Part III (1996-7) Topics in representation theory

This will be a 24 lecture course on representations of finite groups, split roughly into
three parts: 1. Finite dimensional algebras; 2. Integral representations; 3. Some
applications to presentation theory.

The first part will cover basic material that everyone must know about group algebras
of finite groups. The middle section will be an introduction to several important
topics in integral representation theory, culminating in Swan’s theorems on the
structure of projective modules over integral group rings of finite groups. In the final
part of the course results and methods from both of the earlier parts will be used to
discuss some striking results in the more specialised area of relation modules of finite
groups. :

Prerequisites. The Part IB/IIA course ‘Rings and Modules’ and the Part IIB course
‘Groups and Representation Theory’. In the second part of the course I shall assume
some knowledge on tensor products and localisation from the Part III course
‘Commutative Algebra’.

Books. J.L. Alperin. Local representation theory. Cambridge studies in advanced
mathematics 11 (Cambridge University Press, paperback edition 1993) is perhaps the
best for the first part of the course. There are many other books that would do, for
example, L.N. Herstein Noncommutative rings (Wiley, 1968) Alperin’s book goes on
to discuss some of the main theorems of Brauer, which are of the utmost importance
if you want to understand finite groups; Herstein’s goes on to give an introduction to
some other topics in ring theory including simple algebras and the Brauer group. Two
much more extensive and difficult books are I. Reiner Maximal orders (Academic
Press, 1975) and C.W. Curtis and L. Reiner Methods of Representation Theory Vol.
1 (Wiley-Interscience, 1981 ). Everything that I shall do in the second and third parts
of the course can be found in K.W. Gruenberg Relation modules of finite groups.
Regional conference series in mathematics, No. 25 (American Mathematical Society,
1976).

Outline schedule.

i Finite-dimensional algebras. Simple modules, the radical, semi-simple
modules, Wedderburn’s theorems, rings with radical, indecomposable modules,
Krull-Schmidt theorem.

;A Integral representations. Integral group rings, localisation techniques,
projective modules, ZG-lattices, isomorphisms and local isomorphisms, genus, Bass’s
cancellation theorem; Swan’s theorems on the structure of projective ZG-modules;
corollaries on ZG-lattices and semi-local group rings.

3. Some applications to presentation theory. Presentations, relation modules,
decompositions of relation modules into a projective part and a core; uniqueness of
cores up to local isomorphism; the relation sequence, Schanuel’s lemma; comparison
of relation modules; local isomorphisms of minimal relations modules; presentation
rank pr(G) of a group G; conditions for pr(G) to be greater than n; groups of
arbitrarily high presentation rank; pr(G) for soluble groups.

Depending on the time available I may be able to discuss (possibly without serious
proof): Roiter’s replacement theorem and its use to show relation cores form a genus;
the formula for pr(G) as the difference between the number of generators required for
G and the number required for its augmentation ideal.

1 June 1996, J.E.R.
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Lek R be any ‘\l‘dﬂﬂ. AU "":"‘5' wid Whave a i; thee W'l be
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‘ ank  ioleed of le Xag R for X a LeFE ‘:d%!, amd X @R t mean
X . R omd X <o R,

presesrved

DeCine X<I,.Q o wmean e X Cor xeX Wreﬁj ondd XS R o  mean
rxeX for xeX veR

W6 YT R e XY for the addibive  subgroup generated by oll 2y,
wedh xeX

, we ¥ K¥= §xa e wxag, s w2l xeX yevl
R s Acbintan €D whentwer X, % X 202 X, 2 0 aee vighl  leledds
[m’ b\m('Ma'n-r“) Hew I N such that Xn ® Xnw = Xnsr =

Order Yae (deals 51_1 revicsce tackusion: X % ¥ o> Y& XK By Zowm's Lemma,
R 5 Arbkinvion D ia evevy non fQMFt‘\j set of ffﬂ\d: vdlegls theve s a
Miumel  one wak €

(o, ## ¥ T xe X such that Y<EX aud Y€ X Y-x]

Plan: Debne T(R) = T the Tacgbson voducal . Show Haat T is o wilpobent
| idead  cowkaining every wnil poteut ideal. R s sewmi-simple <> T=o.
R/ZT will  be Cemﬂ—sdmf(.t,
Wwedderburn T Says Bat F R i Beliadan sean-scmple  Hhen R s
uniquely o direck sum  of simp  Arkimian  wings.
W eddar busm I says bt a sdmpha Acinien ving s ua{ctuetj a
Makeix vig  over & duvisien ing.

Lek M be cn addibive group. ga@ thatk M is a pight R- module FF
1 a wmep MXR=>M; (u ) ur, such thet (D (M rup)e = prapyr

() (w0 =, +uva
() f/,(f,) T M 065
i ) M1 =

pek o¥ e T Yo Badgy M 1t- 1
i roroMe U ropmeM () says ©oe Badg (ML L) says ot = A,
We  Wawe t: R = Endy (W) Qiven by ¢ > oy Says ‘Haak theva)t P
() says that r‘+ r: = (r,rl)‘}. e T s a v ing homomerphism,

- Convessely, (f we are given o Womomorphism T: R=> Eud (M) we can
ole Bine Myt be vt amd then - (W all  Weld,



& ngtm Yen N s a submedule ¢ Vre N ¥ ve N, ve R,
£ R
'

V6 X wee ke NX = fV.X,+--+v,x,,:vieN/ X: e X}, Thew, N is a

Submedule <> NR €N <> NR =N,
Defne ™M/w by (Nt a)e = Nrur . M is the quetbient moctule.

\F M,N ase  right R-modules and 9 M=N s a Womowme vpWism o F addibive

g ro wps e 9 ir an F-medule MOMM.?\A,«':M , £ (/u‘r-} § = (/Ag)r V/uelM, veR,

For evample, 4 s Nru s the quotiznt hewo morpiism,
\souon?\dsm Theorem: VF T M2N is o WomomorpWism dden Res 8 (s o submodule

| amdl wve  \owe M ‘—9—>N_ ; where 9 s tnodlued hj P and s L'n_jeu':fve.
 (M/key = M D). V> Moy

D Say Mt M s simple o fivedueible <> theve ave precisely twe sdmeduls: OM,
|T’A€ submodules of M/n Cowespomol i-1 vt the subwmoolules e( M I.JLHUL\

Cokan N, via NsUEM > U/n,
M/N i simple <> N UM lwplies U=N or Uz M, iz ifF

Submodule of M. Warike N <M,

N s a wmariwal

!;\.i!: gu.PPose M s Fw'ail:e,lﬂ 3merqtea( ond won -2e0. Thea W \ay smple
kouonw.r?\m'c i.MQges.

Broof: Suppose MopmRe- tayR  with o minimol, beb U0 if d=l, and

W= m By +m, R iFad>l. Let £ be the sel of all submooules Hiat
contain U bub do wet conbain M. ?MaQ}bj ovoler K bg CndASt'On,

implies tat X has a wavimal element N, say.

N, € N,. Zown's bemma
V'-M’ i\-e, N<"M.

g@ NGM, QMO{ NS N<U<M, ‘HJ\%}A,‘G—U, So

ln R:= 1.R, submedmles ace n‘qt\k ideals.  L14) Saum ¢ there ave a.Lwa.ﬂg max {pnal

n‘ﬂhk :Aeﬂ.‘:l X 4‘_| R, omgd R/x weid be S‘JMPLG.

2 ¢ M s a g mple R-module Yaea ME R/", some X < K,

M‘ Lp):/ur,M. Then /41?5 {/whrei?}_ Consider B re—= ur. This s a \wmow-fpkism
from R oabe R, Wilte /u'e fr=/4r=0} for the amniliiater oF m, the
Rernel o 0. We \ave ﬂ//u“ = i M s Simple and O Fu, thea wR = M,

= mK.
aMd- So ﬂﬂq{; R

CWnte M® =2 anahilabor of M= $rMez0f = { v M= 0 V_)ueM}.

W3 @ M°- ﬂQM M
) M° QR .

: Wy MEM, D> M =m .

Peoof: Ly MEem) = (MM € MMT=0, 5o Mlem®) € M
(i) Suppese 9° M= M s o homomopphism, Thea (MO M = (Mm°/9 = ©O9 = O

Sa’ M° ¢ (ngc, APP“J His o an ‘.sowmf\/uism §: M- M, . 3812‘ M"’sm,", Via 9J,6¢Mf§ﬁ



Define T= T(R), the Tocshson cadicol of R b be mlide M
-Madyle
(L4l 7 JL% -
Peoof: Lek N= NX. \F M s siuple and 04 metthen mR=M aud So/v."d,!ﬁ,
Ry

f\éma,Suﬂ‘?I. Alss, F Xﬁgfz, then
[This Lant bik
o (in™/n) <D e eN,

as in [1.2). ﬂ_‘/v‘a, so
will be simple. So xIT:0 e RTEX e TeX

gu_ﬂ:ou NeEM . Min= {N*/\A-'/ué M} < (N‘\-/J’
So (Mg)° = fe: My g N}_ ) .

e N—i-/u,r =

kLe):XdQ, Thenn X s nilpotest <= X" 20 For some we M.

s)r () TR contouns every wilpotenk deal .
(i) W R is Artiniom then T s wiLPob&nb.
Peecl: () Lek M be an R-module, Lok XaR, then WX is a
simple, edrer WMX0 o else MX =M aud so M= MX = MX*= mx’=

whichh s impessible ¢ X is aclpetent.
n+l Tln_'_“.

- e =

() T23%2 7320 T wust stop  ak, say, K- ™. T™ . 3 ’
so K= K. Suppese, F  possible, ot K>0. Lek V:ZX, whee X 4R,
XKEK, XK ~0. Obviously , VK = ©. Suppfs'se V<K, Consider Hre ~ig Wk
ideals of R contained n K ound strichy conkouning V. L & ose of Ihesel].

eLQM'CW& OF HA.IIS Seb. Cteﬂ-f[)j’ V{‘ w} w
WIK EVK =0,

submeodule. \F WM s

Let VEWSK b a miwmal
Seo W/V s Sl'.\MPle H-eu\c.e lw/VJT:O ’ So MTEV’ S

Se WKYZo, so WK=0. > W<V #

Defne R v be semi-simple f TR =0

We shall show Haok F—inil:eiﬂ geuw,ml:ed wodules over sewmi-simple Ainion
1‘{.\9: oxe C.DMPLG% redicable,

[1.6): Lek M be amw c.g. wedule for an  Arkinies g, R, Thea M s Avtinion

lie M was the minimum Condibion on submodules |, e Me min- R,
Lek \M=/M,R*--94d R. \f d?—l, then M = R,éu" s o \Aownowwu-p\nic image of @,

and e vesalk Us chear. \E Al Lek U uRé- v ua R, By incluckion, U
has Min-R. Alsg, ™M/u s eyelic [on Ut a) and so  ——
g“‘??‘”* V, 2V, 2Ve2 -~ be submodules of M. Thea, Ll y (UaVal/y
And, UaV, 2 UaVy 2 must ehon, . B B itk

cua ol un\}“‘- unV,M, + Uan vmz =

2 Va = UaVuy, + Vau = Va,,.

E
o

wmust  stop.
L+ V“ = W+» V,.H. = Ws \}JHQ:"'
\___—-—\/\.____,

2 V, = (UaV,) + Va,, Pedekind],

0T Lk R be a teg and M a Modmle with min-R Lek ¥ be a sysbem of

| maximal  Submodules of M Such tagk )X 20, Lot 0<U be o submedule.
Thew M= U @ X, n-n X For suitable X, in %. Every Simple  Imone of M
somorpic <o ‘M/x, some X In X.

is



Croof: Lek T be e colechon of all X an. nx,=W we th X;e% ound

M= U+ W, S ©OCl damd xf\s‘:x:O, Here ewlists X a K widh U $X.

Then X € X4U =M end XeW. Henee WP, amd se W han o mimiwmal
member, W, say. We need Un\W = ¢ Suppose wot; as ohbeve, I Ye %
with UaW + Y =M, 50 WU+ YaW, so U+ Yaw= WU = M,
So Yawe W. Sue W & winimed, amd we get Yaw =W, e W27,

| thence Y= M- #  Henee UaW=0 and M= UB W,
Eor Wie Lt conkenss.. & O % Hoow ME Mo sl we wre done.

