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2023

NIVERSITY OF
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.
S

Paper 2, Section 1
1A Differential Equations
Find the general solution y(x) of the differential equation

y/// _ 4y// + 4y/ _ er:p.

Paper 2, Section I
2A Differential Equations
(a) Find the solution y(z) of

z2y — cos(2y) =1
subject to y — 97 /4 as © — co. [If your answer involves inverse trigonometric functions,
then you should specify their range.]
(b) Find the general solution u(z) of the equation

xu’::c—i—u.

Paper 2, Section 11

5A Differential Equations
(a) Consider the linear differential equation

y +p@)y = f(=), ()
where p(z) and f(z) are given nonzero functions. Show how to express the general solution

y(z) in terms of two integrals involving p(x) and f(z), to be specified.

If y1(x) and ya(z) are distinct solutions of (x), express the general solution of (x) in
terms of y;(x) and yo(x).

(b) Find the general solution y(z) of the differential equation

zy — (222 + 1)y = 2°.

Show that there is only one solution of this equation with y(z) bounded as x — oo, and
determine its limiting value. Sketch this solution.

Part IA, Paper 1 [TURN OVER]



B UNIVERSITY OF
¥ CAMBRIDGE 6

Paper 2, Section II
6A Differential Equations
The function y(x, 1) satisfies

y 9
B y+pz+y), y0,n) ,

and the function u(x, 1) is defined by v = 9y/Ou. Show that
ou

Oz =u+z+y*+2pyu, w(0,p)=0.

Determine y(z,0) and then u(z,0).
For small y, the solution of (x) can be approximated by a series

y(z, 1) = yo(z) + py1(z) + pya(z) + - -

Specify the functions yo(x), y1(z) and ya(z).

2023

Part 1A, Paper 1
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Paper 2, Section II
7A Differential Equations
The Dirac d-function can be defined by the properties §(t) = 0 for t # 0 and

f; f(t)o(t)dt = f(0) for any a < 0 < b and function f(¢) that is continuous at ¢ = 0. The
function H (t) is defined by

1 f t>0
Ht) = or
0 for t<O.

(a) Prove that
(i) o(pt) = d(t)/|p| for any nonzero real constant p;

(ii) for any differentiable function f(t)
| s = -ro);

(iii) H'(t) = 8(¢t).

(b) An electronic system has two time-dependent variables x(t) and y(t), and two
inputs to which a constant unit signal is applied, each starting at a particular time. The
differential equations governing the system take the form

T+2y = H(t),
y—2x = H({t—m).
At t = —m, the system has © = 1 and y = 0. Find z(¢) for ¢ < 0. Show that z(t) can be

written for ¢ > 0 as
x(t) = asin 2t 4+ b+ q(t) sin’ ¢,

where the constants a and b and the function ¢(¢) are to be specified. Sketch g(t) for
0<t<2m.

Part IA, Paper 1 [TURN OVER]
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Paper 2, Section II
8A Differential Equations
(a) Classify the equilibrium point of the system

dx dy
— =442y, —=-x+y.

Y dt Yy
Sketch the phase portrait showing both the direction of any straight-line trajectories and
the shapes of a representative selection of non-straight trajectories to indicate the direction
of motion in each part of phase space.

(b) Consider the second-order differential equation for x(t)

1:2—1—1_

T+ 3¢ —4log 0.

(i) Rewrite the equation as a system of two first-order equations for z(t) and
y(t), where y = &, and find the equilibrium points of that system.

(ii) Use linearisation to classify the equilibrium points.

(iii) On a sketch of the (x,y)-plane, show the regions where & and y are both
positive, both negative, or one positive and one negative.

(iv) Using the information obtained in parts (i)—(iii), sketch the trajectories of
the system, including the trajectories through (1,0).

Part 1A, Paper 1
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Paper 2, Section 1
1A Differential Equations

Consider the integral
™
I(x) :/ e? 504
0

Show, by differentiating under the integral sign, that

dl 4
— = / zsin? 0”040 .
d$ 0
Hence, or otherwise, show that
d*I  1dI I—0
dz?  xdx N

Paper 2, Section 1
2B Differential Equations

Solve the difference equation
Tn+3 — 6CL’n+2 + 12$n+1 — 8.’En = 0,

given initial conditions zg = 0,21 = 4, x5 = 24.

Paper 2, Section 11
5C Differential Equations
(a) What is meant by an ordinary point and a regular singular point of a linear
second-order ordinary differential equation?
Consider
d*y
dz?

—i—(l—a:)j—i—i—)\yzo, (1)

T
where ) is a real constant.

Find a solution to (}) in the form of a series expansion around x = 0. Obtain the
general expression for the coefficients in the series.

For what values of A do you obtain polynomial solutions?
(b) Determine the Wronskian of the equation () as a function of x.

Let A = 1. Verify that y; = 1 —x is a solution to (}). Using the Wronskian, calculate
a second solution ¥ in the form

y2:(1—9:)10g:1:—|—blx+b2x2+...,

where by and by are constants you need to find.

Part IA, Paper 1 [TURN OVER]
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Paper 2, Section II
6A Differential Equations

(a) Let f(x,y) be a real-valued function depending smoothly on real variables x and
y, and g(t) = f(a+tcos~y, b+ tsinvy), where a, b and ~ are constants. Express ¢(¢) and
g"(t) in terms of partial derivatives of f.

Write down sufficient conditions for g to have a local minimum at ¢ = 0 and deduce
that a stationary point of f at (z,y) = (a,b) is a local minimum if

0% f 0%f 0% f 0%f \2
— >0 and > <8x8y) .

o W Gaae
(b) Now let
flay) =a" —32% + 20y + o .
Find all stationary points of f and show that those at (z,y) # (0,0) are local minima.

Show also that ¢g(t) with a = b = 0 has either (i) a local minimum or (ii) a local
maximum at ¢ = 0, depending on the value of 7. Determine carefully the ranges of values
of tan~y for which cases (i) and (ii) occur and sketch the typical behaviour of g(t) in each
of these cases.

Paper 2, Section 11
7C Differential Equations

Consider the system of linear differential equations

dz 3 —6
E—Az—f, where A_<1 _2>. (1)

(a) Suppose f = 0. Show that the general solution to (f) takes the form
z = aujeM! + fuye?t, (%)
where a and 3 are arbitrary constants. Calculate uj, us, A1, and As.

(b) Suppose now that f = (1, @), where a is a constant parameter.

By writing f as a linear combination of u; and ug, determine the value(s) of a for
which the particular integral depends on time.

Using matrix methods, find the general solution to ().

(c) Consider

where n > 1 is an integer.

Show that (%) is a solution to this system of equations. How many other linearly
independent solutions must there be?

Part 1A, Paper 1
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Paper 2, Section II
8B Differential Equations

(a) Consider the system
x’:8x—2x2—2xy2, Y=y —yY, (*)

for z(t) > 0,y(t) > 0.

Find all the equilibrium points of (%) and determine their type. Explain how
solutions close to each equilibrium point will evolve, sketching their trajectories. [You
may quote general results without proof.]

(b) Consider the system

t=z(1l—-vy), y=3y(z—1), (x%)
defined for z > 0,y > 0.

Show that it has precisely one equilibrium point in the given range. Obtain an
equation for dy/dx. Show that this equation is separable and hence obtain a solution
in the form FE(z,y) = C, where C is a constant and F(z,y) is a nontrivial conserved
quantity for solutions of (xx). Show that F(z,y) has a single stationary point in the
quadrant x > 0,y > 0, and identify what type of stationary point it is. Hence show that
solutions close to the equilibrium point at time ¢ = 0 remain close at all times.

Part IA, Paper 1 [TURN OVER]
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Paper 2, Section 1
1A Differential Equations
Solve the difference equation

Ynt2 — 4Ynt1 +4yn =n

subject to the initial conditions yop = 1 and y; = 0.

Paper 2, Section I
2A Differential Equations
Let y1 and yo be two linearly independent solutions to the differential equation

d?y dy
a2 +P(5U)@ +q(z)y =0.
Show that the Wronskian W = y1 v — yoy] satisfies

dWw
— +pW =0.
dx

Deduce that if y2(z¢) = 0 then

W)
) yl(t)g

ya(z) = y1(x) dt.

Given that y;(z) = 23 satisfies the equation

find the solution which satisfies y(1) = 0 and /(1) = 1.

Part IA, 2021 List of Questions [TURN OVER]
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B UNIVERSITY OF
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Paper 2, Section II
5A Differential Equations

For a linear, second order differential equation define the terms ordinary point,
singular point and regular singular point.

For a,b € R and b ¢ 7Z consider the following differential equation

d?y dy
x@—i—(b—x)@—ay—(). (%)

Find coefficients ¢y, (a, b) such that the function y; = M (z,a,b), where
oo
M(x,a,b) = Z em(a,b)z™,
m=0

satisfies (x). By making the substitution y = ' ~Pu(z), or otherwise, find a second linearly
independent solution of the form y = 2'~°M (z, a, B) for suitable a, 3.

Suppose now that b = 1. By considering a limit of the form

. Y2 — U
lim ,
b—1 b—1

or otherwise, obtain two linearly independent solutions to () in terms of M and derivatives
thereof.

Part 1A, 2021 List of Questions
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Paper 2, Section II
6A Differential Equations
By means of the change of variables n = x — ¢t and £ = x + ¢, show that the wave
equation for u = u(x,t) ) )
ou iy (¥
ox?  Ot?
is equivalent to the equation
0*U B
M og
where U(n, &) = u(x,t). Hence show that the solution to () on z € R and ¢ > 0, subject
to the initial conditions

ou

u(@,0) = f(z), 5 (2,0)=g(2)

is

T+t
u(et) = 5 =0+ fe+ 045 [ aly)dy,

—t
Deduce that if f(z) = 0 and g(z) = 0 on the interval |x — x| > r then u(z,t) = 0 on
|z — x| > r +t.

Suppose now that y = y(z,t) is a solution to the wave equation (*) on the finite
interval 0 < z < L and obeys the boundary conditions

y(O,t) = y(La t) =0

for all t. The energy is defined by

=3 [ () + (22) e

By considering dE/dt, or otherwise, show that the energy remains constant in time.

