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Chapter 1 : Monochromatic Systems

Ramsey’s Theorem

Let N={1,2,3,...} and [n] = {1,2,...,n}. For aset X, let X(") = {A C X : |[A] =r}.

Suppose we have a 2-colouring of N(?) —i.e. have c¢: N — {1,2}. Can we always find an
infinite monochromatic set — i.e., an infinite M C N such that ¢ is constant on M (2?

Examples. 1. Colour ij (that is, {¢,7}) RED if ¢ + j is even, and BLUE if odd.
Yes: can take M = {n : n even}.

2. Colour j RED if max{n : 2" |i+ j} is even, and BLUE otherwise.
Yes: can take M = {49 41 42 . }.

3. Colour ij RED if i+ j has an even number of distinct prime factors, BLUE otherwise.
No explicit M is known! However, the answer is yes, by the following.

Theorem 1 (Ramsey’s Theorem). Whenever N(?) is 2-coloured, there exists an infinite
monochromatic set.

Proof. Pick a; € N. There are infinitely many edges from a1, so we can find an infinite set
B; C N —{a1} such that all edges from a; to B; are the same colour ¢;.

Now choose as € By. There are infinitely many edges
from ag to points in By —{az}, so we can find an infinite
set By C By — {a2} such that all edges from as to Bo
are the same colour, cs.

Continue inductively. We obtain a sequence a1, ag, as, ... of distinct elements of N, and
a sequence c1, ¢z, ¢g of colours such that the edge a;a; (¢ < j) has colour ¢;. Plainly we
must have ¢;, = ¢;, = ¢;; = ... for some infinite subsequence. Then {a;,,a;,, a5, ...}
is an infinite monochromatic set. (I

Remarks. 1. Called a ‘2-pass’ proof.

2. The same proof shows that if N(?) is k-coloured then we get an infinite monochro-
matic set. Alternatively, we could view ‘1’ and ‘2 or 3 or ... or k’ as a 2-colouring of
N®) | and then apply Theorem 1 and use induction on k.

3. An infinite monochromatic set is much more than having arbitrarily large finite
monochromatic sets. For example, consider the colouring in which all edges within
each of the sets {1,2}, {3,4,5}, {6,7,8,9}, {10,11,12,13,14}, ... are coloured blue
and all other edges are coloured red. Here there is no infinite blue monochromatic set,
but there are arbitrarily large finite monochromatic blue sets.

Example. Any sequence (x,)nen in a totally ordered set has a monotone subsequence:
colour N(?) by giving ij (i < 7) the colour UP if z; < x; and the colour DOWN otherwise.
The result follows by Theorem 1.

What if we colour N(") (say for 7 = 3,4,...)? Given a 2-colouring of N("), must there be an
infinite monochromatic set?

Example. For N®) | colour ijk (i < j < k) RED if i | j + k, BLUE otherwise.
Yes: can take M = {2021 22 . }.



Theorem 2 (Ramsey for r-sets). Whenever N(") is 2-coloured, there exists an infinite
monochromatic set.

Proof. The proof is by induction on r, the case r = 1 being trivial (i.e., the pigeonhole
principle), and r = 2 being Theorem 1. So suppose the result holds for r — 1.

Given ¢ : N — {1,2}, pick a; € N. Define a 2-colouring ¢’ of (N — {a;})"~" by
¢ (F) = c(FU{ay}) for each F € (N—{a;})"~Y. By induction, there exists an infinite
monochromatic set By C N — {ay} for ¢/ — that is, there exists a colour ¢; such that
c(FU{am}) = ¢ for all F e BV,

Now choose ay € By. In exactly the same way, we get an infinite set Bo C By — {aa}
and a colour ¢y such that ¢(F U {ag}) = ¢g for all F € Bgﬂ*l). Continue inductively.

We get a sequence aj, ag, ... of distinct elements of N and colours ¢y, co, ... such that
for any i; < ... < i, we have c({a;,,...,a;.}) = ¢;,. But we must have ¢;; =¢;, = ...
for some infinite subsequence. So {a;,,a;,,...} is an infinite monochromatic set. O

Example. We saw that given (1,21), (2,22), ... in R? we could pick a subsequence inducing
a monotone (piecewise-linear) function. We can insist that the function is convex or
concave: 2-colour N®) by colouring ijk (i < j < k) CONVEX or CONCAVE according as
the points form a convex or concave triple. The result follows by Theorem 2.

Slightly unexpectedly, we can deduce the finite form of Ramsey’s Theorem from Theorem 2.

Theorem 3 (Finite Ramsey). Let m, r € N. Then there exists n € N such that whenever
[n](") is 2-coloured there is a monochromatic m-set M.

Proof. Suppose not. We construct a 2-colouring of N(") without a monochromatic m-set,
contradicting Theorem 2. For each n > 7, we have a colouring ¢, : [n]™ — {1,2} with
no monochromatic m-set. (We would like to take the ‘limit’ or union of these, but they
may not be nested, i.e. agreeing where each is defined.)

There are only finitely many ways to colour [r](") (two in fact), so infinitely many of
Cry Cri1, Crt2, ... agree on [r] (") — say ci|m(r) = d, for all 7 lying in some infinite set
Ay, where d, is some 2-colouring of [r](").

Among the ¢; for i € Ay, infinitely many must agree on [r 4 1]("), as there are only

finitely many ways to colour [r + 1](” — say ci|[T+1](T) =dyy1 for all i € Ay, where d-1
is a 2-colouring of [ + 1](") and A, C A, is infinite. Continue inductively.

We obtain colourings d,, : [n]") — {1,2} forn =7, r+1,7+2, ... such that
(i) no d,, has a monochromatic m-set (as there is some k such that d,, = cx|j,)
(ii) the d; are nested, i.e. dn'|[n]m =d,, for all n’ > n, by construction.

Define a colouring ¢ : N — {1,2} by ¢(F) = d,(F) for any n > maxF. This is

well-defined by (ii), and has no monochromatic m-set by (i) — a contradiction. O

Remarks. 1. This proof gives no information about the minimal possible n(m,r). There
are direct proofs which give upper bounds.

2. This is called a compactness proof — what we did was (essentially) show that
{0, 1} with the product topology (i.e. the topology derived from the metric d(f, g) =
1/min{n: f(n) # g(n)}) is (sequentially) compact.



What if we used infinitely many colours? Suppose we have an arbitrary colouring of N i.e.
we have ¢ : N") — X for some possibly infinite X. Of course we cannot guarantee an infinite
monochromatic set: just colour each edge a different colour. However, such a colouring is
injective, so can we guarantee an infinite set on which c is either constant or injective? The
answer is no — e.g. give the edge ij (i < j) colour i.

Theorem 4 (The Canonical Ramsey Theorem). Whenever we have a colouring of N(?)
with an arbitrary set of colours, there exists an infinite set M such that

(i) ¢ is constant on M) or

)
(ii) c is injective on M), or
(ili) e(ij) = c(kl) iff i =k (for all ¢, j, k, 1 € M with i < j and k <), or
(iv) c(ij) = c(kl) iff j =1 (for all 4, j, k, 1 € M with i < j and k < ).
Note that this theorem implies Theorem 1: if we have only a finite set of colours then (ii),
(iii) and (iv) are impossible.

Proof. First 2-colour N(*) by giving ijkl (by which we mean henceforth i < j < k < 1)
colour SAME if ¢(ij) = ¢(kl) and colour DIFF if not. By Ramsey for 4-sets, we have an
infinite monochromatic set M;. If M, is coloured SAME then M, is monochromatic for
¢ (for given any ij and kl in M1(2), choose any m < n in My with m > i, j, k, [, then
c(ij) = ¢(mn) = ¢(kl)). So in this case (i) holds.

Suppose then that M; is coloured DIFF. Now 2-colour M1(4) by giving ijkl colour SAME
if ¢(il) = ¢(jk) and colour DIFF if not. Again by Ramsey, there exists an infinite
Ms C M; monochromatic for this colouring. We cannot have colour SAME: choose
i <j<k<l<m<nin M,, then c(jk) = c(in) = c¢(Im), which is a contradiction as
My C My and so c(jk) # c(Im).

So My is colour DIFF. Now 2-colour M2(4) by giving ijkl colour SAME if c(ik) = ¢(j1)
and colour DIFF if not. By Ramsey, we have an infinite monochromatic set Ms C Mo.
We cannot have colour SAME: choose i < j < k <1 < m < n in Ms, then c(ik) =
c(jm) = ¢(In), which is a contradiction as M3y C M; and so c(ik) # c(In).

So M3 is colour DIFF. Now 2-colour Még) by giving ijk colour SAME if ¢(ij) = ¢(jk) and
colour DIFF if not. We get an infinite monochromatic set My C Ms. We cannot have
colour SAME: choose i < j < k <, then c(ij) = ¢(jk) = c(kl), which is a contradiction
as My C My and so c(ij) # c(kl).

Now 2-colour Mf’) by giving ijk colour LEFT-SAME if ¢(ij) = c(ik) and colour LEFT-
DIFF if not. We get an infinite monochromatic set M5 C My. Finally, 2-colour Mé3) by
giving ijk colour RIGHT-SAME if ¢(ik) = ¢(jk) and colour RIGHT-DIFF if not. We get
an infinite monochromatic set Mg C Ms.

