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Course description

The theory of local fields was introduced by Hensel in the early 1900’s as an alternative
approach to algebraic number theory. The basic idea is to consider the completions of a
number field K at all absolute values, not just the ones arising from the embeddings of K
into the reals or complexes. One can then borrow techniques from analysis to study K and
its finite extensions in a way that focuses on their behaviour at just one prime. For instance
the analogue of the Newton-Raphson method for root finding goes by the name of Hensel’s
lemma.

Nowadays, local fields have established themselves as a natural tool in many areas of number
theory and also in subjects like representation theory, algebraic topology and arithmetic
geometry (e.g. elliptic curves). So this course is likely to be useful for those taking the
“Class Field Theory” and “Elliptic Curves” courses.

The course will begin by introducing the field of p-adic numbers Q, (where p is a prime).
This is the completion of the field of rational numbers Q with respect to the p-adic absolute
value defined for non-zero x € Q by |z|, = 1/p™ where z = p"a/b with p not dividing a
or b. Topics to be covered will then include: absolute values on fields, valuations, complete
fields and their extensions, the different and discriminant, decomposition groups, inverse
limits, Hensel’s lemma and ramification theory. If time permits, then possible further topics
include: Skolem’s method, local class field theory (statements only), the Hilbert norm residue
symbol, and the Hasse-Minkowski theorem.

Pre-requisite Mathematics

Basic algebra up to and including Galois theory is essential. It will be assumed students have
been to a first course in algebraic number fields.

Literature

1. JJW.S. Cassels, Local fields, CUP, 1986.

2. G.J. Janusz, Algebraic number fields, AMS, 1996.
3. N. Koblitz, p-adic numbers, p-adic analysis and zeta-functions, Springer, 1977.
4. J. Neukirch, Algebraic number theory, Springer, 1999.

t

. J.-P. Serre, A course in arithmetic, Springer, 1973.

6. J.-P. Serre, Local fields, Springer, 1979.



1 : Introduction to p-adic numbers

Definition 1.1. An absolute value on a field K is a function |- | : K — R such that
(i) |x| = 0, with equality iff =0
(i) |zy| = |z||y| for all z,y € K
(ili) |z +y| <|z|+ |y| for all z,y € K.

Examples. K = Q,R,C, with |a + ib| = va? + b% — “usual absolute value”.

Remarks. (i) If 2” = 1 then |z| = 1. In particular, finite fields have only the trivial
absolute value.

(ii) We have |1| =|—1] =1, and so |z| = | — 2| for all z.

A valued field (K, |-|) becomes a metric space by d(z,y) = |x — y|, and so a topological space
— i.e., open sets are unions of open balls B(z,r) = {y € K : |z — y| <r}.

Exercise. +,x : K x K — K and |- | : K — R are continuous
Example. K =Q, p a prime, 0 < o < 1.
For z € Q*, the p-adic valuation is v,(z) = r, where © = p" %, with u,v € Z, ptu,v.

v (@) if g £ 0
0 ife=0"

The p-adic absolute value is {
Note: usually choose o = 1/p.
Checking axioms: (i) is clear
(ii) use that v,(zy) = vp(x) + vp(y)
(i) use that vy (z + y) = min(vy(x), vp(y)).
In fact, we get (i)’ |z + y[, < max(|z|y, |y,)-

This is the ultrametric inequality, |z + y| < max(|z|, |y]).

Definition. An absolute value is non-archimedean if it satisfies the ultrametric inequality.
Otherwise, it is archimedean.

Remark. Let R be any ring. Then there exists a unique ring homomorphism Z — R.

Lemma 1.2. || is non-archimedean <= |n| is bounded for all n € Z.
Proof. (=). Since |n| = | —n|, we may assume n > 1. And |n|=|1+...+1| <1
-
n copies

(«<). Suppose |n| < B for all n € Z. Let z,y € K. Then

5(0)r

r=0

[z +y|" = < (m+1) B max(|2], [y[)"™.

Then take roots: 1
[z 4yl < ((m+1)B)"" max(|z], |y|)
—_———

—1 as m—oo



Corollary. If char(K) > 0, then all absolute values on K are non-archimedean (as Z — R
has finite and thus bounded image).

Example 1. K=Q,p=5,|-|=]"]5.
Define the sequence: a; = 3, as = 33, az = 333, aqs = 3333, ...

We have a,,, = a,, (mod 57) for all m > n, so |a;, — ap| < 57" for all m > n. So this
is a Cauchy sequence.

But a, = (10" — 1), and s0 |an, + 3| =5"" — 0 as n — o0. Le., ap, — —5 wr.t. |- |s.

Slogan. a number is p-adically small if it is divisible by a large power of p.

Example 2. We construct a sequence of integers a,, such that for all n > 1,

a? +1 0 (mod 5™)
A1 an (mod 5™) (%)

Take a; = 2. Suppose that a, is already chosen, and write a2 4+ 1 = 5"¢, some ¢ € Z.
Then

(an +05")2 +1 = a® +1+2-5%,b+ 52" = 5"(c+2a,b) (mod 5"™1).
We pick b € Z so that ¢+ 2a,b =0 (mod 5). This is possible, since (2a,,5) = 1.

Then take a,+1 = a, + 5".
(x) implies that (a,) is Cauchy. Suppose a,, — £, some ¢ € Q.
Then [2 + 1] < |a? + 1] + a2 — %] - 0 asn — oo. So 2 = —1.
So this shows that (Q, |- |5) is not complete.
Definition 1.3. The field of p-adic numbers, Q,, is the completion of Q w.r.t. |- |,.

Note. +, X, ||, on Q extend by continuity to +, X, |- |, on Q,. Easy to check that (Qy, |- |p)
is a non-archimedean valued field.

Definition 1.4. The ring of p-adic integers is Z, = {x € Q, : |z|, < 1}. (This is
closed under addition by the ultrametric inequality. Being a closed subset of Q,, it is
complete.)

Lemma 1.5. Z is dense in Z,. (In particular, Z, is the completion of Z w.r.t. |- |,.)

Proof. Q is dense in Q,. And Z, is open in Q, (by the ultrametric inequality: = € Z,,
YEQp [z —ylp<l=lyp <1=yeZ).

So QN Z, is dense in Zy,.

But QNZ, ={rcQ:|z|, <1} ={$ €Q:a,bc Z,p{b} = Z,. (Localisation in the
sense of commutative algebra.)

Let § € Zy, i.e. a,b € Z, p{b. For each n > 1, pick y, € Z such that by, =1

(mod p™). Then by, — 1 as n — o0, 50 ay, — § as n — oo.

So Z is dense in Z,), which is dense in Z,,. O



Global situation Local situation

K Q) < 0 [K 5 Q) < oo
Ok = integral closure of Z in K Ok = integral closure of Z, in K
Ok need not be a UFD Ok is always a UFD (in fact a DVR,
(e.g. K =Q(v/-5), Ok =Z[/-5]) i.e. a PID with just one prime)

Let K be a number field, p € Ok a prime ideal, and 0 < o < 1. For z € K*, let vy(x) =
power of p in the prime factorisation of (z) as fractional ideals.

av (@) if g £ 0

0 fr—0 This gives an absolute value on K.

Define |z|, = {

For suitable «, this extends | - |, on Q,, where p N Z = pZ.
K, is the completion of K w.r.t |- |,.

Remarks/Facts. (i) [K, : Q,] < co. (Proof later.)

(ii) Every finite extension of Q, arises as the completion of some number field. (Proof
later.)

(iii) In Example 2 we showed i = v/—1 € Q5. (See Hensel’s Lemma later.) This is
related to the fact that p = 5 splits in K = Q(i), i.e. (p) = p1p2 in O = Z[i].

Lemma 1.6. Let |- |; and |- |2 be non-trivial absolute values on a field K. The following
are equivalent:
(i) |- |1 and | - |2 induce the same topology
(ii) |21 <1 <= Jzla <1
(iii) |z|2 = |z|§ for some fixed ¢ > 0.

If these conditions hold then |- |; and |- |2 are equivalent.

Proof.

(i) = @{). |21 <1 <= 2" = 0wrt. |- |1 <= 2" > 0wrt. |-|2 <= |z|2 < 1.
(ii) = (iii). Pick a € K* with |a|; < 1 (possible since | - |1 is non-trivial).
Let x € K*, let m,n € Z with n > 0.
loglz|ly _ m

>— <= nlog|zly <mloglal;
loglaly = n

x
<~ — <1
a™ |y
xn
<~ — <1
a g
log |72

m
> — t <1
log |ala n (note |al; )

log|z|;  loglz|s

But 2 € Q was arbitrary, so = .
loglal;  loglal2

Hence log |z|2 = ¢ log |z|; for some fixed ¢ > 0, and so |z|s = |z|S.

(iii) = (i). Clear. O



Remark. The square of the usual absolute value | - |o on R or C is not an absolute value
by our definition. Some authors replace the triangle inequality by the requirement

|z 4+ y|? < |z|® + |y|? for some fixed 8 > 0.

Theorem 1.7 (Ostrowski). Any non-trivial absolute value |- | on Q is equivalent to either
| |oo Or |- |p for some prime p > 0.

Proof. Case 1: || is archimedean.

Let a,b > 1 be integers. Write b" in base a: b = ¢,,a™ + Cn_1a™ ' + ...+ cra + co,
with 0 < ¢; < a and m < log, b. Let B = max{|c|: 0 < ¢ < a}. Then

[b"] < (m + 1)B max(|a|™,1)
= |b| < ((nlog, b+ 1)B) Y™ max (Jaf'*z",1)

—1 as n—oo
= |b] < max (|a|1°ga b, 1) (%
Since | - | is archimedean, we can pick b > 1 with |b| > 1.
Then (%) implies that |a| > 1 and |b] < |a|'8«® (1)
Swapping roles of a and b in () gives |a| < [b['°%¢ (1)

log|a]  log|b]

Th d (1) imply that
en (t) and (f) imply tha oga ~ Togh

= )\, say.

Then |a| =a* foralla € Z,a > 1. So |- | ~ |+ |oe-

Case 2 : | - | is non-archimedean.

The ultrametric law implies that |n| < 1 for all n € Z. Now, | -| is non-trivial, so there
exists n € Z such that n > 1 and |n| < 1. Write n = p{*...p% with p; primes.

We deduce that |p| < 1 for some prime p. Suppose that |p| < 1 and |¢| < 1 for distinct
primes p, q. Write 1 = rp + sq for some r, s € Z.

Then 1 = [rp + sq| < max(|rpl, [sq|) < max(|p|,[q) < 1. }

Therefore |p| = a, some o < 1, and |g| = 1 for all primes ¢ # p.

Hence | -| ~ |- |, as required. O
Definition. An equivalence class of non-trivial absolute values is called a place.

Corollary 1.8. Let IA(Abe the completion of a number field K w.r.t an archimedean absolute
value |- |. Then K = R or C (isomorphism as topological fields).

In particular, the archimedean places of K correspond to the real embeddings K — R
and the complex conjugate pairs of embedding K — C.

Proof. Theorem 1.7 implies that the restriction of | - | to Q is equivalent to |- |s. Hence
R C K (as the completion of Q under |- |).



Write K = Q(a) (theorem of the primitive element). Then inside K, we have K dense
in R(«), and R(«) = R or C, since these are complete, and using that C is algebraically
closed.

Thus K = R or C. O

Remarks. (i) We should check that the only extension of | - |s on R to C is | - |s itself.

(ii) In fact, R and C are the only complete archimedean fields. See, e.g., Chapter 3 of
Cassels, “Local Fields”.

(iii) The non-archimedean places of a number field K are the | - |, for p C Oy a prime
ideal. (Proof later.)

Theorem 1.9 (Weak approximation). Let |- |1, ..., | - |, be pairwise inequivalent non-

trivial absolute values on a field K. Given f34,..., 0, € K and € > 0, there exists a € K
such that |a — 3;]; < e for all 4.

Proof. We show by induction on n that there exist yi,...,y, € K such that |y;|; > 1 and

|yi|j < 1 for all ¢ 7&]
Case n = 2.

Swapping | - |1 and | - |2 if necessary, Lemma 1.6 shows there exists w € K such that
|wl; < 1 and |w|z| > 1. Since |- |2 is non-trivial, there exists z € K with |z|2 > 1.

Taking y = w" z for r sufficiently large gives |y|; < 1 and |y|2 > 1. Then put y; = 1/y
and y2 = y.

Induction step.

Suppose we have y € K with |y[1 > 1 and |y|; < 1for j =2,...,n—1. Casen = 2
implies there is t € K such that |t|; and |¢|,, < 1. Then, for sufficiently large r,

Y if Jyl, <1

Y = ’
(117)15 if Jyln > 1

satisfies |y1]1 > 1 and |yi|; < 1forall j =2,...,n.

By symmetry, get y1,...,yn. To finish the proof, put

and take r sufficiently large. O

Exercise. Give an alternative proof in the case K = Q using Theorem 1.7 and the Chinese

Remainder Theorem. (Swinnerton-Dyer.)

Lemma 1.10. Let (K, |- |) be non-archimedean. Then

(i) |z| < ly| = |z £y|=y| (“all triangles are isosceles”)
(ii) |z1 + -+ + xn| < max|z;|, with equality if |a;| < |z1| for all ¢ > 1

(iii) if (K, |-|) is complete, then Y :° a, converges iff a,, — 0 as n — oco.



Proof. (i) We're given |z| < |y|. Then |z + y| = max(|z|,|y|) = |y|. But also, |y| <
max(|z + yl, |z[) since |y| > |z, so [y| < |2 + y|. Therefore [z + y| = [y|.

(ii) Ultrametric law and induction. To prove the condition for equality, take x =
Zo+ -+ x, and y = x1 in (i).

(iii) Let s, = Y i a;. If s, — £ as n — oo, then a, = s, — $p—1 — £ — £ =0 as

n — oo.
Conversely, for m > n, [$;m — Sn| = |ant1+ -+ am| < max;s, |a;| — 0asn — oco.
So the sequence is Cauchy, and hence converges as K is complete. O

For z € K, r > 0 (r € R), define B(z,7) = {y € K : |[x —y| < r} and B(z,r) = {y € K :
[z —yl <r}
Lemma 1.11. Let (K, |- |) be non-archimedean. Then
(i) if y € B(x,r) then B(y,r) = B(z,r)
(ii) if y € B(z,r) then B(y,r) = B(z,7)
(iii) B(x,r) is both open and closed
)

B
(iv) B

(x,r) is both open and closed.

Proof. (i) Use ultrametric law.
(ii) Use ultrametric law.

(iii) B(z,r) is open by definition of topology. And it is closed since if y ¢ B(x,r) then
B(z,r) N B(y,r) = 0.

(iv) B(z,r) is closed since_|- | is continuous. And it is open since if y € B(z,r) then
B(y, §r) C B(y,r) = B(a,r), by (ii).

(Note we need r > 0 here, and we could have used r instead of 2r.)
Remark. K is totally disconnected, i.e. the only connected subsets are the singletons.

Indeed, if z,y are distinct, put 7 = 1|z —y|. Then B(z,r) and its complement partition
K into open sets, one containing x and the other y.



2 : Valuations
K is a field.