Paper 2, Section II
7A Differential Equations

The function 6 = 6(t) takes values in the interval (—, 7] and satisfies the differential
equation

d26 2usind
— 4+ (A =2u)sinf + ——— =0,
dt? ( ) sin V5 +4cosf )

where A and p are positive constants.

Let w = 6. Express (%) in terms of a pair of first order differential equations in
(f,w). Show that if 3\ < 4 then there are three fixed points in the region 0 < 6§ < 7.

Classify all the fixed points of the system in the case 3\ < 4pu. Sketch the phase
portrait in the case A =1 and p = 3/2.

Comment briefly on the case when 3\ > 4.

Part IA, 2021 List of Questions [TURN OVER]
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B UNIVERSITY OF
¥ CAMBRIDGE 8

Paper 2, Section II
8A Differential Equations
For an n x n matrix A, define the matrix exponential by

o0 Am
exp(A) = Z ml’
m=0
where A° = I, with I being the n x n identity matrix. [You may assume that

exp((s + t)A) = exp(sA)exp(tA) for real numbers s,¢ and you do not need to consider
issues of convergence.] Show that

d
—exp(tA) = Aexp(tA).
dt
Deduce that the unique solution to the initial value problem
Y1 (t)
dy )
E = AY> y(O) =Yo, where Y(t) = . )
Yn(t)
is y(t) = exp(tA)yo.

Let x = x(t) and f = f(¢) be vectors of length n and A a real n X n matrix. By
considering a suitable integrating factor, show that the unique solution to

d
d—)t(—AX:f, x(0) = %o (%)

is given by

x(t) = exp(tA)xo + /0 exp[(t — s)Alf(s)ds.

Hence, or otherwise, solve the system of differential equations (x) when

2 2 =2 sint 1
A=1|5 1 =3]|, f(t)=[3sint]|, xo=|1
1 5 -3 0 2

[Hint: Compute A? and show that A3 =0.]

Part 1A, 2021 List of Questions
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B UNIVERSITY OF
¥ CAMBRIDGE 4

Paper 1, Section I

2A Differential Equations
Solve the differential equation

dy _ 1
de — x+e2v’

subject to the initial condition y(1) = 0.

Paper 1, Section 11

7A Differential Equations
Show that for each ¢ > 0 and z € R the function

K(z,t) =

1 < z2 >
exp | ——
Vart P\ a
satisfies the heat equation
ou 0%u

ot 0ox?’

For t > 0 and = € R define the function u = u(x,t) by the integral
o0
u(z,t) = / K(x—y,t)f(y)dy.
—00

Show that u satisfies the heat equation and lim;_,g+ u(z,t) = f(z). [Hint: You may find
it helpful to consider the substitution Y = (x —y)/v/4t.]

Burgers’ equation is

ow ow  0%w

ot " or T 02
By considering the transformation
w(z,t) = —2——,
(@,1) u 0x

solve Burgers’ equation with the initial condition lim, ,o+ w(z,t) = g(x).

Paper 1, Section II

8A Differential Equations
Solve the system of differential equations for z(t), y(t), z(¢),

T =3z —,
y =3x+ 2y — 3z 4+ cost — 2sint,

z =3 — z,

subject to the initial conditions z(0) = y(0) =0, 2(0) = 1.

Part 1A, 2020 List of Questions
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BB UNIVERSITY OF
¥¥ CAMBRIDGE 5

Paper 2, Section 1
1C Differential Equations

The function y(x) satisfies the inhomogeneous second-order linear differential equa-
tion
x

y" =2y — 3y = —16xe".
Find the solution that satisfies the conditions that y(0) = 1 and y(x) is bounded as x — oc.

Paper 2, Section I
2C Differential Equations
Consider the first order system
dv At

E—Bv:e x (1)

to be solved for v(t) = (vi(t),va(t),...,v,(t)) € R, where the n x n matrix B , A € R and
x € R" are all independent of time. Show that if A\ is not an eigenvalue of B then there
is a solution of the form v(t) = e*u, with w constant.

0 3 0
B—<1 0) A=2 andar:—(l),

find the general solution to (1).

For n = 2, given

Part IA, 2019 List of Questions [TURN OVER
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BB UNIVERSITY OF
¥¥ CAMBRIDGE 6

Paper 2, Section II
5C Differential Equations
Consider the problem of solving

d*y
ae = )

subject to the initial conditions y(0) = %(0) = 0 using a discrete approach where y
is computed at discrete times, y, = y(t,) where t, = nh (n = —1,0,1,...,N) and
0<h=1/N<1.

(a) By using Taylor expansions around t,, derive the centred-difference formula

Yn+1l — 2Yn + Yn—1 _ dQ_y
02 a2 |,

+ O(h%)
tn

where the value of « should be found.

(b) Find the general solution of y,,+1 — 2y, +yn—1 = 0 and show that this is the discrete
d’y

version of the corresponding general solution to 5 =

(¢) The fully discretized version of the differential equation (1) is

Ynt1 — 2yn + Yn—1
h2

=nh for n=0,...,N—1. (2)
By finding a particular solution first, write down the general solution to the

difference equation (2). For the solution which satisfies the discretized initial
conditions yg = 0 and y_1 = y1, find the error in yy in terms of h only.

Part 1A, 2019 List of Questions
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BB UNIVERSITY OF
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Paper 2, Section II
6C Differential Equations
Find all power series solutions of the form y =" ° ja,z™ to the equation

(1—a?)y —ay' + Xy =0

for X\ a real constant. [It is sufficient to give a recurrence relationship between coefficients. |

Impose the condition y'(0) = 0 and determine those values of A for which your power
series gives polynomial solutions (i.e., a,, = 0 for n sufficiently large). Give the values of
A for which the corresponding polynomials have degree less than 6, and compute these
polynomials. Hence, or otherwise, find a polynomial solution of

(1—a?)y" —ay +y=8z*-3

satisfying y'(0) = 0.

Part IA, 2019 List of Questions [TURN OVER
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BB UNIVERSITY OF
¥¥ CAMBRIDGE 8

Paper 2, Section II
7C Differential Equations

Two cups of tea at temperatures 77 (t) and T5(t) cool in a room at ambient constant
temperature Ts. Initially 77(0) = T2(0) = Ty > Two.

Cup 1 has cool milk added instantaneously at ¢ = 1 and then hot water added at a
constant rate after ¢t = 2 which is modelled as follows

dT

— = —a(Ty — Too) — 6(t — 1)+ H(t — 2),

whereas cup 2 is left undisturbed and evolves as follows

dly

E = —CL(TQ — Too)

where 6(¢) and H(t) are the Dirac delta and Heaviside functions respectively, and a is a
positive constant.

(a) Derive expressions for 71 (t) when 0 < ¢ < 1 and for T»(t) when ¢ > 0.

(b) Show for 1 < t < 2 that

T1(t) = Too + (Ty — Too — €*)e ™.

(c) Derive an expression for 77 (t) for t > 2.
(d) At what time t* is T} = 157

(e) Find how t* behaves for a — 0 and explain your result.

Part 1A, 2019 List of Questions
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BB UNIVERSITY OF
¥¥ CAMBRIDGE 9

Paper 2, Section II
8C Differential Equations
Consider the nonlinear system

&=y -2,

Y= —x.

(a) Show that H = H(z,y) = 2% + y? — y* is a constant of the motion.

(b) Find all the critical points of the system and analyse their stability. Sketch the phase
portrait including the special contours with value H(x,y) = %.
(c) Find an explicit expression for y = y(t) in the solution which satisfies (z,y) = (3,0)

at t = 0. At what time does it reach the point (z,y) = (1, —3)?

Part IA, 2019 List of Questions [TURN OVER
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BB UNIVERSITY OF
¥¥ CAMBRIDGE 5

Paper 2, Section 1
1B Differential Equations
Consider the following difference equation for real u,:

Upg1 = attn (1 — u?)

where a is a real constant.

For —0o < a < oo find the steady-state solutions, i.e. those with w1 = u, for all n,
and determine their stability, making it clear how the number of solutions and the stability
properties vary with a. [You need not consider in detail particular values of a which sepa-
rate intervals with different stability properties.]

Paper 2, Section 1
2B Differential Equations

Show that for given P(z,y), Q(z,y) there is a function F'(x,y) such that, for any
function y(z),

d d
P(e.y) + Qa,y) 72 = —Fla.y)
if and only if
or _ 0Q
oy Oz’

Now solve the equation

d
(2y+31‘)£+4$3+3y:0.

Paper 2, Section II
5B Differential Equations
By choosing a suitable basis, solve the equation

1 2 T + —2 5 X 4t 3b + —t -3
1 0)\y 2 —1)\y) "¢ \2)7¢ \c-1)"
subject to the initial conditions z(0) = 0, y(0) = 0.
Explain briefly what happens in the cases b = 2 or ¢ = 2.

Part IA, 2018 List of Questions [TURN OVER
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Paper 2, Section II
6B Differential Equations

The function u(zx,y) satisfies the partial differential equation

0x? Oxdy oyz

where a, b and ¢ are non-zero constants.

2018

Defining the variables £ = ax + y and n = Bz + y, where o and ( are constants,

and writing v(§,n) = u(x,y) show that

9%u 0% 0% d%v 0%
&

a5 +0b +c=— = Ao, B)

Ox? oxdy  Oy? + Bla, §)

o¢?

Cla, B)

o
on?’

where you should determine the functions A(a, ), B(«, ) and C(«, 3).

If the quadratic as® 4 bs + ¢ = 0 has distinct real roots then show that a and 3 can

be chosen such that A(«, ) = C(a, f) =0 and B(«, 5) # 0.

If the quadratic as? 4+ bs + ¢ = 0 has a repeated root then show that o and 3 can

be chosen such that A(«, ) = B(a, ) =0 and C(«, 5) # 0.

Hence find the general solutions of the equations

9%u d%u 9%u

and
9%u 9%u 0%u
.. Ou  , 0u | Ou
(i) Ox? + Oxdy * Oy? 0

Part IA, 2018

List of Questions
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Paper 2, Section II
7B Differential Equations
Consider the differential equation
2 d*y dy

2 2y
x E—Fx%—(:p +a%)y = 0.