If Mg is LEFT-DIFF and RIGHT-DIFF then (ii) holds.

If Mg is LEFT-SAME and RIGHT-DIFF then (iii) holds.

If Mg is LEFT-DIFF and RIGHT-SAME then (iv) holds.

We cannot have Mg being LEFT-SAME and RIGHT-SAME: choose i < j < k, then
c(ij) = c(ik) = c(jk), which is a contradiction as Mg C Mjy. O



Remarks. 1. We could do it all in one colouring of N(*) by colouring ijkl according to
the partition of [4]® induced by ¢ on {i, 4, k,1}. The number of colours would be the
number of partitions of a set of size (3)

2. In the same way, we can show that if we arbitrarily colour N(") we get an infinite
M C N and a set I C [r] such that for any x1, z3, ..., =, and y1, ¥2, ..., y, in M)
we have c(x1,z2,... ,x;) = c(y1,Y2, .. ,Yr) < x; =y; for alli € I.

So in Theorem 4, I = 0 is (i), I = {1,2} is (ii), I = {1} is (iii) and I = {2} is (iv).
These 2" colourings are called the canonical colourings of N("),

Van der Waerden’s Theorem

Aim. Whenever N is 2-coloured, for all m € N there exists a monochromatic arithmetic
progression of length m (i.e. a, a +d, a+2d, ..., a4+ (m — 1)d all the same colour).

By the familiar compactness argument, this is the same as:

Aim’. For all m € N, there exists n € N such that whenever [n] is 2-coloured, there exists a
monochromatic arithmetic progression of length m.

Indeed, if not, for each n we would have ¢, : [n] — {1, 2} with no monochromatic arithmetic
progression of length m. Then infinitely many agree on [1], and of those infinitely many
agree on [2], etc. Keep going (as before), and hence obtain a 2-colouring of N with no
monochromatic arithmetic progression of length m.

In our proof (of the second form above), we use the following key idea: we show more
generally that for all k, m € N, there exists n such that whenever [n] is k-coloured, there
exists a monochromatic arithmetic progression of length m. Note that proving a more general
result by induction can actually be easier, because the induction hypothesis is correspondingly
stronger.

We write W(m, k) for the smallest n if it exists — a ‘Van der Waerden number’.

Another idea we use is the following: let A; ..., A, be arithmetic progressions of length m
—say A; = {a;,a; +d;, ... ,a; + (m — 1)d;}. We say that A;, As, ..., A, are focused at f
if a; + md; = f for all i. For example, {1,4} and {5,6} are focused at 7.

If in addition each A; is monochromatic (for a given colouring) and no two are the same
colour then we say that they are colour-focused at f (for the given colouring).

Thus if Ay, ..., Ay are colour-focused arithmetic progressions of length m—1 (in a k-colouring)
then we have a monochromatic arithmetic progression of length m — by asking ‘what colour
is the focus?’

Proposition 5. Let k¥ € N. Then there exists n € N such that whenever [n] is k-coloured,
there exists a monochromatic arithmetic progression of length 3.

Note. This result will be contained in Theorem 6. It is included here for motivation and
understanding.



Proof. We make the following claim.

Claim. For all r < k, there exists n such that whenever [n] is k-coloured, we have
either

e a monochromatic arithmetic progression of length 3, or
e 1 colour-focused arithmetic progressions of length 2.

We will then be done: take r = k, then whatever colour the focus is, we get a monochro-
matic arithmetic progression of length 3.

We prove the claim by induction on r. Note that the case r = 1 is trivial — we may
simply take n = k 4+ 1. So assume that we are given n suitable for r — 1. We will show
that (k?™ + 1)2n is suitable for 7.

Given a k-colouring of [(k*" + 1)2n] which does not contain a monochromatic arith-
metic progression of length 3, break up [(k?" + 1)2n] into blocks of length 2n, namely
B; =[2n(i — 1)+ 1,2ni] fori =1, 2, ..., k* +1, where [a,b] = {a,a+1,...,b}. Inside
each block, there are r — 1 colour-focused arithmetic progressions of length 2 (by our
choice of n), together with their focus (as the length of each block is 2n).

Now there are k2" possible ways to colour a block, so some two blocks, say B, and
B+, are coloured identically. Say Bs contains {a;,a; + d;} for i = 1,...,7 — 1, all
colour-focused at f. Then Bgy; contains {a; + 2nt,a; +d; +2nt} fori=1,....r — 1,
all colour-focused at f + 2nt, with corresponding colours the same.

1 N
....... e -000® e -000® F e
Bs Bert
But now {a;,a; +d; + 2nt}, i =1,...,r — 1, are r — 1 arithmetic progressions colour-

focused at f + 4nt. Also, {f, f + 2nt} is monochromatic of a different colour from the
r — 1 used, so we have r arithmetic progressions of length 2 colour-focused at f + 4nt.
This completes the induction, the claim, and hence the proof. [l

Remarks 1. The idea of looking at the number of ways to colour a block is called a product
argument.

‘k4k
2. The above proof gives W (3, k) < % }(k_l), a ‘tower-type’ bound.

Theorem 6 (Van der Waerden’s Theorem). Let m, k € N. Then there exists n € N
such that whenever [n] is k-coloured, there exists a monochromatic arithmetic progres-
sion of length m.

Proof. The proof is by induction on m. For all k, the case m = 1 is trivial (and m = 2 is
the pigeonhole principle, and m = 3 is Proposition 5).

Now given m, we can assume as our induction hypothesis that W (m — 1, k) exists for
all k. We make the following claim.



Claim. For all r < k, there exists n such that whenever [n] is k-coloured, we have
either

e a monochromatic arithmetic progression of length m, or
e 7 colour-focused arithmetic progressions of length m — 1.

We will then be done: take r = k and look at the focus.

The proof of the claim is by induction on r. For r =1 we may take n = W(m — 1, k).
So suppose 7 > 1. If n is suitable for » — 1, we will show that W (m — 1,k*")2n is
suitable for r.

Given a k-colouring of [W (m—1, k*™)2n] with no monochromatic arithmetic progression

of length m, we can break up [W(m — 1,k%")2n] into W (m — 1, k") blocks of length

2n, namely By, By, ..., By (m—1,2n) Where B; = [2n(i — 1) + 1, 2ni]. Each block can

be coloured in k2" ways, so by definition of W (m — 1, k"), we can find blocks Bs, B¢,
-+s Bst(m—2)¢ identically coloured.

Now B contains r — 1 colour-focused arithmetic progressions of length m —1 (by choice
of n), together with their focus (as the length of each block is 2n). Say we have A, Aa,

.., Ay_1 colour-focused at f, where A; = {a;,a; + d;,...,a; + (m — 2)d;}. Now look
at the arithmetic progression A; = {a;, a; + (d; + 2nt),... ,a; + (m — 2)(d; + 2nt)} for
i=1,2,...,r—1. Then A}, A}, ..., Al _, are colour-focused at f + (m — 1)2nt. But
{f, f+2nt,...,f+ (m—2)2nt} is monochromatic and a different colour, and thus we
have r colour-focused arithmetic progressions of length m — 1.

This completes the induction, the claim, and hence the proof. (I

What about bounds on W (m, k)? We define the Ackermann (or Grzegorczyk) hierarchy
to be the sequence of functions fi, f2,..., each N — N defined by

filz) = 2z
and forn > 1, fyii(x) = fy(f)(l)

—_—

E.g., falr) = 27

) - 2 )

fi1) = 2, fa(2) =22 =4, fi(3) = 22 = 65536, fa(4) =22 }65536,

Say that a function f : N — N is of type n if there exist ¢ and d with f(cz) < fn(x) < f(dz)
for all z. Our bound on W (3, k) was of type 3, and on W(m,k) (as a function of k) is of
type m, and so our bound on W (m) = W(m, 2) grows faster than f,, for all n. This is often
a feature of such double inductions, and it was believed for a long time that perhaps W (m)
really does grow this fast. Shelah (1987) found a proof using only induction on m, and gave

a bound W(m,k) < fa(m + k). Graham offered $1000 for a proof that W (m) < fs(m).

om+9
Gowers (1998) showed that W(m) < 2222 , ‘almost type 2’. The best lower bound known
is W(m) > 2™/8m.

Corollary 7. Whenever N is k-coloured, some colour class contains arbitrarily long arith-
metic progressions. [



Remark. We cannot guarantee an infinitely long arithmetic progressions. For example:

e 2-colour N by colouring 1 red, then 2 and 3 blue, then 4, 5 and 6 red then 7, 8, 9
and 10 blue, and so on; or

e Enumerate the infinitely long arithmetic progressions as A1, As, As, ... (there are
only countably many). Choose z1,y1 € A1 with 21 < y1, then choose z9,y2 € Ay
with y1 < 9 < y2, etc. Now colour each z; red and each y; blue.