\F 0& %, suppese Y<'M (s0 Hhat ™y s e typical <imple Ema.ﬂe.] Take W of

e Form X, a-nX, such Hat M=YOW. Take V of dhe.same form it
M= WeV, S, M/V?W?M/V. The oy way Hiis canm be so ¢ for V= Xe ¥,

Thok of M=K and %= scjs{:&v\ of ol  maximal \r&&ur voleals.

Hujpoﬁncn's of (¥
€ R s Actinian  and  seml-simple, {F x

e, X, are % amd Xoon = ¥y =g,
L then (LY Wl ogve  every s‘s.'mp{e R-meodale iiom.wf"kﬂic wi b one of R/Xc, [ETEN
L OF ol He Xon-on Xa widh Xo€ %, et W be a wiaimal one,

\f o<W, theu
W cammot be i ald X (a . So W XeZ, some X, aud sa WaX 2\ K -sow:=0

| 1L3) -Variokonl: Let R be a ving avd M o wmodule. Lek ¥ be a gy sbem of
Minimal  submedaules of M such Hat Z x= M. Lek

Xex

0<u be A sa.lbmod«ul.i,
e MU s Max-R, then M= UG X, @ & X4

for switable X, W ¥
E\:emj gCMPL{ submodule of M s fsompqp'm'c tv X, Some X X.
Froal: Exersise- ‘dualise  Hae ?mof- by,

ga“j WM s Fmik&,! <=> M°= 0. <= O is Hhe owh_., Hua elomenk Huat ks Lke zeco
R ecald T!i?——‘PEndz(M), r»——)rhﬂr—a‘,u.r. T (s

a  Mowmomorphism w ik kecnel M°,
Rfwe <> Eady ().

‘(‘-9]_-' Let R be semi-simple Arbinlan. Thew the %an{.\g Havee stotemewts ave
| etﬁw{uwt%f::

(e) Ris scmple (fe, O,R are +he 0¢13 ideals)
| li) R Was o fuidlifud simple wodiile.

| iy R has a M%we Simpf.e wiodlule,

‘?roo(:-' WLyt Lek M bea s{‘,w\‘:le wmodule, Then OF€ Mad‘z. S',:,\u R s StMPLﬂ., N\UT C.
| (ot Leb M be a Fallbul Simple Re-wodide. S, M2, L 4% 20, and ol
these m” are wmaximal ~igwk ideals. By (13, any Simple image of

R 5 = R/ju‘, bﬂ 'to.h(yug ¥ S/Vtof O#ﬂeM} ownel I?’M, aunel R//.,."’SM.
(i) > W) Lek M be e (M(q’ue) SCM_PLQ R-moduie. We weed R Simple. Let X

be a waximal ideal of R (¢ Rix s & s(mla‘.e rine } We pneect X =0,

Recall Huot auy Rix - module 5 am R-module, annilulabed byx
A2 - :

R

de ¢ [!, T i - A 1 .M__x:’ ) Sice M s wm'q e,
T[R):Md, so M =0, Hewee X=20 ool R s sfmpkn..
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(L9)¢ Let R be semisimple  Ackiman. Lek M, My, be  simple R-modules, \F M|°= M,
Hrew M, =My,
Procf! NL, p Mz ave  aedka leg co.r R/M:’ - SQMiSQuth r{uug wita FO\A«%\FWI S‘fmfh mookule.

By (18), ()=> L), M, =My,

(Lto): R Sewisduele Bokinion. (B <€ s @ F.g. R-module Hen M is a Mveck
sum  of siMfl.e wodales.

Proof: By (6], M has mia-R. gw‘)?me (lLto) is Falre. Chioose Mo a Fg. submodule
miimal  wrt net bedng a diveck sum of simple modules. Thew Mo is  nob
s wmple. Let UM, We have Mz U+uR  with ra U Leb X:= fret?!j,....e Ul},
be e anaililator of Ut w R By comment after (LFH, R=x®Y, some
Ya, R, Then mR= uXau?. So M= e Y = U@uY.
Haner, 1) mY % Miu s simple, i) U= M?’,of is F.g.

Weddecbwn I: ¢ R s seaisivle  Arbindew  Htaen RF R @ @R, where e R are
simple  Arbinian, wita WA Q NS5

Proof: Let n be He wumber of simple wodules, amd b MM, M. be a Ust of
Hiem . Define R;=R/Mf . Then R¢ is Arbnion Semisimple with a falthbd  simgle
modale My So Ri is simple by (18). Cowsides 0:R=>R & @R, via
O crs [MPrr,., MCrv). Now Rer® = MIn- Amd = TRIzO. To see 9 is surjeckive,
nobe M7 ave oMl differest. We wave R= M7+ M F 51, Thew R=(M%m2)..(m7+m8).
Hewce K= M2+ MIMT M = M7+ Minami. Lok v vun  Huough Hais
inberseckion. This shows that R, s us dhe imc:ﬂ( of 9.

E\:.,ee: W e Hais wotakion, Rz M ®(MIa. aME) awd so F Nj=£[j\m:, 2=m,°e~5,]
omd & ollows deat R= N, @ @ N,

Convusd‘]f Suppose R= Q,@n@f,w where R ove simple Arfiian. Lek M; be tae
wnique  simple  Ri-module viewed as o R-wmodule. So Mf:f('f.,.,i;-,,O,"in'.., f_]f'fa-éﬁjf
omd Ry ® R/m? . 8t TRI=0 because M n.aM. = 0. Henct awy simple
R-poolule s of the Grm R//u", Some i n sewe M.

Wedder bow T W K s simple. Artinian  thean gz An, e wnxn wakrx ritg over a
Aulsion ring A, it u'wiqi..l.euesx. (“" Ris a ving, wo v ke R Cor e v wabrix v{ng),

For Ra, weile e for Hhe watrix witn a | in te () K place, and O elsewchere,
Embed R e R, via ¢mv.1. K i? €y R = ‘0; th"- .
Exesse: Prove R= seb of wakeices co.MMuJHuq wibdh  2ack 2.

B = @e; D, a veder space of dimeusion w' over A. There arent auy chaing of
Su,bs?acer witlh wore Hhan  wiHl members.

Lot M, be anm R, -wmodule. Than M= ML= Mle+ +eu) = Me, + ¢ Me,,  Lebt UsMe,.
Prove Mey = Ue,. Then Mz Ue, + Ue,+- +Ue,, Consider M2 n(Mey, 4 + Me,, ) Twis
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{:sm;wwea by &u+ tlanf amdsoby L 5o Ug, v« Ue, is duvet

L Weite U" o e  Aireck sum of w copies of He @-module U, Twis cam be
 thought oF w W, (W), the cow vectos [u ., un) wida Ra  acking v dhe

‘} wsuad way, ¥ ua.

; () M > Mg, U cmd W (U e U are iavesse. & preserves €. Moreover,
* (MWatw)’= (W, R was o foaudafud wodule W F Ry was o Faillful sinple
module Halul.

|
i A Cu Ol-\'visfon rt'/ua. \F 0*/%(—'&, Hae juh‘-'A CLV\OL So A \ES @ FM{’MFUJ‘ -s.',w\‘)l.n M,oo{MLK
For hele A, war Ha(A) as  ibs simple FaFul  predule,

R o Geld, ek, Chatee of bmix eV gﬁiue; cm isomorphitm  bebween
Hcm“(h', RY (e Wacar ops VaV) aud & .

Let R be ouay vw'ug. Detine R’rp, e gggosu'le ving., te e R as addibve group,
L obuk Witk mulbplicabien ¢ deRned by ves= se

L Let M N be R-modules.  Thew  Homg (M, N) = addibive Group o€ all R-woolule

l Weomemorphisms Fewe M N,

‘(i-_\l_llir\‘\oma (RR) = R,

ey (RN = (R°%),.

10 [Sclan's Lémmwl' A M s o simple Rowmodwle Yrea Homg (Mm] s o division ring,

tiv) Homg (M", m") = (Homﬂ{w\,Mi)“.

1&29 W Let D€ HowmgRR)., Twew ¢0 = (e = (19)r. O wmulbplies on the lelt by 10

1 Lelk Ae R and wrilkk wy: fe— Ar (seR). mye Yo, (Rr)., 1t s obulows thak

| 910 and my<A A are nvese wops, amd  addibive. Bub mimuommyy

| Hewce  these waps ave ok~ somovphasms  wnder Mulk‘(?\icd:{en,

() Consider awms a.'; e tremsfox? of a, Gowm (R“Juﬂ) o (R°P),. We need
(aeb)T = a™v” i (R, Now (aob)” = (ba)7, omd Hais Wan (it eloment
(ba)jg = Z by apg = Lag oby = ,‘? (e (67n; = (T 67)y.

(8) Suppose 0% Mo M be a wodile Ferm. Then MO s a aon-zero Submodule
of M, o M= MO A, M>DRerd, and Hails s a submodule | so Rer 0 = O

() Lek Oe Lus, Lek (0., 046..0)0 = (B, . ). Thea wop 9 b
(9:) e [\{owg(m,m)n, Let wir M= M" be the njeckion & e (Hh componeut,
ek B M" > M be the projechion o the jHi componcnt. So 9¢j= w; Og; .
And siuce = Ty A, EOWMJ' = LA T {"(«'ggk xR PB;.

Lek X 9 R aund M= RAX. Lok Se Homy (M M). (x+e)9 = ((ka 1)v)® = (x+) v = X4ty
wheve Xabz= (X41) 8, When reX we wwst hoave breX ., Defne a(x), the wormaliser
of X, € consist of Hiere t's, i, t such thakt X € X (learly X € nlx) oud

X anix). Comvesely, F tenlk) Huen wme: X4 > Xotr Wes {n Hom, (M, M)

Buk E > wmg s wobk 1=, o & Remed s X




y o
L3) 0 € X 4R Heen Momg (R, Rx) = (")
() (Schaw): 1F X <R then Wl B @ i ring .

| W edodler burn i gu,?teose E = a siwple Arbiaiaun vlug. Then R s lm(q’uebgl f.l.,,, For &

‘ Adulsion ving A
Pioof: Lek M e wnque simple wodule, Thea R las an K-modwle) = M“, Some W,

Thew R 2 [\lpwgtﬂ,ﬂ)leff. Now, Howg (M?, W) = (Homy (Mm), = A, where D= Hom, (M m).
. Bewee K% )77 = 1877,
_M.{;Mr Suppese R=Em, E is a division wivg. E lhas a wiaique
vamely €, so Hu(E) s te wnique simple R-module. Lek X be oll
the wabrces whickh \have zewe w the top vow. (X= 2, w here
= (Vo o) e Yl Hale) = Ox = m Hom, (M, M] 3 ("“”/x}fﬂ
Let AeR. Then A€n(¥ <> A& bor (> \as 2o bop vow, ve
(top vou of /\Jeé’. o (i>), Te A must be of te shape A=

S&er’ (e wedile 2,

Hewee " 2 €. Hewee vesuld

EXaugle.’ Let & be a CW\-CH groug, aund Q’GTG. This s sem{-‘simpu auncl
it Adimensional over €. Hom‘[mr m) Eae vau_(’lf M s o division ey

Fiaite dimensionadl over €, ol:mol € is He ony one of Huese

Hewee lt)tddvbh.tn gives R = 6? (p.‘.. Leok ok olimensions: LHS = iGl,

2
RS = ‘.z-: ci, . C&- \'\M M r{" = ML‘_ OCCM‘:H F‘: EM{I, oace ‘9{,; Jow
n .

F;
Hemee €G = c:z, M.

g, Ries it Ragliad

R a wing . xaRk X nilpotent. We suppese  we  Raow obout R= A&, We need to

: (W idempotents.
. Take ecR. e s s‘dgmt‘wt i e =e. Eq: 01, omd w Dy, Hee 25 ave iflﬂwf’otws.
Can wa'k oo €l-e) =0 aud ((~e)e=0, But 1:=¢ «(-¢],50 R=eR@U-e)R
S'ufeose Rz X@Y, X,¥ botla vight id<als. Se 1=3%0%, so \f='§2@"(‘§, amd so t- %

ouwd ~4f=0.

Lek P be ow R-moolule. Thew P is pojeckive <> 3 R-module @ with P@Q a
free wodwle Rn_ We' \Wgue a (ot o do with tuee for R= ZG P G FRncte.