What values of x are ordinary points of the differential equation? What values of

x are singular points of the differential equation, and are they regular singular points or
irreqular singular points? Give clear definitions of these terms to support your answers.

For o not equal to an integer there are two linearly independent power series
solutions about z = 0. Give the forms of the two power series and the recurrence relations
that specify the relation between successive coefficients. Give explicitly the first three
terms in each power series.

For a equal to an integer explain carefully why the forms you have specified do not
give two linearly independent power series solutions. Show that for such values of o there
is (up to multiplication by a constant) one power series solution, and give the recurrence
relation between coefficients. Give explicitly the first three terms.

If y;(z) is a solution of the above second-order differential equation then

o) =) [ s

where c is an arbitrarily chosen constant, is a second solution that is linearly independent
of y1(z). For the case a = 1, taking y;(x) to be a power series, explain why the second
solution ya(z) is not a power series.

[You may assume that any power series you use are convergent.]

Part IA, 2018 List of Questions [TURN OVER
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Paper 2, Section II
8B Differential Equations

The temperature 7" in an oven is controlled by a heater which provides heat at rate
Q(t). The temperature of a pizza in the oven is U. Room temperature is the constant
value T, .

T and U satisfy the coupled differential equations

dT
i —a(T - T,) + Q(t)
dU

where a and b are positive constants. Briefly explain the various terms appearing in the
above equations.

Heating may be provided by a short-lived pulse at t = 0, with Q(t) = Q1(t) = 6(¢) or
by constant heating over a finite period 0 < t < 7, with Q(¢) = Qa2(t) = 7~ Y(H(t) — H(t —
7)), where §(t) and H(t) are respectively the Dirac delta function and the Heaviside step
function. Again briefly, explain how the given formulae for Q1 (¢) and Q2(t) are consistent
with their description and why the total heat supplied by the two heating protocols is the
same.

For t <0, T = U = T,. Find the solutions for T'(¢) and U(t) for ¢t > 0, for each of
Q(t) = Q1(t) and Q(t) = Q2(t), denoted respectively by Ti(t) and U;(t), and T»(t) and
Us(t). Explain clearly any assumptions that you make about continuity of the solutions
in time.

Show that the solutions T5(t) and Usa(t) tend respectively to T7(¢) and U;(¢) in the
limit as 7 — 0 and explain why.

Part 1A, 2018 List of Questions
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BB UNIVERSITY OF
¥¥ CAMBRIDGE 6

Paper 2, Section 1
1C Differential Equations

(a) The numbers z1, 29, . .. satisfy
Zntl = Zn + Cn (n>1),
where c¢q, ca, ... are given constants. Find 2,41 in terms of ¢, ca,..., ¢, and 2.
(b) The numbers x1, x9, ... satisfy
Tyl = ApTp + by (n = 1)7
where a1, ao,... are given non-zero constants and by, by, ... are given constants. Let
z1 = x1 and zp41 = Tpt1/Un, where U, = ajas - - - a,, . Calculate 2,41 — 2, , and hence
find 2,41 in terms of x1, by,...,b, and Uy,...,U,.

Paper 2, Section 1

2C Differential Equations
Consider the function

(z —y)?

_ T ¥
f(xuy)_y—i_x a2

defined for x > 0 and y > 0, where a is a non-zero real constant. Show that (\,\) is a
stationary point of f for each A > 0. Compute the Hessian and its eigenvalues at (A, A ).

Part 1A, 2017 List of Questions
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Paper 2, Section II
5C Differential Equations
The current I(¢) at time ¢ in an electrical circuit subject to an applied voltage V' (t)

obeys the equation

d2I dl 1 dv
Lty rel=a

where R, L and C are the constant resistance, inductance and capacitance of the circuit
with R >0, L >0 and C > 0.

(a) In the case R = 0 and V(t) = 0, show that there exist time-periodic solutions of
frequency wg, which you should find.
(b) In the case V(t) = H(t), the Heaviside function, calculate, subject to the condition

4L
R? > —,
C

the current for ¢ > 0, assuming it is zero for ¢ < 0.

(¢c) If R > 0 and V() = sinwpt, where wp is as in part (a), show that there is a time-
periodic solution Iy(t) of period T' = 27 /wy and calculate its maximum value ;.

(i) Calculate the energy dissipated in each period, i.e., the quantity

T
D:/ RIy(t)? dt .
0

Show that the quantity defined by

2r  LI%
=773
satisfies QwoRC = 1.

(ii) Write down explicitly the general solution I(t) for all R > 0, and discuss the
relevance of Iy(t) to the large time behaviour of I(t).

Part IA, 2017 List of Questions [TURN OVER
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BB UNIVERSITY OF
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Paper 2, Section II
6C Differential Equations

(a) Consider the system

Z—izx(l—x)—xy
dy 1

Yy —1
o = gyl —1)

for z(t) > 0, y(t) > 0. Find the critical points, determine their type and explain, with
the help of a diagram, the behaviour of solutions for large positive times ¢.

(b) Consider the system

Z—fzer(l—xQ—yg)ﬂf
d

r(t)cosO(t) and y(t) = r(t)siné(t), and hence describe the behaviour of solutions for
large positive and large negative times.

for (z(t),y(t)) € R% Rewrite the system in polar coordinates by setting z(t) =

Part 1A, 2017 List of Questions
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Paper 2, Section II
7C Differential Equations
Let y1 and yo be two solutions of the differential equation

y" () + p(x)y' (x) + q(x)y(z) =0,  —oo <z < oo,

where p and ¢ are given. Show, using the Wronskian, that

e cither there exist a and 3, not both zero, such that ay; (x)+Sy2(z) vanishes
for all x,

e orgiven xy, A and B, there exist a and b such that y(z) = ayi(x) + bya(x)
satisfies the conditions y(x¢) = A and y/(z) = B.

Find power series y; and ys such that an arbitrary solution of the equation

y'(z) = zy(x)

can be written as a linear combination of y; and ys.

Part IA, 2017 List of Questions [TURN OVER
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Paper 2, Section II
8C Differential Equations

d
(a) Solve d_i = 22 subject to z(0) = 2. For which 2 is the solution finite for all t € R?

Let a be a positive constant. By considering the lines y = a(x — ) for constant x,
or otherwise, show that any solution of the equation

of  of
8_x+a8_y_o

is of the form f(x,y) = F(y — ax) for some function F.

Solve the equation

of | of _
% + Ga—y = f
subject to f(0,y) = g(y) for a given function g. For which ¢ is the solution bounded

on R2?

(b) By means of the change of variables X = ax 4+ Sy and T' = vz + Jy for appropriate
real numbers «, 5,7, , show that the equation

o*f  0%f
022 + oxdy (*)

can be transformed into the wave equation

1 9°F  9%F

g7 98 )
c? 0712 0X? ’

where F' is defined by f(z,y) = F(ax + By,vx + dy). Hence write down the general
solution of ().
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Paper 2, Section 1
1A Differential Equations

(a) Find the solution of the differential equation

y”_yl_Gy:O

that is bounded as x — oo and satisfies y = 1 when x = 0.

(b) Solve the difference equation

h
(yn-‘rl — 2y, + yn—l) - §(yn+1 - yn—l) - Ghzyn =0.

Show that if 0 < h <« 1, the solution that is bounded as n — oo and satisfies yg = 1
is approximately (1 — 2h)™.

(c) By setting x = nh, explain the relation between parts (a) and (b).

Paper 2, Section 1
2A Differential Equations

(a) For each non-negative integer n and positive constant A, let
o
I,(\) = / e M.
0

By differentiating I,, with respect to A, find its value in terms of n and A.

(b) By making the change of variables x = u + v, y = u — v, transform the differential
equation
>
0xdy

into a differential equation for g, where g(u,v) = f(z,y).

Part 1A, 2016 List of Questions
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Paper 2, Section II
5A Differential Equations

(a) Find and sketch the solution of
y'+y=dx—m/2),
where ¢ is the Dirac delta function, subject to y(0) = 1 and y'(0) = 0.

(b) A bowl of soup, which Sam has just warmed up, cools down at a rate equal to the
product of a constant k and the difference between its temperature 7'(t) and the
temperature Ty of its surroundings. Initially the soup is at temperature 7'(0) = o7y,
where a > 2.

(i) Write down and solve the differential equation satisfied by T'(¢).

(ii) At time ¢;, when the temperature reaches half of its initial value, Sam quickly
adds some hot water to the soup, so the temperature increases instantaneously
by 3, where 8 > aTy/2. Find ¢, and T'(t) for t > t;.

(iii) Sketch T'(t) for ¢ > 0.

(iv) Sam wants the soup to be at temperature o7y at time to, where to > t;. What
value of 5 should Sam choose to achieve this? Give your answer in terms of a,
k, to and Tj.

Part IA, 2016 List of Questions [TURN OVER
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Paper 2, Section II
6A Differential Equations

(a) The function y(x) satisfies
y" +p(@)y +aq(z)y = 0.

(i) Define the Wronskian W (x) of two linearly independent solutions y;(x) and
y2(x). Derive a linear first-order differential equation satisfied by W (x).

(ii) Suppose that y;(z) is known. Use the Wronskian to write down a first-order
differential equation for y2(z). Hence express y2(x) in terms of y;(z) and W (x).

(b) Verify that yi(z) = cos(z?) is a solution of
axay// + bxo‘_ly’ +y= O,

where a, b, a and  are constants, provided that these constants satisfy certain
conditions which you should determine.

Use the method that you described in part (a) to find a solution which is linearly
independent of y; ().

Part 1A, 2016 List of Questions
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Paper 2, Section II
7A Differential Equations
The function y(z) satisfies

Y+ p(x)y + q(z)y = 0.

What does it mean to say that the point z = 0 is (i) an ordinary point and (ii) a
reqular singular point of this differential equation? Explain what is meant by the indicial
equation at a regular singular point. What can be said about the nature of the solutions
in the neighbourhood of a regular singular point in the different cases that arise according
to the values of the roots of the indicial equation?

State the nature of the point x = 0 of the equation
2y’ + (x—m+ 1)y — (m—1)y = 0. (%)

Set y(x) = x7 Y7, anx™, where g # 0, and find the roots of the indicial equation.