Theorem 8 (Strengthened Van der Waerden). Let m € N. Whenever N is finitely-
coloured, there is an arithmetic progression of length m that, together with its common
difference, is monochromatic (i.e., there exist a, a+d, a+2d, ..., a+ (m — 1)d and d
all the same colour).

Proof. The proof is by induction on k, the number of colours. The case k =1 is trivial.

We'll show that given n suitable for & — 1 (i.e., such that whenever [n] is (k — 1)-
coloured there exists a monochromatic arithmetic-progression-with-common-difference
of length m), then W(n(m —1)+1, k:) is suitable for k. Indeed, given a k-colouring of
L% (n(m —-1)+1, k)], we know there exists a monochromatic arithmetic progression of
length n(m—1)+1-say a, a+d, a+2d, ..., a+n(m — 1)d is coloured red.

If d is red, done — look at a,a+d, . ..,a+(m—1)d. Indeed, if rd is red for any 1 < r < n,
done — look at a,a + rd,...,a + (m — 1)rd. So we are done, unless {d,2d,...,nd} is
(k — 1)-coloured, but then we are done by induction (by definition of n). O

Remarks. 1. Henceforth we do not care about bounds.
2. The case m = 2 is known as Schur’s Theorem: whenever N is k-coloured, we have
monochromatic x, y, z such that x+y = z. We can also prove Schur’s Theorem directly
from Ramsey’s Theorem. Given a k-colouring ¢ of N, induce a k-colouring ¢’ of [n]®) (n
large) by ¢'(ij) = ¢(j —1i), for ¢ < j. By Ramsey, there exists a monochromatic triangle;
i.e. there exist i < j < k with ¢/(ij) = ¢/ (ik) = ¢ (jk). So ¢(j —1i) = c(k —j) = c(k — 1),
and since (j — i) + (k — j) = (k — i) we are done.

The Hales-Jewett Theorem

Let X be a finite set. A subset L of X™ (‘the n-dimensional cube on alphabet X’) is called

a line (or combinatorial line) if there exists a non-empty set I C [n] and a; € X for each
i & I such that

L={(z1,...,2n) € X" :x;=a;fori ¢ I and o; =x; Vi,j €I}
We call I the set of active coordinates for L.

For example, in [3]? the lines are as follows.

—e— [ ={1}, with lines {(1,1),(2,1), (3, 1)}, {(1,2),(2,2),(3,2)}, {(1,3),(2,3),(3,3) };

{ { { I = {2}, with lines {(1,1), (1,2), (1,3)}, {(2, 1), (2,2), (2,3)}, {(3,1), (3,2), (3,3)};

o o T={1,2}, with line {(1,1),(2,2),(3,3)}.



For example, in [3]3, we could have lines such as {(2,1,1), (2,1,2), (2,1,3)}, for which
I={3},0r{(1,3,1), (2,3,2), (3,3,3)}, for which I = {1,3}.

Note that the definition of a ‘line’ does not depend on the ordering of the set X (which is
why {(1,3),(2,2),(3,1)} is not a ‘line’ in [3]?).

Theorem 9 (The Hales-Jewett Theorem). Let m, k € N. Then there exists n € N such
that whenever [m]™ is k-coloured there exists a monochromatic line.

Remarks. 1. The smallest such n is denoted by HJ(m, k).

2. Thus m-in-a-row Noughts & Crosses played in enough dimensions cannot be a draw.
(Exercise. Show that it is a first-player win.)

3. The Hales-Jewett Theorem implies Van der Waerden’s Theorem: we need only embed
a cube of sufficiently high dimension linearly into N. For example, given a k-colouring
¢ of N, induce a k-colouring ¢’ of [m]™ (n large) by ¢/ ((z1,22,... ,2n)) = c(z1 + z2 +
-+- 4+ x,). By Hales-Jewett, there is a monochromatic line, and this corresponds to a
monochromatic arithmetic progression of length m in N (with common difference equal
to the number of active coordinates). So we could regard the Hales-Jewett theorem as
an ‘abstract version’ of Van der Waerden’s Theorem.

n n

If L is a line in [m]™ write L™ and L% for its first and last points (in the ordering on [m]
given by x < y if x; < y; for all 7). Lines L1, Lo, ..., L are focused at f if L;r =f
for all . They are colour-focused (for a given colouring) if in addition each L; — {L]} is
monochromatic, no two the same colour.

ooof

- 0 0

Example. In [4]% has three lines colour-focused at f.

- 0 - 0
o - - 0

Proof (of Theorem 9). By induction on m; the case m = 1 is trivial. Given m > 1, we
may assume that HJ(m — 1, k) exists for all k. We make the following claim:

Claim. For all r < k, there exists n such that whenever [m]™ is k-coloured, there exists
either

e a monochromatic line, or

e 7 colour-focused lines.

The result will follow immediately from this claim: put » = k and look at the focus.

The proof of the claim is by induction on r. For r = 1 we may take n = HJ(m — 1, k).
So suppose r > 1. Given n suitable for 7 — 1, we shall show that n + H.J(m — 1,k™")
is suitable for r. Write n’ = H.J(m — 1,k™").

Given a k-colouring of [m]™*"" containing no monochromatic line, view [m]"*" as
[m]™ x [m]™". There are k™" ways to colour a copy of [m]™. So by our choice of n/,
we have a line L in [m]™, say with active coordinate set I, such that for all a € [m]"
and all b, ¥’ € L — {L*}, we have ¢((a,b)) = ¢((a,’)) — call this ¢/(a). By definition
of m, there exist r — 1 colour-focused lines for ¢’ — say L1, Lo, ..., L,._1, with active
coordinate sets Iy, Io, ..., I._1 respectively, and focus f.



line L in [m]

o o o f o o o f o o o f *
e I C) -« 0 0 -+ 0O 0 M
- 0 - 0O - 0 + 0O + O [0}
o - ® o - [} o - )
[m]" [m]" [m]" [m]"
identical

But now let L] be the line through the point (L; , L™ ) with active coordinate set I; U

(t=1,2,...,7—1). Then L}, L, ..., Li._; are colour-focused at (f, LT). These,
together with the line through (f, L™) with active coordinate set I, give us r colour-
focused lines. This completes the induction, the claim, and hence the proof. O

A d-dimensional subspace or d-parameter set S in X" is a set of the following form: there

exist disjoint non-empty sets I1, I, ..., Iy C [n] and a; € X for each i € [n]—([1ULLU---Uly)
such that
o n . xi:aiforalli¢]1UIQU~~UId,
§= {x e X" x; = xj whenever 4, j € Ij, for some k [~

For example in X3, {(z,v,2): 2,y € X} and {(z,7,y) : 7,y € X} are 2-parameter sets.

Theorem 10 (The Extended Hales-Jewett Theorem). Let m, k, d € N. Then there
exists n € N such that whenever [m]" is k-coloured, there exists a monochromatic
d-parameter set.

‘This should be much harder than Hales-Jewett, but... ’

Proof. Regard X9 as (X?)" — a cube on alphabet X?. Clearly any line in this (on the
alphabet X?) corresponds to a d-parameter set in X" (on the alphabet X), so we can
take n = dHJ(n, k). O

Let S C N be a finite set. A homothetic copy of S is any set of the form a + AS where
a € N® and A € N. For example, in N, a homothetic copy of {1,2,...,m} is precisely an
arithmetic progression of length m.

Theorem 11 (Gallai’s Theorem). For any finite S C N and any k-colouring of N¢, there
exists a monochromatic homothetic copy of S.

Proof. Let S = {S(1),S5(2),...,S(m)}. Given a k-colouring ¢ of N¢, define a k-colouring ¢’
of [m]™ (n large) by ¢((z1,...,2,)) = ¢(S(21) + ...+ S(z,)). By Hales-Jewett, there
is a monochromatic line, giving a monochromatic homothetic copy of S (with A the
number of active coordinates). (]

Remarks. 1. Or by a product argument and focusing.
2. For S = {(z,y) : @,y € {0,1}}, Gallai’s Theorem tells us that when N? is finitely-

coloured there exists a monochromatic square. Could we have used Hales-Jewett for 2-
parameter sets (on a 2-point alphabet) instead? No, this would only give us a rectangle.



Chapter 2 : Partition Regular Equations

Rado’s Theorem
Schur says: whenever N is finitely-coloured, there are monochromatic x,y, z with  +y = z.
Strengthened Van der Waerden says: whenever N is finitely-coloured, there are monochro-

matic 1, T2, Y1, - -, Ym SUch that z1 + xe2 = y1, 1 + 222 =y2, ..., T1 + MLy = Yp.

Let A be an m x n matrix with rational entries. We say that A is partition regular (PR)
(over N) if whenever N is finitely-coloured, there is a monochromatic x € N with Ax = 0.

Examples. 1. Schur states that the matrix (1 1 —1) is PR, i.e. that there exist z,y, z of

T
the same colour such that (1 1 —1) |y | =0.
z
1 1 -1 0 0
1 2 0 -1 ... 0
2. Strengthened Van der Waerden states that | | . . . . . is PR.
1 m O 0 -1

3. (2 3 —5) is PR: take z = y = z. But what about (2 3 —6) .7

Notes. 1. Note that A is PR if and only if AA is PR for any A € Q — {0}, so we could
restrict our attention to integer matrices if we wished.