Definition. A valuation on K is a function v : K* — R such that
(i) v(zy) = v(x) +v(y)
(i) v(z +y) = min(v(z),v(y))

. . . '@ if ¢ £ 0
Fix 0 < o < 1. Then v determines a non-archimedean absolute value |z| = 0 o0
And conversely, | - | non-archimedean determines v(z) = log,, |z|.

Notes. e Ignore trivial valuation with v(z) = 0 for all z € K* (& trivial absolute value)

e vy, v are equivalent if there exists ¢ > 0 such that vi(z) = cva(x) for all x € K*.
The image v(K™) is a subgroup of (R, +) called the value group.

If v(K™) is discrete (i.e., & Z) then we say that v is a discrete valuation (which is nor-
malised if v(K*) = Z).

Notation.

e O, ={z € K:|z| <1} is the valuation ring or ring of integers.

e O ={x € K : |z| =1} is the unit group.
e m={zec K:|z|] <1} - a maximal ideal.
e k= 0,/mis called the residue field.

Remarks. (i) m = 0,/O; is the unique maximal ideal — i.e., O, is a local ring.
(i) Let z,y € K*. Then

20, Cy0, <= z/yec 0, < |z/y| <1 <= |z| < |y| = v(z) = v(y).

(iii) If 0 # 2 € m then O, [%] = K. In particular, K = Frac(O,).

(iv) O, is integrally closed (in K).
Indeed, if z € K satisfies monic 2™ + apym_12™ ' + ... + a1z + ap = 0 for some
a; € Oy, then |z™| < oglii)fn'aixi' < max(|z|™7 1 1), s0 2] < 1, 50 € O,.

Lemma 2.1. The following are equivalent.
(i) v is discrete
(ii) O, is a PID
(iii) O, is Noetherian
)

(iv) m is principal.

(@)
(@)

Proof.
(i) = (ii). Let I C O, be a non-zero ideal. Pick a € I such that v(a) = min{v(zx) :
x € I} C Rxq. (Possible, since v is discrete, so the minimum exists.)
Then I = aO, = (a), so every ideal is principal.
(ii) = (iii). Clear.



(i) = (iv). Write m = 2,0, + ... + 2,0, with wlog |z1| > ... > |z,|. Then
m = 210,. (See Remark (ii) above.)

(iv) = (i). Write m = 70, and let v = v(7) > 0.
If x € K* then v(z) > 0, so if € m then v(z) > ¢. Therefore v(K*) is a discrete
subgroup. (“Nothing between 0 and ¢.”) O

Definition 2.2. A discrete valuation ring (DVR) is a PID with exactly one non-zero
prime ideal (= with one maximal ideal).

Lemma 2.3. (i) If v is discrete then O, is a DVR.

(ii) If R is a DVR then there exists a discrete valuation v on K = Frac(R) such that
R = 0,. (And v is unique if we normalise it.)

Proof. (i) Recall: O, local and not a field

Lemma 2.1 = O, is a PID } = O, is a DVR.

(ii) Let R be a DVR with prime element w. Every 2z € R\ {0} can be written uniquely
as x = un", for some u € R*, r > 0.

Every z € K* can be written uniquely as x = un", for some u € R*, r € Z.

Define v : K* — R by un” — r. Then O, = {z € K : v(x) > 0} = R. O

Examples.
L. Zpy ={z € Q: |z|, <1} is a DVR with field of fractions Q, 7 = (p), and residue
field Z/pZ.
2. Z, is a DVR with field of fractions Qp, m = (p), and residue field is still Z/pZ.
3. k any field, K = k(t) — “rational functions”.

Define vg (t" %) —n € Z, where f,g € k[t], with £(0), g(0) % 0.

O ={f€k(t): f(0) defined}

O* ={f € k(t) : f(0) defined and non-zero}
m={f € k(t): f(0) defined and f(0) = 0}
Via O — k, f+— f(0), we see O/m = k.

4. Likewise, for a € k, define v, ((t*a)n %) =n € Z, where f,g € k[t], with
f(a),g(a) # 0. (“Order at t = a”.)

And vee (%) =g (58;8) = deg(g) — deg(f). (“Order at t = c0.)

Remarks.

(i) If k = k then these are the only discrete valuations v on k(t) with v(k*) = 0.

(ii) K = k(t) is the function field of P*. Similar examples exist for any smooth point
on an algebraic curve / Riemann surface (take k = C).

Examples (ctd).

4. K = k((t)) = field of Laurent series = {ZT@% ant” : a, € k}, (no any integer).
v (3, ant™) = min{n : a, # 0}

O = k[[t]] = power series ring
m = {f € k[[t]] : £(0) = 0}
O/m =k via f + £(0)



Lemma 2.4
() k" = {Cuzoant” a0 #0}
(i)
(iii)
Proof.
(i) Let >-° g ant™ € k[[t]] with ag # 0.

k((t)) is a field, containing k(t), and v extends vg
k((

((t)) is the completion of k(t), and k[[t]] is the completion of k[t], w.r.t. vp.

Solve for b, such that (307 ;ant™) (3o bnt™) = 1.
I.e. agpbg = 1 = solve for by. Then agb; + a1bg = 0 = solve for b;. Etc.

(ii) By (i), k((¢)) is a field. It contains k[t] and so it contains its field of fractions.

If f(t) = tn% (with p,q € k[t], p(0),q(0) # 0), then by (i), p,q € E[[t]]*, so
v(f) =n=vo(f)

(iii) Since k[t] is dense in k[[t]] (can truncate a series whenever we want), it suffices to
show that k[[t]] is complete w.r.t. v.

Let f1, fa,... be a Cauchy sequence in k[[t]]. Then given r, there exists N such
that for all m,n > N, v(fm — fn) > 7 —ie. fm = fn (mod t"1).

Let ¢, = coefficient of t" in fy. Then f, — g, where g =>_>" j¢,t".
Therefore k[[t]] is complete.

Similarly, £((¢)) is the completion of k(t). O

Let v : K* — Z be a normalised discrete valuation, O = O,. Pick 7 € K with v(7r) = 1.
Then m = 0. (7 is called a normaliser.)

Hensel’s Lemma (version 1). Assume K is complete w.r.t. v. Let f(X) € O[X]. Sup-
pose that the reduction f(X) € k[X] has a simple root, i.e. there exists a € O such

that f(a) =0 (mod 7) and f'(a) 0 (mod 7) —i.e., f(@) = 0 and ?I(E) # 0.
Then there exists a unique = € O such that f(z) =0 and = = a (mod 7).

Hensel’s Lemma (version 2). Assume K is complete w.r.t. discrete valuation. Suppose
f(X) € O[X] and a € O satisfies | f(a)| < |f/(a)]?.

Then there exists a unique € O such that f(z) =0 and |z — a| < |f/(a)].
Proof. Let r = v(f’(a)). (Note, version 1 < r =0.)

We construct a sequence (x,,) in O such that: (i) f(x,) =0 (mod 7"*27) .
(i) #py1 = xp (mod 77

Put x1 = a. Suppose that x,, has been constructed, satisfying (i), i.e. f(x,) = cr"™?"
some ¢ € 0. We'll take x,, 11 = z,, + bx™" for some b € O.

Note f(X +Y) = fo(X) + Ai(X)Y + fo(X)Y2 + ..., with f; € O[X], fo=f, f1 = f'.

S0 f(#n41) = f(@n +br"7) = fan) + f(@a)br"™* (mod 7 H2+1).



But z,, = a (mod 7" 1), so f'(x,) = f'(a) (mod 7" 1), so f'(x,) = ur”, some u € OF.

So f(znt1) = (c+ub)m™ 2" (mod 7" +27+1). So take b = —c/u € O. Then f(x,11) =0
(mod 727 +1) —ie. (i) holds for 2, 1.

Now, (ii) implies (x,) is Cauchy. K is complete, so z = lim,,_,« @, exists. Then (i) =
f(x) =0. And z,, = a (mod 7") for all n = z = a (mod 7" 1) = |z —a| < |f/(a)].

Uniqueness. Suppose distinct x,y € O both satisfy the conditions.

Put § =y —x # 0. Then |z —a| < |f'(a)] and |y — a| < |f'(a)|, so by the ultrametric
law, |0 <[f'(a)| = [f"(=)]  (*)

0=1@)=fla+0)=f@)+3f @) +...,

=0
Hence |6 f/(x)| < |§]%, so since 6 # 0, | f'(z)| < [6]  (x%)
So (%) and (xx) give a contradiction. O
Remark. The proof uses the iteration a1 = 2, — f(zn)/f (). (cf Newton-Raphson)

. ZJ2L)? if p#2
Proposition 2.5. Q;/(Q})* = { EZ§2Z;3 1f§ i 2

Proof. Case p # 2.
Let b € Zj. Then b € (Z;)?iff b € (F3)?. (Apply Hensel's Lemma with f(X) = X*—b.)
Now Z3 /(Z3)* = Fy/(F)? = Z/21, since F}, is cyclic of even order.
Via up” +— (u,r), we have Qj =, Zy X L.
So Q3/(Qp)? = 7 /(Z3)? x 1)27. = (L/21)*.
Can take coset representatives 1, u, p, up, with u € Z a quadratic non-residue mod p.
Case p = 2.
Let b € Z3 with b =1 (mod 8), and let f(X) = X2 —b.
Then |f(1)] <272 <272 =|f/(1)|2, so use Hensel version 2. Then f has a root in Zs.
Via n — n (mod 8), we have Z3/(Z3)? — (Z,/87)* = (Z,/27,)2.
Therefore Q3/(Q5)” 2 Z3/(23)? x 222 = (2/22)"
Can take coset representatives 2" (—1)%5, with r,s,t € {0,1}. O
Corollary.
Q, (p # 2) has exactly 3 quadratic extensions (= 4—identity).

Q2 has exactly 7 quadratic extensions (= 8—identity).
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Proposition 2.6. Q}/(Q3)® = (Z/3Z)%.

Proof. Let b € Z§ with b =1 (mod 9). Write b = 1 + 9c for some ¢ € Zs.
Then b = (1 + 3¢)? (mod 27). Apply Hensel’s Lemma with f(X) = X3 —b.
[f(1+3c)] <373 <372=]f'(1+30c)|? so we get b € (Z3)3.
Therefore 7} /(Z3)* = (Z/9Z)* /{£1} = Z/3Z, and so Q}/(Q3)? =2 (Z/3Z)>. O

K a field, v : K* — Z a normalised discrete valuation, = a uniformiser, k = O/wO the
residue field.

Lemma 2.7. Suppose A C O is a set of coset representatives for k = O/wO. Then
(i) Every 2 € O can be written uniquely as © = Y ja, 7" with a, € A

(ii) K is complete <= every > - a,n" (with a, € A) converges.

Proof. (i) Exercise — sheet 1, question 6.
(i)

=). Lemma 1.10(iii) — terms tend to 0.

(
(<). Suppose () is a Cauchy sequence in O. Write x, = > ", by,7" for some
by € A.

)

(2,,) Cauchy = there is Ny such that for m,n > Ny, we have z,, =z, (mod 7).
S0 bg,m = bo.n, say = aop.

(r,,) Cauchy = there is N such that for m,n > Ny, we have z,, = z,, (mod 72).
So bl,m = bl,n7 say = ajq.

Continue in this way, getting ag, a1, as, ... in A.
Then z =Y a,n" converges and x, — z. So O is complete.

Let (x,,) be a Cauchy sequence in K. Then there exists N such that for all
m,n > N we have |2, — x,,| < 1, and so 2, € xx + O for alln > N.

But O is complete, so zy + O is complete, so (x,) converges. Therefore K is
complete. O
The Teichmiiller map
K complete w.r.t. discrete valuation v. Suppose the residue field is finite, say |k| = g.
Put f(X) = X?— X € O[X]. Each a € k is a simple root of f(X) = X9~ X € k[X].

al=a

Hensel (version 1) = there is a unique a € O such that _ .
a =« (mod 7)

Definition. a € O is the Teichmiiller representative for a € k. Write a = [a].
Lemma 2.8. [-]: k — O is multiplicative.

Proof. Let o, 8 € k. Then ([a][3])" = [a]9[8)7 = [0][8], so [a8] = [a][8]. 0

11



Corollary. k* «+ O*. E.g., up—1 C Q,.

Theorem 2.9. K complete w.r.t. discrete valuation v. If char(K) > 0 and k is finite then
K = Ek((t)).

Proof. char(K) = char(k) = p. And |k| = ¢ is a power of p.

Let o, B € k. Since p divides (‘Z) for all 0 < i < ¢, we have

and so [ + 6] = [a] + [3].
Therefore [-] : k < K is a field embedding, as [ -] repsects addition and multiplication.
By Lemma 2.7, K = {Z a7 ay € kz} = k((t)), via 7 ¢ O

n=ngo
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3 : Dedekind domains

Definition 3.1 A Dedekind domain is a ring R such that

(i) R is an integral domain
(ii) R is Noetherian
(iii) R is integrally closed (in its field of fractions)
)

(iv) Every non-zero prime ideal is maximal (“Krull dimension < 17)
Examples. Any PID. The ring of integers of a number field.

Lemma 3.2. Let R be a Noetherian ring, and I C R a non-zero ideal. Then pq,...,p,, C [
for some non-zero primes p1, . .., Pm.

Proof. Suppose not. Take I maximal with this property (as R Noetherian). Then I is not
prime, so there exist z,y € R such that zy € I but z,y ¢ I.

Then I + Rz 2 I and I + Ry 2 I. By choice of I, we have p;y...p,, C I + Rz and

=

qi...q9n C I + Ry for some non-zero primes p;, q;.
Then py...pmq1...9n C (I + Rx)(I + Ry) C I. O

Theorem 3.3. Let R be a Dedekind domain. Then every non-zero ideal I C R can be
written uniquely as a product of prime ideals: I = p{*...po~ (p; distinct).

Note: this is clear for R a PID (= UFD).
Theorem 3.4. Risa DVR <= R is a Dedekind domain with exactly one non-zero prime.

Remarks. (i) (=) is clear, since DVRs are PIDs which are Dedekind.
(ii) More generally, any Dedekind domain with only finitely many primes is a PID.

Theorem 3.3 — Theorem 3.4. Let R be a Dedekind domain with maximal ideal m 5 0,
and let I C R be a non-zero ideal.

I =m®, some «
Theorem 3.3 = 11 . .
m® £ m** by uniqueness

Pick € m® \ m®*1. Then (z) =m® = 1. So R is a PID, hence a DVR. O
Later we’ll sketch a proof of Theorem 3.4 = Theorem 3.3.

Lemma 3.5. Let R be an integral domain, integrally closed, and I C R a non-zero finitely-
generated ideal. Let K = Frac(R) and € K. If I C I then x € R.

Proof. Write I = (cy,...,¢,) for some ¢; € R. Then zc; = Z?:l a;jc; for some a;; € R.
C1
Then (zI —A) | 1 | =0, so det(zI — A) = 0. (Multiply on the left by adj(xzl — A).)
Cn
Expanding, x is integral over R, and thus x € R as R is integrally closed. O

13



Proof of Theorem 3.4 (<). Let R be a local Dedekind domain with maximal ideal m # 0.

Note: for I C R an ideal, either I C m or I = R (as every ideal is contained in a
maximal ideal).

Step 1. m is principal.