(a) Show that one solution of () with m # 0,—1,—2,--- is

_ .m = (_ann

and find a linearly independent solution in the case when m is not an integer.

(b) If m is a positive integer, show that (x) has a polynomial solution.

(c) What is the form of the general solution of (x) in the case m = 0?7 [You do not need
to find the general solution explicitly.]

Part IA, 2016 List of Questions [TURN OVER
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Paper 2, Section II
8A Differential Equations

(a) By considering eigenvectors, find the general solution of the equations

— = 2x+ 5y,

dt

w_ (1)
dt Y,

and show that it can be written in the form

T\ _ dcost +8 5sint
y ) —2cost —sint cost —2sint )’

where o and § are constants.

(b) For any square matrix M, exp(M) is defined by

o0

exp(M) =

n=0

MTL

n!

dx
Show that if M has constant elements, the vector equation — = Mx has a solution

x = exp(Mt)xp, where xq is a constant vector. Hence solve (1) and show that your
solution is consistent with the result of part (a).

Part 1A, 2016 List of Questions
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Paper 2, Section 1
1B Differential Equations
Find the general solution of the equation

d
ﬁ —2y:e)‘x, (%)

where ) is a constant not equal to 2.

By subtracting from the particular integral an appropriate multiple of the comple-
mentary function, obtain the limit as A — 2 of the general solution of (x) and confirm
that it yields the general solution for A = 2.

Solve equation (*) with A =2 and y(1) = 2.

Paper 2, Section 1
2B Differential Equations
Find the general solution of the equation

dy 3
2= =y — 4B,
dt y—vy

Compute all possible limiting values of y as ¢ — oo.

Find a non-zero value of y(0) such that y(¢) = y(0) for all ¢.

Paper 2, Section 11
5B Differential Equations
Write as a system of two first-order equations the second-order equation

20 df |df .
W—i—c%‘a +Sln9:0, (*)

where c¢ is a small, positive constant, and find its equilibrium points. What is the nature
of these points?

Draw the trajectories in the (0, w) plane, where w = df/dt, in the neighbourhood of
two typical equilibrium points.

By considering the cases of w > 0 and w < 0 separately, find explicit expressions
for w? as a function of #. Discuss how the second term in () affects the nature of the
equilibrium points.
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Paper 2, Section II
6B Differential Equations
Consider the equation

0%u 0%u 0%u
ol 2 g2t s 7%
Ox? + 38y2 Ox dy 0 ()

for the function u(z,y), where z and y are real variables. By using the change of variables
E=r+ay, n=pr+y,
where o and 8 are appropriately chosen integers, transform (*) into the equation

9%u

oEdn 0

Hence, solve equation () supplemented with the boundary conditions

u(0,y) = 4y, u(—2y,y) =0, for all y.

Part IA, 2015 List of Questions [TURN OVER
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Paper 2, Section II
7B Differential Equations
Suppose that u(z) satisfies the equation
d’*u
a2 (@)u =0,
where f(z) is a given non-zero function. Show that under the change of coordinates
x = x(t),
d*u i du 9
— ——— —&“f(x)u=20
a2 @ dt /(@) ’
where a dot denotes differentiation with respect to t. Furthermore, show that the function

satisfies

S

Choosing & = (f(z)) 2, deduce that

d*U

v (1+ F(t)U =0,

for some appropriate function F'(¢). Assuming that F' may be neglected, deduce that u(x)
can be approximated by

u(z) = A(z) (e @ + c_em¢@)),

where ¢y, c_ are constants and A, G are functions that you should determine in terms

of f(x).
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Paper 2, Section II
8B Differential Equations
Suppose that x(t) € R? obeys the differential equation
dx

T = Mx, (%)

where M is a constant 3 x 3 real matrix.

(i) Suppose that M has distinct eigenvalues A1, A2, A3 with corresponding eigenvectors
e1, e, e3. Explain why x may be expressed in the form 2?21 a;(t)e; and deduce by
substitution that the general solution of () is

3
X = E AieAitei,
=1

where Ay, Ay, A3 are constants.

(ii) What is the general solution of (k) if A2 = A3 # A1, but there are still three linearly
independent eigenvectors?

(iii) Suppose again that Aa = A3 # A1, but now there are only two linearly independent
eigenvectors: e; corresponding to A\; and ey corresponding to Ao. Suppose that
a vector v satisfying the equation (M — A2l)v = eg exists, where I denotes the
identity matrix. Show that v is linearly independent of e; and es, and hence or
otherwise find the general solution of (x).

Part IA, 2015 List of Questions [TURN OVER
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Paper 2, Section 1
1B Differential Equations
The following equation arises in the theory of elastic beams:

4 d?u

t
dt?

+Xu=0 A>0,t>0,

where u(t) is a real valued function.

By using the change of variables

find the general solution of the above equation.

Paper 2, Section 1
2B Differential Equations
Consider the ordinary differential equation
dy
P(z, ,y)— = 0.
(@,y) + Qa,y) (%)
State an equation to be satisfied by P and @ that ensures that equation (x) is exact. In

this case, express the general solution of equation (*) in terms of a function F'(z,y) which
should be defined in terms of P and Q.

Consider the equation
dy 4z + 3y

de 3+ 3y2

satisfying the boundary condition y(1) = 2. Find an explicit relation between y and z.

Part IA, 2014 List of Questions [TURN OVER
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Paper 2, Section II
5B Differential Equations

Use the transformation
1 dx(t)

cx(t) dt ’

where c is a constant, to map the Ricatti equation

y(t) =

d
d_i + ey +a(t)y + b(t) =0,

to a linear equation.

2014

t >0,

Using the above result, as well as the change of variables 7 = In ¢, solve the boundary

value problem

where A is a positive constant. What is the value of ¢ > 0 for which the solution is singular?

Part 1A, 201 List of Questions
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Paper 2, Section II
6B Differential Equations
The so-called “shallow water theory” is characterised by the equations

a9 B
E—Fa—gg[(h—kg“)u} —0,
ou ou /o
E—Fua—m—kga—i—o,

where g denotes the gravitational constant, the constant h denotes the undisturbed depth
of the water, u(z,t) denotes the speed in the z-direction, and ((z,t) denotes the elevation
of the water.

(i) Assuming that |u| and || and their gradients are small in some appropriate
dimensional considerations, show that ( satisfies the wave equation

9’C _ 5 9%
a2 =" o *)
where the constant ¢ should be determined in terms of A and g.

(ii) Using the change of variables
E=x+ct, n=ux—ct,

show that the general solution of (k) satisfying the initial conditions

0 = wofa), o (,0) = wo(),

is given by

C(a,t) = flz +ct) + g(x = ct),
where

df(z) 1 [dug(xz) 1

T -3 | 4 2.

dg(z) 1 [dup(xz) 1

dr 2 [ c(;x B Evo(x)] '

Simplify the above to find ¢ in terms of ug and vy.
(ii) Find ¢(z,t) in the particular case that

up(x) =H(x+1)—H(x—1), vo(z)=0, —oo <z < o0,

where H(-) denotes the Heaviside step function.

Describe in words this solution.

Part IA, 2014 List of Questions [TURN OVER
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Paper 2, Section II
7B Differential Equations
(a) Let y1(z) be a solution of the equation

d?y dy
) —|—p(:r)% + q(x)y = 0.

Assuming that the second linearly independent solution takes the form yo(z) =
v(x)y1(x), derive an ordinary differential equation for v(z).
(b) Consider the equation
(1 2)de 22 foy—0, “1<z<1
— ) — — 2r— =4U, — X .
dx? dr Y

By inspection or otherwise, find an explicit solution of this equation. Use the result
in (a) to find the solution y(z) satisfying the conditions

_dy

y(0) = Lo =1,

Paper 2, Section 11
8B Differential Equations
Consider the damped pendulum equation

d%9 do
W+c%+sin0:0, (%)

where ¢ is a positive constant. The energy F, which is the sum of the kinetic energy and
the potential energy, is defined by

2
E(t) = % (Z—f) + 1 —cosf.

(i) Verify that E(t) is a decreasing function.

(ii) Assuming that 6 is sufficiently small, so that terms of order #3 can be neglected, find
an approximation for the general solution of (x) in terms of two arbitrary constants.
Discuss the dependence of this approximate solution on c.

(iii) By rewriting (*) as a system of equations for z(t) =  and y(t) = 6, find all stationary
points of () and discuss their nature for all ¢, except ¢ = 2.

(iv) Draw the phase plane curves for the particular case ¢ = 1.
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Paper 2, Section 1
1A Differential Equations
Solve the equation

-1 —2y=3e*"4+3e"+ 346t

subject to the conditions y =9y =0 at t = 0.

Paper 2, Section I
2A Differential Equations
Use the transformation z = Inx to solve

s=—32—1—¢7%

subject to the conditions z =0 and 2 =V at t = 0, where V is a positive constant.

Show that when Z(t) =0

z:ln<\/V2+4—1) .

Paper 2, Section 11
5A Differential Equations
The function y(z) satisfies the equation

y" 4+ p(z)y +q(z)y =0.

Give the definitions of the terms ordinary point, singular point, and regular singular point
for this equation.

For the equation
2y +y=0

classify the point z = 0 according to your definitions. Find the series solution about x = 0
which satisfies
y=0 and 3y =1 ataz=0.

For a second solution with y =1 at = 0, consider an expansion

y(w) = yo(x) +y1(z) +yalz) +...,

where yo = 1 and zy;, | = —yn. Find y; and yp which have y,(0) = 0 and y, (1) = 0.
Comment on 3y’ near x = 0 for this second solution.

Part 1A, 2013 List of Questions
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Paper 2, Section II
6A Differential Equations
Consider the function

flay) = (@ —y") (1 — 2% —y*).

Determine the type of each of the nine critical points.

Sketch contours of constant f(z,y).

Paper 2, Section II
7A Differential Equations
Find z(t) and y(t) which satisfy

3t+y + Sr—y 2=t + de™ 3,
44y — 204+Ty = —3et+5e7,

subject tox =y =0at t = 0.

