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(<2 By Lmmas V412, way suppese Wk 1) sakishies Whe trousfe ‘nequality. Thea, For
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bk Leb, = 1el, 100] Si For lavge evowh v,  conbradicking Wypothesss:  Siuilandy F Ibl, <l
Se \al, E ifF IGI;'::I. Vow, Leb beek\ol, and aply this to azb™e , mueZ.
Take logs:  mloy 16, + nlogicl, 0 FF mlogibl, + nlogict, 3 ©. (%)
Assume ek tely £l say (d21. Se el >l So (egyiel, >0,
(%) becowmes: vulog‘b]‘% =alogiel,  (fF mlog b, 2 -nlogicl,
So, anf;l:-:; 2N, ve mlogibl 3 A nlogle, FHF mlyiely 3 ooa Lyicl, | A= Lok

legicty -
SO’ < to Haal we Wanve = 1 %*d.- \H,’\Ni ald Léh, ah »“Q@u;ﬂol-

 Obsesve tuak a  voluakion V1 on Rk induces a dopalogy, G basis for He cpen sebs becny
UL, §) = [ cotebi<sf Equivalent vakuakions olisiously induce the same topelegy.

LR 1) sakishies e tiiamg e ..Lnatu\aklyr the topology s Hat fadicced by e webae dibe) = Ib-el.
Loy | we gek dne iscrete togology HF 11 s e drvial valuakion.

vewa 320 Lek 11, 1), Unduce the same topology onk. Thew they are equivaleut.
?WOF WwWe May xuﬁm‘e \\|’ \\'}_ as€  Von -bnioénﬂ. Then “;\‘ <l <= \b““ 230 as AW <= h“ ‘.'W'-‘
to O wet the bopelogy <> 1B, 2 0 s arw <D b, <l. Then use lemma 3.0



| L emma 1% Lek \"1‘: “T be wow-briviad valuabeas on hl with wne bwe e%uu:uale:«l‘-
Then Jaek with 1al, > and ‘al; <1 [1<;sT).

Peof. Use waduckon on T.
T22: Siuce 11, is not tavial and \), 1), are not eguivaleat by temma 30 3 bek
wiblh bl <l b2 Similady, 3 ceR wibh Vel <l Vel 2. Take azcb’.
122 By induckion, T bek with bl >1, i<l (255 T-1).
As un care T>2, 3 cel with Vel 1, Veip <. Three  cases.

i) Ibly <4 take a=b.
" . ]
L as he wLUJ.oForla.naewhn.
" b :‘9 \ for WMy

L oy =)
b = .
i) \H-J-'>1 ! tehe ax ‘——”,“C . Stace I_-—+¥" = l——-l-b*" - §D et B et e

‘T\f\eoremg-l‘ Lek \\; (1¢;¢ 3) ve pairuwise wequivalest nea-Envial valuakens. Cheose
b, by eR arbibrasly and b vel £50. Twew 36 ek suckh ak
\‘“'le_; <% N3
Roof: By lemma '3-'5, 3c)-eh secda Mok begh; 58, 4wl Liejh
Thew consider _Z--_c‘nT-b; as A—> 0,

3 |+(j

Lu. Complekeness,

Lek R be a Feld with voluakion || We say Uk a sequemce an§7 {a,q,, ] teuds o
b a o Umt lwek 1) F for every €50 3 n () sudh thak laambl <8\ wdag,

A Limit of a sequence, if it ensts is clearly wnigue,
 Say {@ad is fundametal F for  every €20 I am o (5 suck tat \au-a,l <f

V \an'?ﬂr

Definibion: The Feld R s complale wek V1 iF every Fundamenkal sequence has o Uimit.
;Ld: R \ave valuakion i, et RCK. scuj B on K edtends |} (€ & tahes the same valyesonk.

(Definition: R with Ll We say Feld K together with voluakion 11 exbeading (| is o

complebion of R F
L) K is compleke
ti) K s tee closuse oF R wet (e (:opol.ogﬂ unduced bg) o

Theorem h.lt Lek R be o Reld wilh vatuokion V1. A conplobion exist amd any twe compledions

: are  Canonically isomorplic.

