For a closed surface S around a volume V, show that

2 2
/P-dS:—/E-JdV—a/Mdv. (%)

(b) Suppose J = 0 and consider an electromagnetic wave
E = FEyycos(kx —wt) and B = Byzcos(kx —wt),

where Ey, By, k and w are positive constants. Show that these fields satisfy Maxwell’s
equations for appropriate Ey, w, and p.

Confirm the wave satisfies the integral identity (x) by considering its propagation through
a box V, defined by 0 <z < 7/(2k), 0 <y < L,and 0 < z < L.

Part 1A, 2021 List of Questions
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Paper 2, Section 1

3B Vector Calculus
(a) Evaluate the line integral

(1,2)
/(0 N (2% — y)dx + (v* + z)dy

along
(i) a straight line from (0,1) to (1,2),

(i) the parabola z =t, y =1 +t2.

(b) State Green’s theorem. The curve C is the circle of radius a centred on the
origin and traversed anticlockwise and Cs is another circle of radius b < a traversed
clockwise and completely contained within C; but may or may not be centred on the
origin. Find

/ y(xy — Ndz + z%y dy
C1UCo

as a function of \.

Paper 2, Section II

9B Vector Calculus
Write down Stokes’ theorem for a vector field A(x) on R3.

Let the surface S be the part of the inverted paraboloid
z:5—x2—y2, 1<z <4,

and the vector field A(x) = (3y, —rz,y2?).

(a) Sketch the surface S and directly calculate I = [¢(V x A) - dS.

(b) Now calculate I a different way by using Stokes’ theorem.

Part IA, 2020 List of Questions [TURN OVER]
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Paper 2, Section II

10B Vector Calculus
(a) State the value of dx;/0x; and find Or/0x; where r = |x|.

(b) A vector field w is given by

where a is a constant vector. Calculate the second-rank tensor d;; = Ou;/0x; using suffix
notation and show how d;; splits naturally into symmetric and antisymmetric parts. Show
that

V.eu=0
and 9 x
T
(c) Consider the equation
Viu=f
on a bounded domain V C R? subject to the mixed boundary condition
du
1-A A— =
( Ju + - 0

on the smooth boundary S = 0V, where A € [0,1) is a constant. Show that if a solution
exists, it will be unique.

Find the spherically symmetric solution u(r) for the choice f = 6 in the region r = |x| < b
for b > 0, as a function of the constant A € [0,1). Explain why a solution does not exist
for A =1.

Part 1A, 2020 List of Questions
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Paper 3, Section 1

3B Vector Calculus
Apply the divergence theorem to the vector field u(x) = a¢(x) where a is an
arbitrary constant vector and ¢ is a scalar field, to show that

/VVgZ)dV:/ngde,

where V' is a volume bounded by the surface S and dS is the outward pointing surface
element.

Verify that this result holds when ¢ = = + vy and V is the spherical volume x? +
y?+ 22 < a®. [You may use the result that dS = a®sin § df d¢ (sin 6 cos ¢, sin 0 sin ¢, cos 0),
where 0 and ¢ are the usual angular coordinates in spherical polars and the components of
dS are with respect to standard Cartesian axes.]

Paper 3, Section 1
4B Vector Calculus

Let
u = (2z+2%242°) exp((z +y)2)
vo= (a2 +2%) exp((x +y)2)
w = (2242 + 2y + 2% +y2?) exp((z + y)z)

Show that udz + v dy+wdz is an exact differential, clearly stating any criteria that
you use.

Show that for any path between (—1,0,1) and (1,0,1)

(1,0,1)
/ (udr +vdy +wdz) =4sinh 1.
(—1,0,1)

Part IA, 2019 List of Questions [TURN OVER
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Paper 3, Section II
9B Vector Calculus
Define the Jacobian, J, of the one-to-one transformation

(x’ y’ Z) —> (u7 /U’ w)‘
Give a careful explanation of the result

/f(x,y,z)dacdydz-/ || d(u, v, w) dudv dw,
D A

where
¢(’U,, v, U}) = f(.’E(’LL, v, U}), y(uv v, U]), Z(’U,, v, ’U)))
and the region D maps under the transformation to the region A.

Consider the region D defined by

z? + % +22<1
and
2 y? 52

where «, v and k are positive constants.

Let D be the intersection of D with the plane y = 0. Write down the conditions for
D to be non-empty. Sketch the geometry of Dinz >0, clearly specifying the curves that
define its boundaries and points that correspond to minimum and maximum values of x
and of z on the boundaries.

Use a suitable change of variables to evaluate the volume of the region D, clearly
explaining the steps in your calculation.

Part 1A, 2019 List of Questions
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Paper 3, Section II

10B Vector Calculus
For a given set of coordinate axes the components of a 2nd rank tensor 1" are given
by ng

(a) Show that if A is an eigenvalue of the matrix with elements Tj; then it is also
an eigenvalue of the matrix of the components of T in any other coordinate frame.

Show that if T is a symmetric tensor then the multiplicity of the eigenvalues of the
matrix of components of T is independent of coordinate frame.

A symmetric tensor T in three dimensions has eigenvalues A, A, u, with u # .

Show that the components of T" can be written in the form
Tij = adij + Bnin; (1)

where n; are the components of a unit vector.

(b) The tensor T is defined by

T, (y) = /S 22 exp(—cly — x|?) dA(x),

where S is the surface of the unit sphere, y is the position vector of a point on S, and ¢
is a constant.

Deduce, with brief reasoning, that the components of T' can be written in the form
(1) with n; = y;. [You may quote any results derived in part (a).]

Using suitable spherical polar coordinates evaluate Ty and T;;y;y;.

Explain how to deduce the values of o and 8 from Ty, and Tj;y;y;. [You do not
need to write out the detailed formulae for these quantities.]

Part IA, 2019 List of Questions [TURN OVER



2019

BB UNIVERSITY OF
¥¥ CAMBRIDGE 28

Paper 3, Section II
11B Vector Calculus
Show that for a vector field A

Vx(VxA)=V(V-A)-V?A.

Hence find an A(x), with V - A = 0, such that u = (y%,2%,2?) = V x A. [Hint:
Note that A(x) is not defined uniquely. Choose your expression for A(x) to be as simple
as possible.]

Now consider the cone x2 + y2 < 22 tan? a, 0 < z < h. Let S7 be the curved part
of the surface of the cone (2% +y? = 22tan?a, 0 < z < h) and S be the flat part of the
surface of the cone (22 + y? < h?tan®a, z = h).

Using the variables z and ¢ as used in cylindrical polars (r, ¢, z) to describe points
on S, give an expression for the surface element dS in terms of dz and d¢.

Evaluate fS1 u-ds.

What does the divergence theorem predict about the two surface integrals |, g, U dsS
and | g, u” dS where in each case the vector dS is taken outwards from the cone?

What does Stokes theorem predict about the integrals [q u-dS and [y u-dS
(defined as in the previous paragraph) and the line integral [, ¢ A -dl where C'is the circle
2?2 +y?> = h?tan®a, z = h and the integral is taken in the anticlockwise sense, looking
from the positive z direction?

Evaluate [g u-dS and [, A -dl, making your method clear and verify that each
of these predictions holds.

Part 1A, 2019 List of Questions
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Paper 3, Section II
12B Vector Calculus

(a) The function u satisfies V21 = 0 in the volume V and u = 0 on S, the surface
bounding V.

Show that u = 0 everywhere in V.

The function v satisfies VZv = 0 in V and v is specified on S. Show that for all
functions w such that w =wv on S

/Vv-deV:/ |Vl dV.
|4 \%4

Hence show that

/ \wa%zvz/ {yvu12+yV(w—v)yQ}dv>/ Vo2dv.
1% Vv Vv

(b) The function ¢ satisfies V2¢ = p(x) in the spherical region |x| < a, with ¢ =0
on |x| = a. The function p(x) is spherically symmetric, i.e. p(x) = p(|x|) = p(r).

Suppose that the equation and boundary conditions are satisfied by a spherically
symmetric function ®(r). Show that

42 ® (1) = 47‘(‘/ s2p(s) ds.
0

i <r<
Hence find the function ®(r) when p(r) is given by p(r) = { go g 2 ; : 22 ,

with pg constant.

Explain how the results obtained in part (a) of the question imply that ®(r) is the
only solution of V2¢ = p(r) which satisfies the specified boundary condition on |x| = a.

Use your solution and the results obtained in part (a) of the question to show that,
for any function w such that w =1onr =5 and w =0 on r = a,

4rab
/ IVw2dV > 2
Ub,a) a—>b

where U (b, a) is the region b < r < a.

Part IA, 2019 List of Questions [TURN OVER



2018

BB UNIVERSITY OF
¥¥ CAMBRIDGE 21

Paper 3, Section 1
3C Vector Calculus
Derive a formula for the curvature of the two-dimensional curve x(u) = (u, f(u)).

Verify your result for the semicircle with radius a given by f(u) = va? — u?.

Paper 3, Section 1
4C Vector Calculus
In plane polar coordinates (r,#), the orthonormal basis vectors e, and ey satisfy

de, Oey de, deq 0 10
o~ or O g o g e and V=eg ey
1 102
Hence derive the expression V - V¢ = _2 r% + —@ for the Laplacian operator V2.
ror \' Or r2 062

Calculate the Laplacian of ¢(r,0) = ar® cos(v6), where o, 3 and ~ are constants.
Hence find all solutions to the equation

V=0 in 0<r<a, with 9¢/0r=cos(20) onr=a.

Explain briefly how you know that there are no other solutions.