Paper 2, Section II
8A Differential Equations

Medical equipment is sterilised by placing it in a hot oven for a time 7" and then
removing it and letting it cool for the same time. The equipment at temperature 6(t)
warms and cools at a rate equal to the product of a constant o and the difference between
its temperature and its surroundings, #; when warming in the oven and 6y when cooling
outside. The equipment starts the sterilisation process at temperature 6.

Bacteria are killed by the heat treatment. Their number N (¢) decreases at a rate
equal to the product of the current number and a destruction factor 8. This destruction
factor varies linearly with temperature, vanishing at 6y and having a maximum [y.x at

0;.

Find an implicit equation for 7" such that the number of bacteria is reduced by a
factor of 1072° by the sterilisation process.

A second hardier species of bacteria requires the oven temperature to be increased
to achieve the same destruction factor Bi,.x. How is the sterilisation time T affected?

Part IA, 2013 List of Questions [TURN OVER
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Paper 2, Section 1
1A Differential Equations
Find two linearly independent solutions of

v+ 4y + 4y =0.

Find the solution in z > 0 of
y// + 4y/ + 4y — 6—2:15’

subject to y =3’ =0 at z = 0.

Paper 2, Section 1
2A Differential Equations
Find the constant solutions (those with wu,11 = u,) of the discrete equation

Un+1 = %Un (1+up) ,

and determine their stability.

Paper 2, Section 11
5A Differential Equations
Find the first three non-zero terms in the series solutions y;(x) and ys(x) for the
differential equation
22y — 2y + (2—2%)y =0,

that satisfy

y1(0)=a and  y{(0)=0,
y5(0) =0 and y5(0) = 2b.

Identify these solutions in closed form.
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Paper 2, Section II
6A Differential Equations
Consider the function

V(z,y) =zt — 2% + 22y + 2
Find the critical (stationary) points of V(z,y). Determine the type of each critical point.
Sketch the contours of V(x,y) = constant.

Now consider the coupled differential equations

de 9V dy 9V

dt oz’ dt oy

Show that V(z(t),y(t)) is a non-increasing function of t. If x =1 and y = —1 at ¢t = 0,
where does the solution tend to as ¢ — oco?

Paper 2, Section II
7A Differential Equations
Find the solution to the system of equations

de —4xz+ 2y

i T e AR |

dt + t ’
d —
dy | x—5y _3
dt t

in t > 1 subject to
r=0 and y=0 at t=1.

[Hint: powers of t.]
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Paper 2, Section II
8A Differential Equations
Consider the second-order differential equation for y(¢) in ¢t > 0

i+ 2ky + (B> +why = f(1). (%)

(i) For f(t) =0, find the general solution y(t) of (x).

(ii) For f(t) = 6(t — a) with a > 0, find the solution y2(¢,a) of (x) that satisfies
y=0and y=0att=0.

(iii) For f(t) = H(t —b) with b > 0, find the solution y3(t,b) of (x) that satisfies
y=0and y=0att=0.

(iv) Show that
Oys

yz(t, b) = — 8[) .
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Paper 2, Section 1
1A Differential Equations

(a) Consider the homogeneous kth-order difference equation
kYn+k + Qk—1Yntk—1 + - - + Q2Ynt2 + A1Yn+1 + aoyn =0 (*)

where the coefficients ag, ..., ag are constants. Show that for A # 0 the sequence y, = A"
is a solution if and only if p(A) = 0, where

p(N) = ap N+ ap N+ aaX® +a N+ ag
State the general solution of (x) if k = 3 and p(\) = (A — p)?3 for some constant y.
(b) Find an inhomogeneous difference equation that has the general solution

Yyp=a2"—n, acR.

Paper 2, Section 1
2A Differential Equations

(a) For a differential equation of the form % = f(y), explain how f’(y) can be used
to determine the stability of any equilibrium solutions and justify your answer.

(b) Find the equilibrium solutions of the differential equation

dy

3_,2
AN SRR
ar ¢ Y Y

and determine their stability. Sketch representative solution curves in the (x,y)-plane.

Part 1A, 2011 List of Questions
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Paper 2, Section II
5A Differential Equations

(a) Find the general real solution of the system of first-order differential equations

T = x4+ Uy
= —prty,
where p is a real constant.
(b) Find the fixed points of the non-linear system of first-order differential equations
T = v+y
j = —z+y-—2y

and determine their nature. Sketch the phase portrait indicating the direction of motion
along trajectories.

Paper 2, Section II
6A Differential Equations
(a) A surface in R? is defined by the equation f(z,y,z) = ¢, where c is a constant.

Show that the partial derivatives on this surface satisfy

oz
Oy

0z

. 0T

dy

=-—1.
, 0z

)

—~
*
~—

(b) Now let f(x,y,2) = 22 — y* + 2ay® + 22, where a is a constant.

(i) Find expressions for the three partial derivatives %
Y

the surface f(z,y,z) = ¢, and verify the identity (x).

9y

' 0z
z

oz
and 32| on

T

(ii) Find the rate of change of f in the radial direction at the point (z,0, 2).
(iii) Find and classify the stationary points of f.
(iv) Sketch contour plots of f in the (x,y)-plane for the cases a = 1 and a = —1.
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Paper 2, Section II
7A Differential Equations
(a) Define the Wronskian W of two solutions yi(x) and ya(z) of the differential
equation
y' +p@)y +alz)y=0, ()
and state a necessary and sufficient condition for y;(x) and y2(z) to be linearly independ-
ent. Show that W (z) satisfies the differential equation

(b) By evaluating the Wronskian, or otherwise, find functions p(z) and ¢(x) such
that () has solutions y1(x) = 1+ cosz and ya(z) = sinz. What is the value of W (7)? Is
there a unique solution to the differential equation for 0 < & < oo with initial conditions
y(0) =0, ¢'(0) = 1?7 Why or why not?

(c) Write down a third-order differential equation with constant coefficients, such
that y1(z) = 1+cosx and y2(x) = sin x are both solutions. Is the solution to this equation
for 0 < z < oo with initial conditions y(0) = y”(0) = 0, ¥/(0) = 1 unique? Why or why
not?

Paper 2, Section 11
8A Differential Equations

(a) The circumference y of an ellipse with semi-axes 1 and x is given by

2w
y(x) = Vsin2 0 + 22 cos2 0 d . (%)
0

Setting ¢t = 1 — 22, find the first three terms in a series expansion of (*) around t = 0.

(b) Euler proved that y also satisfies the differential equation
z(1—2)y" — (1 +2")y +ay=0.

Use the substitution t = 1 — 22 for > 0 to find a differential equation for u(t), where
u(t) = y(x). Show that this differential equation has regular singular points at ¢ = 0 and
t=1.

Show that the indicial equation at ¢ = 0 has a repeated root, and find the recurrence
relation for the coefficients of the corresponding power-series solution. State the form of
a second, independent solution.

Verify that the power-series solution is consistent with your answer in (a).
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Paper 2, Section 1
1A Differential Equations

Find the general solutions to the following difference equations for ¥,, n € N.

) Yn+3 —3Ynt1+ 2y, = 0,
) Yn+3 — 3Ynt1+ 2y = 27,
(i)  Yn+3 = 3Yn+1 +2yn = (=2)",
) Ynt3 —3Ynt1 + 2y, = (—2)" + 2"

Paper 2, Section I
2A Differential Equations

Let f(x,y) = g(u,v) where the variables {z,y} and {u,v} are related by a smooth,

0 0
invertible transformation. State the chain rule expressing the derivatives 8_9 and a—g in
u v
0 0
terms of —f and —f and use this to deduce that
ox oy

99  Ox Oz O*f N <ax oy N Ox @) 0% f Oy Oy 0%f H@f of

Gudv ~ oudv 02 " \oudw " ovou)dwoy T owow o T Har TRy,

where H and K are second-order partial derivatives, to be determined.

Using the transformation = uv and y = u/v in the above identity, or otherwise,
find the general solution of

f g f 0f yof _

2L L2l 2 22

Ox? x Oy2  Oxr x Oy
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Paper 2, Section II
5A Differential Equations

(a) Consider the differential equation

dr dn—l d2
Y 4 gy Y y

dy
" n—lm—i- ...+ oao + a1— + apy = 0, (1)

da? dz
with n € N and ao,...,a, € R. Show that y(z) = ¢ is a solution if and only if p(A) =0
where

p()‘) = an)‘n + anfl)\n_l + ... + 02)\2 + al)\ + aqg.

Show further that y(x) = ze#® is also a solution of (1) if u is a root of the polynomial p(\)
of multiplicity at least 2.

2

(b) By considering v(t) or otherwise, find the general real solution for u(t)

n =
satisfying
d*u e
—— 4+ 2—— = 42, 2
dtt + dt? (2)

By using a substitution of the form u(t) = y(¢?) in (2), or otherwise, find the general
real solution for y(z), with = positive, where

d'y d*y dy

d2y
40222 4+ 1202 34+ 20)—2 + 2 =
xd$4+ xd$3+(+x)dx2+dx x

Part 1A, 2010 List of Questions
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Paper 2, Section II
6A Differential Equations

(a) By using a power series of the form

oo
yw) = ot
k=0
or otherwise, find the general solution of the differential equation
vy’ —(1—a)y —y = 0. (1)
(b) Define the Wronskian W (x) for a second order linear differential equation

Y +p(x)y +q(z)y = 0 (2)

and show that W/ + p(x)W = 0. Given a non-trivial solution y;(z) of (2) show that W (x)
can be used to find a second solution y,(z) of (2) and give an expression for ys(x) in the
form of an integral.

(c) Consider the equation (2) with

P(z) Q(z)
= d - _
p(z) . an q(x) .
where P and @ have Taylor expansions
P(.%'):P()—I—Pll‘—l—..., Q(x):Qo—i-le—f—...

with Py a positive integer. Find the roots of the indicial equation for (2) with these
assumptions. If y1(z) = 1 4 Bz + ... is a solution, use the method of part (b) to find
the first two terms in a power series expansion of a linearly independent solution ys(z),
expressing the coefficients in terms of Py, P, and f.