Pick 0 # x € m. Lemma 3.2 implies (z) D m” for some n > 1. Pick the least such n,
som” C (z), m"~ !t ¢ (z).

Pick y e m"~ !\ (z). Then ym C m" C (z), so m C R, so 7~ 'm C R, where 7 = z/y.
If 77'm C m then Lemma 3.5 = 7—! € R = y € (x), contradicting the choice of y.
Therefore 77'm = R, and so m = (7) is principal.

Step 2. R is a PID.

Let I C R be a non-zero ideal. Consider R-modules I C 7~ 'I Cc 7#=2I C ...

Lemma 3.5 implies 7—*I # 7~ (D[ for all t. R is Noetherian, so there is a largest n
such that 7= C R. If 7="I C m = (7) then 7~ (®*V[ C R, contradicting the choice
of n.

Therefore 7~ "I = R, and so I = (7"). So R is a PID, and hence a DVR. O

Theorem 3.4 —> Theorem 3.3 (sketch). Let S = R\ p, with p prime, and let I,J C R
be ideals.

We quote the following properties of localisation.

e S7'Ris a local with, with unique maximal ideal S~ !p.

If I Cpthen S =SSR

e [ =J — S~ =S71J for all primes p (recall S depends on p).

e R Dedekind = S~ 'R Dedekind = S~ 'R is a DVR by Theorem 3.4.

Let I C R be a non-zero ideal. Lemma 3.2 implies p;*...p2 C I for some distinct
primes pi,...,P,.

5_1[: R lfp¢{plaap7“}
(S71p))™ ifp=rp;, some 0 < a; <G

Then I = p{t...por.

T

For uniqueness, suppose p{*...p%r = p?l. .p2 with py,...,p, distinct primes. Taking
S =R\ p; we get (S71p;) = (S~'p;)"%, so a; = B; by uniqueness of factorisation in
a DVR. O

Let K be a field, and L/K a finite extension of degree n. For x € L, write T'ry/x(x) and
Ny K (z) for the trace and determinant of the K-linear map L — L, y — zy.

Let 01, ...,0m be the distinct K-embeddings L < K. Recall m < n, with equality iff L/K
separable. In this case, Trp /x(x) = > i, 0i(2) and Ny g (x) =[]}, oi(x).

14



Lemma 3.6. If L/K is separable then the trace form L x L — K, (x,y) = Trp /k(vy) is
non-degenerate.

Proof. Write L = K (z) (primitive element theorem). Then L has K-basis 1, a, a?,...,a" ",
and o1 (), . ..o, () are distinct.

Then det (Trp, g (a'T7)) = det (ai(a)j)2 # 0 — Vandermonde determinant. O

Remarks.

(i) More generally, it can be shown that for any finite-dimensional commutative K-
algebra R, the trace form R X R — K is non-degenerate <= R~ L1 X ... X L,
with each L;/K a separable field extension.

(ii) («=) follows easily from Lemma 3.6.

(iii) Suppose 0 # x € R with 2™ = 0, some m. Then (zy)™ = 0 for all y € R, so
Try k(ry) =0 for all y € R, so the trace form is degenerate.

Theorem 3.7. Ok a Dedekind domain, K = Frac(Ok), L/K a finite extension. Let O, be
the integral closure of Ok in L. Then O is a Dedekind domain.

Remark. The case O = Z shows that the ring of integers in a number field is a Dedekind
domain.

Proof. We will prove only the case when L/K is separable. For L/K inseparable, see e.g.
Janusz, Chapter I, section 6.

We must check four things:
(i) Of is a domain — done since O, C L.
(ii) Or is Noetherian.

)

)

(iii) Oy is integrally closed — done by properties of integral closure.

(iv) Every non-zero prime ideal in Op, is maximal.

Proof of (ii). Note: trace form is non-degenerate. Let x1,...,2, be a K-basis for L.
Multiplying through by suitable ¢ € K*, we may assume z1,...,x, € Op. Let
Y1,- .., Yn be the dual basis w.r.t. the frace form, i.e. Trp/k(x;y;) = 6;5, all i, j.
Given z € Op, write z = Y1 | Aiys, some \; € K. Then \j = Try x(z2x;) € Ok.
Hence O, C Opy1+--- Opyn. And Ok is Noetherian, so Oy, is a finitely-generated

Ok-module — (x). Hence Oy, is Noetherian.

Proof of (iv). Let P C Of, be a non-zero prime ideal. Then p = P N O is a prime
ideal in O.

Pick non-zero x € P, then 0 # Ny /i (x) € PN Ok = p, so p is non-zero.
Ok is Dedekind, so p is maximal, i.e. O /p is a field.

k= Ok/p — Or/P is injective. (x¥) = O /P is a finite-dimensional k-algebra
(vector space).

P prime = Op, /P is a finite integral domain = Oy, /P is a field (apply rank-nullity
to y — xy) = P is maximal, as required. O
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Notation. A(xy,...,z,) = det (TTL/K(:L'iSCj)). Note that if y; = 2721 ai;xj, some aj; € K,
let A = (a;;), then A(y1,...,y,) = (det A)2A(z1, ..., 2p).

For p C Ok prime, write pOr, = Py*... P, with P; C O, prime).
Note, p CP;NOk C O = p=PN0Ok.
Definition.

(i) e; = e(Pi/p) is the ramification index.

(ii) p ramifies in L <= some ¢; > 1.

Theorem 3.8. L/K like in Theorem 3.7 and separable, p C Ok a prime ideal. Assume
k = Oy/p finite.

(i) If p ramifies in L then for every x1,...,2, € Ok, we have p | A(xq,...,zp).

(ii) If p is unramified in L, then there exist x1, ..., 2, € O such that pt A(z1, ..., 2,).

Chinese Remainder Theorem. R any ring, and Iy,...,I, C R ideals. If I; + I; = R for
all i # j, then

(1) n?:l Iz = H?:l 11 (: I, say).
(i) R/I~ R/I X --- x R/I,.

Proof of Theorem 3.8. Since pOr = P;'... P and P;* + ij = Or, by the Chinese
Remainder Theorem we have

OL/pOL = OL/Plel X oo X OL/'PfT.

This is an isomorphism of finite-dimensional k-algebras (k = Ok /p).

(i) If p ramifies, then Or/pOr contains nilpotents.
(ii) If p unramified, then O, /pOy, is a product of fields.

(Proof continued later.) “0”

Notation. f; = [OL/Pi : OK/p] is the residue class degree, where pOy, = P;*... PS
(where Py, ..., P, are distinct primes of L).

Theorem 3.9. Zeifi =[L:K].

i=1
Proof. Let k = Ok /p. Then by the CRT, Or/pOr = Or/Pi* x -+ x Op/PEr.
We count dimensions as k-vector spaces.

Any z € P\ P generates a quotient P# /P! as an Or-module (use properties of
Dedekind domains).

Then dime, /p, (’Pﬁ/Pf‘H) = 1 as a vector space (generated by 1 vector).
Then dimy, (P¢/PiH!) = fi, and so dimy, (O /Pf?) = e fi.

It remains to show that dimy, (O /pOL) = [L : K].
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Let’s assume that O is a PID. By the structure theorem of modules over a PID, O,
is a free Ox-module, say of rank n.

Then Oy, & O%, which implies [L : K| =n, and O /pO;, = (OK/p)n =N
Then dim ((’)L/p(’)L) =n=I[L:K].
In general, let S = Ok \ p, then replace O and Ok by S710 and S™1Ok (a DVR).

Note:

e S710O is the integral closure of S™'Ok.
e S7'p and S~!P; are primes in S~'Ox and S~'Or, respectively.

e ¢; and f; don’t change when we localise. O

Lemma 3.10. The diagram S0, — 0Op/pOp =R commutes.
T’I“L/K l, J, TTK/k
S0k — OK/p =k
Proof. Let’s assume that O is a PID. Then Op is a free Og-module, say with basis

Z1,...,&n. Then x1,...,2, are a K-basis for L, and 77, ..., T, (reductions mod p) are
a k-basis for R.

For z € Op, have zz; = Y " | a;;x; for some a;; € Ok. Let A = (a;;).

Then T'rp /i (2) = Tr(A) = Tr(A) = Trr/(Z).

In general, let S = Ok \ p, then S710; is a free ST'Og-module, say with basis
Zi,...,Zn. SOk is a DVR — follow proof as before. O
Proof of Theorem 3.8 continued.
(i) p ramifies in L
= Oy, /pOy, contains nilpotents
= trace form is degenerate
= A(71,...,T,) =0 for any x1,...,z, € Of
= A(x1,...,2,) =0 (mod p) for any x1,...,z, € Of.
(ii) p unramified in L
= O /pOy is a product of field extensions of k (separable since k is finite)
= trace form is non-degenerate

= A(T1,...,Tn) # 0 for some z1,...,z, € Of
(19 A(xy,...,xn) Z0 (mod p) for some x1,...,z, € Of. O

Definition. The discriminant is the the ideal dy/x C Ok generated by A(w1,...,2,) for
all choices of z1,...,z, € Of.

Corollary. p ramifies in L <= p|dp k.

In particular, only finitely many primes ramify in L.
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Remark. If Ok is a PID, we have d; /x = (A(xl, . .,:cn)), where x1,...,x, is a basis for
Oy, as an Og-module.

Proposition 3.11. If L/K is Galois, then G = Gal(L/K) acts transitively on the prime
ideals above p.

Proof. Suppose not, i.e. there is no o € G such that o(P;) = P;.

By CRT, we can pick z € Of, such that z = 0 (mod P;) and z = 1 (mod o(P;)) for
all o € G.

NL/K(SC) :HUEGU(:C) GPJQKZPCP»L
= 7(x) € P; for some 7 € G

= zer Y(P)

= 2 =0 (mod 771(P;)), contradicting the choice of z. O
Corollary. If L/K Galois, then e; = ... =¢, (= e, say), and f1 =... = f,. (= f, say). And
[L:K]=efr.

Definition. The decomposition group is Gp = {0 € G : 0(P) = P}.

Note. |Gp| =ef.
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4 : Extensions of complete fields

Theorem 4.1. (K,|-|) a complete field, [L : K] < co. If | - |; and | - |2 are absolute values
on L extending | - | on K, then

@) [-l=1"1

(ii) L is complete w.r.t. |- |1.
Definition. Let V be a vector space over K. A norm on V is a function || - || : K — R such
that

(i) |lv]| = 0, with equality iff v =0
(ii) [[Av] = |A|[Jv]| for all A € K, v e V
(iil) |lv 4+ w|| < [Jv|| + ||w|| for all v,w € V.

Eg, V=K |[vllsup = maxicica [vi]-
Definition. Two norms ||-||; and || ||2 on V are equivalent if there exist a,b > 0 such that

allv|l1 < ||vll2 < b|lv]j1  for all v € V.

We will deduce Theorem 4.1 from

Theorem 4.2. (K, |-|) complete. If dimg V' < oo then any two norms on V' are equivalent,
and V is complete (w.r.t. any of them).

Proof. Wlog V = K9. Let || - || be any norm on V. We’ll show that || - || is equivalent to
Il - llsup- The proof is by induction on d.

Case d = 1. Have ||v|| = ¢||v]|sup for some constant ¢ € Rxy.

General case. Let ey, ..., e4 be the standard basis. We have
d d
foll = | - aied] < (S lel) o (9
1=1 =1 N /
const ”I”S“P
Let S = {z € V : ||z|sup = 1}. Note () implies || - || : S — Rs is continuous w.r.t.

|- llsup-

Claim. There exists € > 0 such that ||z|| > € for all € S.

Proof of claim. Suppose not, i.e. there is a sequence z(™ in S such that ||z(™| — 0
as n — oo. For at least one 1 < i < d, we have ||z ||qyp = |zz(")| for infinitely
many n. Wlog ¢ = d.

(n)
d

Passing to a subsequence we may assume that ||z s, = |2"| = 1 for all n.

(n)
d

Replace z(™ by %x(”) for all n. Then 2" =1 for all n, i.e. (™ =y 4 ¢4
ZTq

for some y(™) € (eq,...,eq4_1).

But [z — 0 as n — oo
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= (z™) is Cauchy w.r.t. || - ||

= (y™) is Cauchy w.r.t. |||

— y™ =y wor.t. |||, for some y, by the induction hypothesis.
But 3™ =2 — ey — —eg as n — oo wor.t. | -]

Hence —e4 =y € {e1,...,eq4—1), contradiction. This proves the claim.

Let 0 # = € V. We have ||z||sup = |2;| for some 1 <4 < d. Then

x x x
5] =1 = Zes = || =] > e = lall > cloil = ol > ellallup  (+)
Zj llsup ZT; x;
(%) and (#*) implies that || - || and || - ||sup are equivalent.
Also note that K complete = V is complete w.r.t. || - ||sup- O
Proof of Theorem 4.1. |- |; and |- |2 are norms on L, hence equivalent by Theorem 4.2.

So they induce the same topology, and so they are equivalent as absolute values, and
hence |z|2 = |z|{ for some fixed o > 0, by Lemma 1.6.

Taking € K shows a=1,s0 |- |1 =] |o.
Also, Theorem 4.2. implies that L is complete. O

Alternatively. We know that there exist a,b > 0 such that a|z|; < |z|]2 < blz|; holds for
all z € L.

Replace = by 2™ and take n'" roots to give
at/Mzly < Jzlp < bVl

Letting n — oo we have a'/™,b'/™ — 1 and so |z|y = ||;. O

Theorem 4.3. K complete w.r.t. discrete valuation v, with valuation ring Ok, absolute
value | - |k, and [L : K| < oo. Then

(i) |- |k extends uniquely to |- |,
(ii) L is complete
(iii) The valuation ring of L is the integral closure of Ok in L.

Proof.

(i) Ox = {x € K : |z|x < 1} is a DVR, with maximal ideal 7, say. Let O, be the
integral closure of Ok in L. Theorem 3.7 implies that Of, is a Dedekind domain.

7Or = Pyt.. Pt with Py, ..., P, distinct primes in Or. Then |-|p,,...,||p, are
inequivalent absolute values on L which extend |- |k on K (if suitably normalised).

Note: P; + Pj = Oy, so there are x € P;, y € P; such that z +y = 1, and then
|z|p,| <1 and |z|p, = 1.

If 7O = Op then 771 € O, NK = Ok, . Sor > 1 (or use Theorem 3.9).

Theorem 4.1 implies | - |p,, ..., |- |p, are equivalent, so r = 1. Say 7O, = P€.
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(ii) See Theorem 4.1.

(iii) Let P € Or be any non-zero prime. (Op Dedekind, so P is maximal.) Then
P N Ok is a non-zero prime (see proof of Theorem 3.7), so P N Ok = 7Ok, and
hence Pi*...Pir C P = P = P; for some i.

But as in (i), Theorem 4.1 implies r = 1 and |- | ~ | - |p. Therefore Of, is a
Dedekind domain with just one non-zero prime. So Theorem 3.4 implies Op, is a
DVR.

In particular, O, = {z € L : |z|p < 1}. This proves (iii). O
Corollary 4.4. ||, on Q, extends uniquely to an absolute value on Q, (algebraic closure).

Proof. z € Q, = =z € K for some K/Q,, finite. Define |z| = |z|x, where | - | is the
unique absolute value on K extending |- |, on Q,.

