Perturbation Methods 1: Algebraic Equaltions]L

1.1 Regular expansions and iteration .

Consider
> +ex—1=0. (1.1)

1 1,)\2
:c_—gs:t(l—ki\e) .

If |e] < 2, then can expand in a convergent series:

Exact solution:

1 1 1
1—§E+—62——€4—|—"'

3 T 128
€T =
o1, 1,
Yt T Lo
5~ g% Tt T

Since the series is convergent, for |¢| < 2 we can increase the accuracy by taking more
terms. We have

SOLVED THE EQUATION and then APPROXIMATED THE SOLUTION

However, we cannot always solve the equation exactly, so can we

APPROXIMATE then SOLVE THE EQUATION?

Iterative Method (liked by Pure Mathematicians)
Tnt1 = G(Tn)
Suppose z, = z* + §, where z* = g(a:*).. Then by Taylor Series
St = o' (2™) 8 +O (531) .
If we have a good guess, so that |d,| is small, this is convergent if
lg'(z")f < 1.

Rearrange (1.1):

P =1—cx.

t Corrections and suggestions can be emailed to me at P.H.Haynes@damtp.cam.ac.uk.
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~ For the root near z = 1 try

wa=

Tpni41 = (l —= 6.’En)

Zo=1

Hard work for the higher terms — also, how many terms are correct?

Expansion Method

For ¢ = 0, the roots are x = £1. For the root near x =1 try
z(e) =14exy Lgtmy 4ty oo
Substitute into equation (1.1):

142z + 2e%2y + €222 + 26323 + 2edz1ag + - -
+e 4ty + 324 SRR
-, | =0

Equate powers of ¢:

&R 1-1 =0

1. 9 1 = —_1

S ._.CL']_+ = 3 r = 2
1

g” 1 ng—i-:cf-l—:cl =0 R Ty = 3

g* i 223 + 2122 + 12 =0 . z3 =0

Easier than the iterative method for higher terms, but you need to guess the expansion
correctly.

1.2 Singular Perturbations and Rescaling

Consider
ext+z—-1=0. (1.2)

=10 : one solution
=10 - two solutions

m O
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The limit process ¢ — 0 is said to be singular.

[SIE

-1+ (14 4e):

Exact solution:
2e

Expansion for |¢| < :

3

1—¢e+2e% -5 +---

¥
—=—1+e—-2e%+---
&

The singular (i.e. extra) root — oo as € — 0.

Iterative method

(a) For the non-singular root try

Tp41 — 1"“&"[:3! .

(b) For the singular root, we need to keep the ‘cz?’ term as a major player.

leading order approximation is
ezl +z=0;

so try rearranging (1.2) to

1 1
T, & gy ===
€ Eln
Exercise: Confirm (1.3) by iteration.
Note that in (b)
w1 =g(en),  where  glz) =+
Tnt1 = g(xn) , where glz) = "k
Hence
1 1 .
g (z) = — = 5 g'(——)’———5<1 if 0<ex<l.
ET E

Expansion method

For one root try
T =29 + €21 +€2$2 g G

and for the other try

T—1
= +To+Ex1 4

3

(1.3a)

(1.35)

The



Substitute (1.4b) into (1.2):

2
ol
=L 42z 1%0 +¢ (2 +2z_121) + -+~

+= 4+ wo+t exy + -
- 1 =1
gL s 2,4z =0 ; < — 0 . =
e (2$_1+1)$0 -1 = : To = 1 . —1
E 3:3 +2z_qx1 4+ = : Ty = -1 4 1
T T
(1.3a) (1.3b)

Rescaling before expansion
How do you decide on the expansion if you do not know the solution?
Seek rescaling[s] to convert the singular equation into a regular equation. Try

= §(e)X

need to choose suitable § i

N strictly order ‘unity’; say X = ord(1).

(1.2) becomes
e X2 +6X-1=0.

Consider the possibilities for different choices of § (|g| < 1):

d << 1 small 4+ small — il = 0 -

8 = I small + X — 1 = & regular root
1€k % H;—Si = small + X 4+ smal = 0 *

(since X = ord(1))

§=1: I‘Jﬂ = X? 4 X 4+ smal = 0 singular root

é > %: lé?zs = X? 4 smal 4+ small = 0 b
The distinguished choices are therefore:
g = 1s €X2+X— = () : X:JY0+EJY]+€2X2+--‘
5:%: Ko e : X=Xo+eXs 4+ X+ ...