Paper 3, Section 11
9C Vector Calculus

Given a one-to-one mapping u = u(x,y) and v = v(x,y) between the region D in the
(z,y)-plane and the region D’ in the (u,v)-plane, state the formula for transforming the
integral [[ b f(x,y) dzdy into an integral over D', with the Jacobian expressed explicitly
in terms of the partial derivatives of u and v.

Let D be the region 224%% < 1, y > 0 and consider the change of variables v = x4y
and v = 22 + y2. Sketch D, the curves of constant u and the curves of constant v in the
(x,y)-plane. Find and sketch the image D’ of D in the (u,v)-plane.

Calculate I = [[,(x + y) dz dy using this change of variables. Check your answer
by calculating I directly.
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Paper 3, Section II
10C Vector Calculus
State the formula of Stokes’s theorem, specifying any orientation where needed.

Let F = (y?z, 22 + 2z2y2,0). Calculate V x F and verify that V-V x F = 0.

Sketch the surface S defined as the union of the surface z = —1, 1 < z? + y? < 4
and the surface 2 + y2 +2=3,1< 2+ y2 < 4.

Verify Stokes’s theorem for F on S.

Paper 3, Section II
11C Vector Calculus
Use Maxwell’s equations,

0B OE
. E — . B = E = —— B — J _
v p, V 0, Vx TR V x + 5
, , 0? 9 0’°B e .
to derive expressions for oz V“E and 22 V*B in terms of p and J.

Now suppose that there exists a scalar potential ¢ such that E = -V ¢, and ¢ — 0
as 7 — oo. If p = p(r) is spherically symmetric, calculate E using Gauss’s flux method,
i.e. by integrating a suitable equation inside a sphere centred at the origin. Use your result
to find E and ¢ in the case when p =1 for » < a and p = 0 otherwise.

For each integer n > 0, let S, be the sphere of radius 47" centred at the point
(1—-47",0,0). Suppose that p vanishes outside Sy, and has the constant value 2" in the
volume between S, and S, 1 for n > 0. Calculate E and ¢ at the point (1,0,0).

Part 1A, 2018 List of Questions
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Paper 3, Section II

12C Vector Calculus
(a) Suppose that a tensor Tj; can be decomposed as

Tij = Sij + €k Vi, (*)
where S;; is symmetric. Obtain expressions for S;; and Vj, in terms of Tj;, and check that

(%) is satisfied.

(b) State the most general form of an isotropic tensor of rank k for k = 0, 1,2, 3,
and verify that your answers are isotropic.

(¢) The general form of an isotropic tensor of rank 4 is
Tijrs = b0 + B 051 + 005 -

Suppose that A;; and B;; satisfy the linear relationship A;; = Tjji By, where Ty is
isotropic. Express B;; in terms of A;j, assuming that 8% # 4% and 3a+ 8+ # 0. If
instead 8 = —v # 0 and a # 0, find all B;; such that A;; = 0.

(d) Suppose that C;; and D;; satisfy the quadratic relationship Ci; = T;jkimn Dt Dimn,
where T ;my is an isotropic tensor of rank 6. If Cj; is symmetric and D;; is antisymmet-
ric, find the most general non-zero form of T;;imn Dy Dy and prove that there are only
two independent terms. [Hint: You do not need to use the general form of an isotropic
tensor of rank 6.

Part IA, 2018 List of Questions [TURN OVER
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Paper 3, Section 1
3B Vector Calculus

Use the change of variables « = r cosh 8, y = r sinh 6 to evaluate

/ydwdy,
A

2017

where A is the region of the xy-plane bounded by the two line segments:

y=0, 0<a<1;
oy=3z, 0<z \%3
and the curve

22 —y?=1, =z>1.

Paper 3, Section 1
4B Vector Calculus

(a) The two sets of basis vectors e; and e} (where i = 1,2, 3) are related by

e; = Rije;,

where R;; are the entries of a rotation matrix. The components of a vector v with

respect to the two bases are given by

Derive the relationship between v; and v].

!/
vV = 'U/L'el' — 'U,L'e,L' .

(b) Let T be a 3 x 3 array defined in each (right-handed orthonormal) basis. Using part

(a), state and prove the quotient theorem as applied to T.

Part 1A, 2017 List of Questions
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Paper 3, Section II
9B Vector Calculus

(a) The time-dependent vector field F is related to the vector field B by

F(x,t) = B(z),

where z = tx. Show that 5F
V)F=t—.

(x-V) 5

(b) The vector fields B and A satisfy B =V x A. Show that V-B = 0.
(c) The vector field B satisfies V-B = 0. Show that
B(x) =V x (D(x) x x) ,
where

D(x) = /OltB(tx) dt.

Paper 3, Section 11
10B Vector Calculus
By a suitable choice of u in the divergence theorem

/V-udV:/u-dS7
\% S

/VVQZ)dV:/SgZ)dS (*)

for any continuously differentiable function ¢.

show that

For the curved surface of the cone

x = (rcosf,rsiné, V37), 0<V3r<1, 0<6<2r,

show that dS = (v/3 cos 6, /3 sinf, —1) r dr df.
Verify that () holds for this cone and ¢(z,y, z) = 22.

Part 1A, 2017 List of Questions
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Paper 3, Section II
11B Vector Calculus

(a) Let x = r(s) be a smooth curve parametrised by arc length s. Explain the meaning

of the terms in the equation
dt

=

where k(s) is the curvature of the curve.

kKN,

Now let b =t x n. Show that there is a scalar 7(s) (the torsion) such that

ab _
ds

—T1n

. . . . n
and derive an expression involving x and 7 for I
s

(b) Given a (nowhere zero) vector field F, the field lines, or integral curves, of F are the
curves parallel to F(x) at each point x. Show that the curvature x of the field lines

of F satisfies
F x (F-V)F

= %rb, (%)

where F' = |F|.

(¢) Use () to find an expression for the curvature at the point (x,y, z) of the field lines
of F(.’L’, Y, Z) = (Z’, Y, _Z) .

Part IA, 2017 List of Questions [TURN OVER
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Paper 3, Section II
12B Vector Calculus

Let S be a piecewise smooth closed surface in R? which is the boundary of a
volume V.

(a) The smooth functions ¢ and ¢; defined on R? satisfy
Vi =V =0

in V and ¢(x) = ¢1(x) = f(x) on S. By considering an integral of V-V, where
1 = ¢ — ¢1, show that ¢ = ¢.

(b) The smooth function u defined on R? satisfies u(x) = f(x) + C on S, where f is the
function in part (a) and C' is constant. Show that

/ Vu-VudV > / V¢-VodV
1% 1%

where ¢ is the function in part (a). When does equality hold?
(c) The smooth function w(x,t) satisfies

ow
v2 _
Y

in V and %—ZJ =0 on S for all t. Show that

d—/ Vu-VuwdV <0
dt Jy,

with equality only if V2w =0 in V.
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Paper 3, Section 1

3C Vector Calculus
State the chain rule for the derivative of a composition ¢ — f(X(¢)), where
f:R" = Rand X: R — R” are smooth.

Consider parametrized curves given by

x(t) = (z(t),y(t)) = (acost,asint).

d
Calculate the tangent vector d_x in terms of z(t) and y(t). Given that u(x,y) is a smooth

function in the upper half-plane {(z,y) € R?|y > 0} satisfying
ou ou

T— =Y =u,
oy Jor

deduce that

If w(1,1) = 10, find u(—1,1).

Paper 3, Section 1
4C Vector Calculus

If v.= (v1,v9,v3) and w = (w1, ws,w3) are vectors in R3, show that T}; = v;w,
defines a rank 2 tensor. For which choices of the vectors v and w is Tj; isotropic?

Write down the most general isotropic tensor of rank 2.

Prove that €;;;, defines an isotropic rank 3 tensor.

Part IA, 2016 List of Questions [TURN OVER
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Paper 3, Section II
9C Vector Calculus
What is a conservative vector field on R™?

State Green’s theorem in the plane R?.

(a) Consider a smooth vector field V = (P(z,y), Q(z,y)) defined on all of R? which
satisfies
0@ _or _
ox oy

By considering

T y
Flz,y) = /0 P!, 0)da’ + /0 Qa,y) dyf

or otherwise, show that V is conservative.

(b) Now let V = (1 + cos(2mz + 27y), 2 + cos(2mx + 27y)). Show that there exists
a smooth function F'(x,y) such that V.= VF.

Calculate [, V-dx, where C'is a smooth curve running from (0, 0) to (m, n) € Z2.
Deduce that there does not exist a smooth function F(z,y) which satisfies
V = VF and which is, in addition, periodic with period 1 in each coordinate
direction, i.e. F(z,y) = F(z+ 1,y) = F(z,y+1).

Paper 3, Section II
10C Vector Calculus

Define the Jacobian J[u] of a smooth mapping u : R? — R3. Show that if V is the
vector field with components

v 1 Oou, Ouy
i = geijkeabc%j (9—xk Uc
then Ju] = V- V. If v is another such mapping, state the chain rule formula for the

derivative of the composition w(x) = u(v(x)), and hence give J[w] in terms of J[u] and
J[v].