Part IA, 2010 List of Questions [TURN OVER
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Paper 2, Section II
7A Differential Equations

(a) Find the general solution of the system of differential equations

i -1 2 -1 x
g l= 1 0 -1 y . (1)
2 1 -2 1 2

(b) Depending on the parameter A € R, find the general solution of the system of
differential equations

i -1 2 -1 T Y
g | = 1 0 —1 y | + 2 1 |e*, (2)
3 1 -2 1 2

and explain why (2) has a particular solution of the form ce?® with constant vector ¢ € R3
for A = 1 but not for A # 1.

—A
[Hint: decompose 1 | in terms of the eigenbasis of the matriz in (1).]
A

(c) For A = —1, find the solution of (2) which goes through the point (0,1,0) at
t=20.

Paper 2, Section 11
8A Differential Equations

(a) State how the nature of a critical (or stationary) point of a function f(x) with
x € R™ can be determined by consideration of the eigenvalues of the Hessian matrix H of
f(x), assuming H is non-singular.

(b) Let f(z,y) = xzy(l —xz — y). Find all the critical points of the function f(z,y)
and determine their nature. Determine the zero contour of f(x,y) and sketch a contour
plot showing the behaviour of the contours in the neighbourhood of the critical points.

(c) Now let g(z,y) = 23y*(1 — 2 — y). Show that (0, 1) is a critical point of g(x,y)
for which the Hessian matrix of g is singular. Find an approximation for g(z,y) to lowest
non-trivial order in the neighbourhood of the point (0,1). Does g have a maximum or a
minimum at (0,1)? Justify your answer.

Part 1A, 2010 List of Questions
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Paper 2, Section 1
1C Differential Equations

The size of the population of ducks living on the pond of a certain Cambridge college

is governed by the equation

dn =aN — N2,
dt

where N = N (t) is the number of ducks at time ¢ and « is a positive constant. Given that
N(0) = 2q, find N(t). What happens as t — 0o?

Paper 2, Section 1
2C Differential Equations
Solve the differential equation

d’y _dy 3
SY 550 LGy =e
dz? dz thy=e

subject to the conditions y = dy/dz = 0 when z = 0.

Paper 2, Section II
5C Differential Equations
Consider the first-order ordinary differential equation

Y =A@y + Ao, (*

where i > 0 and p is a positive constant with p # 1. Let u = y'~P. Show that u satisfies

j_;b =1 -p)[filx)u+ fo()].

Hence, find the general solution of equation (x) when fi(x) =1, fa(x) = x.

Now consider the case fi(z) =1, fo(z) = —a?, where « is a non-zero constant. For
p > 1 find the two equilibrium points of equation (x), and determine their stability. What
happens when 0 < p < 1?7

Part IA, 2009 List of Questions [TURN OVER
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Paper 2, Section II
6C Differential Equations
Consider the second-order ordinary differential equation

i+ 2ki +wir =0,

where = = z(t) and k and w are constants with & > 0. Calculate the general solution in
the cases (i) k < w, (i) k = w, (iil) k > w.

Now consider the system

a whenz >0

i+ 2ki 4+ wlr = { ‘
0 when <0

with 2(0) = z1, ©(0) = 0, where a and z; are positive constants. In the case k < w

find z(t) in the ranges 0 < ¢t < w/p and 7/p < t < 27/p, where p = Vw? — k2. Hence,

determine the value of x; for which z(t) is periodic. For k > w can z(t) ever be periodic?

Justify your answer.

Paper 2, Section 11
7C Differential Equations
Consider the differential equation
d?y dy
r—5+(c—z)——-y=0
where c is a constant with 0 < ¢ < 1. Determine two linearly independent series solutions
about z = 0, giving an explicit expression for the coefficient of the general term in each
series.

Determine the solution of
d2y
x—
da?

for which y(0) = 0 and dy/dz is finite at x = 0.

dy
+(C—$)£—y=

Part 1A, 2009 List of Questions
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Paper 2, Section II
8C Differential Equations
(a) The function y(z,t) satisfies the forced wave equation
Py _ 0y _
ox? o2
with initial conditions y(z,0) = sinz and 0y/0t(x,0) = 0. By making the change of
variables u = x +t and v = x — t, show that

0%y B
udv

Hence, find y(z,t).

(b)  The thickness of an axisymmetric drop of liquid spreading on a flat surface satisfies

oh 10 [ 40h
a—;a(’”hﬂ’

where h = h(r,t) is the thickness of the drop, r is the radial coordinate on the surface

and t is time. The drop has radius R(t). The boundary conditions are that Oh/Jdr = 0 at
r=0and h(r,t) < (R(t) — 7)'/3 as 7 — R(t).

Show that
R(t)
M = / rhdr
0

is independent of time. Given that h(r,t) = f(r/t*)t~'/* for some function f (which need
not be determined) and that R(t) is proportional to ¢, find «.

Part IA, 2009 List of Questions [TURN OVER
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2/1/1A Differential Equations

Let a be a positive constant. Find the solution to the differential equation

d*y _
i

ax

that satisfies y(0) =1 and y - 0 as ¢ — o0.

2/1/2A Differential Equations
Find the fixed points of the difference equation

Upi1 = Mup (1 —u?).

Show that a stable fixed point exists when —1 < A < 1 and also when 1 < A < 2.

Part IA 2008
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2/11/5A  Differential Equations

Two cups of hot tea at temperatures T7(t) and T5(t) cool in a room at ambient
constant temperature T, . Initially T7(0) = T%(0) = T > T -

Cup 1 has cool milk added instantaneously at ¢ = 1; in contrast, cup 2 has cool
milk added at a constant rate for 1 < ¢t < 2. Briefly explain the use of the differential
equations

dT:
dTl = —a(Ty —Ts)—6(t—1),
% = —a(Ty—Tsx)—H(t—1)+ H(t—2),

where §(t) and H(t) are the Dirac delta and Heaviside functions respectively, and a is a
positive constant.

(i) Show that for 0 <t <1

Ty(t) = To(t) = Toe + (Tp — Tno) e~

(ii) Determine the jump (discontinuity) condition for 77 at ¢ = 1 and hence find T ()
fort>1.

(iii) Using continuity of T5(t) at ¢t = 1 show that for 1 <t < 2
1 —at 1 a
To(t) = Too — — +e To—Tw +—€% .
a a

(iv) Compute T5(t) for t > 2 and show that for ¢ > 2

1 1
Ti(t) — Ta(t) = <a e — 1 — ) o(1—tha

a

(v) Find the time t*, after t = 1, at which T} =T5.

Part IA 2008

2008



BB UNIVERSITY OF
¥ CAMBRIDGE 13

2/11/6A  Differential Equations

The linear second-order differential equation

d*y dy
%§+pu»a;+qun/—o

has linearly independent solutions yi(x) and y2(z). Define the Wronskian W of y;(x)
and yo(z).

Suppose that y;(z) is known. Use the Wronskian to write down a first-order
differential equation for y2(x). Hence express yz(z) in terms of y; (z) and W.

Show further that W satisfies the differential equation

aw
%—Fp(x)W =0.

Verify that y;(z) = 2% — 22 + 1 is a solution of
d?y d
2 —
(x—1) dxz—l—(x—l)d —4y = 0. (%)

Compute the Wronskian and hence determine a second, linearly independent,
solution of (x).

2/I1/7TA  Differential Equations

Find the first three non-zero terms in series solutions y;(x) and yo(x) for the

differential equation
*y dy 3
Tqar g Ty =0, ()

that satisfy the boundary conditions

yl(o) =a, yll/(o) =Y,
y2(0) = 0, y3(0) = b,

where a and b are constants.

Determine the value of « such that the change of variable u = z® transforms (%)
into a differential equation with constant coefficients. Hence find the general solution

of (x).

Part IA 2008
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2/11/8A  Differential Equations

Consider the function

1 1
flwy) = 2 +y* = 5’ —ba®y® = Sy,
where b is a positive constant.

Find the critical points of f(z,y), assuming b # 1. Determine the type of each critical
point and sketch contours of constant f(z,y) in the two cases (i) b < 1 and (ii) b > 1.

For b = 1 describe the subset of the (z,y) plane on which f(z,y) attains its
maximum value.

Part IA 2008
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2/1/1B Differential Equations

Find the solution y(z) of the equation
y" — 6y’ + 9y = cos(2x) e**

that satisfies y(0) = 0 and y'(0) = 1.

2/1/2B Differential Equations
Investigate the stability of:

(i) the equilibrium points of the equation

d
7 =0~ e (y);

(ii) the constant solutions (u,4+1 = u,) of the discrete equation

1
Upt1 = §ui(1 + up) .

2/11/5B  Differential Equations
(i) The function y(z) satisfies the equation

y' +p(2)y +q(z)y=0.

Give the definitions of the terms ordinary point, singular point, and reqular singular point
for this equation.

(ii) For the equation
dzy" + 2y +y =0,

classify the point z = 0 according to the definitions you gave in (i), and find the series
solutions about z = 0. Identify these solutions in closed form.

Part IA 2007
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2/11/6B  Differential Equations

Find the most general solution of the equation

0*u 0%u 0*u
67g —5ra + g
0x? oxdy  0y?

by making the change of variables

§=x+2y, n=xz+3y.

Find the solution that satisfies u = 0 and du/0y = x when y = 0.

2/11/7B  Differential Equations

(i) Find, in the form of an integral, the solution of the equation

Q%er:f(t)

that satisfies y — 0 as ¢ — —oo. Here f(¢) is a general function and « is a positive

constant.

Hence find the solution in each of the cases:

(a) F(t) =4(t);
(b) f(t) = H(t), where H(t) is the Heaviside step function.

(ii) Find and sketch the solution of the equation

dy
i y=H@#)—H(t -1
oY (t) (t—1),

given that y(0) = 0 and y(¢) is continuous.

2/11/8B  Differential Equations

(i) Find the general solution of the difference equation

Ug+1 + dug + 6ug—1 =12k + 1.

(ii) Find the solution of the equation
Yk+1 + DYk + 6yp_1 = 2

that satisfies yg = y1 = 1. Hence show that, for any positive integer n, the quantity
2" —26(—3)" is divisible by 10.