IF 2 omd § ave (dempotenks, thew they e octhogosnad , eLF, iF ef-fe- O
W 1z ¢+ ven ,with g ‘dewmpotents and €;€;:0 € oot Maew we have an

Wruﬂegemg! égggmpgs{h'gn of L. W R & seum -simple, R=@ (BJ)M' amel e 9617 N

‘ afu"o’ﬂﬂ\ﬂ&l deco V"L‘DQS;LN‘OU\ of 1

\c— @ 5 oua ;d{MPgtM s R andk Z'GI?, Phew e (ofts v ¢ “c Xs+e=- e.



[ [20): Let X be a wilpabewk ideal of a vivg R Leb e be an idewpobent of
R = Rx, say €= X4, Then I anm  idewpetenk % n €, Wit Xaw=e.

Suppose @, e, are idempobeckr w R, with €, % their mages  in R.

| The.. R2 e, R<> R = ¢, K.

Prock: By mduckion on n where x2n=0- 1€ n2o  dien X0 and we Mave
noliag b0 oo, Induckion sbep depends o Buowing Haak  [3XT-2x%) 7 (3x1-2x7)
has  X(X-1)? as o Fockor gu_(arose Moo = XY gl sow  Veeee oo il ewpo beuk
Mo ® £, R/x,., amd Hrok X4 = X, + &, Deline g, = 35}-25‘5_ S
s W % 2 u@.P,ke....&? Te does zﬁi ~ Epy © el B Yoaw Fﬂo{:or[i,‘(!,,'d)i
15 {n Xaw @ &€} s 0 Xa.

Now, Xatfay = X tg, , So we are done.
Last bob: [29) Exeveise.

<z). Argumenk Opplies woie qenerally to UHiug {50 wmorp Wisms of projeckves.

Hewe! elf..t. effd-‘ Suﬂwse Cis a wedule isomorplism f«_! shown
&R £ gk Have e R+ (1-g)R=R= 1.R. Map R—= ¢R via e Reli-¢)R

% Wk Jo
Coll & 8. Clheore an elowment o (n e,R  Such thak a.nek=a =1F. ©

D@F\;\e ?" Q =¥ gzﬁ blj cPfi'j =h, OCRV\E ot elﬁ—-’ e;R b be Ho\.e feitfl’czl’\‘c’“ 0F
? o eR. Let 4: R > &R be £, omd vepeat above 4o get B o showa.

o we qebi eR 2R

‘| vm.l‘—‘!r- ' L“"‘" .
= G

Pk ¥=of-1: eR> ¢R Thw X c:??—w'e:‘{-z e‘T/“‘“l’ Fa_'l, ‘e o,

e RY% ¢ X, (eR%" = e, X¥ =¢¥x € ex’, So (ERY¥"E &X' and Uuis
s evenbuwally geveo. Co NE: 1+ % owmd X“=O, Somewn, Twis ha iavese
=¥ ¥2 -¥awh ey, Siadlacly, Baois aveckble. Se o B are boH

| 1somorplisms.

~
~3
~d

S

Lek X be a nil.poteu.}- idead of & ving R let g, € be R aud Suppese
£, ., 5 owe wukually or‘&vaonoi ickewpoteats ia R=R/X. Then Hhere exist
| mubually erthoqenal idewpobents e, € aR  such thak & =& , (€idn
(Peoofr (2.1) (s Yne case w=l. Suppese w>! and suppoe €., €., @ve already fouwnd ,
Method s to adjust &, so Haak it becowmes Dr"tb.ogjo\.«ai o B Buni o
Thea wse (20) ko geb € =@l with & =& in €.Re,, and His will do it
Debine €= &+ +en,. Then e'c¢, €e>ee =¢. Wrte Rz eRO(-e)R and
O

th= o« @B We show e X, e «
Now €f.= €x amd &£, =0, so exeX, But w-ex so aeX Replace €, by
fa— %, So  we way assume fa€ (i-e)R. Then &§, € (& -ee)R = 0.

Now vreplace & by €,-£.€ (Note €.€ = ol. so 6 - f.ee; =0, so Hus woks.

Lek e be an  idempotet K. Say taat & ik primibive F e:-¢ +@ with
2,, @ (dempotent awd ortheqonal cam Weld { VF €28 or € =%,

Swy M is indecompesable <> M =M @My can owky Wneld MM oo My M,
' Se e & prmicbive < eR s tnotewmfosmu.e as a wedule,



(23): X, o wilpoteat (dead of € e am iclempotent of R Then € (s primibive ifF
€ s primikive. |

foocf: Suppese €= €+& with € =%€, € =€, ¢€,:2:¢ 0. Then €=¢ +&,
(Jrim.’l-iue tew ome of Hthe summoamds is 2evo. IF €, 20 then € eX, so e, eXx”
Cor alln, so ¢.= 0.
Conversely, suppese € (s primibive, su-fpose € is nobt primitive So &= €48,
£,5 orthooonal idempetents. LiEE thaese \:»_\ (2.2) & Or-&hogomwl ickempotents
€ amd e;. Lek F=¢€+e. Then £ is idempebeat . Moreover, éR = fR,
By (21), last sewkemce, we geb eR ® FR. Since FR is decompesable | so is ek

IF & s

le, e is wot Prfawil-;vc— &,

(24 Hypoltlresis as before, S'WFPosf 1=¢+-+¢, s an orthogonal Aecompesition
inte  {dempotents. Thea 128+ +&. s as well. The &R ave indecomposable
K tee et—-ﬂ. oce  indecomposable.

Exawmple: Let R be Ackinian, X= T(R), R> R The Weddes burm Theorems say
tat R= R ®- @R, , it R: illmpl.f wings, omd Q‘g: (Ei_)n; with Q; a
division ring.  \n An, we Wowe 4= &, 4+, . ad B, = €¢T—An o R iy,
Each &; is idempotent; orthogeasd o Yhe olhress, and e Aa = M (D), simple
wiodules.

R s locadd <= R/ 7 s a division wing.

(28] iy R s Llocad ¢=> R-T= WP , the wiib group oF R
o VR U el Hhew O oue  the only lokempobents,
| Wiy W R is Arbinoun and 01 ave the ouwly idewnpobents  then R s Llocad.
Cioel: ty () Lebk xe R-T, Su..‘:pose xR<R. Thew F X with «R€ X I R
Bt Hen TEX owmd —‘L‘é"-ﬂ‘gfi # o Tex bang a un in Ry,
Hewece xR=R 3= 3 9 it B4 xy = Guj Sawme tbeken, 3 2 Lt td't=|_
So y is vight and loft lavedkble, fo x=%, as vequived.
i Let eze'eR.,  Thea = es(rg | so oither ¢ or Im¢ huls tobe v 7
say €, Se e evists. Buk ell-¢f=0, aund so e=|,.
[() Exercse. (e Ruow wlrat Avbiniam wrings ook Lke)

(2:6)) Lek M be an R-module. Cowider E=Ewdg (M. Thew
) ¥ B 5 local thee M s (ndecompesa ble.
o of M s {nolecom‘:omkle, Hew ©,) ave Hhe oy {o\ew\\pobe«.ts i E,
Preck: i) Sugpse M=MOM, Let 7: M> M be projeckion, so T ia€
E local & T= 0,1, hemae M, =0 ov M.

iy W6 we=vw'eE bien M:=MwT & MO-n).



(2.9): Krull- Schaidb Theosem : Leb R be a ceabral subfeld of a ring R
amd  Suppose th s Fate Lek M be a Lt'nitb'aj- geneinted R~ module.
Thenw M fan be welten n an  esenhally walque way s a clirect
: sum  of  lnolecomposable  wodules.
Proof: VB s obviews that M has such a olecom‘;osilﬂ‘on. guuwosf M=M e M,
= N, @ & Ns with all M Nj %mdécowlposqbb&. g
Lek A M- M, Yyt N> N;  be te proj eckions. Then M & ;‘: ViM

Kesﬁrtd,‘ MS tv M\ . LO‘M. = jz(vl./u‘iﬂ. in Endﬂ {Mnl ; G LOC(LL r‘{v\%

Now, idu (s wnek {n the \rcnoucnl, So  some Summand is el [a  Yre
; cedicak, sagy (Al We show M EN,
Lok @= (Vuly. So we  ave:r M —5M il P o isomorpkism
: r vw.\’N/}'N.
| .

| ek o= p, BTV M SN Then, Bz ida.

Nz M B ® ke [eveccise).  Stace N, is lndecowpesable, Rer x=0, 5o«

s mjeckive. Aund « is swrjeckve simce Pz idu,. Hence N M,

i Now « Mjec{{oe wmeans N a (M@ &M, ) =0, Moreover, M, ol N, \Mawe
the Came Aimension over R, Hence N @M@ @M, =M, bt also

= N@.oNg =M. Se M. oM 2 M 2N, e en..

| Let ¥ be an  isomoquism from N, @ @&N; owte My @ © M, Then

. N, ¥ @ ®@NX = My @ @M, amd we owe done by {nduckion,

2, TG -modules for Ginike G.

E'Deﬁniﬁwi&m‘_‘? viags ¢ Take G o group S a n’.«ﬂ Define S&, Yae Group ving of
i G over S, bs elements are the sums ‘Ei %X, whee ol buk Fl‘m'td.g
. many of tie coeffcients 0, awe O,

, Deline addbiblen: Zoows Lteae X lGrk)x

i wul’:i?UcaJ:ion: ('ZG,L%)[Z'C,J:) = Z'Vu:t ; where Yy = ab%: Lpig = N

| The wmap S> sy s & ving  Isomevphism  bew § b SG&, amol x> Lix s a
i greup l‘samowp\misw Com G & SG&G, loltui-t‘\j S ui{alas"lc” xowita A

Ouce Hais is done, SG Is generaked by S auwd by G, Moreovar, $x = xs
| For s tw S, z ln &,

Noke ek F T is a ring with ubring S, Cowmmuting demznbuwsise  with
S‘U.\Dgwuo CTU and ¥:S-5, G - &, , thea 3 wvu'%ue kommwph{sm
R:SG> T, wt Hi= @ Re=9.

IE M s an SGomedule Hhen we awe a '\mow.om_oq:hism oA SG — End 5 (M),
| % S— Eadgz (M shows Hat M s aun S-module, og: G = Auki(w),

l‘ Convessely, F M is cm S-module amd 9: G- Auk, (M) s o howmomeorphism,
CHen M becomes am SGwedule, via pm (Tax) T T (o) (xv).



C\' % G roup. Lek A be anm &bd&ﬂuﬂ viorwak Smbgwuf 3*-'CLF—"> 0)“&% = ag [qu}

5 o aukomeorphism. {q‘gﬁj-‘a 8.9, = 9; (g:'o\g’]gl, A L W R
[9.‘51)* = e‘.,‘ 93*. Se * S a L‘Lomom,cwpkixm of G {ate ALLA.

Wrke A sddibively - A becomes a Z&- module.

¢ bGA’ Hazn b"&‘?:dr e A% =1, So A £ ker s , cuncl *’C_/A -—TAJIA

Se A becomes a Z(%/n) - module.

i e

& a group. A presenkabion of G s a  sherk exack Sequence of greups -
{1 —=R— F T Gc—1 , where F s Free. (Label Wi Sequen ce m).

A G rouwp 3 \'s&_ggm on’#gx,\:,\e/\} b F o gu\uo.kcal be Hie %, such Wk
whenewe 51X dmy qrewp, thew T ectenels waiquely  Be a  homoworphism

F = sawme Groap.

_ ln (l’, Swppose F=F.-£"a= '\E'\}. Then g, = 2, T, ouad &= <3,\-‘f\e/\>.

(¢ Flx) = 7r:'.- ;(’\':‘ & is « wovrd in F thew Flx)w - F[g)

Thisk of R a» a wormel subgroup of F, R= Rerar. \F Flx) eR Wwen F(3) = 1,

o velakion bekween Hhe gemevabors g, A€ A, of G. R ¢ called Hne relakion subg rowp.
WWR= <Rt Rof> and AL, w], then we weiter

G=S9,,,9,.1 fbo=-=Ff &= o G=<a, . g,| R, Fu6D.

E xamples: o O Ix 3> = Fii , whese F2 <% = Free , rombk 1, e eyelc,
B= Sull 2 wjchic  of ovder 3,
i <ab S =y o Sg‘ (gwj o= U2), b= (129).
FeF iangl, FS =1 LJ#h xes (2, 4o U2),
This Was Remed <n', 7, (eop® >
ti Ka, bl a=b = (ab)®=1) s Ag.
9

[19) <7(,lj'%| \.jx'-‘lz 3 =x2, xz';s.jl, Xltj =|> \S C?.