 Proof &3 ta}'-iw-_g aun abwwal.uk vakuakion e Moy Suppose ot 1 sokishies e triangle
Gaaqfualikg’ giving Rk a wmeknc space sbruchuse. Lebk K be the complekion of R wet the
wmebat. Lek D be the wmebicof K and sebt Wallz D(«,0) for weK. e show ot
K cown be gqiven o held steuchue awd thak NI (s o voluakion en it
Let of ek, so they are Umits of Sequen ces te,f, th,f v R. Then a,+h, w0 a
Cimdamental sequesce | 5o has Lt ‘6 (sen) & K. Sf»w(la..—hj' anb, e LUmie Ser,
Deline Y= wrp, §= of. (Ring arioms are sakisFied )



Now let oe R o+0. Them llull *0. Let §a,f be a Se%ueucé;:k withy Limit @ Then \anl = fiall,
stnce distamce ev a  wekrc space (s & conbinueus Punckion wit the wnduced topology,
Hewee a, =0 Cor only Haitely many ;5o S‘u.{’\Pose a, +O Ya. Sek b zal.

Then, (b-lbal = 'ﬁ‘]
Hemce by  complebeness S5 Was o Umik, wiidh we define to be «™', |t is aw ey

to check Huk K sakishies te feld avioms.

\7>t.5 conkinuity, W 1) ea K cakishes Hue valuakon axiows, since || oloes wr R.

\t remains de show Unigueness: Leb L be awy freld cpmpb,be vovck valuckion 1 il for wivich
there (s am embedding YR L, res*Pecakag P itk Then ™ exteade wuniquely 4o an
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of complakion, 3 a; ek so Wk laj-wjl; <€ fr given €0
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Denition:  f(T) - HZL'O £1%e O[[T]] s sand to sehsfy Eisensteins conditien f
dyve T, uv+0 such that uv"k, e Z In.

Theorem $) (Eisenstein) i tet F=F(1je RILTT] and suppose that these ae q. rq (1) e ®(Cr]
. R ] ol
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r: o 4+ sz'r +€m3 e e &I

It dw{—j suffices to show ~(T) sabisties Eisenstein's condibfon,

We have HEI= 0> Hlu+ T™) 2 HlW » T4, (w0 + & Ty 'rfJ-rqu*’,
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b € ZICT1T

P’\ww?(agivtg -E\/uowﬁ\mui by an Q«téﬂel" we WMay Qssume \'\, b,,. s
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A \-"’JJ"GHO;*\ s seid 4o be Recdimedean e s ack  wen- archimedean.
We  wil ?mue Hee GoUpr.ngr

Tueorem {Oshowski)! Let R be & Feld aawFteJ:e wit o arde. valuakion 1.1, Thew Rz IR
or € auwd ([ s eecuiualuk do the oidinay absoluke valse.

STl e Frbued? later, Nole the c:;unwiuﬂ: char k=0 (b, cor (i to Lemma \-S, $1).
Se R2®R. Se e walwakon o duced by V1 eu & ust be awch. (Cor‘c(; of sauue.’}
S % e?’u_. velenk o Vg, Stnee ks muf(df it thepelore conkains $he CO\MP(L&W R of

I Q Wf‘t klnﬂ l§2,ﬂnn&.f-\r", Co:}

‘Su,Prbse fist ot R conbains ¢ with 22-1. Thew R2C, We hove dhew to sl
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| 32 Some LCMMO.:,

Lemma 2.0° Any asrclimedean valuokion 11 on € is a%u.iunlenl: t tre obselute value Ll
Preof s Wlsg 1L sakisties the traugle Cme%ual-i{:g. By cemade above, the voluakiows (ndiuced
by \l awd lin en R axce letwiuqlul‘, sawy el = ial; Yae 112, some O <AL
let xza+ib obeR Then (aly, bin S lxln, so \wis lal +1cb = lal +ibj € 20

VL and Vhp wese bﬂet%w‘ualmub, s would coutrduck Thwm 2\ Uh.Z.