This definition is independent of the choice of K by uniqueness in Theorem 4.3. Con-
ditions in Definition 1.1 checked by working in a Q,(z,y). O

Remarks.
(i) [plp = 1/p, so | /p| =1/ /b, so (Qp, |- |) is not discrete.

(ii) In fact, Q, is not complete (see example sheet), but its completion C, is alge-
braically closed (so we don’t need to extend any further).

(iii) Let K/Q, be a finite Galois extension of degree n. Let |- | be the absolute value
on K extending |-|, on Q,. If 0 € Gal(K/Q)) then z — |o(x)] is also an absolute
value on K extending |- |, on Q,.

= |o(z)| = |z| for all o € Gal(K/Q)p) by Theorem 4.3

= |z|" = ‘HaeGal(K/Qp)O—(z>’ = ’NK/@p(z>’p

1/n

— o] = [Niq, (=)}

This formula can be used to give an alternative proof that | - |, extends to an
absolute value on K. (See example sheet for proof of triangle inequality.)

Theorem 4.5. O a Dedekind domain, K = Frac(Og), L/K a finite extension, O =
integral closure of Ok in L, pOr, = Py*... P with Py, ..., P, distinct primes.

Then the absolute values on L extending |-|, on K are (up to equivalence) |-|p,, ..., ||»,.

Proof. For x € K we have vp,(x) = e;vp(x), so | - |p, is equivalent to an absolute value
extending | - |,.

Now let | - | be any absolute value on L extending | - |, on K. (Lemma 1.2. = |-|is
non-archimedean.)

We have Ok C {x € L : |z| <}, a valuation ring, hence integrally closed (Chapter 2).
Hence O, C {x € L:|z| <1} — (1).

Let P={x € O : |z] <1} — (2).
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We check P C Op, is a prime ideal:
e x,yce P = z+yeP —by (2
e rcOpxeP = re€P —Dby (1) and (2)
exycP = xcPoryeP — by (2

Let S = O \ P. Then S~1Oy is a DVR by Theorem 3.4. In fact, S~'O0; = {z € L :
lz[p <1} — (3).

Pick m € P\P?. Then every x € L can be written as x = 7" u, for some r € Z, |u|lp = 1.

To show |- | ~ | - |p it suffices to show:
(i) || <1 —by (1)

(i) |u| = 1. First, julp <1 £ we 5710, & |ul < 1.
Repeat this for u=!, to show that |ulp =1 = |u| = 1.

|| extends |- |, = PNOg=p = P{'.. P CP = P=7P forsomei. O

Corollary. The non-archimedean places of a number field K are the | - |, for p a prime in
the ring of integers O.

Proof. Ostrowski and Theorem 4.5. O

Normalisations
For p C Ok prime, define |z, = (Np)~"» @) where Np = #(Ox /p).
For 0 : K — R a real embedding, define |z|, = |o(z)| (usual absolute value on R).

For o : K — C a complex embedding, define |z|, = |o(x)|? (modify Definition 1.1 — triangle
inequality).

Notation. L/K an extension of number fields, v a place of K, w a place of L. Then w | v
means that | - |, extends | - |s.

We have L/K an extension of number fields, with rings of integers Oy, and Ok, P and p
primes of Or and O, K, is the completion of K w.r.t. p, and Lp is the completion of L

w.r.t. |- |p.

Lemma 4.6.

(i) The natural map L ®x K, — Lp is surjective.
(ii) [Lp: Kp] < [L: K].

Proof. Let M = LK, C Lp. Then [M : K] = [L: K].
[M: Ky] < oo = M is complete (as finite extensions of complete fields always are).

So L C M C Lp, and hence Lp = M. O

Theorem 4.7. L ® K, =, @P‘p Lp. This natural map is an isomorphism.
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Proof. Write L = K(«). Let f be the minimal polynomial of o over K.

char(K) = 0 = f is separable (because (f,Df) = 1), so f(X) = f1(X)...fr(X),
some f; € K,[X] distinct irreducibles.

L = K[X]/(f(X)), so by the Chinese Remainder Theorem,
Lok Ky = Ky [X]/(f(X)) = Kp[X]/(/1(X)) © - -- © Ky [X]/(fr(X))-

This is an isomorphism of K-algebras, hence continuous w.r.t. any norm.
Let L; = K,[X]/(fi(X)). This contains both L and K,.
Indeed, L = K[X]/(f(X)) — K,[X]/(fi(X)) = L;, injective as they are fields.

Note, K dense in K, = L dense in L; — approximate coefficients. (Need to use that
Lp contains both L and K,.)

Claim 1. Each L; is isomorphic to Lp for some P | p.

Proof. [L; : K,] < oo implies there is a unique absolute value | - |; on L; extending
|-|p on Ky, and (L;,| - |;) is complete.

Theorem 4.5 = the restriction of | - |; to L is equivalent to | - |p for some P | p.
Then L; = Lp because L; is the completion of L w.r.t. this absolute value.

Claim 2. Each P | p appears at most once.

Proof. If L, = L; (via an isomorphism fixing both K, and L) then f; = “min. poly.
ofa € L C L; over K,” = f;, and so i = j.

Claim 3. Each P | p appears at least once.

Proof. Lemma 4.6 = Lp = K,(a). Let g(z) be the minimal polynomial of o € Lp
over K,. Then g(X) is an irreducible factor in K,[X] of f(X), and so g(X) =
fi(X) for some i. Hence Lp = L;. O

Corollary. For z € L, Nk (x) = [Ip, Nop/x, (@)

Proof. Let Bi,..., B, be bases for Lp,,...,Lp, as Kp-vector spaces. Then B = JB; is a
basis for L @ g K, over K.

Ay 0

det = H det(4;)
0 A.) =

So, writing “xz” for “multiplication by 27, we have det ([xz]|g) = []_, det ([xz]z,)

= NL®KKp/Kp (:C) = NLP,L/Kp (:C)
—_———
=Np,k(x)

(“Extension of scalars doesn’t change the norm.”) O

Example. K =Q, L = Q(i), f(X) = X?+1. Lecture | = /—1 € Q5 (Hensel’s lemma),
so b splits in L.
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Let L/K be fields, complete w.r.t. normalised discrete valuations vy, and vk, with valuation
rings Oy, and O, with uniformisers 7, and 7y, and with residue fields k = Ok /7 Ok and
k/’L = OL/TFLOL.

The ramification index is e = e(L/K) = v (7K ), so mx O = 15 OF.
The residue class degree is f = f(L/K) = [k, : k.

Proposition 4.8. Assume either (i) L/K is finite and separable, or (ii) f is finite. Then
[L: K] =ef.

Proof. (i) This is a special case of Theorem 3.9. (O already a DVR.)

(ii) Previous proof applies provided we can show Op is a finitely-generated Og-
module.

As before, dim (OL/WKOL) =ef < o0. Let x1,...,x, be coset representatives for
a k-basis for O, /mxOy,.

Given y € Oy, write (see Lemma 2.7)

n

[e’e] n o
S (S =5 (Sarh o o <04

i=0  j=1 j=1 " i=0
———
€0k
Therefore Oy, is generated as an Ox-module by z1, ..., z,. O

Theorem 4.7, Proposition 4.8 = [L: K] =) p | [Lp : Kp] = > p|, e(Lp/Kp) f(Lp/Kp).

Note. e(Lp/K,) = e(P/p) and f(Lp/K,) = f(P/p). lLe. e, f don’t change when we
complete. Therefore [L : K] =35, e(P/p)f(P/p). (This is Theorem 3.9.)

Proposition 4.9. L/K a Galois extension of number fields, with P | p primes of L and K.
Then

(i) Lp/K, is Galois.

(ii) The restriction map res : Gal(Lp/K,) — Gal(L/K) is injective, and has image
the decomposition group Gp.

Proof.
(i) L/K Galois = L = splitting field of some f € K[X] (separability < char = 0)
= Lp = splitting field of f over K, (using Lp = LK)
= Lp/K, is Galois.
(ii) For o € Gal(Lp/K,), have o(L) C L since L/K normal (so map is well-defined).
Lemma 4.6. = Lp = LK, = res is injective.

For o € Im(res), have |o(x)|p = |z|p for all x € L (there is only one absolute
value on Lp)

— oP=P = o€Gp.

But |Gal(Lp/K,)| = e(P/p)f(P/p) = |Gp|, so Im(res) = Gp, as required. O
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Let [K : Qp] < o0, valuation ring O, normalised discrete valuation vg, normaliser 7, residue
field k = Og /nO0k, e = e(K/Q,) = vk (p).

Proposition 4.10. If r > e¢/(p — 1) then
(T‘-TOKa"’—)i(l"i_ﬂ-roKaX)a x’—’eXP(x):Z_'

n!
n=0

Proof. We check exp(z) converges for z € " Ok.

v (n!) = evy(nl) = e(ip(n)) < e(n — 1) (See example sheet 1.)

p—1 p—1
" n—1 e
SovK(—|) 27”,76(1),1):T+(n71)(rip,1)
——
>0

n n

Therefore, vK($—|) >rforalln>1and vg (m_|) — 00 as n — 0.
n! n!

Hence exp(z) converges and its limits is in 1 + 7" Ok.

("t

x™.

Similarly, have log : 1 +7"Og — 1" Ok, 1+ 2 +— > 77,

(Check convergence as before.)

Recall the identities in Q[[X,Y]] : exp(X +Y) = exp(X) exp(Y) and log(exp(X)) = X.

So exp(log(1+z)) =1+ . O
Corollary. O} has a subgroup of finite index isomorphic to (O, +).

Proof. 05 D14+ 70k D1+ 7?0k D - D1+ 7" 0k = (Ok,+),ifr >e/(p—1).

05 o~
ﬁ — k™ (reduce mod 7).
1+ WiOK o

@imi(lg,+), 1+ 7'z +— (2 mod 7), for i > 1.

Check (1 + 7iz)(1 + 7ly) = 1 + 7' (x + y + wlay), so
p(1+m'2)(1+'y)) =a+y=p(+7'z)+e1+y).
So we do find something of finite index. O
Example. For p > 2. Write T for “reduce mod p”. Then
Zy — (Z/pZ)" x (1 +pZy), =~ (T,z/[T))
where [-] denotes the Teichmiiller representative.
So Z% = (Z/pZL)* x Z, (take r = 1 in Proposition 4.10).

For p =2, Z3 = {41} x (1+47Z,), so Z5 = 7/27. x 7 (take r = 2 in Proposition 4.10).
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Z/pZ ifp>2

Remark. Get another proof that Z;;/(Z;;)2 = { (Z/27)? ifp =2
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5 : Inverse limits

Suppose A,, (n € N) are sets/groups/rings, and 7, : A,+1 — A, are homomorphisms. The
inverse limit of A,, is

@An = {(xn)n>1 cxy € Ay, and m, (Th41) = 2, for all n}

This is a set/group/ring (with pointwise operations, etc).

Examples.
e lim k[t]/(t") = k[[t]] (truncating series). Here, m, : K[t]/ (™YY — k[t] /(™).
e lim Z/p"Z = Z,. Here, m,, : Z/p" 7L — Z/p"ZL.

More generally we can index by a partially ordered set I such that for all 4,5 € I, there is
k € I such that ¢ < k,j < k. Transition maps f;; : A; — A; whenever ¢ < j, satisfying
fi = fij o fj whenever i < j <k, and f;; = identity.

Define lim 4; C HAi by fij(a;) = a; for all i < j.
i iel
Examples.

e K a perfect field, K its algebraic closure.

Then Gal(K/K) = lim  Gal(L/K), partially ordered by inclusion of fields.
L/K finite

o 7 =lim Z/nZ, partially ordered by divisibility (n > 0).

If the A,, have a topology, the inverse limit topology on ﬂln A, is the weakest topology such
that the projection maps linn Any1 — A, are continuous.

Convention. All finite groups have the discrete topology.

The inverse limit topology on lim | Z/p"Z = Z, has basis of open sets {a + p"Z,}, i.e. this
is the p-adic topology on Z,,.

Lemma 5.1. Let G be a topological group (i.e. continuous group operations). The following
are equivalent

(i) G is an inverse limit of finite groups

(ii) G is Hausdorff, compact, and totally disconnected

(& G is a profinite group).
Proof. Omitted. O

Remark. The idea for (ii) = (i) is to show that G — lim G/N (over N C G, open normal
subgroups) is an isomorphism

For (i) = (ii), use closed subset of compact space, disconnectedness follows from ob-
serving discrete topology.

Let (K,|-|) be non-archimedean, valuation ring O, 0 # m € K, |r| < 1. (Valuation not
necessarily discrete.)
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Proposition 5.2. K is complete w.r.t. |-| < O &), lim O/70, z +— (z mod 7") is an
isomorphism of topological groups.

(This map is certainly injective, so: complete < surjective.)

Proof. K complete <= x4+ O complete for all € K (since a Cauchy sequence eventually
lies in one of the cosets of O)

<= O complete (isometric)

<= whenever (z,,) is a sequence in O with |2, ;1 —x,| — 0 as n — oo, thereisx € O
such that |z, — 2| — 0asn — oo (1)

Let v be the valuation corresponding to | - |, normalised so that v(m) = 1. Then (*) is
an isomorphism <= whenever (z,,) is a sequence in O with v(z,+1 — x,) > n for all
n, there is « € O such that v(x,, — ) > n for all n (2)

By passing to a subsequence if necessary (“to ensure speed of convergence is correct in
(2) = (1)), we see that (1) and (2) are equivalent. O

Proposition 5.3. (K| -|) complete, non-archimedean; valuation ring O; maximal ideal m.
The following are equivalent:

(i) K is locally compact (every point has a compact neighbourhood)
(ii) O is compact

(iii) valuation is discrete and k = O/m is finite.

Proof.

(i) = (ii). Let A be a compact neighbourhood of 0 € K. Then 2O C A, some
0+#2 € K = zO is compact = O is compact (“dividing by z is continuous”)

(ii) = (i). O is compact = a + O compact for all ¢ € K = K is locally compact.

(ii) = (iii). Pick any 0 # = € m. (“Recall open balls are closed and vice versa.”)
O =U,co(y + 20) is a finite union = |O/z0| < co. (“Finitely many represen-

tatives.”)
This shows k = O/m is finite.
Suppose the valuation is not discrete. Pick x = 1, x2,... € O such that v(z1) >

v(xz) > ... > 0. Then 210 C 220 C 230 C --- C O, which contradicts O/zO
being finite. (“A finite group can have only finitely many subgroups.”)

(iii) = (ii). Let 7 be a uniformiser. 7'O/7t10 = O/r0 =k, so O/7x"O finite for all

n.
Proposition 5.2 = O = lim O/n"O = O profinite. Then Lemma 5.1 = O
compact. O

Definition. A local field is a locally compact valued field.
(Non-archimedean = K locally compact = O compact = O complete = K complete.)

Theorem 5.4. The local fields are:
(i) K=RorC.
(ii) finite extensions of Q.
(i) k((¢)) for k a finite field.
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Proof. If K is archimedean, then char = 0, so K = R or C. (Quoted in Chapter 1.)
Suppose K is non-archimedean. Proposition 5.3 = | - | is discrete and k is finite.