/

{v) (xc%ﬂ }("39(251, ‘ﬂ_t}‘j’ %z 4 'z = 2'D s on\:j one elemant.

o <xy el xgasgl, ylzys2, e, E'xbsx®D is a Famous
inhncke simple  group.

iy €a, b | o?= b%= ba'ba = 1> s Hee quakeraion grewp, of ovdes R,

. Delne A [8) % miniuum wuber of @mun)cous needed to O)-G.Mn&ra)t{ G,
dl&) =l <= G s oyelic
A(Gkl=2 f & is ¢ won-oabellaw Sdmp[l grovp.

(f KQG-, — O!G () for  Hue Minaomum  number of G—-cpujmaauﬁ elasres

needed to Genevake K.
f 1> R-F5HG—1 ., Heen Ol; (R) = minimuwm numa ber of  vrelakows neeoledd

Momﬁsk e 3)‘ to D’letearm_[ne_ G\‘
ln e above UM?LQSI (1) olf)=1, d,[m” L) AR =2 deR1=3. L) AR =L delR) = 3
iy dlF) =3, del@ =3, (W dlF)=3,d, R)=3. (v) AlF)=b o (R k. vi) (F)=2, d.(R) =2



Theocew : Suppose G s a Baitely gemercted obelicun Gueup , amd sequenc
(J s & Rale pvc'se.wtw{-"c-n [q'—(’, d(F) o (R) Quil{] Haen
e (R)- d(F)= SAd(d-1) = ¢, where d=d (&) and € is the tosion Fee
vourk of G

Proof @ Hawd exeruse,

Lebt F = <, x.> be Eree of vauk w, |If FLG— is obelion Huew A W AHGT =AW A T,
F’, e d-'eg:{g'e.é %cg%, -Q%bta.li <EN",7{_“]F l 'SC(" Sa\>’ o d AF(F‘] = {n(ﬂ-l‘.

s G s a cl'n(L-e,l-j cjuudeol abeliau Qrowp  givenm  an F/R itk F o fiee
abeldan wi¥h janmR 5, Hten one uld dno.,uge basis $o Hiak F is Free

o d
abelom on A, &, omd R is givew by @, ., a. , d ldallde , Ess.

Teke R', e decived group of R ReF > R'aF. Get:l1- P> Besz,

Rt 2R s the celabion  moduile. R is ma abelini ol Smlngmwp of F =Fre

R s a wodule for F/F(, e G. Te be precie Hais ackien s for q &,

q*: R’E\"‘"R‘Fx where Xef aund xw =g, ‘

€Y= ZIng e TG, thew TRE = R T (M) Lhere 27T 2q,  2ack <.

Suppore de(R) is Finte, then R= <E. E7> Then R=<R, 67D w0 € 264 .. € 26,

a &niklyvﬂmunhd ZG - prodele.

W G is Raile, S oy ring, ond M a Gaitely gencrated S&-module, Hren

M gy Sk v 56 = “-Ea_ wxS , a Rately generated S-module.

Nielson - Sclaveier Theovems: (U subgroups of Free Growps  wrie Free. o
() W G ond dIF are beth Haite thea so s d (R), amd V&= dA-1.

The pomt abouk (1) is ek for us R wil be a Ffaltely gengraked Free
Z ~wnodule

Defipibionr A ZG-labtice 1§ a ZG-modulz which free of FHnibke rank as a
L - wmodule.

Our relakion wodules are ZG-lablices. qu,n‘: Bheovems are abeuk Haese.

Suppose ReK is a number Reld, Lek T he bae ring of iabegers

Dedekind: I, as a Z-wmodule, is Free of Gaite cank.

G= Gal (/@) acts on I, so T s a ZG- (abhe.

Lek U= U(T) be Wre ks of K. Dicichiet: W s Haitely qemeraked,

tet W be Uie wanils of Kalke order. Thew ulua i« free abalioun of HRnilke
ronR, This ts alse o G- latkice



2.2 Blggbﬂ‘c Pre Uw\iﬁgcigs

S a  commukahve ing " Noetherian, G o FAnak group.
Mod -§ = Failtely qencrebed S-modules. Med -SG  similarly.
N a  mulbiplicatively clesed  subset of S.

P, S, A= S\P Must Ruow abouk Sp= Kig
F Me Mod-S, you shoudd Ruow N E Waad - K" . f\"M=M®, A'S . T elomenks
ore AN T u®Yn, e M, AeA. T ASAP e NTM= Mg,

{3.1! Y SF i Lowal " Jac (SP) = P‘,, SPI?P > {F (S/P] ,
| ) The primes of Sp ave in | viespondamee with Hise of $ pelow P
i) \F P<c@<S ave primes, then [Sﬁ?,pa = Sp.

where S s a  domadn.

(33): Let Mbe in Mod =S, Then
i) MP‘:O <= Ma* P
iy M=o <> Mp=0 V pas.
i 16 M BN i Mod-S, then F ois surjeckive (jeckive) < 6 15 surjeckive Linjeckvel.

CReburan o G, Consider the M {0 Mod-SG £ Mod ~5S. A'M  becomes a A.'SG‘MﬁdM[E)
by (“A) g = AI/N,

(3-¥ii';1ek e A'M > NN be a A-'SCT"MDO‘MLL \vto«mowm*fusm. Then T an
SG -Womomorpism FM N and Ae A sudh Waat W= N'F/N.

Re: 130) Su{)?os'e S—?"'s| omd & 256, are howmomorphisms. Then  we  oek
G —» S G, via Zax —= 2 (0)%®

| Parbicadar  land imrwbawk) case 15 when & =1 and whew 0= dg.
Get €1 SG>S wik Tox v To, , e oeficient sum. € s e cugwentakion,
omcd (ks Rermel s the  cwgwmentation icleal.
W S=Z, wik ds as g IF it S use gy whea S &5 tmpockaul
So, ik AEE . P BE.B.. W .7
‘ o BE o L m i P e, W R
| We O)g,t-:

e growys then use!
& -

[(Sv”"fys is o free S-medulz on e x-1 (13xeé)
Preof: The x-I gre 9:5 Meceover, S=C0Gx=Tax-La, f Te %, =l§ G l2-1).

This  erpression 1S waique, o weve deane.



Bl i AN SG-medies and AM AN an N SG-homomorplaism,  Thew I
: F: MoN SG——M@F ond AeA Wil h= A-‘F/r\.
| Peoot A"Homscr[n,ml s a A'S-medule. Geb ot A'Homy, (MmN — Homg, (A'M, A'NJ

e Vs w—s K€/

;(3“”7'\ 0 Bs n (il‘ buk B o e isomorphism.

feck: ) M=SG , ) M= 6", M genend. -3
i R. M N R-modules, Mowmg(mn)

cases,
s amm  aoddibive growp , o R-module € R s
commutakive. HoleR,NJ N

Vv—>10

[n * ﬂ-—!nr)d—q ",

Let seR insi¥, ransr. St rones.  These owe wiodile WMaps  ouer dwmy
(EMJ:M Subrr.'.qe S og R.

(V) _M=SG.  A'Homgy (56,8 — AN —> Hom

(N'se, A'n) .
P, ey TR

Alse
"a > (") e Tae, Wit = %,
: Twe C,ompos[i‘e o@ Hese two is w.
) M= (3&)". MP- A HoMgQ(M,N)_, M@ = Hom 150 [A'M, N'N). A is exack,
Hom preserves direck sums, so: (M, ©M,)P 2 M Pem,P.

; mem)Rsme m, Q.
. So i) is Erwe, wie G,

fr) M q@era,l. Su.?foif d(m) =n, M =/ulgG - +/4“SG‘, Then wmap (56" oule w

bnﬂ (T.,..' F..l A Lb& Ml be e hﬁﬂ‘\d This s ch cver S,
We hwe © — M= (Sg"am=—o0,
We oet: O = MP - ()P > Mm'P
v FT Y
e = MR — G — Mm@

Civ) says daat W, {s an somorpiim, So v, (4 Iujeo!:'ue.

Ths is twe For overy Fg M. Heuce W, is injeckive.

(363 S"‘ffwse we luwe exack Sequences of S-modules as shewn, all cowmuking,

©—=A S8 3sC
e 1Y \f e verkcal @erows are injeckive
o —p' @ and [

swg«k&.,{ e o 1S sow)eckive.
Prock :  Exerdie. This Faishes (3.62)a) .

P Bude] ¢ e S.u,ﬂku'( V s a Fim"(:e,bj 9-<Mefal:€d N'SG -wodule. Then V=AM (or
some Fg. SG-wedule W1

it VBV s tomsion-Gee over S then M can be closen  dosion- Free.

Proof: i1 O Mo - M ZoAm s ewack, Mo= R& D = A-tomion submodude. ={ﬂ'¢¢A:q,m¢,\ef\§,

Then © = Mo =M = My, =0 giyes: O KMo AWM = N (M) = O,
Se AWM e N (M), -

i Represe-d: V as a howowmorphic Cmmae of o Free wodule:
[A8¢) —=\ = dl {as Vo Fg)



The Rernel Vo s c.g. gudr N'SE. Q-epfesewt Vo an a \d.OMoMou-PlM'c

\wage of (SE)™. We geb (A'SG)T D [N'S@T— V= O | exack.

From  (3il), Wz AF/N here €0 (3G ™ (S&", Deflne M tobe coker(F).

% EE™S et aas Ll
Hones [AMS™ 2 p nvees® o N Mosih,

Since A is waverkible, coker W= V is tue some as coker Ah = A'Mm.

What we weed 4o kuow about projeckives,

Let R be o« ving and P aw R-wmodule. Twew, say P s  projeckive F whenever
. P

V rd
iy 154 - then a ¥ eistk o wmake the triangle commur.
m‘i M'—-)o '#G&

Eggﬁg!gs:(;lsufpose P=R" owd Suppese we have @ an above. Lek P=2, Ko ®e,R .
Define ¥ by (e;9Y® = e ¢ (‘pem.'ssible, Since 9 am qcmwwml, oud
exbend: (@, +-4e,v.) ¥ = (e¥Wv, +— + (&¥Iva, by Uneanty.
free wodules are Pm‘je&ves.

8 o P owd @ oue ?w_jéd:iveﬂ <> Ped i ?mjed—iu{.
W P s prejechve > 3 Q with PeQ Fee
tiy Free wodules ave piojeckive.
ey P s projeckive < whentver we hawe M Lepso exack | Yhen
£ s w (l'e, = g P->M Wi q('\- =\'al9)

EKf![ﬁ!’SQZ M = Pg Qhe{c Fouows Grow %F “AP-
Prock: () (=) We  hawve: Tkjfel\a ¥p (WES b, say, ¢ } 50 & W {3+X
S ll o
MoM >0 o UWHs & say, ¥
&) g .rP@Q B s o (a.ﬂ-!'m] of «.
vp ™ O

—F*M‘ —C
Wi &) Done by iy and (V) .
P Choore o free module F and F 2P0, 50 £ Phokek
W -p
IF elp) =d then F can be choen  willh oA generabos.
i) See :axm?\.c cloove .
tiay =Y mE PoLo sflﬁ:s e Ssquence,
) We fov ofee wodele F o qek F o died summond as in U,

Examples: (1) Projeckive Z -moducles ace free.
gy 1B R s a Feld and X(RITIGL then every wmodule is p.ro‘j4c;l-{u-e fMasdakc)
viv) (P X(R) [1G1, then Yne tvivied woddle B (s ot prjeckive. Comsider RG >k 0.
IE R is projechive, then RG X RO g . Lot u = ZAx be in R.



Thea Uy = for alk Y w G Sd ff\,xj = Z',\uxj So Ay:/\’bj Vﬂ“G.
2}\, gaﬂ .'ﬁ'lﬂu w = /\[,Eﬁw} _s_’l\‘&lzo le Meg ’SQ w=O.