2. We also talk about the equation Ax = 0 being PR.
3. Not every matrix is PR: for example, (2 —1) is not PR. If it were, it would say that

we could always find n, 2n of the same colour. Clearly false, e.g. by 2-colouring x € N
with the parity of max{i : 2¢ divides x}. Indeed, (A —1) is PR if and only if A = 1.

Let A be an m x n matrix with rational entries, say columns ¢V, ¢®, ... | ¢(™ € Q™, so
T T T
A=1cH @ . cm
! ! !

We say that A has the columns property (CP) if there is a partition By U --- U B, of
{1,2,...,n} such that

° Z W = 0,

1€B1

° Zc(i) €<c(j) :jeBlLJ---UBs_1> fors=2,3,...,r,
i€ By

where () denotes linear span over R. (Or, ‘over Q' — if a rational vector is a real linear
combination of some rational vectors then it is also a rational combination of them.)

Examples. 1. The matrix (1 1 —1) has CP: take By = {1,3} and B, = {2}.

2. (2 —1) does not have CP. Indeed, (A —1) has CP if and only if A = 1.

10



3. (2 3 —5) has CP.

1 1 -1 O 0
1 2 O -1 ... 0

4. | . . . L . has CP: take By = {1,3,4,...,m + 2}, By = {2}.
1 m O 0 -1

Our aim is the following:

Rado’s Theorem. A rational matrix A is PR if and only if A has CP.

Notes. 1. One strength of this result is that it shows that partition regularity, which does
not at first appear to be checkable in finite time, in fact is checkable in finite time.

1 -1 3
For example, | 2 —2 a | has CP if and only if (a,b) = (6,12).
4 —4 b

2. Neither direction is obvious.

First (for clarity) we show that Rado’s Theorem is true for a single equation. Note that
(a1 az ... ayp) has CP if and only if some (non-empty) subset of the non-zero a; sums to
zero (or if A =0). So we may assume that aj,as,... a, # 0, and must then show:

(a1 az ...a,)is PR < Zai = 0 for some non-empty I C [n].
iel

Note. Even in this case, neither direction is obvious. However we would expect (<) to be
harder than (=).

Let p be prime. For x € N, let d(z) be the last non-zero digit in the base p expansion of x.
Le., ifx =d.p" +dr_1p" ' + -+ dip+doy, 0 < d; <p for all i, then d(z) = dp(z) Where
L(z) = min{i : d; # 0}.

For example, if = 1002047000 in base p then L(z) = 3 and d(z) = 7.

Proposition 1. Let ay, ag, ..., a, € Q — {0} such that the matrix (a1 a2 ... ay) is PR.

Then ), ; a; = 0 for some non-empty I C [n].

Proof. We may assume, by multiplying up, that a1, as, ..., a, € Z. Fix a large prime p, say
with p > >°" | |a;|, and define a (p — 1)-colouring of N by giving = the colour d(x).
We know that there are z1,x2,...,x, all of the same colour (say colour d) such that
ai1x1 + ...apxy, = 0.

Let L = min{L(x1),...,L(z,)} and let I = {i : L(x;) = L}, so I # 0. Considering
>y aix; = 0 performed in base p, we have Y, ; a;d = 0 (mod p) and so, as p prime,
> ierai =0 (mod p). But p> 3", |a;| and so in fact >, a; = 0. O
Remarks. 1. Alternatively: for each prime p we get a set I, with Zielp a; =0 (mod p), so

some fixed set I has ), ;a; =0 (mod p) for infinitely many p, and so >, a; = 0.

2. We could also colour not by ‘end in base p’ but by ‘start in base p’ — but harder.

3. No other way to prove Proposition 1 is known!

11



For the other direction, we begin with the first non-trivial case, namely (1 A —1).

Lemma 2. Let A € Q. Then whenever N is finitely-coloured, there exist monochromatic x,
y and z with z + Ay = 2.

Proof. If A =0 it is trivial, and if A < 0 we may rewrite our equation as z — A\y = x. So we
may assume that A > 0. Write A = r/s with r, s € N.

We need to prove that for all k, there exists an n such that, whenever [n] is k-coloured,
there exist monochromatic z, y and z with « + (r/s)y = z. We use induction on k.
For k = 1, take n = max{s,r + 1} and (z,y,2) = (1,s,7 + 1).

Suppose k > 1. Given n suitable for k — 1, we shall show that W (nr + 1, k) is suitable
for k. Given a k-colouring of [W(nr 4+ 1,k)] we have a monochromatic arithmetic

progression of length nr + 1, say a, a+d, ..., a + nrd, all of colour c.

Look at sd, 2sd, ..., nsd. If any isd has colour ¢ then we are done, as (a,isd,a +
(r/s)isd) is monochromatic. Otherwise, the set {sd,2sd,... ,nsd} is (k — 1)-coloured,
and we are done by induction. O

Remarks. 1. Very similar to the proof of Strengthened var der Waerden.
2. Lemma 2 seems not to have a proof ‘just by Ramsey’, unlike the case A = 1 (Schur).

Theorem 3 (Rado’s Theorem for single equations). Let a1, a2, ..., a, € Q — {0}.
Then (ayaz ... a,) is PR if and only if >, ; a; = 0 for some non-empty I C [n].

Proof. (=) is Proposition 1.

(<) Given a finite colouring of N, fix i € I. For suitable monochromatic z, y and z,
we shall set
x ifi=1g
z,=q y ifigl
z itiel—{ip}
We require that > a;z; = 0, i.e. that

aiox—i—( > ai)z—i— (Zai)y:(),

i€l—{io} i1

i.e.
Qi T — W2 + (Zai)y =0, since Zai =0,
il iel
i.e. X
x+—(zai)yzo,
@io \ g1

and such z, y and z do indeed exist by Lemma 2. 0

Rado’s Boundedness Conjecture. Let A be an m x n matrix that is not PR. Then there
exists a bad colouring — i.e. a k-colouring with no monochromatic solution to Ax = 0.
Is k bounded (for given m,n)? Equivalently, if there is k = k(m,n) such that an m x n
matrix ‘PR for k colours’ is PR?

This is known for 1 x 3 matrices (Fox & Kleitman, 2006) — 24 colours suffice.
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Proposition 4. Let A be any matrix with entries in Q. If A is PR then it has CP.

Proof. We may assume that all the entries of A are integers. Let the columns of A be ¢!,
c®@, ..., ¢, For any prime p, colour N by giving 2 the colour d(z) (recall = the last
non-zero digit in base p). By assumption, there exists a monochromatic x € Z™ with
Ax =0, ie. z1¢® +29¢@ + ... 4 2,¢™ = 0. Say all the z; have colour d.

Partition [n] as By U --- U B, according to the value of L(z;), as follows:

e i,j € B, for some s <= L(z;) = L(z;)
e i€ By, j€ B forsome s <t <= L(x;) < L(xj)

For infinitely many primes p, say all p € P, we get the same By, ..., B,.

Considering 3" z;¢(?) = 0 performed in base p (for p € P), we have

(i) Z dc™” =0 (mod p), and
i€By

(ii) for all s > 2, Z ptdc + Z z;¢ =0 (mod p't!) for some ¢,

i€B, i€B1U--UBs_1
where we have written u = v (mod p) to mean u; = v; (mod p) for all i.

From (i), and as d is invertible, we have ;5 ¢ =0 (mod p) for infinitely many p,
and 50 D p c® =o.

From (ii), for all 2 < s < r we have

P’ Z c® + Z (d'z;)c™ =0 (mod p'th).

i€B, 4€B1U--UBy_1
We claim: 37, c® e <c(i) ti€BiU---UBs_1).

Suppose not. Then there exists u € Z™ with u - c® =0forallie ByU---U Bs_1 but
with u- (Y, cp. c@) #0.

Dot with u: pu- (Y ;.5 ¢?) =0 (mod p™), ie. u- (Y ;5 ¢?) =0 (mod p). But
this holds for infinitely many p, so u - (ZiEBS c(i)) = 0, contradiction. ([

Let m, p, c € N. A set S C Nis an (m,p, ¢)-set with generators 1, xa, ..., T, € N if

=1

S{Z)\1$13]W1th>\10v1<], )\j:C, )\ZE[p,p]VZ>]},

where [—p,p] = {—p,—(p—1),...,p}. So S consists of all numbers in the lists:

cr1 + )\2{172 + )\3.’173 + -4 )\mxm ()‘Z € [_pap] VZ)
ey + Asx3 + -+ Amm (N € [—p,p] Vi)
: the ‘rows’ of S

CTp—1 + )\mxm ()\m S [_pap])
CTm

‘An iterated arithmetic-progression-with-common-difference, or progression of progressions.’
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Examples. 1. A (2,p,1)-set is the set {x1 — pxa, x1 — (p — D)o, ...,x1 + px2, T2} — an
arithmetic progression of length 2p 4 1 together with its common difference.

2. A (2,p, 3)-set is an arithmetic progression of length 2p+1, with middle term divisible
by 3, together with three times its common difference.