If char(K) = 0, then Q C K. Ostrowski = the restriction of | - | to Q is equivalent to
| - |p for some p, so Q, C K.

k finite = [k : F)] < oo = [K : Q, < oo by Proposition 4.8(ii). So K is a finite
extension of Q,,.

If char(K') = p, see Theorem 2.9 (Teichmiiller). O
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6 : Ramification

[K : Qp] < oo, valuation ring Ok, normalised discrete valuation vg, uniformiser 7y, residue
field k.

Field extensions K ¢ L C M. e(M/K) = e(M/L)e(L/K), f(M/K) = f(M/L)f(L/K).

unramified e(L/K)=1
Definition. L/K is ramified if e(L/K) > 1
totally ramified e(L/K)=IL: K]

Lemma 6.1. Let n > 1. Then there exists L/K unramified with [L : K] = n.
Proof. (“Unramified extensions are controlled by the residue field.”)

Write k =TF,. Then Fg» = F,(@), since @ € Fgn. Let g € Og[X], monic, be any lift of
the minimal polynomial of @ over [F,.

Let L = K(a), where « is a root of g. Note that g irreducible = ¢ irreducible.
Then [L: K] =nand f(L/K) > [F,(@) : Fy] =n. Soe(L/K) =1, f(L/K) =n. O

Theorem 6.2. L/K a finite extension, residue fields F, and Fyn. Let m = ¢ — 1. Then

L
| totally ramified
K (Gn)
Galois { | unramified
K

Proof. Let ¢ be a generator for the image of the Teichmiiller map F}. — L Note: ¢, € L
and (,, € Fyn are primitive m'" roots of unity (Fpn = Cn).

The residue field of K ((y,) is Fyn = Fy(Cn), so L/ K () is totally ramified.

The natural map Gal(K((r)/K) — Gal(Fyn /F,) is injective, sinve if o((n) = Gn
(mod 7r,) then o(¢,,) = ¢ (by Teichmiiller and Hensel).

Therefore |Gal(K (¢rn)/K)| = [K((m) : K] < [Fgn 1 Fyl =n = f(K((n)/K).

Therefore [K(() : K] =n and K((,,)/K is unramified. O
Theorem 6.2. shows that the extension constructed in Lemma 6.1 is L = K (¢ ).
Corollary 6.3. [K : Qp] < oo, residue field Fy, m = ¢™ — 1.

L/K unramified, degree n <= L = K((»). (“Uniqueness up to isomorphism”.)
Corollary 6.4. For each n > 1 there is a unique unramified extension L/K of degree n.

Moreover, L/ K is Galois (“adjoining ¢, is Galois”) and the natural map Gal(L/K) —

Gal(kr/k) is an isomorphism. In particular, Gal(L/K) is cyclic and generated by

Froby i, where Froby k(x) = 27 (mod 7)p, for all z € Of.

Proof. As in the proof of Theorem 6.2, Gal(L/K) — Gal(kr/k). This is surjective by
counting (i.e. [L: K] = f(L/K)). O
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Corollary 6.5. L/K finite. If L/K Galois then the natural map Gal(L/K) — Gal(kr/k)
is surjective.

Proof. With the notation of Theorem 6.2, this map factors as Gal(L/K) =% Gal(K (¢n)/K)

6.4

> Gal(kr/k), so it is clearly surjective. O
Definition. The inertia group is I = ker (Gal(L/K) — Gal(k./k)).

Since [L: K] =e(L/K)f(L/K), we have |I| = e(L/K).

Definition. g = X" +a, 1 X" ' +...+ a1 X +ag, a; € Ok, is an Eisenstein polynomial
if vg(a;) > 1 for all ¢ and vk (ag) = 1. (Eisenstein = irreducible.)

Theorem 6.6.

(i) If L/K is totally ramified then the minimal polynomial of 7, is Eisenstein and
O, = Ok|rr] (= L = K(r1) also).

(ii) Conversely, if g € Ok [X] is Eisenstein, and L = K («), o a root of g, then L/K is
totally ramified and « is a uniformiser for L.

Proof.

() [L: K] = e, g(X) = X"+ 37" a; X%, minimal polynomial for 7, over Of.
(Note a; € Og, m < e.)

L= — Zﬁgl a;mh  and v (a;7h ) =i + evi(a;) =4 (mod e).

Therefore all terms on RHS have distinct valuations (because they are distinct
mod e).

Som =vp(rf) = 0<£I<117{1171(i + evk(a;)) = vk (a) =1 for all 7.

So vk (ap) = 1 and m = e. So it’s Eisenstein and L = K (7r,). (“mp gives a basis.”)

For y € L, write y = Zf:_é bt , b; € K. As before, vy, (y) = O<m<in 1(2' + evk (b;))

Soy € Op (ie. v(y) 20) < vk(b;)) =20 foralli < y e Oklmy].
Therefore Oy, = Ok|[rL].
(i) Say g(X) = X" + 3" a; X%, a; € Ok. Let e = e(L/K).
So vr(a;) = e, vr(ap) = e.
gla)=0 = a" = —2?2_01 a;at = wvp(a) > 0.
For i # 0, v (a;a') > e = vy (ag). Therefore vy (a™) =e = nvp(a) =e.

But recall n = [L : K| = ef. Therefore vy (a) =1 and n = e. O

Remark. Example sheet 2, question 4. [Np,x(v)|x = |z|r for all # € L (normalised)
<= vr(Np k() =vr(2)f(L/K) for all x € L.

L/K extension of number fields, I, Ix groups of fractional ideals.
Define Ny k : I, — Ix, P — pf, where p = PN Ok, f = f(P/p), and extend to make it a

group homomorphism.
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Lemma 6.7. The diagram L — I commutes.
Np/k ! ! Ni/x

K—>IK

Proof. Let p be a prime of K. For x € L*, corollary to Theorem 4.7 = Ny g(z) =
H77|p NLP/Kp (z) So

vp(Npyk (@) = Y 0p(Nipy, (@)
Plp

= Z f(P/p)vp(z) by preceding Remark
Plp
= v(Np/k(zOL)) by definition of Ny, g

But p was arbitrary. Therefore Ny, x(2)Ox = Np/x(2OL). O
Remark. If a C Ok then Ng/g(a) = #O0k/a. (Case K = Q.)
Definition. The inverse different is DZ}K ={ye L :Tryk(zy) € O for all x € O }.

This is an Op-submodule of L containing Oy .

Let 21,...,2, € Or be a basis for L/K. Let d = A(z1,...,2,) = det(Trp /x(2iz5)).
(A non-zero element of K.)

If x € DZ}K, write z = > Aiwi, A € K.

Then Y7 NiTrp k(zix;) = Trpjx(zz;) € Og. (Multiply by the adjoint of the
matrix (a;;j) = (TTL/K(xi:cj)))

= \; € é(’)K foralli = x € é(’)L.

So DZ}K C éOL — DZ}K is a fractional ideal.

The inverse Dy, /i is an ideal in Oy, called the different.

Theorem 6.8.
(l) If M/L/K then D]\/I/K = DNI/LDL/K (as ideals in O]\/[).

(ii) If O = Okla] and « has minimal polynomial g(X) € Ok[X], then Dy x =
(9'(@)).

(iii) Np/x(Dr/k) = dr/k — discriminant.

Proof.

(i) ze€ D;;/K < Try/k(vy) € Ok for all y € Oy
—  Try/k(ryz) € Ok for all y € Oy, 2z € Op,
< Trpx(Tryyp(zy)z) € Ox  forally € Oy, 2z € O
= Tryy(ay) € DZ}K for all y € Oy
< Tryyp(yzy) € Or for all y € Opr,y € Dy i
— 'yzGD;V[l/L for all v € D /i

-1 -1

— «x€ DM/LDL/K
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(ii) Let @ = a,. .., a, be the roots of g.

Write g(X)/(X — @) = 81 X" P+ ... 4 51X + fo, with 8; € O, Br_1 = 1.

We Clalml_zl)?(io)%g/?ozz) =X"for0<r<n—1.
Indeed, the difference is a polynomial of degree < n which vanishes for X =
..y Qp.

'

Equating coefficients of X*, we get T,k ( a/(ﬂs)) = 6ps.
g'(a

n—1

We're given that Or, has O-basis 1,a, a2, ..., a

Bo B1 Brn-1
g(a) g'() 7 g(a)

_ 1
But 671,1 = 1, SO DL/lK = (W), and so DL/K = (g/(O[))

So DZ}K has Og-basis

(iil) Suppose for simplicity that Ok, Or, are PIDs. Let O, have Ok-basis x1,. . ., T,.
Let y1,...,yn be the dual basis with respect to the trace form

Have 01, ...,0, : L — K (K-embeddings: we're in a separable space).

iy oi(zg)oilye) = Tro i (ziye) = djk.

Recall A(xy,...,x,) = det (oi(zj))2. We get A(x1, ...y 2n)AWY1, .. yn) = 1.
Write DZ}K = (0p, some 3 € L. Then

= (A(xl, . .,J;n))_l

= (A1 yn))
= (A(Bwl, .. .,ﬁwn)) as yi, Bx; are Og-bases for DZ}K

= NL/K(6>2A(Z'1,...,IEH)

—1
dL/K

Therefore dz/lK = NL/K(DZ}K)2dL/K; SO NL/K(DL/K) = dL/K
(Norms of ideals and norms of elements are compatible.) O
Note. We proved (iii) in the case that O and Oy, are PIDs. In general, take p a prime of
K, and S = Ok \ p, and replace O and O, by S~'Ok and S~1Op. (Details omitted

— “change notation to account for the change in rings when you localise”.)

Remark. The definition of Dy, and its properties (see Theorem 6.8) carry over to the case
of extension of p-adic fields. (“There’s only one prime to extract information from.”)

We identify the local different Dy, /g, with a power of P (but strictly speaking it’s a
power of POp).

Theorem 6.9. Dr/x = [[p Prp/k, -
(Le., the global different is the product of the local differents.)

Proof. Recall that for € L, p C Ok prime, Trr k(z) = Y p, T7rrp/K,(x) (%). (See
corollary to Theorem 4.7.)
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Write Dy, /x, = 6/(P/?), some integer §(P/p) > 0.

Suppose x € L with vp(x) = —§(P/p) for all p (i.e. z is in all local inverse differents).
Then Trp, /K, (vy) € Op for all y € O, (actually for all y € Op), for all P.

So (¥) = Trp/k(zy) € Op for all y € O, for all p

= Trp/k(zy) € Ok forally € O = :L'EDZ}K.

Therefore [Tp Dy}, € Dp e = [lpPrpyx, | Pry (1)
(We'll show later that this couldn’t be an infinite product.)
“Conversely”, fix P a prime of L, and let r = vp(Dp k). Pick x € P77\ p—(r=1),

Then vp(x) = —r and vp/(z) > 0 for all P’ # P. By (%), Trr,/k, (vy) € O for all
y € Or, (because Try i (zy) is integral and we assume Trips/K, (xy) is integral for all

P’ £ P).

= Trr,/k,(xy) € Oy for all y € Op (by continuity)

— zeD;} . = —r=vp() = —8(P/p) = vp(Dr/k) =7 <(P/p) (2)
Now (1) and (2) = result. O

Corollary. Taking norms in Theorem 6.9 gives dy,/x = HP drp/K,- (“Completing doesn’t
change the residue class degrees.”)

(Example sheet 2, question 5 : assume G is abelian.)

Lemma 6.10. [K : Q] < 0o, L/K a finite extension. Let o € Oy, with k(@) = kz, and let
g € Ok[X] be any monic lift of the minimal polynomial for @ over k. Then
(i) g(a) =0 (mod 71) and ¢'(a) Z 0 (mod 7).
(ii) O = Okla] <= there exists § € Ok|a] with v(8) = 1.
(iii) Either Op = Ok[a] or O = Oka+ 1]

Proof.
(i) g irreducible = 7 separable (as k finite).
Therefore §'(@) #0 = ¢'(a) Z0 (mod 7).

(ii) Ok[a] is the image of the continuous map O — L : (2o, ..., &p—1) — Z?:_ol Tl
(where n = [K(«) : K]).
Ok compact = Ogla] C L (closed).
In (ii), (=) is clear. We prove (<=).

Or, _ Op
7O BOL*

kr = k(@) = Oxkla] contains coset representatives for kz, =
So given y € Op, can write y = > oo A3, some \; € Ok|al.

So Oklal C L = y € Oklal.
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(iii) g(a+m) = g(a) + mrg' (o) (mod 7).

79 () has vy, = 1 (as ¢’(«) was a unit), and one of g(a+my,) and g(a)has vy, =1
(take this as 5 in (ii)). O

(Note: unramified and totally ramified extensions are special cases of this.)
Definition. [K : Q,] < cc.

L/K is tamely ramified < p{e(L/K)

L/K is wildly ramified <= p|e(L/K)

Theorem 6.11. [K : Q,] < oo, L/K a finite extension, Dy /x = ﬂi(L/K)OL_

Then 0(L/K) > e(L/K) — 1, with equality iff L/K is tamely ramified.
In particular, L/K is unramified <= Dy x = Of.
Proof. By Theorem 6.2 and Theorem 6.8(i), it suffices to prove the following cases.

(i) L/K unramified.

Lemma 6.10 with 3 = 7 = Op = Okl[a]. Theorem 6.8(ii) = Dp/x =
(9'(a)).

Note L/K unramified = [L : K| = [kr : k], so we can take (in Lemma 6.10)
g = minimal polynomial of «.

Then ¢'(a) #0 (mod 71,) = Dr,x = Or.
(ii) L/K totally ramified.

[L: K] =e. Weknow Op = Og|[rz]. 71 is a root of an Eisenstein polynomial
9(X) =X+ a; X"

Then ¢'(7r) = en§~ +ZZ Liamit
—_—— —, 00—
v 2e—1 v =e

(“All a; have valuation 1 downstairs.”)

Therefore vy, (¢'(71)) > e — 1. Equality iff p 1 e. O

Krasner’s Lemma. [K :Q,] < co. Let f € Ox[X] be a monic irreducible polynomial with
roots a = v, ..., a, in K(=Q,).

Suppose 3 € L with |3 — a| < |3 — a; for all 2 < i <n. Then a € K(3).
Proof. Let L = K(8), L' = L(a1,...,ap). Then L'/L is Galois.

If o € Gal(L'/L) then |8 — o(a)| = |o(f — )| = |8 — a]. (o fixes 3.)

So o(a) = « for all o. Therefore a € L = K(f3). O
Theorem 6.12. “Nearby polynomials define the same extension.”

Let f =" ,a; X" € Og[X], irreducible, monic. Let a € K be a root of f.

35



Then there exists € > 0 such that whenever g = > 1" (b, X" € Og[X], monic, with
|a; — b;] < € for all 4, then ¢ is irreducible and K (a) = K(8) for some (3 a root of g.

Proof. f hasroots o = ay, ..., a,, distinct (irreducible = separable), and f'(a) # 0.
For e sufficiently small, |g(a)| < |f'(«)|? and |¢'(a) — f'()] < |f'()].

Then |g(a)|] < |f'(a)* = |¢'(a)* (ultrametric law), so we have the hypothesis for
Hensel’s lemma.

Then Hensel = f has a root 8 in K(«) with |5 — a] < |¢'(a)].

But [¢'(a)] = I£"(a)] = | TT}sle — a2)] < o — a| for any 2 < j < n.