Let F : R3 — R? be a smooth vector field. Let there be given, for each t € R, a
smooth mapping u; : R® — R3 such that u;(x) = x + tF(x) + o(t) as t — 0. Show that

Jw] = 1+tQ(z) + o(t)

for some Q(x), and express @ in terms of F. Assuming now that u;s(x) = w(us(x)),
deduce that if V- F = 0 then J[u] = 1 for all ¢t € R. What geometric property of the
mapping x +— u;(x) does this correspond to?
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Paper 3, Section II
11C Vector Calculus

(a)

For smooth scalar fields u and v, derive the identity
V- (uVv —vVu) = uV3v — vV3u

and deduce that

/ (vv% — uV2v) dV = / va—u — u@_v dsS
p<|x|<r |x|=r on on

0
Here V? is the Laplacian, I n -V where n is the unit outward normal, and dS is
n

the scalar area element.

Give the expression for (V X V)i in terms of €;;; . Hence show that
Vx(VxV)=V{V. V) -VV.

Assume that if V29 = —p, where p(x) = O(|x|™!) and Vp(x) = O(|x]|72) as
|x| = 0o, then
p(y)
= [ PV gy,
#(x) /Rs 4r|x — y|
The vector fields B and J satisfy

VxB =1J.

Show that V- J = 0. In the case that B =V x A, with V- A = 0, show that

Ax) = /R IY) gy (+)

s Amlx —y|

and hence that

_ J(y) x (x—y)

Verify that A given by (%) does indeed satisfy V- A = 0. [It may be useful to make
a change of variables in the right hand side of (x).]
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Paper 3, Section II
12C Vector Calculus

(a) Let
F=(zz,v)
and let C' be a circle of radius R lying in a plane with unit normal vector (a,b,c).

Calculate V x F and use this to compute 550 F-dx . Explain any orientation conventions
which you use.

OF;
(b) Let F : R? — R3 be a smooth vector field such that the matrix with entries 3 s
Zi

symmetric. Prove that 560 F - dx = 0 for every circle C C R3.

1
(c) Let F = —(z,y,2), where r = y/2? + y? + 22 and let C be the circle which is the
T

intersection of the sphere (x—5)%+(y—3)2+(2—2)? = 1 with the plane 3z —5y—z = 2.
Calculate ¢, F - dx.

(d) Let F be the vector field defined, for 22 + y2 > 0, by

F —Y x
p— Z .
2212 222

Show that V x F = 0. Let C' be the curve which is the intersection of the cylinder
22 + y? = 1 with the plane z = x + 200. Calculate 550 F - dx.

Part 1A, 2016 List of Questions
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Paper 3, Section 1
3A Vector Calculus
(i) For r = |x| with x € R?\ {0}, show that
or T

=— (:=1,2,3).
=T (=12

(ii) Consider the vector fields F(x) = r2x, G(x) = (a-x)x and H(x) = a x X, where a is
a constant vector in R? and x is the unit vector in the direction of x. Using suffix
notation, or otherwise, find the divergence and the curl of each of F, G and H.

Paper 3, Section I
4A  Vector Calculus

The smooth curve C in R? is given in parametrised form by the function x(u). Let
s denote arc length measured along the curve.

(a) Express the tangent t in terms of the derivative x’ = dx/du, and show that
du/ds = |x'|71.

(b) Find an expression for dt/ds in terms of derivatives of x with respect to u, and show
that the curvature « is given by

X x x|

TP

[Hint: You may find the identity (x'-x")x' — (x' - x)x" = %’ x (¥’ x X") helpful.]

(c¢) For the curve

with v > 0, find the curvature as a function of .

Part IA, 2015 List of Questions [TURN OVER
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Paper 3, Section II
9A Vector Calculus
The vector field F(x) is given in terms of cylindrical polar coordinates (p, ¢, z) by

F(x) = f(ﬂ)ep,

where f is a differentiable function of p, and e, = cos¢e, + singe, is the unit basis
vector with respect to the coordinate p. Compute the partial derivatives 0F; /0x, 0F5 /0y,
0F3/0z and hence find the divergence V - F in terms of p and ¢.

The domain V is bounded by the surface z = (z?+%?)~!, by the cylinder 22432 = 1,

and by the planes z = i and z = 1. Sketch V' and compute its volume.

Find the most general function f(p) such that V- F = 0, and verify the divergence
theorem for the corresponding vector field F(x) in V.

Paper 3, Section 11
10A Vector Calculus
State Stokes’ theorem.

Let S be the surface in R? given by 22 = 22+ y?> +1— X, where 0 < 2 < 1 and X is a
positive constant. Sketch the surface .S for representative values of A and find the surface
element dS with respect to the Cartesian coordinates x and y.

Compute V x F for the vector field

and verify Stokes’ theorem for F on the surface S for every value of .
Now compute V x G for the vector field

1 -y

G = |

and find the line integral |, 5g G - dx for the boundary 0S of the surface S. Is it possible
to obtain this result using Stokes’ theorem? Justify your answer.

Part 1A, 2015 List of Questions
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Paper 3, Section II
11A Vector Calculus
(i) Starting with the divergence theorem, derive Green’s first theorem

2 . _ 9¢
/V(W b+ Vo qu)dv_/av%nds.

(ii) The function ¢(x) satisfies Laplace’s equation V2¢ = 0 in the volume V with given
boundary conditions ¢(x) = g(x) for all x € dV. Show that ¢(x) is the only such
function. Deduce that if ¢(x) is constant on OV then it is constant in the whole
volume V.

(iii) Suppose that ¢(x) satisfies Laplace’s equation in the volume V. Let V. be the sphere
of radius r centred at the origin and contained in V. The function f(r) is defined

by
1

1) =4 [, @00

By considering the derivative df /dr, and by introducing the Jacobian in spherical
polar coordinates and using the divergence theorem, or otherwise, show that f(r) is
constant and that f(r) = ¢(0).

(iv) Let M denote the maximum of ¢ on dV, and m the minimum of ¢ on dV,. By using
the result from (iii), or otherwise, show that m < ¢(0) < M.

Paper 3, Section 11
12A Vector Calculus
(a) Let t;; be a rank 2 tensor whose components are invariant under rotations through
an angle 7 about each of the three coordinate axes. Show that ¢;; is diagonal.
(b) An array of numbers a;; is given in one orthonormal basis as d;; +€1;; and in another
rotated basis as d;;. By using the invariance of the determinant of any rank 2 tensor,
or otherwise, prove that a;; is not a tensor.

(c) Let a;; be an array of numbers and b;; a tensor. Determine whether the following
statements are true or false. Justify your answers.

(i) If a;5bs5 is a scalar for any rank 2 tensor b;;, then a;; is a rank 2 tensor.

(ii) If ai;b;; is a scalar for any symmetric rank 2 tensor b;;, then a;; is a rank 2
tensor.

(ili) If a;; is antisymmetric and a;;b;; is a scalar for any symmetric rank 2 tensor b;;,
then a;; is an antisymmetric rank 2 tensor.

(iv) If ai; is antisymmetric and a;;b;; is a scalar for any antisymmetric rank 2
tensor b;j, then a;; is an antisymmetric rank 2 tensor.

Part IA, 2015 List of Questions [TURN OVER
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Paper 3, Section 1
3A Vector Calculus
(a) For x € R™ and r = |x/, show that

or T

0x; -
(b) Use index notation and your result in (a), or otherwise, to compute

(i) V- (f(r)x), and
(i) V x (f(r)x) for n = 3.

(¢) Show that for each n € N there is, up to an arbitrary constant, just one vector
field F(x) of the form f(r)x such that V - F(x) = 0 everywhere on R™\{0}, and
determine F.

Paper 3, Section 1
4A  Vector Calculus
Let F(x) be a vector field defined everywhere on the domain G' C R3.

(a) Suppose that F(x) has a potential ¢(x) such that F(x) = V¢(x) for x € G. Show
that

[ Feax=ab) - ofa)

v

for any smooth path v from a to b in G. Show further that necessarily V x F =0
on G.

(b) State a condition for G' which ensures that V x F = 0 implies va - dx is path-
independent.

(c) Compute the line integral f,y F - dx for the vector field

Fx) =1 =57 |
0

where v denotes the anti-clockwise path around the unit circle in the (x,y)-plane.
Compute V x F and comment on your result in the light of (b).
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Paper 3, Section II
9A Vector Calculus
The surface C in R? is given by 22 = 22 4+ 92 .

(a) Show that the vector field

is tangent to the surface C' everywhere.

(b) Show that the surface integral [¢F -dS is a constant independent of S for any
surface S which is a subset of C, and determine this constant.

(c) The volume V in R? is bounded by the surface C' and by the cylinder 2% + 3% = 1.
Sketch V' and compute the volume integral

/V-FdV
14

directly by integrating over V.

(d) Use the Divergence Theorem to verify the result you obtained in part (b) for the
integral fSF -dS, where S is the portion of C lying in —1 < z < 1.

Paper 3, Section 11
10A Vector Calculus
(a) State Stokes’ Theorem for a surface S with boundary 95.

(b) Let S be the surface in R? given by 22 = 1+22 +y? where v/2 < z < /5. Sketch the
surface S and find the surface element dS with respect to the Cartesian coordinates
x and y.

(¢) Compute V x F for the vector field
-y
F(x) = x
zy(x +y)

and verify Stokes’ Theorem for F on the surface S.
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Paper 3, Section II

11A
(i)

(iif)

(iv)

Vector Calculus
Starting with Poisson’s equation in R3,

Vig(x) = f(x),

derive Gauss’ flux theorem
/ f(x)dV = F(x)-dS
1% 1%

for F(x) = V¢(x) and for any volume V C R3.
Let

Show that I = 47 if S is the sphere |x| = R, and that I = 0 if S bounds a volume
that does not contain the origin.