Theorem 5. Let m, p, c € N. Whenever N is finitely-coloured, there exists a monochromatic
(m, p, ¢)-set.

Proof. Given a k-colouring of N, let M = k(m — 1) + 1. ‘Go for an (M, p, ¢)-set with each
row monochromatic.’

Take n large (that is, large enough for whatever we need), and look at

Alz{c, 2¢, ..., Ec}

c

(Officially, n/c = [n/c], or: ‘choose n large and a multiple of everything we need’.)

By Van der Waerden, A; contains a monochromatic arithmetic progression, say
R1 = {C:Cl - nldl, Cr1 — (nl - 1)d1, ey CT1,y ..., CTq +7’le1},

where n; is large and R; has colour k1, say. Now we restrict attention to

n
By = {dl, 2, ..., Mdl}.

Note that for any integers A2, As, ..., Ay € [—p, p] and ba, bs, ..., by € By, we have
cx1 + Aoby + Agbs + -+ Ayrbys € Ry,

so in particular all sums of this form have colour k;.

Inside By, look at
ni

A |

By Van der Waerden, there is a monochromatic arithmetic progression inside A, say

A2 = {Cdl, 2Cd1, ceey

Ry = {cxa — nada, cxa — (n2 — 1)ds, ..., cxa, ..., cxa + nada },

where no is large and Rg has colour ko, say. Now we restrict attention to

n
By = {dz, 2o, ..., (M7_22)pd2}.
Note that for any integers A3, A4, ..., Ay € [—p,p|, and bs, by, ..., bys € Ba, we have
cx2 + Aszbs + Agby + - - + Anbyr € Ra,
so in particular all sums of this form have colour ks.
Now look at As, etc. Keep going M times: we obtain x1, x2, ..., 3 such that each

row of the (M, p,c)-set generated by z1, x2, ..., xp is monochromatic. But since
M = k(m — 1) + 1, some m of these rows are the same colour, and we are done. O

14



The case (m,1,1) of Theorem 5 immediately gives

Corollary 6 (Finite Sums/Folkman’s/Sanders’ Theorem). For 21, ..., ,, € N, let
FS(z1,22,...,2m) = {Z:cz I Cm], I# (Z)}.
i€l

Whenever N is finitely-coloured, there exist a1, 2, ..., &y, with FS(x1,z2,... ,2m)
monochromatic. O

Remarks. 1. This extends Schur (m = 2).

2. Similarly, by looking at {2™ : n € N}, we can guarantee a monochromatic
FP(z1,22,... ,2py) = {1_[:0Z I Cm], I# (Z)}.
il

3. How about FS(z1,...,2,) U FP(21,...,2,)? Unknown. Not even known for m = 2,
where we want x, y, © + vy, ry the same colour. In fact, not even known if there exist
xy, x + y the same colour (except for z = y = 2)!

Proposition 7. Let A have CP. Then there exist m, p, ¢ € N such that every (m, p, ¢)-set
contains a solution to Ax = 0, i.e. we can solve Ax = 0 with all z; in the (m, p, ¢)-set.

Proof. Let A have columns ¢!, ..., ¢(™. As A has CP, we have a partition B; U---U B,
of [n] such that

Z ce(c i€ BiU---UBs_;) for all s,

1€Bg

say
S = Y e, some g € Q.
1€ B 1€B1U---UBs_1

Then for each s we have Z disc(i) = 0, where
i€[n]
0 ifigBiU---U B,
dis = 1 if ¢ € B
—Qis if’L'EBlU"'UBS,1

(Note: ends with a 1.)

Given z1, 2, ..., xr € N,put y; = >.._, disws for i =1, 2, ..., n. Then
n n T T n
i=1 i=1 s=1 s=1  i=1

So Ay = 0. Now we are done: take m = r, take ¢ to be the lowest common multiple of
the denominators of the ¢;, and take p to be ¢ times the maximum of the numerators
of the ¢;s.

Then cy is in the (m,p, ¢)-set generated by x1, x2, ..., z, and A(cy) = 0. O
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Theorem 8 (Rado’s Theorem). Let A be a rational matrix. Then A is partition regular
if and only if A has the columns property.

Proof. (=) is Proposition 4.

(<) follows from Theorem 5 and Proposition 7. O

Remarks. 1. Given Rado, things like Schur, Van der Waerden, Finite Sums are trivial CP
checks.

2. From the proof, we see if a matrix is PR for all of the ‘end in base p’ colourings then
it is PR for all colourings. But no direct proof (i.e. not via Rado) is known.

Theorem 9 (Consistency Theorem). If A, B are PR then the matrix (ég) is PR.

In other words, if we can guarantee to solve Ax = 0 in some colour class and By = 0
in some colour class then we can guarantee to solve both in the same colour class.

Proof. Trivial by CP. (|

Remarks. 1. This is not obvious by considerations of PR alone.

2. It can be proved directly — but harder.

Theorem 10. Whenever N is finitely coloured, some colour class contains solutions to all
PR equations.

Proof. Suppose not. Then we have N = D; U Dy U --- U Dy, and, for each i, a PR matrix
A; such that D; does not contain a solution of A;x = 0. Then the matrix

Ay

Ay,

is PR by Theorem 9, but no D; contains a solution to it, contradiction. (I

Rado’s Conjecture (1933). Say that D C N is partition regular if it contains a solution
to every PR equation. So Theorem 10 says that if N = Dy U Dy U - - U Dy then some D; is
PR. Rado conjectured that if D is PR and D = Dy U Dy U --- U Dy, then some D; is PR.

This was proved by Deuber (1973). He introduced (m, p, ¢)-sets and showed that D is PR
if and only if D contains an (m,p,c)-set for all m,p,c (as we know). He showed that for
all m, p, ¢, k there exist n, q,d such that whenever an (n, ¢, d)-set is k-coloured, there exists

a monochromatic (m, p, ¢)-set (like our proof of Theorem 5 but replacing Van der Waerden
with Extended Hales-Jewett) — thus proving Rado’s Conjecture.

Ultrafilters

Our next aim is the following:
Hindman’s Theorem. For z1,29,... € N, let FS(z1,z9,...)= { Zzz : [ finite, I # @}.
iel

Then whenever N is finitely-coloured, there exists a monochromatic FS(z1, 22,...).

This will be our first infinite PR structure of equations.
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Idea. A filter is a notion of ‘large’ for subsets of N; an ultrafilter is more refined such notion.
A filter on N is a non-empty collection F C P(N) such that

e 0 & F
e if Ac F and B D A then B€ F (‘F is an up-set’)

o if A, Be Fthen ANB € F (‘F is closed under finite intersections’).

Examples. The following are (not all) filters:
(i) {ACN:1e A} — ‘all the weight isat 1: 1 24 ...".
(i) {ACN:1,2€ A}
(iii) {A C N: A infinite} — this fails, e.g. contains {evens} and {odds}.
) {A CN: A finite} — the cofinite filter.
(v) {ACN: FE— A finite}, where E is the set of even numbers.

(iv

An ultrafilter is a maximal filter. For any x € N, the set {A C N: z € A} is an ultrafilter,
the principal ultrafilter at z.

Examples. Of the above filters, which are ultrafilters?
(i) is an ultrafilter.
(ii) is not — (i) extends it.
(iv) is not — (v) extends it.
(v) is not — extended by {A C N: M — A finite} where M = {multiples of 4}.

Proposition 11. A filter F is an ultrafilter <= for all A C N, either A € F or A° € F.
Proof. (<) This is obvious since we cannot add A to F if we already have A°.

(=) Suppose F is an ultrafilter and A, A ¢ F for some A C N. By maximality, we
must have B € F with BNA=0-orelse 7/ ={C CN:C > AN B for some B € F}
is a filter containing F. Similarly, we must have C' € F with C N A° = (. But then
BNC =0, a contradiction. O

Remarks. 1 Or: in the proof, once we have BN A = (), then B C A€, and so A° € F.

2. If U is an ultrafilter, and A = BUC for some A € U, then B € U or C € U — for
otherwise B¢, C° € U by Proposition 11, whence A = B¢ N C*° € U, a contradiction.

Theorem 12. Every filter is contained in an ultrafilter.

Proof. For a fixed filter Fy, seek a maximal filter F with F D Fy. By Zorn’s Lemma, it
is sufficient to check that every non-empty chain {F; : ¢ € I} has an upper bound.
Indeed, put F = U;erF;. Then

(i) 0 ¢ F;
(ii) if A € F and B D A then A € F; for some i, so B € F; and so B € F;

iii) if A, B € F then A € F;, B € F; for some 4,j. Say F; C F; (as the F; form a
j j
chain), so ANB € F; andso AN B € F. O
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Remarks. 1. Any ultrafilter extending the cofinite filter is non-principal. Also, if U is non-
principal then U4 must extend the cofinite filter — else if A € U for some finite A then
{z} € U for some x € A by our remark above about B U C

2. The Axiom of Choice is needed in some form to get non-principal ultrafilters.

The set of all ultrafilters on N is denoted SN. We define a topology on N by taking as a
base all sets of the form

Cys={UepPN:AecU}, for each ACN.

