Part III (1996-7) Topics in representation theory

This will be a 24 lecture course on representations of finite groups, split roughly into
three parts: 1. Finite dimensional algebras; 2. Integral representations; 3. Some
applications to presentation theory.

The first part will cover basic material that everyone must know about group algebras
of finite groups. The middle section will be an introduction to several important
topics in integral representation theory, culminating in Swan’s theorems on the
structure of projective modules over integral group rings of finite groups. In the final
part of the course results and methods from both of the earlier parts will be used to
discuss some striking results in the more specialised area of relation modules of finite
groups. :

Prerequisites. The Part IB/IIA course ‘Rings and Modules’ and the Part IIB course
‘Groups and Representation Theory’. In the second part of the course I shall assume
some knowledge on tensor products and localisation from the Part III course
‘Commutative Algebra’.

Books. J.L. Alperin. Local representation theory. Cambridge studies in advanced
mathematics 11 (Cambridge University Press, paperback edition 1993) is perhaps the
best for the first part of the course. There are many other books that would do, for
example, L.N. Herstein Noncommutative rings (Wiley, 1968) Alperin’s book goes on
to discuss some of the main theorems of Brauer, which are of the utmost importance
if you want to understand finite groups; Herstein’s goes on to give an introduction to
some other topics in ring theory including simple algebras and the Brauer group. Two
much more extensive and difficult books are I. Reiner Maximal orders (Academic
Press, 1975) and C.W. Curtis and L. Reiner Methods of Representation Theory Vol.
1 (Wiley-Interscience, 1981 ). Everything that I shall do in the second and third parts
of the course can be found in K.W. Gruenberg Relation modules of finite groups.
Regional conference series in mathematics, No. 25 (American Mathematical Society,
1976).

Outline schedule.

i Finite-dimensional algebras. Simple modules, the radical, semi-simple
modules, Wedderburn’s theorems, rings with radical, indecomposable modules,
Krull-Schmidt theorem.

;A Integral representations. Integral group rings, localisation techniques,
projective modules, ZG-lattices, isomorphisms and local isomorphisms, genus, Bass’s
cancellation theorem; Swan’s theorems on the structure of projective ZG-modules;
corollaries on ZG-lattices and semi-local group rings.

3. Some applications to presentation theory. Presentations, relation modules,
decompositions of relation modules into a projective part and a core; uniqueness of
cores up to local isomorphism; the relation sequence, Schanuel’s lemma; comparison
of relation modules; local isomorphisms of minimal relations modules; presentation
rank pr(G) of a group G; conditions for pr(G) to be greater than n; groups of
arbitrarily high presentation rank; pr(G) for soluble groups.

Depending on the time available I may be able to discuss (possibly without serious
proof): Roiter’s replacement theorem and its use to show relation cores form a genus;
the formula for pr(G) as the difference between the number of generators required for
G and the number required for its augmentation ideal.

1 June 1996, J.E.R.
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E\:.,ee: W e Hais wotakion, Rz M ®(MIa. aME) awd so F Nj=£[j\m:, 2=m,°e~5,]
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wnique  simple  Ri-module viewed as o R-wmodule. So Mf:f('f.,.,i;-,,O,"in'.., f_]f'fa-éﬁjf
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For hele A, war Ha(A) as  ibs simple FaFul  predule,

R o Geld, ek, Chatee of bmix eV gﬁiue; cm isomorphitm  bebween
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Let R be ouay vw'ug. Detine R’rp, e gggosu'le ving., te e R as addibve group,
L obuk Witk mulbplicabien ¢ deRned by ves= se

L Let M N be R-modules.  Thew  Homg (M, N) = addibive Group o€ all R-woolule

l Weomemorphisms Fewe M N,

‘(i-_\l_llir\‘\oma (RR) = R,

ey (RN = (R°%),.

10 [Sclan's Lémmwl' A M s o simple Rowmodwle Yrea Homg (Mm] s o division ring,

tiv) Homg (M", m") = (Homﬂ{w\,Mi)“.

1&29 W Let D€ HowmgRR)., Twew ¢0 = (e = (19)r. O wmulbplies on the lelt by 10

1 Lelk Ae R and wrilkk wy: fe— Ar (seR). mye Yo, (Rr)., 1t s obulows thak
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() Consider awms a.'; e tremsfox? of a, Gowm (R“Juﬂ) o (R°P),. We need
(aeb)T = a™v” i (R, Now (aob)” = (ba)7, omd Hais Wan (it eloment
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(8) Suppose 0% Mo M be a wodile Ferm. Then MO s a aon-zero Submodule
of M, o M= MO A, M>DRerd, and Hails s a submodule | so Rer 0 = O

() Lek Oe Lus, Lek (0., 046..0)0 = (B, . ). Thea wop 9 b
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And siuce = Ty A, EOWMJ' = LA T {"(«'ggk xR PB;.

Lek X 9 R aund M= RAX. Lok Se Homy (M M). (x+e)9 = ((ka 1)v)® = (x+) v = X4ty
wheve Xabz= (X41) 8, When reX we wwst hoave breX ., Defne a(x), the wormaliser
of X, € consist of Hiere t's, i, t such thakt X € X (learly X € nlx) oud

X anix). Comvesely, F tenlk) Huen wme: X4 > Xotr Wes {n Hom, (M, M)

Buk E > wmg s wobk 1=, o & Remed s X