Show that the electric field defined by

g x-—a
Ex)— -1 X728
(x) dreg |x —al3’

X # a,

satisfies

0 ifagV
/ E-dS={, .
oV — ifaeV
€0

where 0V is a surface bounding a closed volume V and a ¢ 0V, and where the
electric charge g and permittivity of free space ¢y are constants. This is Gauss’ law
for a point electric charge.

Assume that f(x) is spherically symmetric around the origin, i.e., it is a function
only of |x|. Assume that F(x) is also spherically symmetric. Show that F(x)
depends only on the values of f inside the sphere with radius |x| but not on the
values of f outside this sphere.

Part IA, 2014 List of Questions [TURN OVER



2014

24

Paper 3, Section II
12A Vector Calculus
(a) Show that any rank 2 tensor ¢;; can be written uniquely as a sum of two rank 2
tensors s;; and a;; where s;; is symmetric and a;; is antisymmetric.

(b) Assume that the rank 2 tensor ¢;; is invariant under any rotation about the z-axis,
as well as under a rotation of angle 7 about any axis in the (z,y)-plane through the
origin.

(i) Show that there exist a, 8 € R such that ¢;; can be written as
tij = Oé(sij + 651-35]-3. (*)

(ii) Is there some proper subgroup of the rotations specified above for which the
result () still holds if the invariance of ¢;; is restricted to this subgroup? If
so0, specify the smallest such subgroup.

(¢) The array of numbers d;ji, is such that d;;is;; is a vector for any symmetric matrix
Sij-

(i) By writing dij;.C as a sum of dj;; and df; with dj;, = diyy, and d) = —c??ik,
show that dfj i is arank 3 tensor. [You may assume without proof the Quotient
Theorem for tensors.]

(ii) Does d;‘j i Decessarily have to be a tensor? Justify your answer.

Part 1A, 201 List of Questions
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Paper 3, Section 1
3C Vector Calculus
The curve C' is given by

r(t) = (\/§et, —elsint, e cost) , —oo<t<oo.

(i) Compute the arc length of C' between the points with ¢t =0 and ¢ = 1.

(ii) Derive an expression for the curvature of C as a function of arc length s measured
from the point with ¢ = 0.

Paper 3, Section I
4C  Vector Calculus

State a necessary and sufficient condition for a vector field F on R? to be
conservative.

Check that the field
F = (2zcosy — 22, 3+ 2ye” — 2% siny, y?e* — 622?)

is conservative and find a scalar potential for F'.

Paper 3, Section 11
9C Vector Calculus
Give an explicit formula for J which makes the following result hold:

/fda:dydz—/ ¢ |J| du dv dw,
D D’

where the region D, with coordinates x,, z, and the region D’, with coordinates u, v, w,
are in one-to-one correspondence, and

¢(u7 /U7 w) = f(l‘(u’ /U7 w)? y(u7 /U7 w)’ Z(u7 /U? w)) °
Explain, in outline, why this result holds.

Let D be the region in R? defined by 4 < 22 + 32 + 22 < 9 and z > 0. Sketch the
region and employ a suitable transformation to evaluate the integral

/ (2% + %) dx dy dz.
D
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Paper 3, Section II
10C Vector Calculus

Consider the bounded surface S that is the union of x? + y2 =4 for —2<2<2
and (4 — 2)? = 22 + y? for 2 < z < 4. Sketch the surface.

Using suitable parametrisations for the two parts of S, calculate the integral

/S(VXF)-dS

for F = y22i.

Check your result using Stokes’s Theorem.

Paper 3, Section 11
11C Vector Calculus
If E and B are vectors in R?, show that

1
Tyj = EiEj + BiB; — 50ij (EEy, + BiBy)

is a second rank tensor.

Now assume that E(x,t) and B(x,t) obey Maxwell’s equations, which in suitable
units read

V-E=p
V-B=0
0B
E=—
V x 5
OE
B = —
v x J+8t’

where p is the charge density and J the current density. Show that

T’i'
%(EXB):M—pE—JxB where MZ-:?%;

Part 1A, 2013 List of Questions
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Paper 3, Section II
12C Vector Calculus

(a) Prove that

Vx(FxG)=F\V-G)-G(V-F)+(G-V)F - (F-V)G.
(b) State the divergence theorem for a vector field F in a closed region Q C R? bounded
by 092.
For a smooth vector field F and a smooth scalar function g prove that
/F-Vg—i—gV-FdV—/ gF -ndS,
Q o0

where n is the outward unit normal on the surface o).

Use this identity to prove that the solution u to the Laplace equation V?u = 0 in
Q with v = f on 99 is unique, provided it exists.
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Paper 3, Section 1
3C Vector Calculus

Define what it means for a differential P dz+(Q) dy to be exact, and derive a necessary
condition on P(z,y) and Q(z,y) for this to hold. Show that one of the following two

differentials is exact and the other is not:
y* dx + 2y dy
y?dx + xy’ dy .

Show that the differential which is not exact can be written in the form g df for functions
f(x,y) and g(y), to be determined.

Paper 3, Section 1
4C Vector Calculus

What does it mean for a second-rank tensor T;; to be isotropic? Show that ¢;; is
isotropic. By considering rotations through /2 about the coordinate axes, or otherwise,

show that the most general isotropic second-rank tensor in R? has the form T;j = Nojj, for
some scalar A.

Paper 3, Section 11
9C Vector Calculus
State Stokes” Theorem for a vector field B(x) on R3.

Consider the surface S defined by

1
z:x2+y2, §<z<1.

Sketch the surface and calculate the area element dS in terms of suitable coordinates or
parameters. For the vector field

B = (_y3’x3’23)
compute V x B and calculate I = [((V x B) - dS.

Use Stokes’ Theorem to express I as an integral over S and verify that this gives
the same result.
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Paper 3, Section II
10C Vector Calculus

22

Consider the transformation of variables

r=1—u,

1—v
1—wuv’

y:

Show that the interior of the unit square in the uv plane

{(u,v) :

is mapped to the interior of the unit

R = {(l‘,y) :

O<u<l, O<wv<l1}
square in the zy plane,

0<zr<l O<y<l1}.

2012

[Hint: Consider the relation between v and y when u = «, for 0 < a < 1 constant.]

Show that )
ey) (- (1-a)y)
A(u,v) x ’
Now let
1—1
=—\ ov=1—w.
1 —wt
By calculating
Oz,y) _ 9(z,y) O(u,v)

alt,

as a function of x and y, or otherwis

w)  O(u,v) O(t,w)
e, show that

/ z(1—y)
r(1—(1—=2)y)(1 -1 -2?)y)

5 dx dy = 1.
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Paper 3, Section II
11C Vector Calculus
(a) Prove the identity

VF-G)=(F-V)G+(G-V)F+Fx (VxG)+Gx (VxF).

(b) If E is an irrotational vector field (i.e. V x E = 0 everywhere), prove that there
exists a scalar potential ¢(x) such that E = —V¢.

Show that the vector field

—p2 2 .2
(:L‘y226 xz’_ye T z’%nyQ6 IZ)

is irrotational, and determine the corresponding potential ¢.

Paper 3, Section II
12C Vector Calculus
(i) Let V be a bounded region in R? with smooth boundary S = dV. Show that
Poisson’s equation in V'
Viu=p
has at most one solution satisfying u = f on S, where p and f are given functions.

Consider the alternative boundary condition du/dn = g on S, for some given
function g, where n is the outward pointing normal on S. Derive a necessary condition in
terms of p and g for a solution u of Poisson’s equation to exist. Is such a solution unique?

(ii) Find the most general spherically symmetric function u(r) satisfying
Viu=1

in the region r = |r| < a for a > 0. Hence in each of the following cases find all possible
solutions satisfying the given boundary condition at r = a:

(a) u=0,
(b) 2v =0.

Compare these with your results in part (i).

Part IA, 2012 List of Questions [TURN OVER
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Paper 3, Section 1
3C Vector Calculus

Cartesian coordinates x,y, z and spherical polar coordinates r, 0, ¢ are related by
xr=rsinflcos¢p, y=rsinfsing, z=rcosh .
Find scalars h;, hg, hg and unit vectors e, eq, e, such that
dx = hye, dr + hgegdf + hgey, do .

Verify that the unit vectors are mutually orthogonal.

Hence calculate the area of the open surface defined by § = «, 0 < r < R,
0 < ¢ < 27, where a and R are constants.

Paper 3, Section 1
4C Vector Calculus

State the value of 0z;/0x; and find Or/0x;, where r = |x|.

Vector fields u and v in R3 are given by u = r®x and v = k x u, where « is a
constant and k is a constant vector. Calculate the second-rank tensor d;; = du;/0x;, and
deduce that Vxu=0and V - v=0. When a = —3, show that V - u= 0 and

3(k - x)x — kr?

7D

V xv=

Part IA, 2011 List of Questions [TURN OVER
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Paper 3, Section II
9C Vector Calculus

Write down the most general isotropic tensors of rank 2 and 3. Use the tensor
transformation law to show that they are, indeed, isotropic.

Let V be the sphere 0 < r < a. Explain briefly why

TZIM = / Liy « - Ty, dv
\%4

is an isotropic tensor for any n. Hence show that
/ zix; dV = adyj, / zixjrpdV =0 and / zixjapx; AV = B(040k + 0ikdj + 0udjk)
1% 1% 1%

for some scalars « and (3, which should be determined using suitable contractions of the
indices or otherwise. Deduce the value of

/XX(QXX)dV,
\%

where 2 is a constant vector.

[You may assume that the most general isotropic tensor of rank 4 is
A0ijOt + p0ikdj1 + vl

where A, i and v are scalars.]