Part IA 2007
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2/1/1B Differential Equations

Solve the initial value problem

dx
pr =z(l —x), x(0) = zo,

and sketch the phase portrait. Describe the behaviour as ¢t — +o00 and as t - —oo of
solutions with initial value satisfying 0 < z¢ < 1.

2/1/2B Differential Equations

Consider the first order system

d
dit( — Ax = My

to be solved for x(t) = (x1(t), x2(t),...,z,(t)) € R™, where A is an n X n matrix, A € R
and v € R”. Show that if A is not an eigenvalue of A there is a solution of the form
x(t) = eMu. For n = 2, given

0 1 1
A_<O 0), A=1, and V—(1>,

find this solution.

2/11/5B  Differential Equations

Find the general solution of the system

d
d—i:5x+3y+ezt,
d

d—§:2x—|—26t,

dz 4
— =z e’
dt Y

Part IA 2006
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2/11/6B  Differential Equations

(i) Consider the equation

ou Ou O*u

EE T R

and, using the change of variables (¢,z) — (s,y) = (¢{,z — t), show that it can be
transformed into an equation of the form

oU  0U

g*aingrF(S’y)

where U(s,y) = u(s,y + s) and you should determine F(s,y).

(ii) Let H(y) be the Heaviside function. Find the general continuously differentiable
solution of the equation
w”(y) + H(y) = 0.

(iii) Using (i) and (ii), find a continuously differentiable solution of

ou Ou O%u
a+%*@+H($7t)

such that u(t,z) — 0 as x — —o0 and u(t,z) - —o0 as x — +o0.

2/11/7B  Differential Equations

Let p,q be continuous functions and let y;(z) and y2(x) be, respectively, the
solutions of the initial value problems

vy +p()yy +q(2)yr =0, 31(0) =0, y1(0) =1,

vy + p(x)ys + q(z)y2 =0,  y2(0) =1, y4(0) = 0.

If f is any continuous function show that the solution of

y" 4+ px)y +qlx)y = f(x), y(0)=0,(0)=0

is

) = [~ o),

W (s)

where W (x) = y1(2)yh(x) —y) (x)y2(x) is the Wronskian. Use this method to find y = y(x)
such that

y'+y=sinz, y(0)=0,y(0)=0.
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2/11/8B  Differential Equations

Obtain a power series solution of the problem
zy’ +y=0, y(0)=0,y'(0)=1

[You need not find the general power series solution.)

Let yo(z),y1(x),y2(x),... be defined recursively as follows: yo(z) = x. Given
Yn—1(x), define y, (x) to be the solution of

2y (z) = —yn—1, yn(0) =0, y,(0) = 1.

By calculating y1,ya,y3, or otherwise, obtain and prove a general formula for y,(x).
Comment on the relation to the power series solution obtained previously.

Part IA 2006
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2/1/1B Differential Equations
Solve the equation

d
il + 322y = 22,

dx
with y(0) = a, by use of an integrating factor or otherwise. Find 11)1}_1 y(x).
2/1/2B Differential Equations
Obtain the general solution of
?y | dy
27 —_ =
:vdzz—i—xdx—i—y 0 (%)

by using the indicial equation.

Introduce z = logz as a new independent variable and find an equivalent second
order differential equation with constant coefficients. Determine the general solution of
this new equation, and show that it is equivalent to the general solution of () found
previously.

2/11/5B  Differential Equations

Find two linearly independent solutions of the difference equation
Xpyo —2cos0X, 41+ X, =0,

for all values of § € (0,7). What happens when 6 = 0?7 Find two linearly independent
solutions in this case.

Find X,,(0) which satisfy the initial conditions

for # = 0 and for 6 € (0, 7). For every n, show that X, () — X,,(0) as 6 — 0.

Part IA 2005
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2/11/6B  Differential Equations

oo
Find all power series solutions of the form W = Z anx™ to the equation

n=0
W 4 22W' = EW,

for E a real constant.

Impose the condition W(0) = 0 and determine those values of E for which your
power series gives polynomial solutions (i.e., a, = 0 for n sufficiently large). Give the
values of E for which the corresponding polynomials have degree less than 6, and compute
these polynomials.

Hence, or otherwise, find a polynomial solution of

4 . 4 .
o " 2 ! - =0

satisfying W (0) = 0.

2/11/7B  Differential Equations

The Cartesian coordinates (z,y) of a point moving in R? are governed by the system

d
st ),
d
d—i=x+y(1—x2—y2).

Transform this system of equations to polar coordinates (r,0) and hence find all
periodic solutions (i.e., closed trajectories) which satisfy r = constant.

Discuss the large time behaviour of an arbitrary solution starting at initial point
(z0,y0) = (1o cosby,rgsinfy). Summarize the motion using a phase plane diagram, and
comment on the nature of any critical points.
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2/11/8B  Differential Equations

Define the Wronskian Wuy,ug] for two solutions wy, ug of the equation

d’u du
i - =0
gz TPl +a@)u
and obtain a differential equation which exhibits its dependence on z. Explain the
relevance of the Wronskian to the linear independence of u; and us.
Consider the equation

dx?
and determine the dependence on x of the Wronskian Wy, ys] of two solutions y; and
yo. Verify that y;(z) = 22 is a solution of () and use the Wronskian to obtain a second
linearly independent solution.

—2y=0 (*)

Part IA 2005
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2/1/1B Differential Equations

By writing y(z) = mz where m is a constant, solve the differential equation

dy x—2y
dr 2z +y

and find the possible values of m.

Describe the isoclines of this differential equation and sketch the flow vectors. Use
these to sketch at least two characteristically different solution curves.

Now, by making the substitution y(z) = zu(x) or otherwise, find the solution of
the differential equation which satisfies y(0) = 1.

2/1/2B Differential Equations

Find two linearly independent solutions of the differential equation

d2y dy 2
e =0.
dx? + pd:r Ty
Find also the solution of
d?y

dy _
G Pty =

that satisfies

d
y =0, —y:() atx=0.
dx
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2/11/5B  Differential Equations

Construct a series solution y = y;(x) valid in the neighbourhood of 2 = 0, for the
differential equation
d*y 3 dy 2

@—Fllx %—Fm y=0,

satisfying
dyx

ylz]-v

Find also a second solution y = ya(z) which satisfies

dy2

y2:03

Obtain an expression for the Wronskian of these two solutions and show that
6_54

m(m)zyl(x)/jymde

2/11/6B  Differential Equations
Two solutions of the recurrence relation
Tpt2 +b(N)Tp41 +c(n)z, =0

are given as p, and ¢,, and their Wronskian is defined to be

Wi = Pndn+1 — Pn+1Gn -

Show that

n

Wn+1 = W1 H c(m) (*)

m=1

Suppose that b(n) = «, where « is a real constant lying in the range [—2,2], and
that ¢(n) = 1. Show that two solutions are z,, = €/’ and x,, = e~ where cos ) = —a//2.
Evaluate the Wronskian of these two solutions and verify ().

Part IA 2004
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2/11/7B  Differential Equations

Show how a second-order differential equation & = f(x,4) may be transformed
into a pair of coupled first-order equations. Explain what is meant by a critical point on
the phase diagram for a pair of first-order equations. Hence find the critical points of
the following equations. Describe their stability type, sketching their behaviour near the
critical points on a phase diagram.

(i) Z+4+cosx=0
(i) #4+z@* 4+ e +1)=0, forA=1, 5/2.

Sketch the phase portraits of these equations marking clearly the direction of flow.

2/11/8B  Differential Equations
Construct the general solution of the system of equations

t4+4x+3y=0
y+4y—3x=0

in the form )
m(ﬂ) () Ast
=X = a;xv’e’
() ===

and find the eigenvectors x(/) and eigenvalues Aj.

Explain what is meant by resonance in a forced system of linear differential
equations.

Consider the forced system

2
T+ 4z + 3y = ije)‘jt
j=1
2
y'+4y—3ac:que’\jt.
j=1

Find conditions on p; and ¢; (j = 1,2) such that there is no resonant response to the
forcing.
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2/1/1D Differential Equations
Consider the equation
dy
dx

Using small line segments, sketch the flow directions in « > 0, —2 < y < 2 implied by
the right-hand side of (). Find the general solution

= 1-9y*. (%)

(i)in Jy| <1,
(i) in |y| > 1.

Sketch a solution curve in each of the three regions y > 1, |y| <1, and y < —1.

2/1/2D Differential Equations

Consider the differential equation

where K is a positive constant. By using the approximate finite-difference formula

dmn _ Tn41l — Tn-1

da 20t ’
where §t is a positive constant, and where x,, denotes the function z(t) evaluated at t = ndt
for integer n, convert the differential equation to a difference equation for x,,.

Solve both the differential equation and the difference equation for general initial
conditions. Identify those solutions of the difference equation that agree with solutions
of the differential equation over a finite interval 0 < ¢ < 7T in the limit 6t — 0, and
demonstrate the agreement. Demonstrate that the remaining solutions of the difference
equation cannot agree with the solution of the differential equation in the same limit.

[You may use the fact that, for bounded |ul, hH(l) (1+ eu)l/E = e". |
e—
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2/11/5D  Differential Equations

(a) Show that if u(x,y) is an integrating factor for an equation of the form
fle.y)dy + g(z,y)dz = 0

then O(uf)/0x = O(ng)/dy .

Consider the equation
cotz dy — tany dxr = 0

in the domain 0 < z < %TF, 0<y< %7?. Using small line segments, sketch the flow
directions in that domain. Show that sinx cosy is an integrating factor for the equation.
Find the general solution of the equation, and sketch the family of solutions that occupies
the larger domain —ir <2 <irm, —lr<y<in.

(b) The following example illustrates that the concept of integrating factor extends
to higher-order equations. Multiply the equation

d*y dy ’ 2
—<Z -z =1
[y dr? + (dx) cos"x

d
by sec’z, and show that the result takes the form %h(x, y) = 0, for some function h(z,y)

to be determined. Find a particular solution y = y(x) such that y(0) =0 with dy/dx
finite at x = 0, and sketch its graph in 0 <z < %w.
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2/11/6D  Differential Equations

Define the Wronskian W (x) associated with solutions of the equation

d*y dy
122 +p(3€)% +q(xr)y = 0
and show that

W(x) o exp (= [" p(¢)dg) .
Evaluate the expression on the right when p(z) = —2/x.