B6]T O and 1 e tae only idempotests in ZG. (or: Z& Was wo wychie projechives).
| Pioof: Let ee ZG with e':e. Sufpo)‘e €=K§Q_ B T Consiher € :v—> er
e Ruow ZG:= eZG + (i-e)Zg Relobhve © a Su&fab(ﬂ chosexn  basis,
e \was  wakeix (:: 2).
Now, (ZA, My = TAxy. Use the nakurak basis & of ZG, amd the (yy) th
spot  of He wmakeix of € s Ay . So trace ¢ s A G amd Huis must equal s

Hence s= © or (&l, e e=0 or i.

v
L
—

P a ijed-'ve SG-medule, and for any Pa S Then

() P/Pf is ijech'ue a@s GM(S/f’G"McdeQ.

[ L) Pé, is a Pro‘!'ed:.'ue S?,G"Mcckul.t_

| Proof: 1) Have F= PeQ F fee. So FOP=FPO® OGP So “eo = P/w@ Ofcaa?.
Say F =R Then rp = (%0)"

wi Stmilacly | bk geb (Rp"=F,% foo@,

Remarks: Recall Arbinian > Tac s allpotent,
(ZLeg) G s Ackinian iF p s prime
Tac (Zw) = (). Tec (T, &) comtains (pi. Lek M be a simple
R(P)G—~maot“l.e, Thea M s cg over Ly omd has a waviwal
L) - Submodule | say L. So (Mu)lp)zo. My= MpI< M. M is a
Ty, G- Submodile, so is Rer.

Definition: Lek M 5N e Mod -G be an epimorphism, Thea € is essedbial 1F
ik L oSeM Lew gsill gF an  epimovphism, then o) {s owm 2pimorplism,
Albermahvely, F U<M  then WECSN,

{'S.?.IHNakm}ama's Leﬂﬂgi: Lek X9R, X & Tac(R), Lot M be am by  R-wmeodale,
The wvakwal wmap M = MIMX is esseabial.

Proof: Let U<SM., Then IV wih UEV M Then (‘”‘MX:ov, So UtMX €V <M
¢ W+ WX v M

£ mx < mw
M Mx mx -

(3.?.2!’ guepese PR ane ?mj.e_ch'ue SG-modules. Let X 9SG, X € Tac(R).
‘ Then P2 Q < P/?X = Q/QK
Procf: P e_,_g_) R, so X i ax , whwelh  tndices E}px % m/Q\(. Does (=>).

(<=), P{‘ﬂﬁ Uex' F evists as P s peejeckive.

J’%;hmk l:j: B\-__, [‘S.e.l}‘ bosk & an e.p.'m»r'bu'sm:)f S an  epimorphim.
)~ Yo ¥

Since @ s pro; ekt ve, £ s a splt epimorphism g, T @ = P with
W= (dg. L‘-ﬂﬂi‘.q S aun epimorpism , g (s an sowerphisa, So haak 1S an gpimospWism
But nat is essenkial, so h s an epimorphism, so RecF=0. So F is an isomesphism.



(2.9 fF R s Lecal, thea evevy PWJ-ed'we is Free,

]

e, ~ Ly
ks Lok T= Tac Suppoe  PEQ-R" Thew %7 @ Yaz T ()" -0"
fe/:)" a division ring. B«j Wnear oigeﬁm? Zor = 0™ = «/R"T.
By (382) we get PR

13.10) 7 M,Ne Mod- $& | awd m-—aN Then f 5 @ gpu(‘: epnma\rp'msw (’>Rew‘s (M,N)*—>Ho.v (NN)
s Qa QPLMov?LASM o s o
Proc€: F s @ split 2pimorphism <> g:N-=M with gf =1y, Cearly  if E 15 0
cpimovplism, YWais wods.  Comvesely, & qF= Iy, Hhen any I in Mom (NN
is of Hue Cerm (93]? is 93.C_
¢ . | fo
BILM E5 N (a0 Med-5G. Twen € is a split epimorpnism <> ¢ Pt S Me— N,
s a splt  eplimerphism.
Preef: € a spl€  cpmorplism <=> Homg (A N) *'*“OMS& (W,N) 5 epimerphism,
(by330) <> (Homg, (M NI)y = - [Homg, (N.N)g s epimorpluism ¥ @S
(by 362) &> Homg Gr[M M) 2 Knmg’& (Np, Np) s epimorpuism ¥ PS
y 30) <D Mg Ng, s a gplt 2pimorphism

l"-”-ﬂ’ﬁaroUM...' Let Pe Mad-SG Then @ is Projed-ive <> VPas, B is a FmJ'-ec;@{ue

Sp & ~wodw e
Preck: tus <> all  2pimosphisms M Epso splet
(Lushy ¢> (- I TPy

1312)- Let P be an SG-labkce. IF (Gl e U(S) Hen P s pfnjed{ue.
P s am SGE-lathice <> PeMod-SG s ijcd{ue as aw S -woddle.

Prook” ( Esseabially Maschke's Theorew) ! Led M LP""O be au epimosphism of
SG -~ modules. Siwce P i S*famjed:(ue, Hais splibs | 5o 3 Pe Hom f?,MJ
witle PF=d, Lot D€ Hom, (r,M); define 0% by 0%= (47, 94, (ged).
B s an SG-Wowmomerphism <> 93:- ® Vg ,te  Howg (BM s the Eixed
poiaks wmaler  this & ~adon,
Define ¥:PoM by Y= & @
05 in Momy (BM).

WE= 5 Z9% = 5 T (909, vecawse G s am SG-wmap, = L.

9
This is obviewly Fxed by G, owd

f’;.i's,i[-' P an SG-lathe. Thea P is pmjeo{-{de <= P‘, 'S ?mjeol{ee ¥ PaiS sucha
thet \G&le @

0, 8 geimes of S Then Sgp L A whee A=SN(RLoF ) Lebweiv. el

Wilte S%’-.--v’} ar Sw. This s @ semi-lecad +ving , volth  maxival iokeals
1 A
A&, N8, e By B

T ¢

B}



C(332) Leb P be an SG-labkice. Thea Pp (an Sy G- (athice] & peojeckive as
i anw Sy & ~wodule <> Pp s S?C"‘FNJ{A—{JE VBT [B-“-“ oSy seplacing 4
3133)¢ Let P be a ZG-labtice, aned T the sebk of primes Aividing VG

Then P is pmj{ol-iue S P s &, G—p:ojcd:ive.
|

:Dé‘:\'ne Z,mr Ly for  Hais T, eud gl'.wu‘,lad'l—j for oy M in ZG.
BB A ZG-lathce P is projeckive <€=> R, is  projeckive.

Bl (Rim's Lemma) : Let X <TG, gl&rFose Otme LaX., \F (m 1&l) =, then X (s

ijéo{t{v{-
| Pigals O ow Ko TR = POk =0 & syichk %o O X = Ty —)(IG/X)IGJ L
| over zl(,‘,) Gr. uo
| So X, ¥ LGgy, so Xpg. is e, ramk |, 50 X is projeckive by (313 4).

Example: Let P be a big prime. Then 4c, Vs ijed:—iue now- free  ideals,
Let 3 be € and R: Z[$] the integess of ®(%).
W p>23  the clay number I, which weant K har « p.rojec)a'v? {eal
a5 wet priacipad. Easy o armnge Such o ideal. A will, meh,
i e Twm.
Let X wawe order p awd b T= 2G> Then wop Towke R via
Sn._'x"' —> EVIL"S:'_ Twis \er Recael 8T wolda 9""‘+X+*'+XP_'-
| Let X be the (nuevse lmage of A. X<aT , meX, $o Rim's  lepma Soy s
! Wbk X s fm)’.ec.l'(vz. Bt X is net fr{na;?cul-
\F X s free bhen X T (Z<)™ ) w1 bk X @ 6 % (@ o)™,
i Bk os T/ s RUed by wm, so LU= @G> - F a5 WPl awd
commukative rlag s have Fred vouk,

&“’_’} B, e sttt marimal ieals o€ S ond M an S-module Suppose

| S e €M Then I me M wilh gz u; (med M@ for cack

{ (Clacpese Rewmaindes Theorem|.

}Emﬂ: £+ ¥ =5 F itj. We gebt £+ JI’;PJ TS, so woafr=1 Wl we®;

Boe ¥ . So Mod MF, pu:: JI/*J‘F(J' S e o Al + B} = ;.

/

if_"ﬁl Suppese M omd N ouwe SG-labbices. Suppse ¥, P, ditinct waximal ideals
i of S Su.f’?oje also that “y‘_ EH& for eochk (. Then 3 <eack Sequence

| OCFMSN X0 with X0 each & (Verg, S 45 o demain)

;\ h o pavbicddor, F ¥, F exhoust the woximak ideals of S dew MEN,
Prock: We FHad HLN S Yk CPL' s an isowmorphism for  2ack <.

| Twen O— U= ka@*—)r\—F—;NﬂX:cakﬁrF—’ﬂ Q.

i
| .
z Locakising 6 —>H, Eynp 0.



ic

Su_k‘ M is proied{ve for § and so {Tovséoa—ﬂee, So U!,t_ =0 qives u= 0,

'Sa, u‘P?(‘? (L.i) o Homm (M8, Su_{.!fose HP;E'E’NP; e {somorplisms.

By 3320, 3 MEn and Aol with  gA - f, - Oady Ry ac
Somocphisms. 83 (t.t), 3 Fe Homg, (M, N)=:H | sucha Yk ‘FEC{, (mecd W ¥) each (.
Hence F owd € (nduice tee Same M/MP,; - Nive, map.

Bkt MiMp. Mg /}«1&19‘-? =t ﬁ‘; R R

Se  Fy. and C“lﬁ- induce the Same map M, = N

ln pax\-(cw, F?c wduces @ isowmorphism M = ﬁl- )

Since f‘l’; & Tac {gﬂ &), we ek F-p‘. S o Isowmorphisim Rom My te Np. .

(L3): tet v be a Fate sek of cakonal primes. Suppose MN ose ZG- Lakkices.

Then ﬁ]-,- ound NTI‘ are \\SOMo.rPtu‘c, L - lathices \GF M(P];N!p; v P i T
v parbicalar Mg, = Ny, of M ® Ny, bor oMl plici.

b ti s v Lk p be prime ond lG—l=me avd ptm. Let M, N be
ZoG- labhices. Then MT N fF H/mgra = Nigpra, '

Preof M Since M s 'E(,,’Fro)'ec}:(ae 3 e ZtP,-ModuLe Wowomorphism
// ‘LM’L ? an s Wown
2. o :
’/ '/M?hu Sce wm (s a wunif in U(w‘ oy wiibe Tebiessy for
é’ L ¢ = ,&MZG ¥ Clar Wic &35 a T, & - wmap.
R 4 Nf'(sg"*—lvo Let 8= nakat M= Ngpe,
Consider Ynak: M= N/ Yook = ;1“,:":6 (Foadi*= &L 9% = fyere = b,
Se ¥ pat wmaps M {Pémo..-f\uicaﬂ.d ot NPh/NF'“‘.
Buk  Npt o NP/ i am esseabiad  epimorplism. Hence ' maps owk NGB
M — MIHP
) & ¥ As  belore, eomwﬁb 4o thow ¥ s am (SaMorp\MsM.

Mf.'“ LY N?”/p?nﬂ

gu??o‘se oz Mpa s a the  Remel of W. Thew ¥ NG, (2 utwnak <O,

e mpt9 =0 So upfe RerB= MpM | say /AFR=}4| PP Rut M s a tesion-free
?(pj -medule, So = mp , e 4 =0 Hence ¥ is o {somorplaism aud weve done,

() (Basss  Camcellabon Theorem): Lek T be a Faite set of primes. Let LMN be
Ly G-lattices. \F LOM2E LON thea M =N
Peod e Ruow MEN DM, ENg all p in T If pem then Ly @M, Lo, @Ng,
so assume TW=jpf. F 1612 pPm  wolth pAm | then Mavanda's Theorem says
taat all we eed M/MPH« % N/N?'“'_ Buk "/LPP"' @ N/th-ﬂ = Lﬁ'l"”‘ @ N/MPm‘t
so we've ceduced b z/f“"lc" = o dla Les .
We  have the Krull- Schmidk Theorem for Halbe cings. Let Wi, W, .. be the
decomposable modules. Any l-’.g. R-module A can be written m%udﬂ as
w'u‘@ w:t @ [ay20 % eZ)_ Scu._.) A~o. A 5~E Yhen AGB = L-J"*"‘@ w:‘rg‘ @..

16 APR *A@C, then w4+ o+, emd B =¥ . Hene B8=C




Definikion' M,N TG -lathces. Say Mand N are un the same geaus <> M, % Nig.