1.3 Non Integral Powers

Inter alia, double roots can cause problems. Consider
(1-¢g)z®-2z4+1=0. (1.5)
When ¢ = 0, there is a double root at z = 1. Try an expansion:

;c=1+sml+52:c2+...

then
1 -k 25.’1!1 +62 (2.1‘2-!—.’12‘%) +
— e —¢e*(22)
— 2 — 2exy — 2%xy + =
+ 1 =0
g0 1-241 =0
el 201 —1—-22; =0 *
We need ‘cz;’ to be larger.
14 et
Exact solution: 5= li o}
—f

We should have expanded in powers of £2:

b
r:l—i—eiré—i—ewl—i—s r%Jr--
1
1 + 2%z + 2e71 + ex}
]
—~ 9 25%1% — 2z,
+ 1 =0
gY 1—-24+1 =1
b5 . .
£2 : 2:1:% — 2:::% = () no information
B 2e14+ 23 —1-22; =0 zy =1
2

We must work to O(e) to obtain the solution to O(e2).
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From the original equation

(x —1)% = ez?,

we see that a change in the ordinate by ord(e) changes the position of the root by
ord(e%).

YA

~ 9* f!")“

o \ ‘r-f\u

Y o)

1\3:111

In general we must derive (guess) the expansion required, e.g. try

z(€) = 1+ dyle) &1 +02(8) g +~ -
1386 >60>-
Ty = grd{1).

Substitute into (1.5):

1+261$1+252{I‘2+ +(5%I’% + - +25162’I}1$2+

—€ — 2eh 114+ -+
-2 — 2(5111 —252$2 + .-
+1 =0
The leading order terms are 6222 and —e.
Hence take § = 5%@1

allow z1 to absorb any multiple roots.

Exercise: Show that the choices 62 > ¢, or §? < ¢, lead to a *.

Cancelling off these two terms, the leading-order terms become

261(521.'1;172 and = 28511’1 .

Repeating the argument = §; = ¢ (and z, = 1).

6



1.4 Logarithms

Solve

we™" =€ . (1.6)

One root is close to & = ¢, the other root is between

and

1
x-——lng (ze™® =¢elni >¢)
! - 21, 1
o =2~ (ze™® = 2e°In ¢ < ¢, for € small).
- c

Note: doubling z reduces the e™* factor by an order of magnitude.

The expansion method is unclear, so try the iteration scheme.

Consider a rearrangement that emphasises the e™* factor:

so try

Then

e =

M| =8

1
Tnt1 = log — +logzn .

1
zg = log —
€

1 1
z; = log — + loglog —
L . ¥

L, Lo
o = L1 +log(Ly + La)
=L1+L2+%—2?%+%+---
$3=L1+log(L1+L2+i—j—%+%+..
= I, +L2+%+ ‘%LE; L %L%L}%L%

7
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The iterative method can give more than one term per iteration.

Numerical Disaster Percentage errors for the truncated series:
€ Ll L2 Lg/Ll —L%/QL% LQ/L%
1! 36% 12% 2% 4% 0.03%

10 24% 3% 0.02%  0.04% 0.04%
10~° 19% 1% 0.04% 0.1% 0.001%

~ J

Do not separate terms

like —L2/2L2 & L,/L2.

A very small ¢ is needed before this is tolerable.

Check convergence

Tats = g(en)

1
g(z) = log . + logz

1
g'(x) = =
T
1
’ v o
T

need ¢ very small for |¢'| < 1.



Perturbation Methods 2: Asymptotic Approximations i

2.1 Convergence and asymptoticness

An expansion Y - fa(z) converges for a fixed z if, given ¢ > 0, 3 N(z,¢) s.t.

<E Vm,n>N.

Z fa(2)

Convergent series can be useful analytically, but hopeless in practice. For instance, consider

erf(z) = %/0 e dt .