Lemmo 12 Let R be complete wet waluakion -1 Suppese T8 & Crveduecble on RITT, Then
there & A SO sedh thek ka™ rbzl 2 A mar§lalt IM’} J oabe k.
fl_ﬁ We wmay suppese (| sakisfies the brlangle unequalily, awd chow that B = :L\ will dy,
} %«j \M-Moguutﬂ we howe 4o show Mok (€ e s a Clc—k with e = =§, < D =iy
thew il 5 ceduedble. We  shall coustruck @ c¥ el with 24t 20 by successiie

afpmkfmal'fon
Bg (¥ and. e bﬂ-axgle me‘{,"‘“‘l"t‘jl we \ase \c‘} ) fl=if . Puk L c‘+|v\,, Some L(' ek,
Thea ciei = 4l 4 e, W, Cheose % = © ”'ﬂ,/ 2¢, o eliminake Lneos terws,
el it s
Thew, §, lsay) = Vet e = W, 11‘“ YR . jet € BE, , where we can tokee 9 ’\——"M\“_s.] <

| OCa r([pea,l-mg Hhe process we obtain a Sequeuce of eaa_.ucwb Co e R such Hhak

; Sa Gay) = (el € 86, ¢ 8"'S,, Rurther 1o, Gl =19+ 1 jeut = 5,4, ¢ B8,
This {Mfl;u ek §6f v o Fundowmedkal s uemee, se €. > el by (‘.&Mf(oxuw.
Now fe*iui| = Lﬁ;‘*lc: HAl #0. 5 s =0, ar wauired,

Lemma 237 Let R be c,.;,ufl.e):e wet  valuokon 11, Sg_,??ose TE 15 (rredueble tn RIT] . Then
, 3 am whemsion of V1 to R, where (25-1
Preefr Wlog, V1 sokiskies bhe triaugle tneguality.  Seb flawibl= \a?4b'™. 1b is @y to
Check 4ot dais coincides with || on kR, and dut pabs (i), (@ of the olofaibon of a
valuabion are sabished, it rewmauins to verify (wi)-
Su,ﬂwsc dak  fosibil € 1. Then fal ibi < A"", by lewwe 2.2
Heace | b (aeib)lt = lisa)r « b S |+ 1 2hal +lal*+ i € | 4 1‘2\\:)1"
wwich & whak wes retwiae&.

f2

2
x 2 2 € sy

2.3, Couplokion of fruef

IM Lek Rk be C'N“f’ut wrt e aschimedean valuwakion \\ aud suppese 3 telr volte (P=H,
' Ten R=C, and |1 s gquiselank v o,
S’ﬁ_ Wleg, \| wﬂscm the triamle thequalily. We Rrow R2R | aud so R =
By ama 2.1 the valuakion wduced by \1 en € is eguivalost 'Lo s
Suppore that R# € b xe RNC. Then l-al is a continuass funclion <f ae @, so
aBloins it lower heund, Say b be €. Rk Bz w-b. Then VBP0 stuee R0 awd
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- L. Noa- aiduimedean valualions.

;‘*" Defnitions ond BRasics,

Let 1l be o new-avch valuakion Ye Celd R, The set o - foaitamert i G{Cﬂur('] & wng,
- called the wing of (valuokies) utegers. The seb P=fa: wl<f s o marimal ideal of -
| The quekient cing /P s M o Red - the residue closs Field.
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‘ {-o?o(oggl ie F 3 €50 scch Hak -8 €lay<1+S D ol =],
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(=>) gmﬂwse Wois iscrebe, Thew the seb [ laitiar i} aHains &s upper beund, say at a=7.
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ékF P:(WJ’ we  say et 1 5 a grime lement for e valuabion.
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independent & choice of .

| The aviems of a  aon-awch. valuakien are ertuieulul’ ke
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