Swon's Theorems will show that M, N wre (ntre same geaws < M 2 Ny , el p.
Wiike MvN.

1Cr.:,Dﬂ@-iwﬁag Let LMN be ZG-lathices. Then f LEMVLEN we have Mv M-

Stoauns Tresrens.

|
igwau‘-' Mel&-ProJ'_,a(’\é(ZG-)tQI , waulda I‘%ZG W\:‘ut\ IV EG, amd T cawm be

chosen so  twak [EG/I}“, =0 at auy Fnlte set of primes.

1.uou let U be a Fg. Z-module witlh Ug=0. Thea Um=z © Ffor some wmeZ

Copere tv T, Eg, U(G, =0 <= Um= O, sowme mA el

 Suaud 16 ME TGoprsj, then Mg = (2o,&)77, i My (Z&)™

|
1(0:‘0% oF 32 “: Me zGCJ%—PmJ” {h.e_y\ ™M _(5 ,_Free-

| Roof of Co.wutuq (3.6.4) Says that M2V, wid V a ZG-laktice.
| Yiaeo) 5‘“‘:&‘ AV NS Pm_"co{:{u( & (&) N3 'ProJ',eo{)'u{.
! Swon 1 tells ws V(&, is FTQQ’ ve M s Free.

e

<

1 L3
l Cwand: IF M€ Te-proj., then M@ = (@G s Free. [NQ-= M®y G].
|

|gwa.mﬁr Lek P be a prme. 6 MN are Ly, G -projecHue, thea MEN <> MQ = NG
|
|
! ('amucwg of St: MunN <= M'P’ . NIP’ : {M,\Jéza’—pmj}.

Proof of COeaLtgig: Su.ﬁagse HVN, (e le = NIG-J 5 nd M(,ﬂ@ z Nr&_' @ - e MR =N@.
Buk My ® = M@ so we cam apply Swanm & t My, and Ny,

|
!
|
Plaw: WU show: S3+SG=S2 , ST+56 > SI (via 52, $3, Sk

ProoF of Swmz S"“‘FP"” Me ZG-?mj Stoom 3 tells ws  Hat MG?{@G]M

Then M @ % Z,G oR)" | i< Me @ = erP:GJ"@ ®.
Then Swaw b applicd t0 M and [Zy, G)™ gives  Swoun 2.

Pfooc c-( chwl| i

(5.0 Suppese M€ Th-proj. amd My (TG, 621 Then M= (261 '@ T Te Z6,
‘ I 1G.




Bssume (5-1). Feom  Corollawy Sk, since Tv ZG e Rnow Ty * L & for all primes  p;
ond so Ip * ZypG for all Fnibe sebs v of primes.
} T‘“éﬂ [‘&2) O-?PL\.‘(’J ‘kﬂ Cﬁt‘vt.’ g o - I ——p ZG — X —"’o‘ W x_“_'.-o_

Case =1 evactly the same. MV ZG, therelore 0= M —= ZG =X =>C xr:=0,
ongy Fnle set of Primes.

' Prook of (s1): ggj nduickion on b ‘Sufpose E>L. My lZGlt. B‘d (6.2), we have
O = M- (Z&) — X—0, with X(g = O Let « be e pro; eckion of
[26)¢ ontr Hhe lost summoand.
0> M — (Z&)' —» X — O
Lo e L# B s aun epimorpluism, so Y, = O

0O - 1 — Zt — Y — © Thus T 2 Z,G.

(3.064) > T is  projeckive.

Hene o 15 Split amd M T TON, Thea (Z6)°v ZG @N. gy Bass again we gek
Nv (Z6)4" auol, of cowse, N€ZG-proj. By induckon N (2G0T, Liu
TvIG awed Ta,ZG. So Mz (Z&)*'@T6T We weaut TeTx Zéol, i L% 26
1015 26 5 V20 and V20, by W), ie V=0, (mial =l

Covollary S& said TvZG > T, = (26, , oll g

o748 72 - W—0 L (W° ml =1, by (w2).

We ; g Y. \
now  consider _‘“ULQ'*, — 2 W(Q,W

O— L — TeT — 2ca — U —0.
Now VZrw® ¢ U% Buk s means U=O, by the choice of W, as Hney asre coprime
‘deals. %o we  ome: O-sL—= TeT -5 226G — . Al as Z& s F(ree
I@T > Zg @l, as requied.

Consider gsmﬂg- : Me prejy 2 > MO, ® = MQ s o Fec module.
& Discussion of a pféem cnteron cbr ha‘-moolul:&f, R of dﬁataot&i'slﬂk Wy
() AFP{.«ta.i‘{ov\ of (a)

@ MV Fidkely  geneabed RG-modules, M* = Momy (M, kI
($.20) M@V % Womg (MV).
Y."E.‘f Lus = Rus - D@y > {;“"_’1149)\’, €RWS. Lot €., 6. be & bass of M, C,,_,F,, a
basss for V. Thew f €. € is Hee dual basis of H‘, Haen H*GD,,V Was  bas(s
g @F — {e; — £ , oo wabeix ey -
& — O f k% the iidj? axe o asis,

This {5 cn  isomerphism, @a

AF RE Momg (MV), ae G, toen 902 o g, . M5B M Tu TV Tew Mow, (MY i a
| B G ~wmodule. 1\ pM’HQulax, whwen V=R e brviadl wodule, then M* & 0 RG-module
| il BVs 9, ¥ .

\f A‘{S ce hG-MUdMQs’ Hien A®k6 s a RG-wodule with ackion (o.ﬁol:)g: %@bg



j?rﬂo(:-' € M= G , Heen M& = hg;['&

15.22): M*@yV T Mom, (MVY)

15.2.3): (M*@;hu}cr % Hom . (M, V), [MQ= g'/u.c- Mo ug=pu ¥ ¢ G]J
Voo kG-wmodule, chavacter X. Xlg) = trae g . X (1= d(v)l NVEW > %y Xy
Suppse V=RG. W g¢ G thew xqtx  unless g=1. Thew Xyid): V&l owd A DbJ=0
for all obher x. So (f V= (k&) bhen Xy (4] 7 c\&l, ame X (=0, ol obhrer x.

[E.'S.‘i,: vV is Cfge <=5 lG;]I’XV[iJ cuwmd XNy(x) =0, ald c;uhe\r %
Proof - guﬂom Ayl z \elr, We need V% (BG)" - follews as Urey have Hie same

Mo acker.

‘(5'.'5.2’1 V s Gree <> Xy (x) =0 Cor all wnow-brivial x.

(M iy Free € Vs bee Lor every RGO, \kxe Gr]_
q. ¢ we have « coples of R&G | e V= (R&)", Hren

i i Y.

bet e= oliml® We weed V = (RG)'. These two wodules \ave chaveckesn

\)M{shcﬂg ot non-unk eloments. We wneed dimlV) = ri&| = L. cim (W E)-
Consider V'™ and (R&I™Y, These \uwe same olimemsion and so ey
Vave U Same Charssber. So Vs tees?,
So i&ld(v&) = ol (V)

Neole: V= k;i@MngSM , S0 M {weducble weodules.
RG=R @F M™ | V s Free <> I v Wit Swmirvu owmd Sy

e N V=(r&)T". The ¢ which has to come
wp w Sa , awd Siroh'm\}s"

= \l".i.

d (1)

IS4 Te RG-mod and NV a free RG-module, trew T@V s Gee , 2V | aund
hewce \Gl.d (tow® = degdiv). - (v

1166) 1B Ve kG -med Hrew V (s Gee € () holds for oll T.

Proof of (S-4): Craradtes of TV s ‘X(T‘J’/((U)’ whiieh vanishes on al qon-wnit x un &.
(1) -
So TV is Cree by (§32). % TeV 2 V T, by Aumensions.

| Ponll ot [(55). Refer +o note above. A?P(“:ﬁ () 4o M* , where M s a simple
aon-trivlal vedueible wodile, to gek:

: Lal d ((M¥@uIS] = \&ldim Homy, (M,¥)= Vebsy duim Hom, o (M M) = (M)A (Y],

: Apply () with T=R o get. 161, A (V&) = d(v). Wemee 1Gid(M) d(VE) =115, chim Hom (M)
And \Gld(m) ARGIS) = VG 6y clim Hom (M,M) =13, (030> Se= g, d(V5) WA, o



Recall 53 W Me L6 “proj. , then M® (s Gee.
e Rpow Yrabt MR is Gee if it's free as o RDO-modle for all x un &
IF HsG and T is o btiansversal T the FE cosels of W in G-/ Haen

A ;@f EZH | omd Hais is Gee as a TH-module. Heuce oy Z (- prejeckive

i ZH—ijeoﬁue. Henee on S;, assume &G is abeliaa.

—

(56)° € G is Abelian ound if M€ ZG-po) then \&l d(M@)® =dlMa).
Proof ' Llonsider two casest ) \&l= PN/ P prime, i) G=WxX, 1<y 1 <ixil, (i, im) =1

-

SR W Gl= P“ Yhew th,G is Locel .

(57 D M, € projr Zy, & amd so Mg is Free and hence M® (s free. So  casew
. Collows Gone (P,

Proof of [57): pe T= Tac (2,6 let U be a simple EEP,G'mooLule. Then Up=o0.
Slece lul= Pf and \Gl= P“ we ciel‘, u€>o. Hence U= UE and U g(ﬂ z0.
Heace T = (p)+ % s of lndex p in Zy, G

Proof of (5.6) (i)t Comsider MM as a LK -module. Provicled MM s ijer).{ue we oeb

WK dim (HU@RIF = dim (M@, cmd (W ir].Aim M" - \mwl
We wank “oim (O™ dim (M @)Y
Gﬁqiaq'. \GL. dlM@)" = Wid (M®R)Y = (M @), 'bg indauickion.

So we wneed: (ay MM ?ro_"e(}{-ae over ZK.
) (M%@)= (Me)®
(a) ﬂG=t%hﬂH ‘-'M?H(TLKJ\« , 5o e eloments awe Lovia vE« o b, o.e ZK,
WE T Toh s Rillel by all b oeveepb 4, then the 0 is  independent of b,
avd ¥: (L. w) = vy (say).
Hewce (TG = 4 ZK, Free ZK-wmodwle, vank . So @ (s twue ¢ M= Z¢
n genecal, 3N with MON Z (TG, oo H'ON" 2 ((2¢)%)" % (Z0 Henee a.
th 18 A9 =" (meM A+0) Hthea (mg-m) A0, Buk M & tomsion bee over Z.
So g =m.

To conchude the proof 3 we need o check (55), Lel T be oury R G -medide.

We wankt (GldlTog MO = dWadime), By (320 T B@®; @ {or some ZG-labhie B.
Noke (B®7 Q) ®gMA = (B®zM) &, &.

(5.8): BegzM s a ?mjec/{-iae Lo -labkice.

Ouwce [5.8) is done, opp Ly (5.¢) & B®z M. Left hand side s \Grla”TGDQ Ma)®
Rigwt \and sile is A(R@M) & =d (T d(Ma).

Proof of (58): 3N such Wat MEN ¥ (TE), 50 RE,M O BO,N = (Boy Za). So i we
Coamn sMow B®g TG s Fee Hien weve dome. (We prove B@,_, Zé& 2 (26, &= dum (B @)




4 Bég L6 is a Th-module via (bow)g = by & 79, b s abe a
} IG—~MOC{9LQ, via “’@’-"’dj : b® T O.MO‘ here (s % Bo @-g_ ‘ZG‘; W heve
i Bq is K, COJgaH-LM Hee ackion. 6ﬂ® I s ® s®zq i

S hasis of B
We  \ave tlokom—preservduﬂ wLaps b%% P bng , so done.
by ®¢ b ®q.

This  dees (9-8), Wewuce oloes Swan 3.

[

: Considesr Skt M, N we Z, G- lattices >  M3:Ne¢> M@= N&.

M oand N oare Free I, -modules We geb vepresewtakions « on M amd R oa N

| over I, The poink s b k xe Z, G 4tren xx, xf ‘\rave e same cliarederishic

- polyaommal, because MB = NE.

| Also, MEN D M/HP = N/Np. We \ue refr-esenhkion: o, 8 on R=M/MP,'G’N/“F-

Because the charackesishic f"“j“"""‘""‘“!’ of e, xﬁ ave Wose of xa,xf modl p

S we wave x&,xf with same chacacterishe pelgromial Y ox Z2 &

;

Ili‘ll gu‘apos‘e A s a Fale drmensional Oiﬂebm ever o (eld. Suppose wv

; ave RA-modules qgiving vise to represectations 8 @. Suppme for all x nA,
the clarackestc polywouuals of %9 cud x® ave the same, Thenw GsrU 2 Gv V.