Paper 3, Section 11
10C Vector Calculus

State the divergence theorem for a vector field u(x) in a region V' bounded by a
piecewise smooth surface S with outward normal n.

Show, by suitable choice of u, that

/VVde:/Sde (*)
for a scalar field f(x).

Let V be the paraboloidal region given by z > 0 and z? + y? + cz < a?, where a
and ¢ are positive constants. Verify that (x) holds for the scalar field f = zz.

Part IA, 2011 List of Questions
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Paper 3, Section II
11C Vector Calculus

The electric field E(x) due to a static charge distribution with density p(x) satisfies

E=-V¢, V-E=2, (1)
€0
where ¢(x) is the corresponding electrostatic potential and g¢ is a constant.

(a) Show that the total charge @ contained within a closed surface S is given by
Gauss’ Law

Q = ¢ / E-dS.
S
Assuming spherical symmetry, deduce the electric field and potential due to a point charge
q at the origin i.e. for p(x) = qd(x).

(b) Let E; and E,, with potentials ¢; and ¢9 respectively, be the solutions to (1)
arising from two different charge distributions with densities p; and pz. Show that

1 1
5/‘/¢1p2d\/+/wqﬁlv¢2-d8: 5/‘/¢2p1dv+/8v¢2v¢1-d5 (2)

for any region V with boundary 0V, where dS points out of V.

(c) Suppose that p;(x) = 0 for x| < a and that ¢;(x) = ®, a constant, on |x| = a.
Use the results of (a) and (b) to show that

o 1 p1(x) av

dmeg Jpsa T

[You may assume that ¢1 — 0 as |x| — oo sufficiently rapidly that any integrals over the
‘sphere at infinity’ in (2) are zero.]

Part IA, 2011 List of Questions [TURN OVER
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Paper 3, Section II
12C Vector Calculus

The vector fields A(x,t) and B(x,t) obey the evolution equations

%—?qu(VXA)—i—V@Z), (1)
%—]:’:(B.V)u—(u-V)B, 2)

where u is a given vector field and v is a given scalar field. Use suffix notation to show
that the scalar field h = A - B obeys an evolution equation of the form

oh
—=B-Vf—-u-:
; u-Vh,

where the scalar field f should be identified.

Suppose that V-B = 0 and V - u = 0. Show that, if u-n = B-n = 0 on the
surface S of a fixed volume V with outward normal n, then

d—H:O, WhereH:/th.
dt v

Suppose that A = ar?sinf ey + r(a? — r?) sin 0 e, with respect to spherical polar
coordinates, and that B =V x A. Show that
h = ar?(a® 4+ r?)sin?0 |

and calculate the value of H when V is the sphere r < a.

1 e, reg rsinfegy
In spherical polar coordinates V x F = ————10/0r 0/00  0/0¢
r?sin 6 .
F. rFy rsinfFy

Part IA, 2011 List of Questions
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Paper 3, Section 1
3C Vector Calculus

Consider the vector field

F = (—y/(«® +9°), z/(2* +47), 0)
defined on all of R? except the z axis. Compute V x F on the region where it is defined.

Let 1 be the closed curve defined by the circle in the zy-plane with centre (2,2,0)
and radius 1, and 2 be the closed curve defined by the circle in the xy-plane with centre
(0,0,0) and radius 1.

By using your earlier result, or otherwise, evaluate the line integral fﬁﬂ F.dx.

By explicit computation, evaluate the line integral ﬁ{QF-dx. Is your result
consistent with Stokes’ theorem? Explain your answer briefly.

Paper 3, Section 1
4C Vector Calculus

A curve in two dimensions is defined by the parameterised Cartesian coordinates

buginu,

z(u) = ae™ cosu, y(u) = ae
where the constants a,b > 0. Sketch the curve segment corresponding to the range
0 < u < 37. What is the length of the curve segment between the points (z(0),y(0)) and
(z(U),y(U)), as a function of U?

A geometrically sensitive ant walks along the curve with varying speed x(u)~!,
where x(u) is the curvature at the point corresponding to parameter u. Find the time
taken by the ant to walk from (z(2n7), y(2n7)) to (x(2(n+1)7), y(2(n+1)7) ), where n
is a positive integer, and hence verify that this time is independent of n.

[ You may quote without proof the formula  k(u) = ’(xl(gfzz/)/)(g )_i__(;,((;));ﬂ)g% | ]

Part IA, 2010 List of Questions [TURN OVER
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Paper 3, Section 11
9C Vector Calculus

(a) Define a rank two tensor and show that if two rank two tensors A;; and B;;
are the same in one Cartesian coordinate system, then they are the same in all Cartesian
coordinate systems.

The quantity C;; has the property that, for every rank two tensor A;;, the quantity
C;jA;j is a scalar. Is Cj; necessarily a rank two tensor? Justify your answer with a proof
from first principles, or give a counterexample.

(b) Show that, if a tensor Tj; is invariant under rotations about the x3-axis, then it
has the form

a w 0
—w «a 0
0O 0 p

(¢) The inertia tensor about the origin of a rigid body occupying volume V' and
with variable mass density p(x) is defined to be

Iij = / p(x)(mkxkézj — mimj) dv.
1%
The rigid body B has uniform density p and occupies the cylinder
{(x1,m0,23) : —2<23<2, 25 +25<1}.

Show that the inertia tensor of B about the origin is diagonal in the (z1, z2, z3) coordinate
system, and calculate its diagonal elements.

Part 1A, 2010 List of Questions
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Paper 3, Section 11
10C Vector Calculus

Let f(z,y) be a function of two variables, and R a region in the zy-plane. State
the rule for evaluating [, f(x,y) dzdy as an integral with respect to new variables u(x,y)
and v(z,y).

Sketch the region R in the xy-plane defined by
R={(z,y): 2> +y* <2, 22 —y*>1,2>0,y>0}.
Sketch the corresponding region in the uwv-plane, where

u:x2—|—y2, v:xQ—y2.

Express the integral

I= /(a:5y—xy5)exp(4a:2y2) dzdy
R

as an integral with respect to u and v. Hence, or otherwise, calculate I.

Paper 3, Section 11
11C Vector Calculus

State the divergence theorem (also known as Gauss’ theorem) relating the surface
and volume integrals of appropriate fields.

The surface S; is defined by the equation z =3 — 222 — 242 for 1 < z < 3; the
surface Sy is defined by the equation 224 4% =1 for 0 < z < 1; the surface Ss is defined
by the equation z = 0 for x,y satisfying z? + y? < 1. The surface S is defined to be the
union of the surfaces Sy, Sy and Ss. Sketch the surfaces S, S2, S3 and (hence) S.

The vector field F is defined by

F(x,y,z) = (xy+x67 _%y2+y87 Z)

s,
s

where the surface element dS points in the direction of the outward normal to S.

Evaluate the integral

Part IA, 2010 List of Questions [TURN OVER
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Paper 3, Section 11
12C Vector Calculus

Given a spherically symmetric mass distribution with density p, explain how to
obtain the gravitational field g = —V ¢, where the potential ¢ satisfies Poisson’s equation

V3¢ = 4nGp.

The remarkable planet Geometria has radius 1 and is composed of an infinite number
of stratified spherical shells S,, labelled by integers n > 1. The shell S, has uniform density
2"~ 1pg, where pg is a constant, and occupies the volume between radius 27 "*! and 27".

Obtain a closed form expression for the mass of Geometria.

Obtain a closed form expression for the gravitational field g due to Geometria at a
distance 7 = 27 from its centre of mass, for each positive integer N > 1. What is the
potential ¢(r) due to Geometria for r > 17

Part 1A, 2010 List of Questions
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Paper 3, Section 1
3B Vector Calculus
What does it mean for a vector field F to be irrotational ?

The field F is irrotational and xg is a given point. Write down a scalar potential
V(x) with F = —=VV and V(x¢) = 0. Show that this potential is well defined.

cos 6 cos ¢ msin
eyp+

For what value of m is the field e, irrotational, where (7,6, ¢)

are spherical polar coordinates? What is the corresponding potential V' (x) when xq is the
point r = 1,6 = 07

1 e, reg  rsinfe,
In spherical polar coordinates V x F = ————10/0r 0/00  0/0¢
r?sinf .
F, rFy rsinfFy

Paper 3, Section 1
4B  Vector Calculus
State the value of Ox;/0x; and find Or/0x;, where r = |x|.

A vector field u is given by

u:E+(k'X)X

b
r rs

where k is a constant vector. Calculate the second-rank tensor d;; = Ou;/0x; using suffix

notation, and show that d;; splits naturally into symmetric and antisymmetric parts.
Deduce that V -u = 0 and that

2k x x

V xu=
r3
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Paper 3, Section 11
9B Vector Calculus

Let S be a bounded region of R? and 9S be its boundary. Let w be the unique
solution to Laplace’s equation in S, subject to the boundary condition v = f on 9585,
where f is a specified function. Let w be any smooth function with w = f on 9S. By
writing w = u + 4, or otherwise, show that

/|Vw|2dA>/|w|2dA. (%)
S S

Let S be the unit disc in R2. By considering functions of the form g(r) cos @ on both
sides of (*), where r and 6 are polar coordinates, deduce that

[ (@) ) wen

for any differentiable function g(r) satisfying ¢g(1) = 1 and for which the integral converges

at r =0.
_(of 107 . of /
[Vf“ﬁ>—(5P;5?>v 00 = 15 (5 + zw?}

Paper 3, Section 11
10B Vector Calculus

Give a necessary condition for a given vector field J to be the curl of another vector
field B. Is the vector field B unique? If not, explain why not.