Therefore | — a| < |a — a;| = |8 — 55

Krasner’s lemma = « € K (). Therefore K(a) = K(f) and g is irreducible. O
Corollary 6.13. [K : Q,] < cc = K is the completion of some number field.
Proof. Write K = Q,(«), some a € Ok. Let f € Z,[X] be the minimal polynomial for «.

Theorem 6.12 = Z is dense in Z, = ¢ € Z[X], monic, irreducible, such that
Qp(a) = Q,(B) for some root 3 of g.

Therefore K = Q,(3) is a completion of Q(5). O

Corollary 6.14. [K : Q,] < oo. There are only finitely many extensions of K of given
degree.

Proof. By Theorem 6.2 and Corollary 6.4, it’s enough to prove this for totally ramified
extensions (for there is exactly one unramified extension of a given degree).

{Eisenstein polys, deg n} «— {(ag,...,an—1) € O% ' 1 vg(a;) = 1, all 4, v (ap) = 1}.

This is compact. Theorem 6.12 = (“defining extensions is an open condition”),
subset defining a given field L is open. So by compactness, there are only finitely many
such extensions L. O

Brief recall of some algebraic number theory

K a number field, r real places, ro complex places, n = [K : Q] = r1 4 2ra, So = {infinite
places}.

K* — Ik, fractional ideals. So we have have an exact sequence:
0— 05 —K"— Igx — Clg — 0

where OF, = unit group and Clx = class group.

The following statements are proved using the geometry of numbers:

4 !
(i) Every ideal class contains an ideal b C O such that Nb < — 1o w |dx|. (Minkowski
T o n"

bound)
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(i) Given v € S, there exists a unit « € O} such that |z[, > 1 and |z|, < 1 for all
w € Se \ {v}.

(iii) There are only finitely many number fields of given degree and discriminant.

Remarks.
(i) = |Clg| < .
(ii) is used to prove rank(O%) = |Se| — 1 in Dirichlet’s unit theorem.

(i) & (ii)) = Hermite’s Theorem: There are only finitely many number fields
with given discriminant.
((ii) bounds the degree in terms of the discriminant, so we can drop this in (iii).)

Corollary 6.15. Let K be a number field, n > 1, and S a finite set of primes of K. Then
there are only finitely many extensions L/K of degree n, unramified outside S.

Proof. For each p € S, Corollary 6.14 shows there are only finitely many possibilities for
the extension Lp/K,.

= only finitely many possibilities for dr, k-

= only finitely many possibilities for H drp/k, = dr/k- (p ¢ S doesn’t contribute)
pes

But Dy /9 = D1 kD g, so (taking norms) dr, /o = Nk/o(dr/x) - di/q-

Note (dr) = dp, jq for dr, € Z.

So |dr| is bounded, so done by Hermite’s Theorem. O
Hilbert’s Theorem 90. L/K Galois with G = Gal(L/K) = (o) cyclic of order n.

If x € L with Np/x(x) =1 then x = o(y)/y, some y € L.
Proof. Let ap = 1, a, = [/, o' ().

Distinct automorphisms are linearly independent, so there exists z € L such that
2?2—01 a;o'(z) # 0, call it b. Then

n—1 n—1 n—1
_ N i+l _ @itl i1y l () — 2
o(b) = . ola;)o" ™ (z) = Z L 0 (2) = . Z a;o'(z) = e
=0 =0 =0
— b so put O
— ut y = —.
(b), put'y b

Higher ramification groups
[K :Qp] > o0. L/K finte, Galois. G = Gal(L/K).
Definition. Recall, the inertia group is I = {0 € G : o(z) =z (mod 7 for all z € O }.

Note. I 4G, |I| = e(L/K).
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Definition. The nt® ramification group is

Gn={0e€G:o(x)=2 (mod a7t forall z € Op}.

SO,...CGQCG1CGO:ICG.
Note. G, = ker (G — Aut(Op /77T 0L)) < G.

Theorem 6.16.
(i) Gn={oce€l:v(o(rr)—mr) >n}. (“It’s enough to look just at = 7.”.)

(i) Mpzo Gn = {1}
(i) Go/G1 <=k}, and G,,/Gpy1 — (kr,+) for all n > 1.
Proof. Replacing K by K’ (maximal unramified subextension of L), we may assume that
L/K is total ramified.
(i) Theorem 6.6 — O = Ok|rr]
n+1 n+1

Soifo(ng) =mp (mod 7777), then o(z) = (mod 77™) for all € O, (because
it holds for all polynomials in 7).

(ii) If o # 1 then o(wy) # 7 (since L = K(rnz)). So vp(o(rp) — 7r) < oo (its
absolute value is non-zero).

Therefore o ¢ G,, for n sufficiently large.
(iii) For 0,7 € Gy, let (7)) = uny, for some v € O . Then

or(ry) or(mp) 7(rp)  o(w) o(rp) 7(7r)

7, 7(mL) 7L U I I

O—T(TrL) _ O—(ﬁL) T(TrL) (InOd 7rn+1)
Y, TL L o

We write o(n) = agmr, if n = 0, and o(n) = 7 + angﬂ if n > 1 (some
s € OL).

Case: n = 0.
aor = apa, (mod 7y,).

Then G,, — k} : 0+ a, (mod 7r) is a group homomorphism, with kernel Gj.

Case: n > 1.

(1+ aprm?) = (1 + apm?)(1 + ar;7?) (mod 7)), 50 apr = ay + a, (mod 7r).
Then G,, — (kr,+) : 0+ a, (mod 77") is a group homomorphism, with kernel
Gn+1. O

Recall [K : Q,] < 00, so kr, is a finite field of characteristic p.
Grn/Gni1 — (kr,+), so Gy is a p-group.

Go/Gy — ki, so Go/G1 has order prime to p.
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Corollary. G is the unique (because it’s minimal) Sylow p-subgroup of Gj.

L {1}

totally wildly ramified | | Gal(L/K") = G1 = wild inertia group
K" Gy
totally tamely ramified | | Gal(K"/K") = Go/G1 = tame inertia group
K Gy=1
unramified | | Gal(K'/K) = Gal(k/k), cyclic
K K

Corollary. Gal(L/K) is soluble. (All abelian/cyclic extensions.)
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7 : Norm index computations

G, cyclic group of order n, generated by . Let A be a G-module (i.e. a Z(G)-module), i.e.
A is an abelian group with G acting via group homomorphisms.

Let A =1 — 0 (so in Hilbert 90 : o(y)/y = o(y) — y in this notation).

Let N=1+0+...+ 0" ! (norm is multiplicative, but this is an abelian group).
Note that AN = NA =0 in Z[G].

Write A|A for “A acting on A”.

Definition. HO(A) = ker(Ald) _ {a€A:ola) =a} and HI(A)

_ ker(N]A)
m(N[A) ~ {7l oi(a):ac A} -

im (A|A)

Lemma 7.1. Let 0 — A J. B2 C — 0 be a short exact sequence of G-modules.
Then there is an exact hexagon

H4) L HYB) £ HOO)

ol 1o

HY(C) <& HY(B) < HY(A)
Remark. Let ¢ € ker(A|C). Since g is surjective, ¢ = g(b) for some b € B.
Then g(Ab) = A(g(b)) = A(c) =0, and so Ab = f(a), for some a € A.

We define g : ¢+ a. (Check: a € ker(N), dp well-defined, exactness at 6 points.)

Define §; similarly.

. —_ _ [H(A)|
Definition. The Herbrand quotient is ¢(A) = HT(A)|

(Analogue of Euler characteristic.) It is undefined if either group is infinite.

Corollary 7.2. Let 0 — A — B — C' — 0 be a short exact sequence of G-modules. If
two of q(A), ¢(B), ¢(C) are defined then so is the third, and ¢(B) = q(A4)q(C).

Moreover, if A is finite then ¢(A) = 1.

Proof. Use the exact hexagon. If A is finite, then by the isomorphism theorem

_HA)] _ [ker(A4)] [im (AJA)] _ |A] _
[HY(A) ~ fim (N|A)] Tker(N[A)] ~ |4]

q(A) 1.

(Subgroup of finite index (A) will have the same Herbrand quotient as the group (B) it’s in.)

Theorem 7.3. [K : Q] < oo, L/K Galois, Gal(L/K) cyclic. Then
(i) [K*: Npj(L9)] = [L: K]
(ii) [O% : Np/k(07)] =e(L/K)
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B ker(N|L*)

Proof of (i). H'(L*) im (A|L*)

= 0 by Hilbert 90.

_ HA(LY)]

So.a(L”) = 17

= |

1= |
Claim. ¢(L*) =[L: K].
0 — O3 — L* 2% 7 — 0, exact sequence. Corollary 7.2 = ¢(L*)

HY(Z) =~ Z/nZ

HY(Z) =0 - Soq(Z) =n=I[L: K]

G acts trivially on Z, so {

9(07)q(Z).-

Recall (corollary to Proposition 4.10), O has a subgroup of finite index, isomorphic

to (Or,+). Moreover, this is an isomorphism of G-modules.
Corollary 7.2. = ¢(O3%) = q(Or). (Proof continued after. .. )

Shapiro’s Lemma. H = (¢™) C G, some m | n.

Let A=A & --- @ Ay, be a G-module with 0(A;) C A;11 for all 1 <i<m —1, and

o(Ap,) C A1, (So each A; is an H-module.)

Then HY(G, A) = H'(H, Ay) for i = 0,1. In particular, gc(A4) = qu (A1).

Proof. ker(A¢|A) = { (a,a,...,a): a € ker(Ay|A;)}
—_——

im (Ng|A) = {(a,0a,...,0™ 'a) : a € im (Ny| A1)}
= result for HO.

ker(Ng|A) = { (a1, am) : S, a; € ker(Ny| A1)}
im (AglA) = {(ar, .. am) : 7 a; € im (A |Ay)}

— result for H'.

d

Proof of 7.3(i), continued. By the normal basis theorem, there exists # € L such that
z,0(x),...,0" (z) is a basis for L over K. Multiplying by an element of K*, wlog

x € OF. (“Can clear denominators without destroying the properties.”)

Let W = Ogx + Ogo(x) + ...+ Ogo™ ().

Shapiro’s lemma with H trivial = ¢(W) = 1. But there is 0 # a € Or, such that

aOp, CW COp,80 [0 : W] <00 = ¢q(Or) =q(W)=1.

Hence [K* : Np /i (L*)] = q(L*) = q(Z)q(Or) = n = [L : K]. This proves (i).

Proof of 7.3(ii). ker(N|O7) = ker(N|L*) = im (A|L*), by Hilbert 90.

HI(OZ) _ ker(N|O3) B im (A|L*) _ coker(K* < L*)

im (A|O%)  im (A|O%) — coker(O% — O%)’
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0 — 0y — K* — Z — 0

! ! Ixe

0O — 0 — L — Z — 0

(Use snake lemmal)
So HY(O%) = Z/eL.
Then (O} : Np/x(O7)] = [H(O7)] = [H'(O7)| (since q(OF) = 1).

And this = e(L/K). O

Some local class field theory (statements only)

Definition. L/K abelian means that L/K is Galois and Gal(L/K) is abelian.
[K :Qp] < o0, L/K abelian.

The local Artin map is a certain group homomorphism 60, /5 : K* — Gal(L/K).

In the case L/K is unramified it is given by b — Frobz%(?).

Let n = [L: K].
(i) ker0p /g = {r € K*: vg(r) =0 (mod n)} = (1%, O%) = Np k(L)
(Units in Ok are norms by Theorem 4.3(ii).)

(ii) 01,k is surjective.

The definition of 6,k for general L/K is more complicated (and omitted). It induces
isomorphisms
K*/Np/k(L*) — Gal(L/K)
U U

o

Ok /Npx(01) —  I(L/K)
(with I(L/K) the inertia group).
In Theorem 7.3 we checked (for L/K cyclic) that the groups here have the same order.

A compatibility result:

Ll
0 ’ ’
/ | abelian (K" =5 Gal(L'/K")
L K’ Ngrr | | restriction
abelian | / K* Or/xc Gal(L/K)

K
Theorem. There is an inclusion-reversing bijection

{ abelian extensions } { open subgroups of

of K (inside K) K* of finite index } ; L— Nk (L")
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Suppose n > 2, i, C K, L = K({/a),a € K.

Xa : Gal(L/K) < pin, 0 — o(¥/a)/ /a.
Hilbert norm residue symbol (, )i, @ K*/(K*)" x K*/(K*)™ = pin, (a,b) = xa(0r,x (D))
Some properties

(i) (', ) is bilinear, i.e. (ajas,b) = (a1,b)(az,b) and (a,b1b2) = (a, b1)(a, bs).

(ii) (a,b) =1 < O/ (b) =1 < b€ Ny k(L*), where L = K(/a).
In particular, a, 2™ —a) =1 for all x € K with 2™ —a # 0.

(iii) 1 = (ab, —ab) = (a,—a)(a,b)(b,a)(b,—b) = (1)(a,b)(b,a)(1), so (a,b)~! = (b,a), i.e.
(,) is skew-symmetric.

(iv) 0/ is surjective <= ( , ) is non-degenerate.

(v) If a,b € Oy and p { n then (a,b) = 1, since K ({/a)/K is unramified (example sheet
2), so all units are norms. Then use Theorem 7.3 and property (ii).

+1 if ax® + by? = 1 is soluble for 2,y € K

If n = 2, then (a,b) = { —1 otherwise

Exercise. K = Q,, n = 2.
p>2,(3)L
p

p=2. ()2 -15
2 | - +1
1 |41

(“Find all positive ones by spotting solutions, and then use non-degeneracy, or use
Hensel and congruences, to fill in the tables.”)

identity if z > 0

Remark. Can define 0c /g : R* — Gal(C/R), z +— { complex conjugation if z < 0 °

R*/N¢/(C*) = Gal(C/R)

K a number field, Mg = {places of K} = {primes, real & complex embeddings}.
My D My = {infinite places}.

Definition 7.4. An idéle for K is a family (x,) with x,, € K for all v € My, but with x,
a unit for almost all (i.e. “all but finitely many”) v. The ideéles form a group under
(pointwise) multiplication, denoted Jg .

There is an exact sequence 0 — K* — Jg — Cg — 0

T T

diagonal embedding idele class group
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(For z € K*, look at the fractional ideal it generates, factor this into primes, then these
correspond to places and are the only non-zero elements in the idele.)

For [L : K] < oo, define Ny /k : Jp — Ji, (Tw)w — (Hw‘v NLw/Kv(zw)) .

By the corollary to Theorem 4.7, this extends the norm on L*, and so induces a norm
NL/K . CL — CK

If L/K is Galois, then Gal(L/K) acts on Ji, by 0 : (w)w) — (0(25-1(u))),,- (Places can be
permuted by group actions.) This extends the action of Gal(L/K) on L*, and so defines an

action on Cf,.

Remarks.

(i) For a € Jp, we have Ny x(2) = L, ccu(r, x) o(2)-

(ii) Jx C Jr is the subgroup fixed by Gal(L/K). (“Take the component in J for a
valuation v | w for any component in L corresponding to w.”)

We put a topology on Jx by taking as basis of open neighbourhoods of 1 the sets HUeMK U,,
where U, are open subsets of Ky and U, = O}, for almost all v.