This is a base: it is sufficient to check that | JC4 = SN and that the intersection of any two
of the C'4 is another of the C'4. Plainly |JC4 = AN, and Cy NCp = Cynp as A, B e U if
and only if AN B € U. Thus open sets are of the form

UCA'L ={U € fN: A; € U for some i € I}.
i€l

Note SN — Cy = Cye, since A ¢ U if and only if A° € U. So closed sets are of the form

(Ca, ={U €BN: A; el foralli € I}.

el

We can view N as a subset of SN by identifying n € N with the principal ultrafilter n at n.
Each point of N is isolated: for {n} is open as {n} = Cy,;. Also, N is dense in SN: for every
non-empty open set in SN meets N as n € C4 whenever n € A.

Theorem 13. (N is a compact Hausdorff space.

Proof. Hausdorff. Given U # V, we have some A € U with A ¢ V. But then A¢ € V and so
UeCypandV € Cye, and Cy NCye = 0.

Compact. Given closed sets F; (i € I) with the finite intersections property (i.e. all
finite intersections are non-empty), we need to show that (), Fi # 0. Assume without
loss of generality that each F; is basic, i.e. that F; = C4, for some 4; C N.

The sets A; (i € I), also have the finite intersections property: for C4, N---NCa, =
Ca; nna;, and so Ay N---NA; # 0.

So we can define a filter F generated by the A;:
F={ACN:AD A, Nn---NA;, for some iy,..., i, € I}.

Let U be an ultrafilter extending F. Then A; € U for all i, so U € C4, for all 4, and so
NicrCa, # 0 as desired. O

Remarks. 1. If we view an ultrafilter as a function from P(N) — {0,1}, i.e. as a point of
{0,1}*™) then we have SN C {0, 1}*™. We can check that the topology on AN is the
restriction of the product topology, and also that ON is a closed subset of {0, 1}P(N), SO
is compact by Tychonov.

2. Why is OGN interesting? It is the largest compact Hausdorff space in

which N is dense. More precisely, for any compact Hausdorff space and N Iox
f N — X there exists a unique continuous f : BN — X extending f. 1 /f
(Not hard to check.) AN

ON is called the Stone-Cech compactification of N.
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Let U be an ultrafilter and p a statement. We write YV p(z) to mean {x : p(z)} € U, and
say that p(z) holds ‘for most 2’ or ‘for U-most z’.

Examples. 1. For U/ non-principal, Vyx x > 4.

2. For U = 7 we have Yy p(x) < p(n).

Ultrafilter quantifiers ‘mesh perfectly’ with logical connectives, as follows.

Proposition 14. Let U be an ultrafilter, and p and ¢ statements. Then
(i) Yuz (p(z) AND ¢(z)) <= (Vuz p(z)) AND (Vyz q(z));
(i) Yuz (p(X) or ¢(z)) < (Vuz p(z)) or (Vyz q(z));
(iii) Vya p(z) is false <= Vyz (NOT p(z)).
Proof. Let A ={x: p(z)} and let B = {x : g(x)}. Then

(i) ANBeld < AelU and B e U,
(i) AUBelU < Ac€Uor Bel;
(ili) A¢U <= A°el. O

Note that Vyx Vyy p(x,y) is not in general the same as Vyy Vyx p(z,y), even if U = V.
For example, if U is non-principal then Vya Vyy @ < y is true (as every x has Vyy = < y),
but Vyy Yy x < y is false (as no y has Vyz = < y).

For U, V € BN, define

U+v = {AcCN:VyzVyyar+yeA}
= {AcCN:{zeN:{y:z+yec A} eV}elU} (‘nottobe used’)

e~

Example. m +n =m + n.
Note that & + V is an ultrafilter:

o Clearly 0 ¢ U + V.
o If AclUd+V and B D A then clearly B e U + V.

e Suppose that A, BelU +V, i.e. (VyzVyyxz+y € A) AND (Vyx Vyy 2 +y € B).
Then by Proposition 14(i) twice, we have: Vyx Vyy (z +y € A AND x +y € B).
And thus: Vyz Vyy (x+y € ANB),ie. ANB €U+ V, as required.

e Suppose that A €U + V), i.e. NOT (Vux Vyyx+ye A))
Then by Proposition 14(iii) twice, we have: Yy Yyy (NOT x +y € A).
And thus: Vyz Vyy (z+y € A°), i.e. A° €U+ V), as required.

Next, note that + : SN x SN — SN is associative. Indeed, for any U, V, W € BN,

U+ V+W) = {ACN: Vyz Yoy Vwz z+y+z€ A} = U+V)+W.
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Also, + is left-continuous — i.e. for fixed V, the map U — U + V is continuous. To see this,
fix V and an open set Cy4 in our base for SN. Then

U+VeCy AelU+V

Yux Vyy {x+y € A}
{z:Vyyax+yeAtel
U € Clpvyy atyeAa)s

IR

as required.

Remark. In fact, the operation + is neither commutative nor right-continuous.
We seek an idempotent ultrafilter, i.e. some U € ON such that Y + U = U.
(Note that any such I must be non-principal, as . + 7 = 2n # n.)

Lemma 15 (Idempotent Lemma). There exists U € SN such that U + U = U.

Remark. What we will use about SN: it is compact, Hausdorff, non-empty, and + is asso-
ciative and left-continuous.

Proof. Seek a minimal M C N with M + M C M, where M + M = {z 4y : z,y € M}.
(“‘We hope M = {z}, some z.”)

Claim. There exists a minimal compact non-empty M C N with M + M C M.

Proof of claim. There exist M with M + M C M, such as SN itself. So by Zorn, it’s
enough to check that if {M; : i € I'} is a chain of such sets, then so is M = (,.; M;.

M is closed: it is an intersection of closed sets (in a compact Hausdorff space,
closed < compact).

M # : the M; are closed sets with the finite intersection property, so (,c; M; # 0
(as AN compact).

M+McCM: ifzx,ye M, then z,y € M; Vi,sox+y € M; Vi,sox+y € M.

So let M be a minimal such set. Choose x € M. We’ll show that x + z = «.

Claim. Write M +z={y+x:y € M}. Then M +z =M.

Proof of claim. Have M +x # 0, and M +z is compact (as it is the continuous image
of a compact set), and (M +z)+ (M +z)= M+z+ M)+2 C M+ z. But
M + x C M, so by minimality of M, we have M + x = M.

In particular, there exists y € M with y + x = .

Claim. Let N={ye M :y+xz=x}. Then N =M.

Proof of claim. We have N # (), and N is compact (as it is the preimage of a single
point, so is closed). And if y,z € N, then (y+2)+z=y+(z+2)=y+ 2z ==z,
thus N+ N C N. But N C M, so by minimality of M, we have N = M.

In particular, x + x = x, as desired. O
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Remarks. 1. Thus M + z = {2} and so in fact M = {z}.

2. The finite subgroup problem. Does SN have any non-trivial finite subgroups?
(Eg, U withUU+U =U,but U + U + U =U.) Answer: no, by Zelenyum (1996).

3. Can one ultrafilter ‘absorb’ another? In other words, are there U # V with U + U,
U+V, V+U,V+YV =V? This is called the continuous homomorphism problem.
It is unknown.

Theorem 16 (Hindman’s Theorem). Whenever N is finitely-coloured, there exist z1, 2,
x3, ... with FS(x1, 22, 23, ... ) monochromatic.

Note. The ultrafilter is ‘making lots of choices and passes for us’.

Proof. Let U € ON be an idempotent ultrafilter. Given a finite colouring of N, we have some
colour class A € Y. (Think of A as ‘the big colour class’.) So Vyy y € A. So, as U is
idempotent, Vyz Vyy  +y € A. So, by Proposition 14, Vyx Vyy FS(z,y) C A. Pick
x1 with Vyy FS(z1,y) C A.

Suppose inductively that we have found 1, ..., z,, such that Vy;y FS(z1, ..., 2, y) C A.
For each z € FS(x1,... ,&p,y) we have Vyy z +y € A and so Vya Vyy z+x+y € A.
Thus by Proposition 14, Vyx Vyy FS(x1, ..., 20, 2,y) C A. Let 2,41 be such an z.

The result follows by induction. O

Remarks. 1. Very few other infinite PR systems of equations are known. In particular, no
Rado-type ‘if and only if’ theorem is known.

2. The Consistency Theorem fails for infinite PR systems. For example, let

FSio(z1,29,...) = { sz + Qsz : I, J finite, non-empty, and max I < min J}.
iel jeJ
Then whenever N is finitely-coloured, there exists a monochromatic FSia(z1, 22, .. .)

— a special case of the ‘Milliken-Taylor’ theorem. But it was proved (1995) that this
system is inconsistent with Hindman.

3. It follows trivially from Hindman that whenever N is finitely-coloured there exist

x1,T2,... with {z;} U {z; + z; : ¢ # j} monochromatic. Is there a direct proof of this
(i.e., not via Hindman)? Unknown!
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Chapter 3 : Infinite Ramsey Theory

We know that whenever N(") is finitely-coloured there exists a monochromatic set (for any
r=1,2,3,...). What if we colour the infinite subsets?