State Stokes’ theorem and use it to evaluate the area integral

/(y2,22,a:2) dAu
S

where S is the half of the ellipsoid

$2 y2 Z2

2tEpta=!

that lies in z > 0, and the area element dA points out of the ellipsoid.
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Paper 3, Section 11
11B Vector Calculus
A second-rank tensor T'(y) is defined by

Ty (y) = /S (s — 20) () — )y — X2 dAx),

where y is a fixed vector with |y| = a, n > —1, and the integration is over all points x
lying on the surface S of the sphere of radius a, centred on the origin. Explain briefly why
T might be expected to have the form

Tij = adij + Byiy;,

where « and § are scalar constants.

Show that y - (y — x) = a?(1 — cos ), where @ is the angle between y and x, and
find a similar expression for |y — x|?. Using suitably chosen spherical polar coordinates,

show that
7'[‘(12 (2a)2n+2

yilijy; = "t 2

Hence, by evaluating another scalar integral, determine o and 3, and find the value
of n for which T is isotropic.

Paper 3, Section 11

12B Vector Calculus
State the divergence theorem for a vector field u(x) in a region V of R? bounded
by a smooth surface S.

Let f(z,y,z) be a homogeneous function of degree n, that is, f(kz,ky,kz) =
E™f(z,y, z) for any real number k. By differentiating with respect to k, show that

x-Vf=nf.

Deduce that

/Vdezni?)/Sfdi- ()

Let V be the cone 0 < z < a, ay/x2 + y2 < 2z, where « is a positive constant. Verify
that (1) holds for the case f = 2* + a*(z? + y?)2.

Part 1A, 2009 List of Questions
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3/1/3C Vector Calculus

A curve is given in terms of a parameter t by

x(t) = (t— 23, %, t 4+ t%).

(i) Find the arc length of the curve between the points with ¢ =0 and ¢t = 1.

(ii) Find the unit tangent vector at the point with parameter ¢, and show that the
principal normal is orthogonal to the z direction at each point on the curve.

3/1/4C Vector Calculus

What does it mean to say that T;; transforms as a second rank tensor?

oT;;

If T;; transforms as a second rank tensor, show that — transforms as a vector.
T
J

3/11/9C  Vector Calculus

Let F = w X (w x x), where x is the position vector and w is a uniform vector field.

(1) Use the divergence theorem to evaluate the surface integral / F - dS, where S
s
is the closed surface of the cube with vertices (+1,+1,+£1).

(ii) Show that V x F = 0. Show further that the scalar field ¢ given by

¢ =

(w-x)2—%(w-w)(x-x)

N[

satisfies F = V¢. Describe geometrically the surfaces of constant ¢.

Part TA 2008
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3/11/10C  Vector Calculus

Find the effect of a rotation by 7/2 about the z-axis on the tensor

Sll Sl2 SlS
SQI 522 523
S31 S32 SBS

Hence show that the most general isotropic tensor of rank 2 is Ad;;, where X is an arbitrary
scalar.

Prove that there is no non-zero isotropic vector, and write down without proof the
most general isotropic tensor of rank 3.

Deduce that if T}, is an isotropic tensor then the following results hold, for some
scalars p and v:

(i) €k Tijre = 0;
(i) 65 Tijer = pOps;
(iii) €ijm Tijer = V €xim -

Verify these three results in the case Ty = « 95 0p1+05 i 051+ 841 651 , expressing
p and v in terms of «, B and .

3/11/11C  Vector Calculus
Let V be a volume in R3 bounded by a closed surface S .

(a) Let f and g be twice differentiable scalar fields such that f = 1 on S and
V2g =0in V. Show that

/ Vi -VgdV = 0.
%
(b) Let V' be the sphere |x| < a. Evaluate the integral
/ Vu-VudV
%

in the cases where u and v are given in spherical polar coordinates by:
u=r, v = rcosb;
(i) u = r/a, v = r?cos?b;
(i) w =r/a, v=1/r.

Comment on your results in the light of part (a).

Part A 2008
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3/11/12C  Vector Calculus
Let A be the closed planar region given by

y <z <2y, <z <

< | =
SN

(i) Evaluate by means of a suitable change of variables the integral

/fdxdy.
AY

(ii) Let C be the boundary of A. Evaluate the line integral

2

x
—dy — dx

j{c 2y

by integrating along each section of the boundary.

(iii) Comment on your results.

Part IA
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3/1/3A Vector Calculus
(1) Give definitions for the unit tangent vector T and the curvature k of a
parametrised curve x(¢) in R3. Calculate T and & for the circular helix

x(t) = (acost, asint, bt),

where a and b are constants.

(ii) Find the normal vector and the equation of the tangent plane to the surface S
in R3 given by
z = a:2y3 —y+1

at the pointx =1, y=1, z = 1.

3/1/4A Vector Calculus

By using suffix notation, prove the following identities for the vector fields A and
B in R3:
V-(AxB)=B-(VxA)—A - (VxB);

Vx(AxB)=(B-V)A—-B(V-A)—(A-V)B+A(V-B).

3/11/9A Vector Calculus

(i) Define what is meant by a conservative vector field. Given a vector field
A = (Ai(z,y), A2(x,y)) and a function v (x,y) defined in R?, show that, if YA is a
conservative vector field, then

¢(6A1 8A2> 1,00 400

oy ox

20z

oy

(ii) Given two functions P(z,y) and Q(x,y) defined in R?, prove Green’s theorem,

f (paz+aan - [| (‘Z—f—g—ly))dmy,

where C' is a simple closed curve bounding a region R in R2.

Through an appropriate choice for P and (), find an expression for the area of the
region R, and apply this to evaluate the area of the ellipse bounded by the curve

r=acosf, y =bsinb, 0<6<2r.

Part IA 2007
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3/I1/10A  Vector Calculus
For a given charge distribution p(x,y,z) and divergence-free current distribution
J(z,y,2) (i.e. V-J=0) in R3, the electric and magnetic fields E(z,y,2) and B(z,y,2)
satisfy the equations
VxE=0, V-B=0, V-E=p, VxB=1J.
The radiation flux vector P is defined by P = E x B.

For a closed surface S around a region V', show using Gauss’ theorem that the flux
of the vector P through S can be expressed as

//SP-dS:—///VE-JdV. (+

For electric and magnetic fields given by

~—

E(x,y,z) = (Zu 07 ‘/L])) B(:U,y,z) = (07 -y, LUZ),
find the radiation flux through the quadrant of the unit spherical shell given by
2 +y?+22=1, with 0<z<1, 0<y<l1, —-1<z<I1.

[If you use (*), note that an open surface has been specified.]

Part IA 2007
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3/II/11A  Vector Calculus

The function ¢(x,y, 2) satisfies V2¢ = 0in V and ¢ = 0 on S, where V is a region
of R3 which is bounded by the surface S. Prove that ¢ = 0 everywhere in V.

Deduce that there is at most one function 1 (z,y, z) satisfying V2 = pin V and ¢ = f
on S, where p(z,y,z) and f(z,y,z) are given functions.

Given that the function ¢ = 1 (r) depends only on the radial coordinate r = |x|,
use Cartesian coordinates to show that
1 d?(r)

:1% Vi) = -

x
rdr’’ r dr?

Vi

Find the general solution in this radial case for V21 = ¢ where c is a constant.

Find solutions (r) for a solid sphere of radius r = 2 with a central cavity of radius
r = 1 in the following three regions:

(i) 0 <7 <1 where V%) =0 and (1) = 1 and ¢ bounded as r — 0;
(i) 1 <7 <2 where V%) =1 and ¥(1) = 4(2) = 1;
(iii) r > 2 where V23 = 0 and 9(2) = 1 and ¢ — 0 as r — oo.

3/II/12A  Vector Calculus

Show that any second rank Cartesian tensor P;; in R? can be written as a sum of a
symmetric tensor and an antisymmetric tensor. Further, show that P;; can be decomposed
into the following terms

Pij = P(sz] + Sij + fijkAk7 (T)

where §;; is symmetric and traceless. Give expressions for P, S;; and A explicitly in
terms of F;;.

For an isotropic material, the stress P;; can be related to the strain T;; through
the stress—strain relation, P;; = c¢;;x; Tk , where the elasticity tensor is given by

Cijkl = 030k + B0 051 + Y0;0 5k
and «, § and v are scalars. As in (), the strain T;; can be decomposed into its trace 7', a

symmetric traceless tensor W;; and a vector Vj. Use the stress—strain relation to express
each of T, W;; and V}, in terms of P, S;; and Aj.

Hence, or otherwise, show that if T}; is symmetric then so is P;;. Show also that
the stress-strain relation can be written in the form

Pij = X6ij T + p'Tij,

where p and \ are scalars.

Part IA 2007
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3/1/3A Vector Calculus

Consider the vector field F(x) = ((3z% — 2?)y, (y* —2y® + y)z, 2> — 1) and let S
be the surface of a unit cube with one corner at (0, 0, 0), another corner at (1, 1, 1) and
aligned with edges along the z-, y- and z-axes. Use the divergence theorem to evaluate

I:/F-dS.
S

Verify your result by calculating the integral directly.

3/1/4A Vector Calculus

Use suffix notation in Cartesian coordinates to establish the following two identities
for the vector field v:

V- (Vxv)=0, (v-V)v=VEIv]?) —vx(VxV).