(“This doesn’t make sense for archimedean places, but that’s okay.”)
Let S C Mg be a finite set of places containing Mg°.
Definition. Og s = {x € K : vy(z) > 0 for all p € S} = ring of S-integers
ks =17 € K :vy(x) =0 for all p ¢ S} = group of S-units
(“So clearly we want all infinite places in S for this to make sense.”)
Jrs = {(zv) € Jk 11y ¢ Oy for all p & S}.
(“So by definition every idele lives in one of these for a certain choice of S.”)

For [L : K| < oo, write O s, O} g, JL,5, where it is understood that S here should really
be S ={w € M : w | v, some v € S}.

Lemma 7.6. If S, contains a set of generators for CI(L) then “the quotient will still be the
whole class group”, i.e. there is an exact sequence

0— 015 —Jos —CL—0 (%)
(“First bit comes from restricting maps from our first exact sequence.”)
Proof. We must show that L*J; g = Jp, (i.e. to prove surjectivity);

But if (24)w € Jr then by our assumption on the the class group there exists © € L*
such that vp(z) = vp(zp) for all P ¢ Sp.

(“Multiplying any ideal by things in S, we can make it principal.”) a

Theorem 7.7. Suppose L/K is Galois and Gal(L/K) is cyclic. Then
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Then by (x) in 7.6, ¢(CL) = a(/Ls) _ [L: K]

Proof.
(i) Case S =M.

For every w € M7° there exists x,, € OF with |z,]w > 1 and |zy], < 1 for all
v e M\ {w}. Making one choice for each orbit for Gal(L/K) acting on M7 we
may assume o (&y) = Ty for all w € M° and all 0 € G = Gal(L/K).

Notation. For v € My, let T,, = P
ew, with G-action o(ey) = €5yp-

wlv Ze,, be the free abelian group on symbols

By the proof of Dirichlet’s Unit Theorem, there is an exact sequence

0 — Z — @'UEI\/[I”{OT'U — O} — (finite) — 0
T Cw F— Ty
trivial G-action
(justify later)

1
Therefore ¢(0}]) = — q(T).
U2) e

We have G, = Gal(L,,/K,) C Gal(L/K) = G (independent of choice of w | v).
Write q, g, for Herbrand quotient w.r.t. G, G,.

Then ¢(Ty) = ¢»(Z) by Shapiro’s lemma, = |G| = [Ly : Ky).

1

Claim ¢(O7, 5) = L:K] 1w : K] (%)
’ veS

(We pick one w dividing each v — it doesn’t matter which.)
Case S = Mpe.

rank=| M| rank=|M7°|—1

—_—— PN
0 — 2z — @Pr — 05 — (nite) — 0
veMg?
.
ew — Ty
N.B., to see that G acts trivially on kery we note that as O has rank |M?| —1,
the T, 2w must satisfy (for some v € M) some non-trivial relation, so

N 1 () 1 )
q(01) = M H q(Ty) = L:K]| H (L : Kol

veEMg? veEMg?

Case S’ = S U {p}.
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There is an exact sequence of G-modules

0 — O — Opg — T, — (finite) — 0
— Ty en@en

Therefore ¢(OF o) = q(O7. ¢) q(Tp) . This proves (i).
. .

=[Lp:Ky]

(ii) Next compute ¢(Jr,s).

Jes=1] IT1zs > II T19:

veS wlv v¢S wlv
S~—— N——
can apply Shapiro’s lemma
J pick one w again
HY(G, Jps) = [ H(Gw.L;) x [[ H(G,,0},) fori=0,1
%T’_/ veS vgS

finite since for w | v unramified, H°(G., 0%) = H'(Gy, 0%) = 0.

Therefore q(Jp, ) = H q(Ly,) X H 2 (0y)
veS v S
=[Ly:Ky) =1 (see Thm 7.3)
Hence q(Js) = [ [ [Lw : K. O

veS
Corollary 7.8. [Cx : Nk (Cr)] = [L: K.
Proof. We must show that ker(A|CL) = Ck.
Take x € Jr, and suppose y = o(x)/x € L.
Then N/ (y) = 1, so by Hilbert 90, y = 0(2)/2, some z € L.
= o(x/z) =x/z, ie. x/z € J fixed by G-action
= x/z € Jk.

. Ck 0 (7.7)
Finally, | ————| = |H > =" [L: K].
oty [ =S| = el > ae) 1 k) -

It can be shown (much more work!) that we have equality in Corollary 7.8. (Either with
analytic number theory, or like Chevalley with Kummer theory.) In particular, H(Cy) = 0.

Recall that there is an exact sequence of G-modules
0—L"— J,—C,—0
Taking the exact hexagon:

HY(Cp) — HL*) < H°(Jy)
I I U
0

*

Np,x(L*) v N, /K, (L})
We deduce:
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Hasse norm theorem. For L/K a cyclic extension of number fields and z € K, then x is
a norm from L iff it is a norm everywhere locally.

(For all but finitely many places this is automatic, because we have a unit = unramified =
earlier result.)

Remark. This is false if we replace “cyclic” with “abelian” because we don’t have an exact
hexagon in this case — we get a long exact sequence instead. (“Then we look at Brouwer
groups instead for a local-global principle.”)

L/K abelian extension of number fields, p prime of K unramified in L.
Gal(Lp/K,) C Gal(L/K) is independent of choice of P | p, since Gal(L/K) is abelian.

Definition. The Artin (reciprocity) map is the group homomorphism

p +—— Frob,

(and extend to make a (unique) group homomorphism), where I3 = I is the subgroup
generated by primes not in S, where S is a finite set of primes containing those that
ramify in L.

Examples. K = Q, L = Q(v/d), d # 0, 1, square-free integer. Gal(L/K) = {+1}.

+1 if prime splits, pOr, = p1po
Then for p12d, Fr/x(p) = { —1 if pOy, prime/inert

(Le., map not defined when p ramifies.)

So for a € Z, a > 0, (a,2d) = 1, we have I, /k(a) = (g), Jacobi symbol.

K anumber field, 0 — 0% — K* -5 Ix — CIK) — 0 .

Definition. A modulus m for K is a formal product m = mgmes where mg C Ok is an
ideal and m, is a set of real embeddings K C R.

K"={zeK*:2=1 (mod m)},

where z = 1 means p(:c N 1) vp(mo) allp | mo
- o(x) all 0 € moo

Reciprocity Law. Let L/K be an abelian extension of number fields. Then there exists a
modulus m for K such that i(K{") C ker (Fp,/x : [} — Gal(L/K)).

Note I = Iy where S = {p | mo}.
Slogan. “Splitting behaviour of primes in L/K can be described using congruences.”

Examples.

(i) K =Q, L = Q(Vd), d # 0,1, square-free integer.

Then reciprocity holds for m = (4d)s. (This follows from the usual statement of
quadratic reciprocity.)
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(i) K =Q, L=Q(¢), Gal(Q(¢.)/Q) — (Z/nZ)*

(0g:Cn— (%) —— (amodn)

For p { n we have F'/k(p) = 0p. Take m = (n)o. Then z € Q" = z =1/s,
for r, s positive integers, coprime to n, and r = s (mod n).

Fr/(r/s) =0or071=1.
Theorem 7.9. Assume reciprocity law holds for (L, K,m). Let s = {p | mo} U M?.

Then there exist group homomorphisms 6, : K — Gal(L/K) such that

(i) Oy (x) = Froby*'™ for all p ¢ S
(i) Toensy Ov(x) =1 for all z € K*.

(Note that (ii) is a finite product by (i).)
Proof. We define a map 0 : Jx — Gal(L/K) as follows.
For z = (z,) € Jk, define (2)* =[], ¢q pUr(@e) € T2

Given x = (x,) € Jx we pick aj,as,... in K, using weak approximation, such that

‘an—L‘HOaanooforallveS.

Ty

Then define 0(z) = lim, oo Fr/x ((anz)®). (We give Gal(L/K) the discrete topology. )

F A X s m s
For m, n sufficiently large, M = FL/K((G—) ) = 1, since L/K satisfies
FL/K((anz)S) an

the reciprocity law.

Therefore, the limit exists. Similarly, the limit does not depend on choices of the a,,.

Let 0, : K — Jk 4, Gd(L/K), x — (..., 1,1,2,1,1,...).

r\ oth place
(i) fp ¢ Sandz e Ky,

Op(x)=0(...,1,1,2,1,1,...) = FL/K(pvp(z)) — FrOb;"(I).

(Taking a,, = 1 for all n.) This proves (i).
(ii) For x € K*, [[,cpr, Ov(z) = 0(x) = 1 (taking a,, = 1/x for all n). O

Remark. Can check that 6 and 0, are continuous.

Originally, the local Artin maps were constructed from the global theory using Theorem

LU}/KU
—

0
7.9. The modern approach is to do local class field theory first, then define 0, : K
Gal(Ly/K,) and Gal(L,/K,) C Gal(L/K), and prove [[,cys, 0v(z) = 1 for all z € K*.
The reciprocity law is then deduced by reversing the argument in Theorem 7.9.

Some statements of global class field theory

L/K abelian extension of number fields.
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Classical version. The conductor of L/K is the least modulus m such that (L, K, m)
satisfies reciprocity.

Clw(K) = I}?/i(K7") is the ray class group (a finite group).

Cln(K)

—NL/K(Clm(L)) — Gal(L/K).

Fp Kk induces an isomorphism

Then there is an inclusion-reversing bijection between

{ abelian extensions of K } { subgroups of }

of conductor dividing m - Cln(K)
U U
ray class field
witi modulus m — {1}

(n € Z positive)

Example. K = Q. Ray class field = { %EEZ§ AR i ;nl i EZ;OO

Ck

7NL/K(CL) — Gal(L/K).

Idelic version. 0: Jx — Gal(L/K) induces a map
(@) Tloenry (o)

There is an inclusion-reversing bijection

{abelian extensions of K} «— {open subgroups of finite index in Ck}
L +— Np/x(Cr)

K a number field, pu, C K. For each v € My, we have Hilbert norm residue symbol
(5 )o s K/ ()™ < K/ (K5)™ — pin.

Product formula for the local reciprocity maps = ] (a,b), = 1 for all a,b € K*.
(A finite product!).

vEMg

Example. K = Q,, n = 2. (These are the answers to the exercise given on page 43.)

u
p>2,(5):—1. ()] p u
p (DT
u -1 +1

p=2. ()] 2 -1 5
2 |11 +1 -1
1 [+1 -1 +1
5 | -1 +1 41

% ifv=gq

Let p, ¢ be distinct odd primes. Then (p, q), = % ifo=p
-1 fv=2p=g=3 (mod 4)
+1 otherwise (including v = 00)

= recover quadratic reciprocity (because the product of these has to be 1).
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8 : Quadratic forms
K a field, char(K) # 2.
Q => ajjzix; € K[x1,...,x,], quadratic form of rank n (i.e. matrix is non-singular).

Definition. Q represents ¢ € K if there exist y1,...,y, € K, not all zero, such that
Q(ylv . 7yn) =cC

Remark 8.1. @ represents 0 <= @ represents every element of K. (Change of coordinates
= linear in z1.) In that case we say @ is soluble.

Lemma 8.2. [K : Q)] < oo, p # 2, k residue field, Q = Y7, a;27, a;, € K* (can always
diagonalise a quadratic form).

Suppose either either (i) n > 3 and a; € O} for all i, or
(ii) n > 5.

Then @ is soluble.

Proof.
(i) Wlog, Q = ax?® + by? — 22, some a,b € O.

The maps k — k given by = — az? and y — 10by? have images of size (g + 1).
I.e., more than half the size of k, so they must overlap.

Then there exist z,y € Ok (lift!) such that az? + by! =1 (mod 7).

Hensel’s lemma = az? + by? € (0%)? = Q@ soluble.
(ii) Wlog vy (a;) = {0,1} for all ¢ (multiply by the square of the uniformiser).

n>5 = wlog vk (a1) = vi(az) = vk(as). Apply (i): if they’re all 0 then done,
otherwise divide by uniformiser and show @ is soluble. O

Remark. Lemma 8.2(ii) is still true for p = 2 (proof omitted).

Hasse-Minkowski Theorem. @ a quadratic form over a number field K. Then @ is soluble
over K <= () is soluble over K, for all v € M.

Remark. If n > 3 then local solubility is automatic (by the lemma above) for all but finitely
many places. (f; when p1 coefficients a;)

Proof for n = 2. Theorem says: a € (K*)? <= a € (K})? for all v € M.

Case K =Q. a€ (Q;)* = wv,(a) even

a€(R*)? = a>0 }:>GE(Q*)2'

General case. Let a € K*. If a € (K)? for all v then every prime of K splits in

L= K(a).

Then Fj k : Ix — Gal(L/K) is the trivial map (all Frobenius elements are trivial
when primes split). But Fyx surjective = L=K = a € (K*)%

Proof for n = 3. Wlog Q = ax? + by — 22, some a,b € K*.
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@ soluble <= b€ Ny x(L*), where L = K (\/a).

So result follows from Hasse norm theorem. (Not a very constructive proof — see Cassels
for case Q.)

Proof for n=4. Q = a12? + ... + asz?. A “trick” reduces the case n = 4 over K to the
case n = 3 over K(./a1a2a3a4). (See sheet 4, question 14.)

Proof for n > 5. Induction on n. (Local solubility follows from the lemma for all finite
places, so only need to look at real embeddings and indefinite quadratic forms.)

Write Q = f(x1,22) — g(2s, ..., z,) and use lemma 8.2(i) and Remark 8.1.

— there exists S C Mk finite (“finite set of awkward places”) such that g represents
every element of K, for all v ¢ S. (x)

For v € S, @ is soluble = there exists ¢, € K, such that f and g both represent c,.
(Use the remark if either f or g has all x; zero.) This also gives wlog ¢, # 0.

By weak approximation (“showing something is close to a square is enough”), and the
fact that (K)? is an open subset of K, there exist 21,79 € K such that f(xq,22) =
¢ # 0, and c¢ is represented by g over K, for all v € S. (xx)

() and (xx) = g represents ¢ for all v € Mg — @ =cy? —g(x3,...,o,) is soluble
over K, for all v € Mk. (See we need ¢ # 0.)

Induction hypothesis = @ is soluble over K
= f and ¢ both represent ¢ # 0 over K

= (@ = f — g is soluble over K. U
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MATHEMATICAL TRIPOS PART III (2011-12)
Local Fields - Example Sheet 1 of 4 T.A. Fisher

Note: the p-adic absolute value on Q is normalised so that |p|, = 1/p.

1. Prove the product formula for absolute values on Q: If x € Q* then
[Tlele =1

where a € {00,2,3,5,...} lists all the normalised absolute values on Q. (The
analogous formula for number fields will appear on the next example sheet.)

2. If ¢ € Z, satisfies ||, < 1 show that (1+¢)™' =1—c+*—c®+... Hence or
otherwise find a € Z such that |[4a — 1|5 < 5710,

3. (i) Show that the inclusion Z C Z, induces an isomorphism Z/p"Z = Z,/p"Z,
for all n > 1.

(i) Show that #(Z,/mZ,) = |m|," for all m € Z,.
(iii) Show that a subgroup of Z, is open if and only if it has finite index.