For infinite M C N, write M = {L. C M : L infinite}, the collection of all infinite subsets
of M. Given a finite colouring ¢ of N/ is there an infinite monochromatic set (i.e. such
that ¢ is constant on M®)?

Example. Colour M = {aj,az,...} RED if ) 1/a; converges, and BLUE if not.
Yes: could take M = {1,2,4,8,16,...}.

Proposition 1. There is a 2-colouring of N without an infinite monochromatic set.

Proof. We construct a 2-colouring ¢ such that for all M € N“ and all z € M we have
(M — {x}) # ¢(M). This is clearly sufficient to prove the proposition.

Define a relation ~ on N by M ~ N if [M AN]| is finite (where A means symmetric
difference). This is clearly an equivalence relation. Let the equivalence classes be
{F; :i € I}, and for each i choose M; € E;. Now, for M € E;, define ¢(M) to be RED
if |M A M;| is even for some i € I, and to be BLUE if |M A M;| is odd for some i € I.

It is easy to check that this colouring has the required property. (I
Remark. In this proof, we used the Axiom of Choice.

A 2-colouring of N corresponds to a partition N = Y UY*® for some ¥ C N“_ A
collection Y € N is called Ramsey if there exists M € N“ with M“ CY or M C Y°©.

So Proposition 1 says that ‘not all sets are Ramsey’. Which sets are Ramsey?

We have N@ C P(N) « {0,1}Y, which has the product topology. So a basic open neigh-
bourhood of M € N is {L € N“ : LN [n] = M N [n|} for some n. Equivalently, we have a
metric

0 itL =M
d(L’M){ 1/min(LAM) if L+ M

So the basic open sets are
{M € N“ : A an initial segment of M} for A finite,
where ‘initial segment’ means ‘the first k elements in order, some k’.
We call this the 7-topology or usual topology or product topology on N®,
First aim. Open sets are Ramsey.
For M C N, write M&* = {A C M : A finite}, the collection of finite subsets of M.

For A € N& and M € N@, write
(A, M) = {L € N“ : A is an initial segment of L and L — A C M}.

(We think of this as the collection of sets which ‘start as A and carry on inside M’.)
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For fixed Y C N we say that M accepts A (into Y) if (A, M) C Y, and that M
rejects A if no L € M“ accepts A.

Notes. 1. If M accepts A then every L € M accepts A as well.
2. If M rejects A then every L € M rejects A as well.
3. If M accepts A then M accepts AUB for any B € M~ providing max A < min B.
4. M need not accept or reject A.

Lemma 2 (Galvin-Prikry Lemma). Given Y C N® there exists a set M € N® such
that either

(i) M accepts 0, or
(ii) M rejects all of its finite subsets.

Proof. Suppose no M € N“ accepts (), i.e. that N rejects §. We shall inductively construct
infinite subsets M1 D Ms D M3 D --- of N and a sequence a1 < a3 < az < --- € N

with a; € M; for all 4, such that M; rejects all subsets of {a1,... ,a;—1}. Then we shall
be done, for {a1, a9, as,...} rejects all its finite subsets.

Take M; = N. Having chosen M7 D --- D My and aq, ..., ax—1 as above, we seek
ap, € My with ap > ag—1 and M1 C My such that My rejects all finite subsets of
{al, ce ,ak}.

Suppose this is impossible. Pick any by € M}, with by > ar_1. We cannot take ar = by
and My41 = My, so some N; C My, accepts some subset of {ay, ... ,ar—1,b1}, and this
subset must be of the form F; U {b1}, as M}, rejects all subsets of {a1,... ,a5—1}.

Now choose by € Ny with by > b and try ar = by and My = Ny. Some N C Ny
accepts a subset of {a1,...,ax—1,b2}, say Ea U {ba}. Keep going.

We get M D N1 D No D --- and by < by < --- with b; € N;_1, together with subsets
Ey, Es,... C{ay,...,ax-1}, such that E; U{b;} is accepted by N; for all i. Passing to
a subsequence if necessary, we may assume without loss of generality that F; = E for
all . Then F is accepted by {b1, ba, ...}, contradicting the definition of Mj. O

Theorem 3. Let Y € N, If Y is open then Y is Ramsey.

Proof. Choose M € N as given by Galvin-Prikry. If M accepts @ then M“> C Y, so done.
If M rejects all of its finite subsets, then we’ll show that M “ C Y¢. Indeed, suppose
some L € M® has L € Y. Since Y is open, we must have (4,N)* C Y for some
initial segment A of L. So in particular, we have (4, M)“ C Y, i.e. M accepts A.
But M rejects A, so we have a contradiction. Il

(‘The ‘in particular’ is overkill, as is having M reject A when any infinite subset would do.”)

Remark. A collection Y is Ramsey if and only if Y¢ is Ramsey, so Theorem 3 also says that
‘closed sets are Ramsey’.
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The x-topology or Ellentuck topology or Mathias topology on N’ has basic open sets
(A, M) for A € N and M € N, This is a base for a topology on N:
o N@ = (,N)* 5o the union of these is indeed N;
o if (A, M) and (A’, M")“” are basic sets then (4, M)’ N (A’, M")* is either () or
(AUA' MM,
Note. The x-topology is stronger (i.e. has more open sets) than the usual topology.
Theorem 3'. Let Y € N, If Y is x-open then Y is Ramsey.

Proof. Choose M € N as given by Galvin-Prikry. If M accepts ) then M C Y, so done.

If M rejects all of its finite subsets, then we’ll show that M“ C Y¢. Indeed, suppose
some L € M has L € Y. Since Y is x-open, we must have (A4, L)“ C Y for some
initial segment A of L. So L accepts A, contradicting ‘M rejects A’. O

(‘No overkill this time.”)

We say Y C N is completely Ramsey if for all A € N&“ and all M € N“ there is some
L € M® such that (A, L) is contained in either Y or Y.

Remark. This is a stronger property than being just Ramsey. For example, let Y be the
non-Ramsey set from Proposition 1 and set

Z=YU{MeN“:1¢ M}.

Then certainly Z is Ramsey, as {2,3,4,...}*’ € Z. But Z is not completely Ramsey:
take A = {1} and M = N, then there is no L with ({1}, L)“’ contained in Z or Z¢.

Theorem 4. Let Y € N, If Y is x-open then Y is completely Ramsey.

Proof. Given A € N and M € N@, we seek L € M“ with (A,L)“ contained in
either Y or Y¢. Now view (A, M) as a copy of N“ as follows. We may assume
that max A < min M. Write M = {my, ma,ms,...}, where my < mg < mg < ---,
and define a function f : N« — (A, M) by N+ AU {m; :i € N}. Clearly f is a
homeomorphism in the x-topology.

Let Y = {N € N® : f(N) € Y}. Then Y’ is x-open since Y is x-open. By Theorem 3/,
Y’ is Ramsey, and so there exists L € N with L“ contained in either Y or Y°.
Thus {f(N): N € L™} is contained in either Y or Y¢, i.e. (A, f(L))“ is contained
in either Y or Y¢. ([l

Remark. Hence %x-closed sets are also completely Ramsey.

So we know that, in the x-topology, all ‘locally big’ (i.e. open) sets are completely Ramsey.
Now we consider ‘locally small’ (i.e. nowhere-dense) sets.

Recall. Given a space X, we say that Y C X is nowhere-dense if Y is not dense in any
non-empty open subset, i.e. if Y has empty interior, i.e. if for any non-empty open O,
there is a non-empty open O’ C O such that O' N A = ().

For example, in R, N is nowhere-dense, as is {3,3,1,...}, as is {3,3,4,...} U{0}. But

Q@nN(0,1) is not nowhere dense.
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Proposition 5. A set Y C N is x-nowhere-dense if and only if for all A € N&“) and all
M € N@ | there is some L € M with (A, L) C Y*.

Remarks. 1. In particular, x-nowhere-dense sets are completely Ramsey.
2. This is good evidence that the topology and the combinatorics are ‘meshing nicely’.

Proof. The LHS of the ‘iff’ says that inside (A4, M)“ there is some (B, L)’ missing Y,
while the RHS says that inside (A, M)“’ there is some (A4, L)’ missing Y. So it is
immediate that RHS = LHS.

So suppose Y is x-nowhere-dense. Then Y has empty interior, so is also x-nowhere-dense

(sinceY =Y). But Y is completely Ramsey by Theorem 4 and so inside (A, M) there
exists some (A4, L) contained in either Y or (Y))¢. But we cannot have (4, LY cy
as Y is nowhere-dense, so (A, L) C (Y)® C Y as required. O

A subset A of a topological space X is called meagre or of first category if A =], 4,
with each A,, nowhere-dense. For example, any nowhere-dense set is meagre, and Q is meagre
in R, as it’s a countable union of singletons. (So meagre sets can be dense.)

We usually think of meagre sets as being ‘small’: for example, the Baire Category Theorem
states that if X is a non-empty complete metric space then X itself is not meagre.

Next aim. x-meagre sets are completely Ramsey.