3/II/9A  Vector Calculus

Evaluate the line integral

/a(x2 + zy)dz + B(2* + y*)dy,

with « and [ constants, along each of the following paths between the points A = (1,0)
and B = (0,1):

(i) the straight line between A and B;
(ii) the z-axis from A to the origin (0, 0) followed by the y-axis to B;

(iii) anti-clockwise from A to B around the circular path centred at the origin (0,0).

You should obtain the same answer for the three paths when o = 25. Show that
when « = 203, the integral takes the same value along any path between A and B.

Part TA 2006
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3/1I/10A  Vector Calculus
State Stokes’ theorem for a vector field A.

By applying Stokes’ theorem to the vector field A = ¢k, where k is an arbitrary
constant vector in R3 and ¢ is a scalar field defined on a surface S bounded by a curve
08, show that

/dew: ¢ dx.
S

o8

For the vector field A = x%y%(1, 1, 1) in Cartesian coordinates, evaluate the line integral

I:/A~dx,

around the boundary of the quadrant of the unit circle lying between the z- and y-
axes, that is, along the straight line from (0, 0, 0) to (1, 0, 0), then the circular arc
22 +y? =1, 2 =0 from (1, 0, 0) to (0, 1, 0) and finally the straight line from (0, 1, 0)
back to (0, 0, 0).

3/II/11A  Vector Calculus

In a region R of R? bounded by a closed surface S, suppose that ¢; and ¢, are both
solutions of V2¢ = 0, satisfying boundary conditions on S given by ¢ = f on S, where f
is a given function. Prove that ¢1 = ¢o.

In R? show that
o(z,y) = (a1 cosh Az + ag sinh Ax) (b1 cos Ay + bg sin Ay)

is a solution of V2¢ = 0, for any constants a1, as, by, bo and X\. Hence, or otherwise, find
a solution ¢(z,y) in the region z > 0 and 0 < y < a which satisfies:

d(x,0) =0, ¢(x,a)=0, z>0,

¢(an):Sin%, ¢(z,y) >0 as z —o00, 0<y<a,

where a is a real constant and n is an integer.
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3/11/12A  Vector Calculus

Define what is meant by an isotropic tensor. By considering a rotation of a second
rank isotropic tensor B;; by 90° about the z-axis, show that its components must satisfy
Bi1 = Bos and B3 = B3; = Bsg = B3y = 0. Now consider a second and different rotation
to show that B;; must be a multiple of the Kronecker delta, d;;.

Suppose that a homogeneous but anisotropic crystal has the conductivity tensor
Oij = Oééij + ’yninj s

where «, v are real constants and the n; are the components of a constant unit vector n
(n-n =1). The electric current density J is then given in components by

Ji = 045 Ej,
where E; are the components of the electric field E. Show that

(i) if @ # 0 and « # 0, then there is a plane such that if E lies in this
plane, then E and J must be parallel, and

(ii) if v # —a and « # 0, then E # 0 implies J # 0.
It D;; = €;jxnk, find the value of v such that

05Dk Dim = —0im -
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3/1/3A Vector Calculus

Let A(t,x) and B(t,x) be time-dependent, continuously differentiable vector fields

on R? satisfying
A B
%—t:VxB and aa—t:—VxA.

Show that for any bounded region V',

G5 [ @B = - [(axm).as,

where S is the boundary of V.

3/1/4A Vector Calculus

Given a curve v(s) in R3, parameterised such that ||/(s)| = 1 and with v"(s) # 0,
define the tangent t(s), the principal normal p(s), the curvature x(s) and the binormal
b(s).

The torsion 7(s) is defined by
T=-b -p.

Sketch a circular helix showing t,p,b and b’ at a chosen point. What is the sign of the
torsion for your helix? Sketch a second helix with torsion of the opposite sign.
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3/II/9A  Vector Calculus

Let V be a bounded region of R® and S be its boundary. Let ¢ be the unique
solution to V2¢ = 0 in V, with ¢ = f(x) on S, where f is a given function. Consider
any smooth function w also equal to f(x) on S. Show, by using Green’s first theorem or
otherwise, that

/ | Vw |2dV > / | Vo |* dV .
1% 1%
[Hint: Set w = ¢ +9.]

Consider the partial differential equation

Qw:v%,

ot
for w(t, x), with initial condition w(0,x) = wo(x) in V, and boundary condition w(t,x) =

f(x) on S for all t > 0. Show that

%/wa\?czv <0, (%)

with equality holding only when w(t,x) = ¢(x).

Show that (%) remains true with the boundary condition

ow ow

on S, provided a(x) > 0.

3/1I/10A  Vector Calculus
Write down Stokes’ theorem for a vector field B(x) on R3.
Consider the bounded surface S defined by

<z<1.

1
_ .2 2 -
Zz=x" +y°, 1

Sketch the surface and calculate the surface element dS. For the vector field
B = (—y3,x3, Z3) s

calculate I = [(V x B) - dS directly.

Show using Stokes’ theorem that I may be rewritten as a line integral and verify
this yields the same result.
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3/1I/11A  Vector Calculus

Explain, with justification, the significance of the eigenvalues of the Hessian in
classifying the critical points of a function f : R” — R. In what circumstances are the
eigenvalues inconclusive in establishing the character of a critical point?

Consider the function on R?,

Fx,y) = wye @@+

Find and classify all of its critical points, for all real . How do the locations of the critical
points change as a — 07

3/II/12A  Vector Calculus
Express the integral

0o 1 T
I:/ dx/ dy/ dz ze~A®/v—Bay—Cyz
0 0 0

in terms of the new variables a = x/y, 5 = zy, and v = yz. Hence show that

1
T 2AA+B)A+B+0)’

I

You may assume A, B and C are positive. [Hint: Remember to calculate the limits of the
integral.]
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3/1/3C Vector Calculus
If F and G are differentiable vector fields, show that

() Vx(FxG) =F(V -G -G(V-F)+(G-V)F—(F V)G,
(i) V(F-G)=(F - V)G+(G V)F+Fx (VxG)+Gx (VxF).

3/1/4C Vector Calculus
Define the curvature, s, of a curve in R3.

The curve C' is parametrised by

1 1 1
x(t) = (—et cost, —e'sint, —et> for —c0o <t < o0.

2 2 V2

Obtain a parametrisation of the curve in terms of its arc length, s, measured from the
origin. Hence obtain its curvature, k(s), as a function of s.
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3/11/9C  Vector Calculus

For a function f : R? — R state if the following implications are true or false. (No
justification is required.)

(i) f is differentiable = f is continuous.

of of

(ii) == and <= exist = f is continuous.

Oz oy

(iii) directional derivatives or exist for all unit vectors n € R? = f is differentiable.

On
. : of .
(iv) f is differentiable = == and == are continuous.
oz dy
2 2
(v) all second order partial derivatives of f exist = 86x gy = 8(39/ gx
Now let f:R? — R be defined by
95?/(332 - 92) if
T2 2N ) 070 )
f(z,y) = (xQ +y2) if (z,y) # (
0 if (z,y) = (0,0).

0
Show that f is continuous at (0,0) and find the partial derivatives 8—f((),y) and
x
0
8—f(x,0). Then show that f is differentiable at (0,0) and find its derivative. Investigate
Y

: - >*f o*f

whether the second order partial derivatives (0,0) and
x Y Oy Oz

Are the second order partial derivatives of f at (0,0) continuous? Justify your answer.

(0,0) are the same.
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3/11/10C  Vector Calculus

Explain what is meant by an exact differential. The three-dimensional vector field
F is defined by

F = (2 + 32%(e¥ — €7), e¥(2® — 2%), 32%(e” — e¥) — e”2?) .

Find the most general function that has F - dx as its differential.

Hence show that the line integral

Py
/ F.dx
Py

along any path in R3 between points P, = (0,a,0) and P, = (b,b,b) vanishes for any
values of a and b.

The two-dimensional vector field G is defined at all points in R? except (0,0) by

—y T
G = .
<x2+y2’ x2+y2>

(G is not defined at (0,0).) Show that

%G-dX—QW
C

for any closed curve C' in R? that goes around (0, 0) anticlockwise precisely once without
passing through (0,0).

3/1I/11C  Vector Calculus

Let S; be the 3-dimensional sphere of radius 1 centred at (0,0,0), S be the sphere
of radius 3 centred at (5,0,0) and S3 be the sphere of radius } centred at (5},0,0). The
eccentrically shaped planet Zog is composed of rock of uniform density p occupying the
region within S; and outside S5 and S3. The regions inside S, and S3 are empty. Give an
expression for Zog’s gravitational potential at a general coordinate x that is outside 5.
Is there a point in the interior of S35 where a test particle would remain stably at rest?

Justify your answer.
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3/11/12C  Vector Calculus

State (without proof) the divergence theorem for a vector field F with continuous
first-order partial derivatives throughout a volume V enclosed by a bounded oriented
piecewise-smooth non-self-intersecting surface S.

By calculating the relevant volume and surface integrals explicitly, verify the
divergence theorem for the vector field

F = (x3 + 292, v + 2922, 2B+ 22:):2) ,

defined within a sphere of radius R centred at the origin.

Suppose that functions ¢, are continuous and that their first and second partial
derivatives are all also continuous in a region V bounded by a smooth surface S.