Given that p(xz) = —2/x and that ¢(z) = —1, show that solutions in the form of
power series,

y = Y aa” (g £0),
n=0

can be found if and only if A = 0 or 3. By constructing and solving the appropriate
recurrence relations, find the coefficients a,, for each power series.

You may assume that the equation is satisfied by y = coshx — xsinhx and by
y =sinhz—x coshx . Verify that these two solutions agree with the two power series found
previously, and that they give the W (z) found previously, up to multiplicative constants.

2 4 3 5
[Hint: coshx=1+%+%+..., sinhx:x+§—!+%+.... ]
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2/11/7D  Differential Equations

Consider the linear system
x(t) — Ax(t) = z(t)

where the n-vector z(t) and the n x n matrix A are given; A has constant real entries,
and has n distinct eigenvalues A1, Ao,..., A, and n linearly independent eigenvectors
aj,ag, ..., a,. Find the complementary function. Given a particular integral x,(t), write
down the general solution. In the case n = 2 show that the complementary function is
purely oscillatory, with no growth or decay, if and only if

trace A =0 and det A>0.

Consider the same case n = 2 with trace A = 0 and det A > 0 and with
z(t) = a; exp(iwit) + as exp(iwst) ,
where wp, we are given real constants. Find a particular integral when
(i) dwy # A1 and iws # Ag;
(ii) dw; # A1 but dws = Ag.

In the case
1 2
= (502

1
) exp(3it), find the solution subject to the initial condition x = < )

2
ith z(t) =
with z(t) <3¢1 0

at t =0.

2/11/8D  Differential Equations
For all solutions of
i = tax+y—2°
y = —x
show that dK/dt = ax? where

K = K(z,y) = 2®+y° —y*.

In the case @ = 0, analyse the properties of the critical points and sketch the
phase portrait, including the special contours for which K (x,y) = %. Comment on the
asymptotic behaviour, as ¢ — oo, of solution trajectories that pass near each critical
point, indicating whether or not any such solution trajectories approach from, or recede
to, infinity.

Briefly discuss how the picture changes when « is made small and positive, using
your result for dK/dt to describe, in qualitative terms, how solution trajectories cross
K-contours.

Part IA 2003
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2/1/1D Differential Equations

Solve the equation
jry-2y = ¢!
subject to the conditions y(t) = y(¢f) = 0 at ¢ = 0. Solve the equation

jry—2y = ¢

subject to the same conditions y(t) = ¢(t) = 0 at t = 0.

2/1/2D Differential Equations

Consider the equation

d 1— 2 1/2
L= =5, (%)
dx 1—22

where the positive square root is taken, within the square S : 0 <z <1, 0 <y < 1.
Find the solution that begins at x = y = 0. Sketch the corresponding solution curve,
commenting on how its tangent behaves near each extremity. By inspection of the right-
hand side of (x), or otherwise, roughly sketch, using small line segments, the directions of
flow throughout the square S.

Part IA
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2/11/5D  Differential Equations

Explain what is meant by an integrating factor for an equation of the form

dy B

Show that 2ye” is an integrating factor for

d 2x + x2 + 2
dy . 2wtatiy

=0
dx 2y ’

and find the solution y = y(z) such that y(0) = a, for given a > 0.
Show that 2z + 22 > —1 for all  and hence that

)
dy 1y
dx 2y

For a solution with a > 1, show graphically, by considering the sign of dy/dx first for
x = 0 and then for z < 0, that dy/dx < 0 for all z < 0.

Sketch the solution for the case a = 1, and show that property that dy/dx — —oco
both as * — —oo and as x — b from below, where b =~ 0.7035 is the positive number that
satisfies b? = e~ °.

[Do not consider the range x > b.

Part IA
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2/11/6D  Differential Equations

Solve the differential equation

— =1ry(l—a

o y(1—ay)

for the general initial condition y = yo at t = 0, where 7, a, and yg are positive constants.
Deduce that the equilibria at ¥ = a~! and y = 0 are stable and unstable, respectively.

By using the approximate finite-difference formula

@ _ Ynt+1 — Yn

dt ot

for the derivative of y at ¢t = ndt, where 0t is a positive constant and y,, = y(ndt), show
that the differential equation when thus approximated becomes the difference equation

Un+1 = /\(l_un)una

where A = 1+ 7§t > 1 and where u,, = A"'a(\ — 1)y,. Find the two equilibria and, by
linearizing the equation about them or otherwise, show that one is always unstable (given
that A > 1) and that the other is stable or unstable according as A < 3 or A > 3. Show
that this last instability is oscillatory with period 24t. Why does this last instability have
no counterpart for the differential equation? Show graphically how this instability can
equilibrate to a periodic, finite-amplitude oscillation when \ = 3.2.

Part IA
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2/11/7D  Differential Equations
The homogeneous equation
j+p)y+aqit)y =0

has non-constant, non-singular coefficients p(t) and ¢(t). Two solutions of the equation,
y(t) = y1(t) and y(t) = ya(t), are given. The solutions are known to be such that the
determinant
W(t) = ‘91 v
Y1 Y2
is non-zero for all t. Define what is meant by linear dependence, and show that the two
given solutions are linearly independent. Show also that

W(t) « exp (—ft p(s) ds) .

In the corresponding inhomogeneous equation
G+pM)y+qt)y = f()

the right-hand side f(t) is a prescribed forcing function. Construct a particular integral
of this inhomogeneous equation in the form

y(t) = ar(t) y1(t) + az(t) y2(t)
where the two functions a;(t) are to be determined such that

y1(t) ar(t) + ya(t) as(t) = 0

for all . Express your result for the functions a;(t) in terms of integrals of the functions
@) ya()/W(t) and f(t) ya(2)/W ().

Consider the case in which p(¢) = 0 for all ¢ and ¢(t) is a positive constant, ¢ = w
say, and in which the forcing f(¢) = sin(wt). Show that in this case y; (t) and y2(t) can be
taken as cos(wt) and sin(wt) respectively. Evaluate f(t)y;(¢)/W(¢) and f(t) y2(t)/W(t)
and show that, as t — oo, one of the a;(t) increases in magnitude like a power of ¢ to be
determined.

2

2/11/8D  Differential Equations
For any solution of the equations
i = ar—y+y° (o constant)
y = —x
show that
T (m2 —y? + %y‘l) = 20z .
What does this imply about the behaviour of phase-plane trajectories at large distances

from the origin as t — oo, in the case a = 07 Give brief reasoning but do not try to find
explicit solutions.

Analyse the properties of the critical points and sketch the phase portrait (a) in
the case & = 0, (b) in the case @ = 0.1, and (c) in the case a = —0.1.
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2/1/1B Differential Equations
Find the solution to

dy(x)

P8+ tanh(a) y(w) = H(x) |

in the range —oo < = < oo subject to y(0) = 1, where H(z) is the Heavyside function
defined by

0 <0

1 >0

H(z) = {

Sketch the solution.

2/1/2B Differential Equations

The function y(z) satisfies the inhomogeneous second-order linear differential
equation
y' —y —2y = 18ze™".

Find the solution that satisfies the conditions that ¢(0) = 1 and y(x) is bounded as z — oo.
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2/11/5B  Differential Equations

The real sequence yi, k= 1,2,... satisfies the difference equation
Yk+2 — Yk+1 Ty = 0.

Show that the general solution can be written

= acoslk + bsinlk
Y = 3 3

where a and b are arbitrary real constants.

Now let y; satisfy

(%)

Yk+2 — Ykt+1 T Y = m

Show that a particular solution of (%) can be written in the form
k a
_ n
e =2 k—n+1"
n=1
where
Gpy2 —Qpy1 +an =0, n>1,

anda; =1, apo=1.

Hence, find the general solution to ().

Part IA
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2/11/6B  Differential Equations

The function y(z) satisfies the linear equation
y' (@) +p@)y (x) + g(x)y(z) = 0.

The Wronskian, W (z), of two independent solutions denoted y;(z) and ya(z) is defined
to be

we =

Let yi(x) be given. In this case, show that the expression for W(x) can be
interpreted as a first-order inhomogeneous differential equation for yo(z). Hence, by
explicit derivation, show that ys(z) may be expressed as

@) = n) [,

yi(t)?
where the role of xg should be briefly elucidated.
Show that W (z) satisfies

dW (z)
dx

+p(z)W(x) = 0.

Verify that y; () = 1 — z is a solution of

zy"(z) — (1 —2%)y'(x) — L+ a)y(x) = 0. (1)
Hence, using () with 29 = 0 and expanding the integrand in powers of ¢ to order 3, find

the first three non-zero terms in the power series expansion for a solution, ys(x), of (f)
that is independent of y; (z) and satisfies y2(0) = 0, y2"(0) = 1.
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2/11/7B  Differential Equations

Consider the linear system
z+ Az = h, (%)

where

0= () 4= (1" ) v = (wh i)

where z(t) is real and a is a real constant, a > 0.

Find a (complex) eigenvector, e, of A and its corresponding (complex) eigenvalue,
[. Show that the second eigenvector and corresponding eigenvalue are respectively € and
[, where the bar over the symbols signifies complex conjugation. Hence explain how the
general solution to (%) can be written as

where «(t) is complex.

Write down a differential equation for a(t) and hence, for a > 0, deduce the solution
to (x) which satisfies the initial condition z(0) = 0.

Is the linear system resonant?

By taking the limit a — 0 of the solution already found deduce the solution
satisfying z(0) = 0 when a = 0.

2/11/8B  Differential Equations

Carnivorous hunters of population h prey on vegetarians of population p. In the
absence of hunters the prey will increase in number until their population is limited by
the availability of food. In the absence of prey the hunters will eventually die out. The
equations governing the evolution of the populations are

where a and b are positive constants, and h(t) and p(t) are non-negative functions of time,
t. By giving an interpretation of each term explain briefly how these equations model the
system described.

Consider these equations for @ = 1. In the two cases 0 < b < 1/2 and b > 1
determine the location and the stability properties of the critical points of (). In both of
these cases sketch the typical solution trajectories and briefly describe the ultimate fate
of hunters and prey.
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