Theorem 6. Let Y C N be x-meagre. Then for all A € N and all M € N®| there is
some L € M@ such that (A, L) C Y*. In particular, Y is x-nowhere-dense.

Proof. Suppose we are given A € N« and M € N . Write Y = (J,~; Y,, with each ¥,
*-nowhere-dense.

By Proposition 5, we have M; C M with (A,Ml)(‘”) C Y. Choose z; € M; with
z1 > max A.

By Proposition 5 twice, we have M} C M; with (A, M) C Yy and then My C M}
with (A U {zl},Mg)(w) C YQC. Choose x5 € My with o > x7.

By Proposition 5 four times (once for each subset of {z1,22}), we get M3 C My such

that the sets (A, M3)“, (AU {z1}, M3)“, (AU {2}, M3) and (AU {x1, 22}, M3)“’
are each contained in Y3'. Keep going.

We obtain M D My D My D --- and maxA < z1 < o < ... with z,, € M, for all
n and (AU F, M,)” Cc Y for all F C {x1,... ,_1}. Then (A, {x1,20,... 1) CY;°
for all n and so (A, {z1,22,... ) Cc Y°.

A set Y in a topological space X is a Baire set, or has the property of Baire, if Y = OAM
for some open O and meagre M. We can think of Y as being ‘nearly open’.

Examples. 1. Any open set Y is Baire.

2. Any closed set Y is Baire, since Y = int Y A(Y—int Y'), and Y—int Y is nowhere-dense
as it is closed and contains no (non-empty) open set.

25



The Baire sets form a o-algebra: they are closed under taking complements and countable
unions. Indeed:

e If Y is Baire, write Y = O A M for some open O and meagre M. Then O€ is closed
and so by example 2 above is O’ A M’ for some open O’ and meagre M’. So we have
Ye=0°AM= (0 AM)YAM=0 A (M AM),soY¢is Baire.

o If the sets Y1, Ys, ... are Baire, say with Y,, = O,, A M,, for some open O,, and meagre
M, then their union (J7—, Y, = (Uy—; On) A M for some M C o, M,. Clearly

n=1
UO,, is open and M is meagre, and so |J,—, Y, is Baire.

So we can think of Baire as being ‘a bit like measurable’.

Theorem 7. Let Y C N . Then is completely Ramsey if and only if it is x-Baire.

Proof. (<) Suppose Y is x-Baire, so Y = W A Z with W open and Z meagre. Given
A € N9 M € N@ | we have L C M with (A, L)’ contained in either W or W¢°
(as W is completely Ramsey, by Theorem 4), and N € L“ with (4, N)” ¢ zZ¢ (by
Theorem 6).

So either (A, N)’ c WnNnZ¢CY,or (A, N)“ cWenZ¢CY*® and Y is completely
Ramsey as required.

(=) Suppose conversely that Y is completely Ramsey. Write Y = intY A (Y —intY).

So it will be sufficient for us to show that Y—int Y is x-nowhere-dense. Given any basic

open set (A, M)“, we have L € M with (A, L) contained in either Y or Y.

If (A1) C Y then (A, L) is disjoint from Y —intY (as (A, L) is open).

If (A, L) C Y then clearly (A, L) is disjoint from Y —int Y.

So Y is x-Baire, as required. O
Note. Without Theorem 6, the above would show that Y is completely Ramsey if and only

if Y is the symmetric difference of a x-open set and a x-nowhere-dense set. But then

we would not know that the completely Ramsey sets form a o-algebra.

Corollary 8. Let Y ¢ N If Y is 7-Borel then Y is Ramsey.

The Borel sets are the o-algebra generated by the open sets. We noted above that open
sets are Baire, and it follows that any Borel set is Baire.

Proof. x-Baire sets are Ramsey (as they are completely Ramsey), so certainly *-Borel sets
are Ramsey, so certainly the 7-Borel sets are Ramsey. ([

Example. 2-colour N by giving M colour RED if ) _,,1/7" € Q, and BLUE otherwise.
This is a 7-Borel colouring (easy check), so there exists an infinite M with M’ red or

M® blue. In fact, can check that red is impossible (as Q is only countable), so there

exists an infinite M such that for every L C M, >, 1/7" is irrational.
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Lent 2010 RAMSEY THEORY - EXAMPLES 1 IBL

1. How many combinatorial lines are there in [m|™?
2. Show that HJ(2, k) = k for all k.

3. Let A be an infinite subset of the plane, with no three points of A collinear. Prove that
A contains an infinite subset B such that no point of B is a convex combination of other

points of B.

4. Let ¢ be a 2-colouring of the finite subsets of N. Must there exist an infinite M C N

such that, for each r, the colouring ¢ is constant on M ("?
5. Prove that {0,1}" (with the product topology) is compact.

6. By mirroring the proof of van der Waerden’s theorem for arithmetic progres-
sions of length 3, show that whenever N? is finitely coloured there exist a,b,r
such that the set {(a,b),(a+7,b),(a,b+r)} is monochromatic. Deduce by a prod-
uct argument that whenever N? is 2-coloured there exist a,b,r such that the square
{(a,b), (a+1b),(a,b+1),(a+r,b+r)} is monochromatic. Give an explicit n such that

whenever [n]? is 2-coloured there exists a monochromatic square.

7. Show that for every m there is an n with the following property: whenever [n](®) is

2-coloured there exists a monochromatic set M of size at least m satisfying |M| > min M.

8. Let A be a subset of N such that, whenever A is finitely coloured, there is a monochro-
matic arithmetic progression of length m. Must A contain an arithmetic progression of

length m + 17

+9. Let A be an uncountable set, and let A®) be 2-coloured. Must there exist an uncount-

able monochromatic set in A?

10. Let ¢ be a colouring of N using (possibly) infinitely many colours. Prove that, for
every m, there is an arithmetic progression of length m on which c¢ is either constant or

injective.



Lent 2010 RAMSEY THEORY - EXAMPLES 2 IBL

1. For which a,b € Q is the matrix

1 0 0 -1 1
1 -1 0 1 0
1 a 1 -1 b

partition regular?

2. Deduce from Ramsey’s theorem that whenever N is finitely coloured there exist z,y, z

with {z,y, z,x + y,y + 2z, + y + 2z} monochromatic.

3. Verify directly that the matrix corresponding to the Finite Sums theorem has the

columns property.

4. A rational matrix A is called partition regular over Z (resp. Q) if whenever Z — {0}
(resp. Q — {0}) is finitely coloured there is a monochromatic vector x with Az = 0. Show
that A is partition regular over Z if and only if it is partition regular over N. If A is

partition regular over Q, must it be partition regular over N?

5. For each k € N, construct a rational matrix A such that A is not partition regular but,

whenever N is k-coloured, there is a monochromatic vector = with Ax = 0.

6. For each m € N, prove that whenever the collection of finite non-empty subsets of N is
finitely coloured there exist disjoint Fi,. .., Fy, with {{U,c; F; : 0 # I C [m]} monochro-

matic.
7. Do the partition regular subsets of N form an ultrafilter?

8. Show that the sequence of principal ultrafilters 1,2,... in SN has no convergent subse-

quence. Is the topology on SN induced by a metric?
9. Prove that SN — N is not separable.

10. Show that if U, Uy, Us, ..., U, are distinct ultrafilters on N then we can find A € U
such that A &€ U; for all . Show also that if U, U;,Us, . . . are distinct ultrafilters on N then
there need not exist A € U such that A € U; for all i. What happens if we insist that each

U; is non-principal?

T11. How many ultrafilters are there on N?



Lent 2010 RAMSEY THEORY - EXAMPLES 3 IBL

1. Let Y = {M e N@) : no two members of M are coprime}. Which M € N®) accept
{3}? Which M reject {3}7 Which M reject {6}?

2. Construct a set Y  N®) such that the finite sets rejected by N are precisely @) and all

sets of the form {m,m +1,...,n}, m <n.

3. Let E be the set of even numbers and let P be the set of prime numbers. Show
that the set {M € N : [M N E| =00, |[MNP|< oo} is not x-open, but is a countable

intersection of *-open sets.

4. Let f1, fo,... : T — C be bounded complex-valued functions on a set 7. For any
bounded f : T — C, write || f|| for sup{|f(t)| : ¢t € T'}. Show that there is a subsequence
(fn;)ieq of (fi);=, such that either for every subsequence (fm,)ieq Of (fn;)i;eq We have
limsupy, o0 | frma + -+ + fme || = 1 or for every subsequence (fi,,)i—q of (fn;);=; We have

limsup,_, oo || frn, + -+« + fne |l < 1.

5. Prove that the operation + on AN is not commutative.

6. Prove that whenever the collection of finite non-empty subsets of N is finitely coloured
there exist disjoint Fy, Fy, ... with {U,c; Fi : 0 # 1 C N, I finite } monochromatic.

7. Do the Ramsey subsets of N() form a o-algebra?
8. Is the *-topology on N induced by a metric?

9. Show that whenever N is finitely coloured there exist sets Si, So, ..., with each S; an

arithmetic progression of length ¢, such that the set

{Zml ) I C N, I finite, xiESiforalliEI}

el

is monochromatic.