Show that
(1) /(¢v2¢+v¢-vw)d7 = /qﬁVzp-dS.
1% S
2 V2 — V3¢ dr = Vi -dS — Ve¢-ds.
) /V<¢>¢w¢>f /quw /qub

Hence show that if p(x) is a continuous function on V' and g(x) a continuous
function on S and ¢; and ¢ are two continuous functions such that

V2¢1(x) = V3¢ (x) = p(x) for all x in V, and
$1(x) = ¢a(x) = g(x) for all x on S,

then ¢ (x) = ¢o(x) for all x in V.
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3/1/3A Vector Calculus

Sketch the curve y? = 22 + 1. By finding a parametric representation, or otherwise,
determine the points on the curve where the radius of curvature is least, and compute its
value there.

[Hint: you may use the fact that the radius of curvature of a parametrized curve
(x(8),y(1)) is (% +9°)*/ /|&§ — E5]]

3/1/4A Vector Calculus

Suppose V is a region in R?, bounded by a piecewise smooth closed surface S, and
¢(x) is a scalar field satisfying

V2p =0 in V,
and ¢ = f(x) on S.
Prove that ¢ is determined uniquely in V.

How does the situation change if the normal derivative of ¢ rather than ¢ itself is
specified on S?

3/II/9A  Vector Calculus

Let C be the closed curve that is the boundary of the triangle T" with vertices at
the points (1,0,0), (0,1,0) and (0,0,1).

Specify a direction along C' and consider the integral

%A-dx,
c

where A = (z2 — %, 2% — 2%, y? — 2?). Explain why the contribution to the integral is
the same from each edge of C', and evaluate the integral.

State Stokes’s theorem and use it to evaluate the surface integral

/ (VxA)-dS,
T
the components of the normal to T being positive.

Show that dS in the above surface integral can be written in the form (1,1,1) dy dz.
Use this to verify your result by a direct calculation of the surface integral.
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3/1I/10A  Vector Calculus

Write down an expression for the Jacobian J of a transformation

(x,y,2) = (u,v,w).

Use it to show that
/ fdar:dydz:/ o |J| dudvdw
D A

where D is mapped one-to-one onto A, and
o(u,v,w) = f(x(u,v,w), y(u, v, w), z(u,v,w)) )

Find a transformation that maps the ellipsoid D,

onto a sphere. Hence evaluate

/ 22 dxdydz .
D

3/II/11A  Vector Calculus
(a) Prove the identity

V(F-G) = (F-V)G + (G-V)F + Fx (VxG) + Gx(VxF).

(b) If E is an irrotational vector field (V x E = 0 everywhere), prove that there
exists a scalar potential ¢(x) such that E = —V¢.

Show that , , ,
(2$y226_w 2:7 _2y6—:v 2:7 x2y26—:v z)

is irrotational, and determine the corresponding potential ¢.
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3/11/12A  Vector Calculus

State the divergence theorem. By applying this to f(x)k, where f(x) is a scalar
field in a closed region V in R® bounded by a piecewise smooth surface S, and k an
arbitrary constant vector, show that

/VVde: /Sde. (*)

A vector field G satisfies
V-G =p(x)

with p(X) _ {80 ‘X‘ <a

x| >a.

By applying the divergence theorem to / V - G dV, prove Gauss’s law
1%

/SG-dS=/Vp<x>dv,

where S is the piecewise smooth surface bounding the volume V.

Consider the spherically symmetric solution

where r = |x|. By using Gauss’s law with S a sphere of radius r, centre 0, in the two cases
0 <r < aandr > a, show that

Po
— X

3 r<a
Glx) = Po <9>3x r>a
3 \r '

The scalar field f(x) satisfies G = Vf. Assuming that f — 0 as r — oo, and that
f is continuous at r = a, find f everywhere.

By using a symmetry argument, explain why (x) is clearly satisfied for this f if S
is any sphere centred at the origin.
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3/1/3A Vector Calculus

Determine whether each of the following is the exact differential of a function, and
if so, find such a function:

(a) (cosh @ + sinh 0 cos ¢)dd + (cosh 6 sin ¢ + cos ¢)do,
(b) 322(y? + 1)dz + 2(yx3 — 2%)dy — dyzd=.

3/1/4A Vector Calculus

State the divergence theorem.

I:/r"r-dS,
s

where n > 0 and S is the sphere of radius R centred at the origin. Evaluate I directly,
and by means of the divergence theorem.

Consider the integral

3/II/9A  Vector Calculus

Two independent variables x; and x5 are related to a third variable ¢ by
r1=a+at, xzy=0b+pt,

where a,b,« and S are constants. Let f be a smooth function of x; and s, and let
F(t) = f(z1,22). Show, by using the Taylor series for F'(t) about ¢t = 0, that

0 0
ﬂmwﬁ=fwmwwm—®a£+“”‘“5£
1 82f a2f 82]0
+§ ((‘Tl - a’)2ax% + 2(‘T1 - a)(fl:2 - b) 8[[,‘181’2 + (.TQ - b)za—ﬂg%> + ey

where all derivatives are evaluated at x1 = a, x9 = b.

Hence show that a stationary point (a,b) of f(xq,z2) is a local minimum if
Hqip >0, detHij >0,

0% f

555~ 15 the Hessian matrix evaluated at (a,b).
K3 J

where H;; =

Find two local minima of

flzy,20) = x‘f — x% + 2x1 29 —i—x% .
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3/1I/10A  Vector Calculus

The domain S in the (z,y) plane is bounded by y = z, y = ax (0 < a < 1) and
xy? = 1(x,y > 0). Find a transformation

u:f(l',y), 'U:g(xvy) >

such that S is transformed into a rectangle in the (u,v) plane.

2,2
/yz dx dy dz ,
D X

where D is the region bounded by

Evaluate

and the planes

3/II/11A  Vector Calculus
Prove that

Vx(axb)=aV-b—bV-a+(b-V)a—(a-V)b.

S is an open orientable surface in R3 with unit normal n, and v(x) is any
continuously differentiable vector field such that n-v =0 on S. Let m be a continuously
differentiable unit vector field which coincides with n on S. By applying Stokes’ theorem

to m x v, show that
Ov;
/ (5ij —nmj)—vdS—?{ u-vds,
s Ox; c

where s denotes arc-length along the boundary C' of S, and u is such that uds = ds x n.
Verify this result by taking v = r, and S to be the disc |r| < R in the z = 0 plane.
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3/11/12A  Vector Calculus

(a) Show, using Cartesian coordinates, that 1) = 1/r satisfies Laplace’s equation,
V29 =0, on R3\{0}.

(b) ¢ and 1) are smooth functions defined in a 3-dimensional domain V' bounded
by a smooth surface S. Show that

/ (pVZ) — pV2¢)dV = / (¢V — V) - dS.
|4 S

(c) Let » = 1/|r —rg| , and let V. be a domain bounded by a smooth outer surface
S and an inner surface S., where S. is a sphere of radius ¢, centre ry. The function ¢

satisfies

V2h = —p(r).
Use parts (a) and (b) to show, taking the limit € — 0, that ¢ at rg is given by

[ o) L9yl 1
wwoten) = | 2 + [ (e gy S

where V' is the domain bounded by S.
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3/1/3C Vector Calculus
For a real function f(x,y) with = z(t) and y = y(t) state the chain rule for the
derivative < f(2(t),y(t)).

By changing variables to v and v, where u = «a(z)y and v = y/x with a suitable
function a(z) to be determined, find the general solution of the equation

d d
xa—£—2ya—£ = 6f .

3/1/4A Vector Calculus
Suppose that

u = y?sin(xz) + vy*zcos(zz), v = 2xysin(zz), w = z?y*cos(rz).

Show that udx + v dy + wdz is an exact differential.
Show that

(7/2,1,1) -
/ udr +vdy+wdz = —.
(0,0,0) 2

3/I1/9C  Vector Calculus

Explain, with justification, how the nature of a critical (stationary) point of a
function f(x) can be determined by consideration of the eigenvalues of the Hessian matrix
H of f(x) if H is non-singular. What happens if H is singular?

Let f(z,y) = (y — 2%)(y — 22%) + ax?. Find the critical points of f and determine
their nature in the different cases that arise according to the values of the parameter
a € R.
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3/1I/10A  Vector Calculus

State the rule for changing variables in a double integral.

Let D be the region defined by

1)z <y<dx when%ﬁxﬁl,
x<y<4/xr whenl<z <2

Using the transformation v = y/x and v = zy, show that

4y 15 17
/ 5 5 dxdy = ?ln CR
pIT"+Y

3/II/11B  Vector Calculus

State the divergence theorem for a vector field u(r) in a closed region V' bounded
by a smooth surface S.

Let Q(r) be a scalar field. By choosing u = ¢ for arbitrary constant vector c,

show that
/Vde = / Qds . (%)
v s

Let V' be the bounded region enclosed by the surface S which consists of the cone
(z,y,2) = (rcos@,rsin,r/v/3) with 0 < r < /3 and the plane z = 1, where 7,6, z are
cylindrical polar coordinates. Verify that (x) holds for the scalar field Q = (a — 2) where
a is a constant.

3/11/12B  Vector Calculus

In R? show that, within a closed surface S, there is at most one solution of Poisson’s
equation, V2¢ = p, satisfying the boundary condition on S

oo} B
a%+¢_77

where « and v are functions of position on .S, and « is everywhere non-negative.

Show that
¢(x,y) = ™' sinly

are solutions of Laplace’s equation V2¢ = 0 on R2.

Find a solution ¢(z,y) of Laplace’s equation in the region 0 <z <7, 0 <y <7
that satisfies the boundary conditions

=0 on O<z<m y=20

=0 on O<z<m Y=
¢+ 0¢/On =0 on x=0 O<y<m
¢ = sin(ky) on r=T7 O<y<m

where k is a positive integer. Is your solution the only possible solution?
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