Perturbation Methods 1: Algebraic Equaltions]L

1.1 Regular expansions and iteration .

Consider
> +ex—1=0. (1.1)
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If |e] < 2, then can expand in a convergent series:
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Since the series is convergent, for |¢| < 2 we can increase the accuracy by taking more
terms. We have

SOLVED THE EQUATION and then APPROXIMATED THE SOLUTION

However, we cannot always solve the equation exactly, so can we

APPROXIMATE then SOLVE THE EQUATION?

Iterative Method (liked by Pure Mathematicians)
Tnt1 = G(Tn)
Suppose z, = z* + §, where z* = g(a:*).. Then by Taylor Series
St = o' (2™) 8 +O (531) .
If we have a good guess, so that |d,| is small, this is convergent if
lg'(z")f < 1.

Rearrange (1.1):

P =1—cx.

t Corrections and suggestions can be emailed to me at P.H.Haynes@damtp.cam.ac.uk.
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~ For the root near z = 1 try
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Hard work for the higher terms — also, how many terms are correct?

Expansion Method

For ¢ = 0, the roots are x = £1. For the root near x =1 try
z(e) =14exy Lgtmy 4ty oo
Substitute into equation (1.1):
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Equate powers of ¢:
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g* i 223 + 2122 + 12 =0 . z3 =0

Easier than the iterative method for higher terms, but you need to guess the expansion
correctly.

1.2 Singular Perturbations and Rescaling

Consider
ext+z—-1=0. (1.2)

=10 : one solution
=10 - two solutions
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The limit process ¢ — 0 is said to be singular.
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Exact solution:
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Expansion for |¢| < :

3

1—¢e+2e% -5 +---

¥
—=—1+e—-2e%+---
&

The singular (i.e. extra) root — oo as € — 0.

Iterative method

(a) For the non-singular root try

Tp41 — 1"“&"[:3! .

(b) For the singular root, we need to keep the ‘cz?’ term as a major player.

leading order approximation is
ezl +z=0;

so try rearranging (1.2) to
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Exercise: Confirm (1.3) by iteration.
Note that in (b)
w1 =g(en),  where  glz) =+
Tnt1 = g(xn) , where glz) = "k
Hence
1 1 .
g (z) = — = 5 g'(——)’———5<1 if 0<ex<l.
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Expansion method

For one root try
T =29 + €21 +€2$2 g G

and for the other try

T—1
= +To+Ex1 4
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Substitute (1.4b) into (1.2):
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Rescaling before expansion
How do you decide on the expansion if you do not know the solution?
Seek rescaling[s] to convert the singular equation into a regular equation. Try

= §(e)X

need to choose suitable § i

N strictly order ‘unity’; say X = ord(1).

(1.2) becomes
e X2 +6X-1=0.

Consider the possibilities for different choices of § (|g| < 1):

d << 1 small 4+ small — il = 0 -

8 = I small + X — 1 = & regular root
1€k % H;—Si = small + X 4+ smal = 0 *

(since X = ord(1))

§=1: I‘Jﬂ = X? 4 X 4+ smal = 0 singular root

é > %: lé?zs = X? 4 smal 4+ small = 0 b
The distinguished choices are therefore:
g = 1s €X2+X— = () : X:JY0+EJY]+€2X2+--‘
5:%: Ko e : X=Xo+eXs 4+ X+ ...






