MODULAR FORMS 1
REB 1997

Reminder: the questions on the final exam will be based on example sheet questions.
Some of the questions need facts which have been stated but not yet proved in lectures.

. Define the complex projective line P*(C) to be the set of pairs (w; : ws) with wq, w2
complex numbers not both 0, modulo multiplication by nonzero complex numbers A
(so (wy : we) = (Awy, Awz)). Show that P}(C) can be identified with the set of lines
through 0 in C?. Show that the action of SLy(C) on C? gives an action on P(C)
(identified with a set of lines in C?) by (22) (wy : w2) = (awy +bws : cwy +dws). Show
that P*(C) can be identified with C'Uco by mapping (w; : wy) to wy /w,. Show that
this induces an action of SL2(C) on C U oo given by (“0)(7) = (ar + b)/(cr + d) for
7 € C'Uco. Show that this restricts to an action of SLy(R) on the upper half plane
H, given by the same formula.

. Show that S((ar+b)/(cr+d)) = det (20 |cr+d|~2S() for (%) € GLy(R) (where ()
is the imaginary part of 7). (So 3(7) is some sort of “non holomorphic modular form”.)
Deduce that if w;, w9 is an oriented base for a lattice L then aw; + bws, cw; + dws for
(22,) € GLy(Z) is oriented if and only if (‘c’g) € SLa(Z). Show that I(7) is the area of a
fundamental domain of the lattice spanned by 1 and 7. Show that (non holomorphic)
functions f on H with f((a7 + b)/(cT +d)) = |eT + dl’“'ﬁvo'r (22) € SLy(Z) can be
identified with functions of lattices that are invariant under rotation and are real
homogeneous of degree —k. Show that the area of a fundamental domain of a lattice
is such a function (with k = —2).

. Define an action f — f|p of SLy(R) on functions on the upper half plane by
f|(a3)(7—) = (er +d)~*f((ar + b)/(cTt + d)). Check that flyn = (f|m)|n. Show
that modular forms of weight k are fixed by this action.

. Given that the space of modular forms of weight 8 is one dimensional and that
E4(t) = 1+ 240 03(n)q" and Eg(r) = 1+ 4803, o7(n)q™ are modular forms
of weights 4 and 8, prove that E4(r)? = Eg and deduce that o;(n) = o3(n) +
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. The Eg lattice is defined to be the lattice of vectors (z1,...,zs) such that the sum of
the z;’s is even, and either they are all integers or they are all integers +1/2. Check
that this is a unimodular lattice such that the norm (v, v) of every vector v is even.
(Unimodular means that the volume of a fundamental domain is 1.) Calculate the
number of vectors of the Fg lattice of norms 2 and 4 in two ways, either by counting
them explicitly, or by writing the theta function of the lattice in terms of Eisenstein
series Ey. (Recall that its theta function ) o ¢¥)/2 is a modular form of weight 4,
and the space of modular forms of weight 4 is 1-dimensional and spanned by Ey4(7).)
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