1‘N_o$e__-' 0= U s oo <l=U @ CO\MF!’S;{-!EO\.A seqtes | so u{*'lu.'. siM,PLn,i.

Unaxakeristie ?objnom«»{ of %8 & e came an Yt om

U oWy o oYy, = GU.

|
|
|
i[ﬁlo}(@mu‘s Theorenm): §u.ppase A= RG. gu.f?os-z UV ave Pm_,'eci:{uc A - moduales
i W Grly GeV Hazn Us V.

ln  ow case with W= I"{/I"\P, V= NI‘NP, [5.9) aud (S0 gives Swam L.

i
Discussion of [S10)7 U & projeckive A —module, Tz Tac(p). MUT s on M5~ modale
! and So u/u.'.T = 65 H:" , where M., My, aue e iskinck S{M?u’. A —wadides.

‘ M,,... M
Recall enol of seckion \, abeuk (olgw{;ate.&s, -—-\_' — -
?Rr“,e_mﬂ L A=R5
e A, - emh e, idempotent.
| Vip-» By = principal indecomposabie
L ?rﬂj@.(}l‘uﬂ.

Formn P= ?BP‘-SL. , So taal 1 = Wur, Recaure P, L are projeckive, we geb PEU.
Deline C = ¥ bimeg M; occuns wun Gr P. . c(B)= wmoabwx (ey;) s called the
Ca.v[.'a,u Mo,l:riit.

G1) Beouer): F A= kG teen CA) ic non-singular.  (Proof owiited).

kL

wa Sl: - w
Proof of (S i0): [u-Sclgﬁ [T.IU}, u= ‘_9? P¢ , V= L_@ P “'jPouhﬁfs-' ‘,E 8l = p g ¥

|
! e, (3-E)C=0. (Su)=> 3:=&,¢e U

1

V.



- Peoof of (S9): We may as well assume UEGeU, V> GV, Since Tacld) Rills
bollh W owd V, we wmay asume A s semi-simple. Leb @ be a prmibive
idempotent n A. Thew €9 is on idempokent (n Momy (Uu) . if €0 %0, then

eA occuws anr G summand wm U, and vice vessa. But eQ:=0 ff £ has oM
s chowsackeristic roets bama rero. Heuw €D 20 ¢ eP4O. That 5, €A occws wn
U ¢=> ep ocows w V. Take e so Hab Huis appens.

Thew U T eA@ U, VeedoV. The same wypothess \Wold For U,V aud e
are done by waduckion.

So we have shswa Swan &

3. Relation Modules.

G\'hoﬁg E!'M; cw.(,l Hae Rda.,‘rwa Séq:’umce ‘:Ww- @ ?reswl'wk{on-
Recol we wad (= R—= F 56 =1, & Fnibe, F fee of Fnlle rank.
@uo{-{wl'«’uﬁ > 1= Y- F/R' — & —| — object is to  comverk Wuis  (uke

| { L=, & e~ madite)
whak i called the ﬁawespe-u\o\iua relakion Sequemce of ZG-wodules:
| > 87— (ze' - g - o
, EFpeol—t'adAj, owi a..ercp..i:(ovts of  Seckions | amd 2 iU Compare drese for  vauous

| rrexeuka)n'oms‘

1o ¥

— @
S(’CQ)\JT d}gmﬂe ac uf\altcd,-ion. \..ei' | @ 4 4Q X Co.‘s‘u'der e na.kwal wap G — G"/H
and Wease of BG 4 TG, AF G=H, we cousidlered Uais- the augmenkakion

wagp, kernel i

[6.1) 1) Ker ¢P='§~, w\l\&rei s the (dead of Z& genecaked by F.
.NDLC! A bow_ means tae \ru.'gu: idead o©w whak s umeler E.

Let heH, xe @, (h-tx= x(bX-1). Do, Ex= xF. So, $2G= TGF, so cight amd
Left (deals on £ with M<9G oave e same

> Wy

(6.1) (i) : at/g} =1

T
i"<h'|) — <=1 =0, se Z ¢ Rer @, let T be a temsvesakl bo Hie coseks of

Mo G ZG= QEZH | The, Y2280 L 0y v ZH qoes undes P b 7z ¢%(0y)®

G
and q’llﬂ 18 Hhe wgmcwl’w[-con map. So ¥ -0 s> ol :rc? o, e, ol o« £,
Hence Rer®< & T prover L.

V3,

| Proof of Lei) (inkocmad] : ;E B, 5, g; ¢ i- 9:3: n = q:u;c = gi (xe G). [(h—llx = Ll,(—ll],

i/g,; "C{(u.oﬁe,wt of 2 (deals of TG



& s Z-oenecated by el xlh-1) ,heH, xeG, ie (x-i)ln-t) +[n=t)
égi +{n-1)
Howne ‘zi“;/g,a'. . [9‘,14-“\4)]1 gcj' 4 x(in i) 7 g;t + W),
|
;(,Fw‘ma.{l'-i is Free Z on {hvd i$h eH. I s Free Z on ge.me-aJ?ovs Eli 'J
teT, ItheH. Oeline a mmPW - B by Elh-1) = Wh and etkend
by addibiviby. Nekice a;;t is cae.nearal'd by x-Ulh-1), ie, by [E-0lk-1)
and [h ~i)(h-1) , £€T, h, eH,
(E=1Ch-1) = Elh-1) =(h-1) = H'W #'0' = H.
(=l =1) = (W w=1) =lhet) =h«1) = WhE-HR" WLt = o,
We qgebt & wap ¥! i/g’;c — H/y
This has  an L:uvef:e indiced by a;;a-u. - e h,
£ is . G-moap: W s gi +(W-1) = qf 4q'lk-llg = g¥ «(h-lg
[g,?‘-a»(h-ll)g

(6.2): I F is a Free group with basis X, then the Mﬁmgwtd.i:fon '6' 'Y G
free ZF-module on the (x-1), xeX.

[63): Suppese | =R — A presenkation oF G itk dIF) Finite.
Then thece is o exoct seguence O— R = 4){ -——*G—-:O
of LG -modules where T 0 wndueed by ™ [F-1 =€ LAY S,
(Re) L = j‘){+ (r-1),
Moreoves, 5’/?3‘( is a Fee ZG-medule of ok dlF).

So we gek: O — R — fzar)"uﬁ—bg-»o_ €5 8

1 etends o @ map of group  vixgs ! & == i — ZIF = L& — o, \h,) (61 ti).
(6.1) ty® Y/$w o R | amd the WAy o i
We qe)c e Sequence: O — w/fu;‘- — f/f’?( N % — 0. ( Flep * & )
(¢.2) Says taa k 'é’ = "% (x-1) ULF , whese X i o basis of F.
;FJ{ = ? (K"j'}? 7 5o ;/;?r_ = ® EF/'}F ’ xl Scwm ands,

! : nc)aus;

6S) Suppese (R —>F Gl 1= Ry — RG> ave presenkabions of &.
u‘FP al d!FJ ?

| Ten R © 26"+ R B(2c) .

IEer-’ e \owe Hie relation sequences 0 —= R = (1) e of = o

e - R_l — ('ﬂ_a.jd[':“ - q— o,

[e.6) | Sekogivls bemmal: Lok R be o ring, M an - module. gw?pos(
0> U =P S Meso. } wibhh PP, projeckive. Then U, 0P ¥ U, ©F,

o - U, — Pt-'t—’o M— o,




o
Proofr We hawe TP T & the pull-back ¢ P OP, and cowsists of ol
o I L ‘
{Pl;?;) """u" f‘““ = P;Trz.-
B ™ '

Keo oy = ol [p,0) with pm =0, ie U, Simce Py is projeckive, it splits,
se we get T = f, ®u,. B'd ‘.&om&eg, we owe done. Twis  Cnishes (65) for us.

A projechive  cesolibioy of M s e exack sequence
j (0= U=P =) 2P = P, 5 P — M=>0,( may be
wibh the Pis projeckive.  Schanuel's Lemma exbends 0 a  comparison
vresolukions OC->U, P~ = 0,2 M=>0
=V, =20, - 5@ —-»H=po

imc-\'u(\-?, wey  Ferminake, o left).
bekween

Theorem R1: H(jpo%{’sa’s of (6.S). Thenm,

) \f d(F) = (F,) then RvR;.

Wy W& AR) = AIF) > A(6) |, Heen R 2R,
Procf: () comes from Basy' Camcellobion Theorewm.

(&) Opmitked.

RUL) s bvue, btk ot every wodule VR wneed B¢ o relakion module

Recall: Module W over R, T 0= U<U, ¢-¢U,=U (i) oF submoddes with U simple.

ge/k' G—wu_z @u“"/bl‘
s @ compesiion sedes amdd Grll is wndependent of s cheice

Su??ow O U, €U < €U, =% (2] These hove isomorphic celinements. [ Schreer's 'ﬂne.aggl,
GE N g N g Qg = AL =(3)

| That (5, for ey "jafi U<y, w (2,

lupfe Bree Mo+ Bo s Vo€ Beotlsnath- 2= 5 W e Wi n V= ta

) V= Ve VA llg € Ve Vel £ 2 V) e Ve allns Yy simdacdy,

wmseet  terms denved Row (3):

"

- Schveies Scty s (2) and (3/ \owe iSomovplud C %ug&er\b in  Some ovder.
Shew: Baak 5 u; U AV € U+ W n Vi f hane  somorphic quobients vie a
V; s Vpan U ¢ Vie Vaoalyg,
| Lemma (%Qﬂeuhaus')f w Wich Sy s Hat F A£B, 2D and cLuoLie,-d:s ose  possible,

. then A4(Bad) o C & (Bad) o _Babd [Mﬂf‘ BaD ouds LUS in obvicus way,

= . And+ BnC
AlBac)  Cr tAnD) aek kemel (Aad) +(Bne) |.

- Rpply  Hais b0 composibion series (V. Thew n (1) Cack term is aubher U o Wi,
e dthece & just one  jump. The Cockors of the relinement (2 are P‘std.j Hose of (V.

Sr.r G—r u is [ {Ll - Gte&)neat.



Seliting Up Relaklon Modules iate Projeckive farts aud “Coves .

M a ZG- labice. Thea M= H'@P, with P piojeckive auol M Was ne projechve
Aiveck  summand, s called a 'gw"ggg;’ue ()"C.{S(o.n‘. H' s the Conespendung  Coce.
A celabon cove [forG) s an R-core, where R is a selaton module

Theorm R2:\F A and B are celakion coves , {then AvB,

| Theovem R2*= W& AvB and B comes From o velokhion wmedule Men so does A.
Prock: Omitted- havd. See Gruenbery.

(66) \f Ma ZG-labhice and ©¢—=P =M —N—=0, and F P s projeckive
i and N & o ZG-labbice, then M2 PEMN.
Proof: See %ues{-{ons kS on elample sheet 2.

(63 Ma ZG-Llatkce. Then ™M has wo projective  summand <= Hf&) has wo pro jeckive

] Summmd. {\C, \ﬂm'.u,g We ijqcl-{ve summand s a 'gwu; ?mpu'fc.;).

Prock: 1 M= M'@P il P prejeckve Bren Mg = Mg @ Ry amel Pigy 15 prejeckive.
Conversely , Sppase Hu:J P@N, ??rcjec{:{ae Zm’G—wﬂce. Now, M2 M., 50 we
Hnk of M as € My, , avd show M= (MaP) N  aud MaP s projeckive,
via (66) , it MaP replacing A
r“/r-h,\p 2 m"P}/r — N, So M is a Labkce. j
To cee HnP is P.—ojgch'q{’ we show [Mﬂp)(wgp . Then wse (342.2).