We know that

S )
e :Z n!
0

is analytic in the entire complex plane. Hence we have uniform convergence on any bounded
part of the plane = we can integrate term by term:

0
‘Lalso has oo radius of convergence

To obtain an accuracy of 1073 we need

8 terms up to z =1
16 terms up to z =
31 terms up to z =
75 terms up to z =5

However, intermediate terms can be large = problems due to round-off error on computers.

An alternative for large z is to proceed as follows. First rewrite the integral:

9 [>®
erf(z) =1 — %/ e~ dt .
™ z

Then integrate by parts:

f Corrections and suggestions can be emailed to me at P.H.Haynes@damtp.cam. ac.uk.
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_(,_ L, 13 135 e-Z""JrR
a 222 1 (222)F  (222)° ) 22

%105 et
H= — dt
/z 16 8
o0 ——-,‘52
& 105 J (we_iz) _ 105 ¢
= 3229 J, 32 29

The series in 271 is divergent (due to the odd factorial in the numerator), but the truncated
series is useful, e.g. 107° accuracy with 3 terms for z = 2.5
2 terms for z = 3.

where

“Pirst term is essentially the answer, while subsequent terms are minor corrections.”

Problem: What if the leading term is not sufficiently accurate (e.g. in reality ¢ is not
sufficiently small)? Adding a few extra terms may help, but there is a limit to the number
of useful extra terms if the series diverges as N — oo at fixed e. It is not sensible to
include extra terms once they stop decreasing in magnitude. By suitable truncation, one
can obtain exponential accuracy (see §3.1 and Q5 on example sheet 1).

2.2 Definitions

The expansion Zév fn(€) is an asymptotic approzimation of f(c) as ¢ = 0, ifVm<N,

>oa fule) = fle)
fm (&)

i.e. the remainder is less than the last included term.

— 0 ase — 0

If we can let N — oo (in principle) then we have an asymptotic ezpansion.

If f, = anc", then we have an asymptotic power series; however we frequently need more
; : ; . -1 .
general expansions involving terms like £, (Inl) ', etc. We write these as
N

> andne) (2.1)

n=0



where the §, form an asymptotic sequence:

571—}—1
Jn

Note that sometimes we need to restrict to one sector of the complex ¢ plane to keep the
0, single valued.

— 0 ase — 0.

Often ¢ is real and positive. A useful set of asymptotic functions are then Hardy’s
logarithm—exponential functions obtained by a finite number of +, —, *, /,exp & log oper-
ations, with all intermediate quantities real.

This class has the property that it can be ordered, i.e. either f(¢) = o(g(¢)), or g(e) =

o(f(e)) or f(e) = ord(g(e)).

2.3 Uniqueness and manipulation

If f can be expanded asymptotically for a given asymptotic sequence, then the expansion
is unique. For if the expansion exists it has the form

f(e) ~ ) andale) ,

and o)
. FlE
S o So(€)
n—1
ety { OB ).
£—0 511

However, a single function can have different asymptotic expansions for different sequences:

tan(e) R
an(e) ~ e+ =¢° + —
3 T 15°

b g 3, .
~ sine + 5(51ns)3 - 3 (sms)5 4.

=

ﬁ h\/§ 31 h\/§ ’
~ £ COS §5+% £ COS ge e

Part of the ‘art’ of obtaining an effective asymptotic solution is choosing the most appro-
priate asymptotic sequence.

Worse: two functions can have the same asymptotic expansion:

>x
expe~ Y
0
1 oo
exp6+exp(—g)~2—’ as € (0.
0

3

|(T|
3

ase —= 0

2

3| ™



4 a2 Logd . . €
Exercise: Does f = 2% +e™* (1-sin#) have an asymptotic expansion as £ — 007

Asymptotic expansions can be added, multiplied and divided to produce asymptotic ex-
pansions for the sum, product and quotient (if necessary one may need to enlarge the
asymptotic sequence).

If appropriate, one can try to substitute an asymptotic expansion into another — but care
is needed, e.g. if

then

F(2(e)) = exp [-1- +2+£2]

4
~e1/€2e2{1+52+%+---} ;

but if we just work to leading order
1

e

€
f(z) # €1
Tnrliss"mg e?; the leading-order approximation in z is
inadequate for the leading-order approximation in f(z).