4. Suppose a € Z with (a,p) = 1. Prove that the sequence (a*"),>q converges in Q,
and its limit is a (p — 1)*" root of unity which is congruent to a mod p.
5. (i) Show that Z[%] is dense in Q,.

(ii) Recall that Q/Z is isomorphic to the group of all roots of unity in C. Show
that Q,/Z, is isomorphic to the group of all p-power roots of unity. (Note
that these isomorphisms do not respect the standard Galois actions.)

6. (i) Prove that any z € Q, can be written (uniquely) in the form z = Y7 a,p"
where ng € Z and each a, € {0,1,...,p—1}.

(ii) Show that x € Q if and only if the sequence (a,), is eventually periodic.

(iii) Let s,(n) denote the sum of the p-adic digits of n € Z. Prove the formula

vp(n!) = (n = sp(n))/(p = 1).

7. Show that the equation 2® — 32 + 4 = 0 has a unique solution in Z;, but has no
solutions in Zs or in Zs. How many are there in Zy?

8. Consider the series

— (1/2
“\/1+715”:1+Z<T/L)15”

n=1

where (z) = w Show that the series converges to 4 with respect to
the 3-adic absolute value, to —4 with respect to the 5-adic absolute value, and

diverges with respect to all other absolute values on Q.
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10.

11.

12.

13.

14.

15.

Let K be a field that is complete with respect to a discrete valuation v and with
finite residue field k. Show that if chark { n then |K*/(K*)"| = n|u,(K)| where
tn(K) is the group of nth roots of unity in K.

Let K be a field that is complete with respect to a non-trivial absolute value | - |.
Show that K is uncountable. (We know that if |-| is archimedean, then K contains
the reals, so if you like you may assume | - | is non-archimedean.)

Let K be the completion of a field K with respect to a valuation v. Recall that
v extends to a valuation v on K. Prove that the value groups of v and v are the
same. In particular this shows that if v is discrete then v is discrete.

Let k be an algebraically closed field and K = k(t). Prove that every normalised
discrete valuation on K which is trivial on k (i.e. v(a) =0 for a € k*) is either of
the form v, for some a € k (“order of vanishing at a”) or is v (p/q) = deg g—degp.
What happens if £ is not algebraically closed?

Let Z[[T]] be the ring of formal power series over Z. Show that there is an isomor-
phism of rings Z[[T]/(T — p) = Z, induced by the natural ring homomorphism

Z{[T)] = Zy; ZanT" — Zp”an.

(Another form of Hensel’s lemma) Let fi,...,f, € Z,[X;,..., X4 with r < d.
Suppose a = (a1,...,aq) € Z% with fi(a) = 0 (mod p) for all 1 < i < r and
rank(gﬁ_ (a) mod p) > r. Show that there exists z € Z¢ with z = a (mod p) and
filz) =0for all 1 <i <r. Is x unique?

Show that the equation 2% — 82y = 2 has solutions in Z, for every prime p, and
yet has no solutions in Z.
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MATHEMATICAL TRIPOS PART III (2011-12)
Local Fields - Example Sheet 2 of 4 T.A. Fisher

1. Let R be a Dedekind domain containing non-zero ideals a and b. By first treating
the case R is a PID and then localising, show that a D b if and only if a | b.

2. Prove the Chinese Remainder Theorem in the following form:
Let R be a ring (commutative with a 1) and let Iy,..., I, C R be ideals
with I; + I; = R for all ¢ # j. Then
(i) Nyl =12, L (= 1 say),
(ii)) R/I=R/I®...® R/I,.

3. Let R be a Dedekind domain. Use the theorem on unique factorization into prime
ideals, and the previous exercise, to show that
(i) If R has only finitely many prime ideals then it is a PID.
(ii) If I C R is an ideal then I = (a,b) for some a,b € R.
4. Let L/K be finite extensions of Q,. Let |- |k and |- |z be the normalised absolute
values, and put n = [L : K.
(i) Show that |z|, = |z|} for all x € K.
(ii) Deduce that [Ny, k(z)|x = |z|. for all z € L.
5. Let L/K be a Galois extension of number fields and G = Gal(L/K). Assume G is
abelian. Let p be a prime of K and ‘B a prime of L dividing p. The decomposition
field E is the subfield of L fixed by the decomposition group Gz C G. Let pp =

BN E. Show that p splits completely in E (i.e. all e; and f; are 1), whereas B is
the unique prime of L above pg.

For the next three exercises (which follow on one from the other) let K be a field complete
with respect to a discrete valuation, with valuation ring O and residue field k.

6. Let f(X) be a polynomial in O[X] and suppose f(X) = ¢1(X)¢po(X) where
¢1,¢2 € K[X] are coprime. Show that there exist polynomials fi, f» € O[X]
with f(X) = fi(X)fa(X), deg f1 = deg ¢y, and f; = ¢; for i = 1,2.

7. Let f(X) be a monic irreducible polynomial in K[X]. Show that if f(0) € O then
f e O[X].

8. Let L/K be a finite extension and write | - | for the absolute value on K.

(i) Let # € L. Show that if Ny x(x) € O then Ny k(14 x) € O.

(ii) Prove directly that |z|;, = | Ny k()| is an absolute value on L.
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9.
10.

11.

12.

13.

14.

Prove that R, Qq, Q3, Qs, ...are pairwise non-isomorphic as fields (no topology).

(i) Recall the description of Q}/(Q})? given in lectures and hence find the con-

dition for p to split in the quadratic field Q(\/E) for d a square-free integer.
(Treat the cases p = 2 and p > 2 separately. You may wish to compare your
answer with that obtained by computing the ring of integers and then using
Dedekind’s criterion.)

(i) Let K = Q(v/d) for d a cube-free integer. Show that 3 splits in K/Q (i.e.
there is more than one prime of K above 3) if and only if d = £1 (mod 9).

Let L/K be an extension of number fields.

(i) Let v be a place of K. Show that |Nz/k(x)|, = [[,, |7|w for all z € L.

w|v
(ii) Deduce the product formula:
If z € K* then [], |z|, = 1 where v runs over all places of K.

Let U, = 1+ p"Z,. Show that for r sufficiently large U, /U, ,,, = Z/p™Z. Use this
to prove that if p is odd then (Z/p"Z)* is cyclic. What happens when p = 27

Let K be a finite extension of Q, with residue field F,. Show that if e(K/Q,) < p—1
then K contains exactly ¢ — 1 roots of unity.

Let aq,as,... be a sequence of roots of unity in @p of order prime to p. Suppose
K, C Ky C ... where K; = Qp(a;). Let s, = > """, a;p" and s = lim,,_. s, € C,,.

(i) Show that if 0,7 € Gal(K,,/K,_1) are distinct then |o(s,) — 7(s,)| = p™™.
(ii) Deduce that [K,, : K,—1] < [Qu(s) : Q).

(iii) By making a suitable choice of aj, as, ... prove that @p is not complete.
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MATHEMATICAL TRIPOS PART III (2011-12)
Local Fields - Example Sheet 3 of 4 T.A. Fisher

10.

11.

. Show that Z = Hp Z,, where the product is over all primes p.

Show that Gal(F,/F,) = Z and Gal(Q(Ups1t,)/Q) = 7

. For an integer M > 1 define Z),; = hm Z]M"Z with respect to the natural surjec-

tions Z/M"™Z — Z/M"Z. Prove ‘that Zn = [l Zp- In particular, Zy is an
integral domain if and only if M is a prime power, and Z,» = Z, for k > 1.

Give a direct proof that Z, = lim Z /p"7Z is sequentially compact.

Let K = Qp((p). Show that (1—¢7)/(1—(,) =4 (mod mg) forall 1 <i < p—1, and
that (1—¢,)P~' = —pu for some u € 1+ 7 Of. Deduce that Q,(¢,) = Q,(*/—p).

Let K be a p-adic field and L = K((,,) where m is an integer coprime to p. Let
g(X) be the minimal polynomial of (,, over K. Use a version of Hensel’s lemma
(see Example Sheet 2, Question 6) to show that § € k[X] is irreducible. Deduce
that L/K is unramified.

. Let K be a number field and L = K(/a) for some a € Ok. Show that if ptna

then p is unramified in L.

Let L/K and M/K be extensions of p-adic fields. Show that if L/K is unramified
then the natural map

{K-embeddings L — M} — {k-embeddings k; — kj}
is a bijection.

(i) Let Ly/K and Ly/K be extensions of p-adic fields, at least one of which is
Galois, with ramification indices e; and e;. Suppose that (e1,e2) = 1. Show
that Ly Lo/K has ramification index ejey. (In particular this shows that the
composite of any two unramified extensions is unramified.)

(ii) Compute the valuation rings of Q,((p, ¢/p) and Q,(p, +Y/P).

Let L/K be a Galois extension of number fields. Suppose that Gal(L/K) is not
cyclic. Show that no primes of K are inert in L. (A prime p of K is inert in L if
pOy is prime.)

Let K = Q(y/m) where m > 2 is a square-free integer with m Z 0 (mod 3). Show
(using results in lectures about the different) that K has discriminant

{ —3m? ifm=41 (mod9)
di =

—27m?  otherwise.
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12. Let L/K and E/K be extensions of number fields. Let pg | p be primes of E and
K. Show that if p is unramified in L/K then pg is unramified in LE/E. Give an
example (say with [L : K| = [LE : E]) to show the converse is false.

13. (i) Show there are no finite extensions of QQ that are unramified at all primes.

(ii) Show that if K = Q(v/—5) and L = K(v/—1) then L/K is unramified at all
primes.

(iii) Let L be the splitting field of f(X) = X® — X — 1 over Q. Since f(X) has
discriminant —23 the unique quadratic subfield is K = Q(y/—23). Show that L/K
is unramified at all primes.

14. Let GG be a profinite group. Show that every open subgroup of G has finite index,
and that every closed subgroup of finite index is open. Find an example of a
profinite group (abelian, say) with a subgroup of finite index that is not open.

15. (Normal basis theorem) Let L/K be a finite Galois extension of fields. Assume that
K isinfinite. Let Gal(L/K) = {oy,...,0,}. Let f(Xi,...,X,) be the determinant
of the n x n matrix with i-j entry X; where o,0; = oy.

(i) Show that z1,...,x, is a basis for L over K if and only if det(o;(x;)) # 0.
(ii) Show that, for suitable z1,...,z, in L, the polynomial

g(Y1,....Y,) = f( Z o1(z;)Ys, Z oo(z)Ys, .., Z an(:z:l-)Yi)

is non-zero.
(iii) Show that there exists z in L with the property that oyz,..., 0,2 is a basis
for L over K. (Hint: Take x = > \jx; with g(Aq,...,\,) #0.)
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MATHEMATICAL TRIPOS PART III (2011-12)
Local Fields - Example Sheet 4 of 4 T.A. Fisher

1. Compute the ramification groups of Qs3((s, v/2)/Qs.

2. Prove that @, has a unique Galois extension with Galois group (Z/27)3. Compute
its ramification groups.

3. Prove that there is at most one prime p for which Q, has a Galois extension with
Galois group S,. If you like, you can try to construct such an extension.

4. Prove that Q,(¢n)/Q), is a totally ramified Galois extension, determine its degree,
its Galois group and all the ramification groups G;. [Hint: 1 — ( is a uniformiser.]

For the next three exercises K is a finite extension of Q,.

5. Suppose L/K is a Galois, totally and tamely ramified extension of degree n. Prove
that p, C K and L = K(/7g). How many totally and tamely ramified Galois
extensions does Qs have? [Hint: You may use Kummer’s theorem: suppose k is
any field of characteristic prime to n, containing u,. Then every cyclic Galois
extension of degree n of k is of the form k({/a) for some « € k.]

6. Let L/K be a finite Galois extension that is totally ramified. Let G = Gal(L/K)
and for 0 € G put iy k(o) = vr(o(my) —7r). Let 0(L/K) = v.(Dy k). Show that

SL/K)= ) irx(o) = (IGi| - 1)
1#0€G =0

where G; C G is the ith higher ramification group.
7. (i) Show that if L/K is finite then Ny k(L*) C K* is an open subgroup.
(i) Show that if K = Q, and L = Q,((,) then

o | (p,1+p"Z,) ifm=p",
NL/K(L>—{ (pf,25) if m = pf — 1.

[Hint: For p # 2 we know that Z; = (Z/pZ)* x Z, and so 1+ p"Z, is the only
subgroup of Z} of index p"~'(p — 1) ]

(iii) (Local version of the Kronecker-Weber theorem.) Deduce by local class field
theory that if K/Q, is abelian then K C Q,((4) for some d.

8. Let L/K be a Galois extension of fields with G = Gal(L/K) cyclic of order n,
generated by o. Let A € GL,,(L) with Ac(A)...0" (A) = I,,,. Show there exists
B € GL,,(L) with A = B~'o(B).
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9. The Hilbert norm residue symbol Q5/(Q5)* x Q;/(Q5)* — pg is defined by

(a,b), — 1 if az® 4+ by? = 1 for some z,y € Q,
“©%r =\ 1 otherwise.

(i) Show that if K is a field (with char(K) # 2) and a,b € K*, then ax?+by? = 1
is soluble for x,y € K if and only if b is a norm for K(y/a)/K.
(ii) Deduce that the Hilbert norm residue symbol is bilinear.

(iii) Show that the Hilbert norm residue symbol is non-degenerate by computing
it on a basis for Q5 /(Q;3)*. (You should split into the cases p =2 and p > 2.)

10. Show that Jo = Q" x [[,Z; x Rxo.

11. Let L/K be a Galois extension of number fields and G = Gal(L/K). Define an
action of G on Jp, extending the action on L*, and check that the subgroup of J,
fixed by G is Jg. Deduce that L*NJxg = K* and hence the natural map Cx — Cp,
is injective. Is this last result still true if L/K is not Galois?

12. Let L/K be a Galois extension of number fields with G = Gal(L/K) cyclic. Show
that H°(G, J) = ®vemy K /Ni, /K, (L}). [Recall that a direct sum consists of
tuples where all but finitely many elements are the identity.]

13. (i) Let K be a p-adic field. Use the theory of the Herbrand quotient (for G a
cyclic group of order n acting trivially on K*) to show that

K ()| = i)
(] = e
where 1, (K) is the group of nth roots of unity in K.

(ii) Let K be a number field containing the nth roots of unity. Show that there
is a finite set of places Sy of K such that for all finite sets of places S O Sy

we have
[T 1/ () = n

vES

14. Let K be a field with char(K) # 2.
(i) Suppose L/K is a Galois extension with Gal(L/K) = Cy x Cy and let

K1, K5, K3 be the intermediate quadratic extensions. Show that
Nic/k (K7)Nko i (K3) = K™ N Ny jiy (L7).
[Hint: If z € L* with Ny k,(2) € K* use Hilbert’s Theorem 90 to construct
r € K} with z/x € K]
(ii) Let a,b,c € K*. Show that f = X? — bY? — cZ? + acT? is soluble over K if
and only if g = X2 — bY? — ¢Z? is soluble over K(v/ab).

15. Let Q(x,y, z) = ax? + by* + cz* where a, b, ¢ are non-zero integers with abc square-
free. Show that if @) is soluble over the rationals then —bc is a square mod p for
all primes p dividing a, and likewise under all permutations of a, b, c. Under what
additional assumptions on a, b, ¢ is the converse true?
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