Now, we |lanve C - (an)m} — P{H —> [P/Mnl’).&.r) — 0, C(onsider Mnp.
P+ - Hf&;/
Twis s ¥ 4 < M.
Wewce (Ma?), xP

.(ﬂi Let T be a Fnibe set of primes cowl:a,im'ng Hose brak clivide (&1

| W Mg ¥ UON | fhen M= L@V witk Lpzu, Ve =N,
;PrOoF! As (n (L?), awvd ek L= Maldl aned ke = th Ccmsgc(w

C = Mald -"N‘LJ' Mmpd — 0. We show ¢ Sputs by proving it deoes so Lécau,-j.
P 13 p Y&, then by 341 Z, G- Labtices ore projeckive, so CIPJ s sput

oo lial, then peT. Now Hie hypothesis says © = (Mald), —-*Hpr&%(hfmu)“ -0
splits. Hewnce Fp is splis For Hhese p as well,

g Hewce we geb M= Mall @V. Buk Mg ¥ (Maulp @ Vp ¥ U@N. By Bass, we
gek N T Vg

ne

[55” Exervse: Lel M be o ZG -labkice and M' o cirect summand . Then M is an

M-core €3> Mi,, is a core of M.

(6.10)t Let Moumd N be Za-lattices wibh cores M and N'. Then MuN > M'oN'
M Ny
and It v VN
Prock: (=) M= M @P {’—@. This s then cheawr.
N=N® Q



(3) Sugpose O, Thew My, = Mig @ Py, , Ny = Ny, © Q.
1€ MuN |, then M, @By =N, @Q, . By Swon 2, P, ¥ (Zg, G)rf
Q) * (T @', 5o Ml © (Z,6)" & N, 0 (L6
Bass' Concellakion Says that F, for exaumple, <5, yee gd:

Mg, SNy, © (Z,6)° - # Mence «=5 oamd Mg, ¥ N,

Lek M be o ZG-labkice. Then Mgy = Cove @(Z(Q,Cr]v, r dépmalanq only on e

qenus. s called the Fm,‘g;&‘gg vk Pr (M) of ™.

G o GQaike group. il 1 5 R—=-F—-6G—=21 a2 minmal Fm«:mba)nbn oF oltF) = Al (),
Call ¢ Corvespondlang relakion  wodle R minimad. DeCine  Une preseatakion  vounk
priG) of G te be po(R)

Obolous lag Haen,

IF G = <, %D, them g = (x-1) TG+ + (x,-1) 2.
€ digl.

de (q) = minimum  number of  generators of @ as a ZG-module

Theorem R3: pe (@ = Al&) = dg (o)
Proo€: Omitted - see Gruen\:ug,

Theorem R3[G Cope (&) = Al&) - dﬂ—[ ‘ym,)

P, 15 e augmentation ideal of Zy, G and dGlng is the wminimum wnumber of

fjwexod:oﬂ.

Proof of R3(e,: Lebt k= "lﬁ(?,[(e;]- Thew there exists a  shork exack sequence
O sy il o (ll‘_jCT)“-—a g, — 0 -0 We show W % A, where A is a
minimaed relakion core.
U is e i, G-labbice, so U T Agg For some LG -lakkice A.
Let 15R—>F -G =1 be a minimal presentabion. We oot te

= die)
cocresponcking Telakion sequence o - R —>(2a« — g — 0.

— dix)
Heuce, © = Ry, — (2, 6) = o, 20 -@, vy lecalising.

Use Schanwel ow @ and @.

We geb: U@ (Z,6%s R ® (Ze, ©° |, 50 prU + dl&) = pele + k.

So, @?(“ is %w(w.ieuk o saying prid =0O.

S wppose, s possible , Haak prll >0, Then U = U, DU, | wheae U, ¥ L, &.
Quotiewk by Uo tw @ 0> Uy, = (E(G,G)"/uo - o, =G,

We v'\-?.edT"'[I“dHh/uD T (2, 6™ - Hus would coukvadick winimald by of Rk,

But Us is Free and T is a lebhce , se by (66) we ook ('H(G,GJR? U, & V.

Bass AGOAm  Qyives vy (Z,, G’)R—'.

Theorewm RL: (a) 6 d(e) =2 then p.r[Gr?=O.
() V¢ G 15 soluble Hhen pri&)=o.

le) Givewm amy W Hese (5 o G wwida ‘or{m?/n.



Showed on  example sheet bthak F (G =l fhen pe(G)= 0.

| Pecof of R (a): Su.ppose d(&)=2. Take a 'miwlma,l presew&ah'm amd  Corresponding
relakion seguence O = R — (zg) — aq -0, Lek Rf RefP i A«
coce, P projeckive. Move %o ®G by localksing + ©> RQ ~ (R — gQ =0
and hence (@67 R@Ogk. B QG * g Q@RS briviat medule.
Hence RGO B = AR® PR , and P& = (@)Y . Hemer prlt) 1.
gu.??me Wat pe(&)=1. Then R AR  so A is teovial
Frow KQA(G_,J pri& = i = i _Olﬂ{o.[mrj ; Sé Olfrf-o*rmj)zl,
Se we hawe: 0-U—> Z,, & = g ~i0,
ln the proof of R3p), we proved tak UL A , A o wminimal velakion

Covre. c-*o S’G%uwce 'S 0 — Z(G, -.--) I(G, G — g(‘d —_ O - (1)
T mulbipWeabion ( Ertvial € uwbwockle
meaolr Y2 50 hane s (fa) T, &

Tenmsor () with 4he +eiviel wodule -armG’/grmj . We get:
Ly, R 2, = 0"“"/%:‘ — 0.
— s s [q/"l’l}(m andl is ¥ &/¢'.
e ae Ty, — F, = Fg' —o
So Sl % z‘“/‘cl T, = eiz , amd G’z amd & is ty chic,

conkradicking d(G)=2. Henee prlG)=0.

| Pwo{: J [b)l we ('l'nd WﬂAHOij COr Pr [G}";ﬂ_ ﬂeCa,u.‘ é M(ﬁLMM Pﬂgcm \MOC‘MLQ,
R=A®P Have R, = A ®(Z &)@,

| P projeckive.
[(F.): Let o be a (nite set of primes. Lek PM be ZzG-labthces{ Thew f s a dlicect

- g

1 Summand oF M FF P/P.p s & direck  summaund of “IHP (;J( U p in T,
' Proof: Exercise. Reber to Hee ?mOF of (6.2) ol Qu w e detouls of Hue c-ouaw-'ng

sRebeh:  For  each P. n T, 4 —F'--’l"\
ad:.l ‘L"\ﬂl‘.

9:
P/FPL‘ = MI“?;, , embeatﬂtthq as a direck  summ and.
| P Zy > B=t(p) , peT. Wse Chinese Remainder Theonm as in (&.2) to show
‘ that I F =€ mod Hom (M) & , P = (P), omol 50 we cam assume all de £ s

€ e Samer Sﬂuj F
To show F is i.\jech'ue, Localise ab each P w T oand show (—w, is injeckive,

e

g‘“"'ﬂ, from  the diagvam Pep = M, ek Ker Fm o Ppp = Ke (:(P, Py 23
nak| Lt er C‘M € Plp, P | qet

P/FP — P‘/NP Kexﬁm = Kes FW? = Ku‘:u» =,

To chow P b a direct summond, use (6.6). Suow Yok Mrpe s ijed-ive
| over Zg. & s wu%h o show Haat MIPE 3 tepstonbree over &y [via ouagmw:).

.Y (T ®" i a divect summand o Ry € for all plI6), we liowe
[Z/fﬂ G’J“ a duveck summand of é/'ﬁ‘,.




Let A-ker (V3IUT),  Then

16,

Concenkiale on a porhicalar p. ® i

Notabion: k= %z, 7= Joc (RG), REly e miemts M, Wask By Ao be dhe principod
‘v\decvﬂeo“hle proj eckive  widla Froxs ¥ M. .

Let W= Py , R e bivial wodule. We hwe UT>U=R—0. Comide " us =M@Lm’”_

Let V= ?":ﬂ' Vigr = @(Pﬂ/PHIJSN = W i

VUurs

we |\ave ! 0O — A S V—=U —m R— O, cnd ASVI

Buj e ?rcu{ous a,.vgumc»-t we cjet‘

WK (B R=2F=6G6 >l a ?cesew'ta.l-{on, we hane

(3.6) (Gaschats):
| Aeu® (v = Yz, ®Vere
‘Eroopi Howe (- O = UT—>U — k —0o

- @ = Q’,, —kRG - kR —0
OCO—=> A — V—2UJT —0

} Schavuel's lemma > UT G RG = b 8 @ W,

Consider LHS, Howe :

Seo: C = Ao VORG > UWT kG — O, - (%)

Cousidey RME. Start oith  the relation sequence:
0= = (2647 > o — o,
Tensor Hais with R= ZHZ. Exoctness is presecved  becawse all tevas ase Free d-modeles,

1 dre)
; O R 2
Gk e = (RG)"~ — g, —

S: 0 = R, » ey PoU — g, ®U — O

Schanuel on e B’ aves: AoUe k0™ x Tz, @ vera

- (x).

CEES): W A s won- e,
() A has weo projechive  Summaounds.
ith A is a core of z/ép‘

.?mc('-‘ ) Su{)t’ajf A is 2em. Then V= UT
S=R, we che,t We wT @, [ xhl.

peojeckive. Bubk  Yais is net S0, siace pligt.
(i) Su‘??me A=BeQ wth @ grojeche.
Say. For tren V= VIOW, and quau]wa wd give

(6.6) applies again, te give V splt over @.
() Weile the wodules (v Gaschita's Theorem as a clivect sum  of n'nolcwmpcsau-ﬂ

wid e Kol Sobusial:

anmd UT would be Fro_,'ecl-iN- @“) [6.6) woithn

8y Nakeyama, get U= U , e ® is
BeQ=-AcvTeV. We show V= Rew,
V=W and Q=0.

Howe

Take Rbbe a winimal celation wmodule, so d(F = A(&). Wale R/éiz = A®P,
P projeckive. We geb U@ (WY r P@V. N  P- @ Py @nl"
Hence Yuz @ ("3 5 Upy @ Wz
So R @ (R = s @ Yy
Define Ty = {l MR

0 otherwise.

Gek <, + v, (d&)-) = ?n % S
VL e )

So we o‘,J: (%.6):



(1.6): pe(@) ¥ n <> ia all modular situakions , Tu+ owld(&)-1) =5, % ary

‘ " . .
ave UT@RG = U@ gq | Uus @ ®%5 2 k@ ?’*/gk:r_
Sa’ #F Hmes M eccwns: SM + By = Ty 8 oy,

go w& %.@t'

(33) pet@rn <> "(n oM modular sibuakions, T (&) ~n Y ey

simple LG -module s cumniWilated by Some prime omd s Yrevelore  Lke

A
o
M above. Lek B Howmpe (M M. Then Homy, (RG M) =M, bulb s = Hom,, ("6, M) =B

N fn. .Qlfol iHOMhG—(‘g“: H.J‘ = jij “M.

So M=
2 1ai™ So  we gek:

| From (F.3 e qe,t |Mmdmm

Al&) ~n
(3.8) pel6)2n <> (M| z\ﬂomlg,m] , ¥ osimple wmedules M.

ibg {ﬂdu@{,'\.on on V&1 Yaen Pr(Gr\ =0,

Ru): Lek & be soluble. We show
Lek H= CT/A gu_P?e:e

Let A be a minamal normal 'subgmu,\o of G,

Pr [H]:O-
AI<A aad A' is olna:a.derish‘c, So AlaG . Hexnce A‘= ; Henee A is a

ZG"Md‘d,ute, b:j u,\_',ugadrion. Se A is abelian.
simple - poddle M For wida

59 (3.8)as pr () 1, 3 a
Htom (g Ml > (o (2, ML > 11T (o 5 1
i€ A(G) = dlH) Prew (3.8 would glve ¢ (e) ¥ 1.

al¢) > dl).

ge we Qssume

(F9): We wvow wust lhowe
Ly Ale) = |+ dlw).
(l‘n’} G ‘-& Htﬂ
Alw)
W) number  of c,omPLemeuX?s ‘e A n G is A

Recall that in HMEA Hhe nwmber of COMPLQM&JT: e A in G

= Iﬂow(i, Al

Pfooc of H-,Q}’.(;, Lék Glﬁ—:
= O"Z<,{1f"o’(n>- ‘He#‘l’.‘e

G= Ca,ny,., xa>. Se dl& s |+ dlH),

| Der (H,A)l

Aoy, AXD, Lotk 1#A€R. Then A= aZH, by simglicty,
heunee (&) =( +d(H).

A\
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