Integration w.r.t. € of asymptotic expansions is allowed term by term producing the correct
result.

Differentiation is not allowed in principle because O and o estimates do not survive differ-
entiation. For instance:

(a)

f:e”z:(’)(l) as r — o0

d .

4 = iz’ = O(z) as & — 00

=

(b)
2 2
f=l—i—e'1/JC sin(elfx)wl—i—--- asz — 0

df _ 2 1/2* 2 —1/2% _: 1/z2
e —k—:c—g cos (e )J+m—3€. sin (e )

No asymptotic expansion as  — 0.
However: (i) If f/(z) exists and is integrable, and Flz) ZnNzo anx™ as z — 0, then

oo
i~ E napz™ as z — 0.
n=1

4



(11) If f(z) is analytic in 6; < argz < 6, 0 < |z| < R and

waanz" as z — 0 (6 <argz < 6;)

n=0
then

o0
i~ Z na,z" ! as z = 0 (0; <argz < 6,).
n=1

(iii) There are lots more special cases. For instance

e Asymptotic expansions of solutions to differential equations. Suppose that y is the
solution to

yﬂ _*_ qy = O (*)
where ¢ has an asymptotic expansion as z — 0.

Assume y has an asymptotic expansion as @ — 0;

then from (%) y” has an asymptotic expansion (multiplication OK)
thus y’ has an asymptotic expansion (integration OK)
thus y has an asymptotic expansion (integration OK)

Hence if y has an asymptotic expansion, the equation ensures that its differentials
have asymptotic expansions (the proof that y has an asymptotic expansion is often
tricky).

2.4 Parametric Expansions

For functions of 2 (or more) variables, e.g. f(z,¢) (as might arise in solutions to pdes,
etc.), we make the obvious generalisation of (2.1) to allow the a, to be functions of z:

N

flz,e) ~ Z an(z)d,(g) as € — 0. (

n=0

)
)

If the approximation is asymptotic as € — 0 for each z, then it is called a Poincaré/classical
asymptotic expansion.

The above pointwise asymptoticness may not be uniform in z, e.g. it may require ¢ < x
(restrictive as ¢ — 0). Such problems sometimes need a further extension:

f(z,6) ~Y " an(z,)dn(c) o (23)

e.g anlz;€) = by (£).

Uniqueness extends to (2.2), but not to (2.3), etc.
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2.5 Stokes Phenomena in the Complex Plane

If a power series is asymptotic to a single valued function as z — zo in a 27 disk about
2 = 2o, and if zo is at worst an isolated singularity, then the series is a Taylor series. Thus
if an asyvmptotic power series is divergent, it can only be valid in a sector of angle < 2m.
Hence a single function may possess several asymptotic expansions, each restricted to a
different sector: the Stokes phenomenon.
E.g.

e

Tz

One can extend this approximation into the complex plane as long as the contour for

20 2
f et dt
z

— 0 as z — oo. Hence

erfz ~1— as z — 00, z real .

is kept in the sector where e

.2
62

Tz

erffz ~1-— as z = oo, |arg z| < 7/4.
But erf is an odd function, so

e

Jrz

For n/4 < argz < 3r/4 use erf z = % s e~ dt to find that

erfz ~ —1— as z —+ 00, 37 /4 < |arg z| < 57w /4.

i
eZ

Jrz

erf is analytic everywhere, but there is a non-analytic essential singularity at co.

erf z ~ — as z — 0o, T/4 < |arg z| < 3m/4.

Terminology.

e The line where a term that is subdominant in one sector becomes comparable with a
term that is dominant in that sector, is called an anti-Stokes line by some (e.g. Stokes
and modern trendies), and a Stokes lines by others (e.g. Bender & Orszag). In the case
above the anti-Stokes lines are at

argz = (2n + 1)m/4 .
e The lines where the leading behaviours of the two terms are most unequal are called

Stokes line by some (e.g. Stokes and modern trendies), and a anti-Stokes lines by others
(e.g. Bender & Orszag). In the case above the Stokes lines are at

args =ar/d .

Stokes lines are important since the coefficient of the subdominant term can jump at
them.






