Proof of the Poincaré-Birkhoff-Witt Theorem

Notation so far

L a finite dimensional Lie algebra over k.

T(L) = D,,>0 @™ L - the tensor algebra.

S(L) = T(L)_/I, I the ideal generated by {z®y—y®z|z,y € L} — the symmetric
algebra.

U(L) = T(L)/J, J the ideal generated by {z®y —y® z — [zy] | z,y € L} — the
universal enveloping algebra.

m: T(L) = U(L) — the quotient map.

Let T, = @0, _, @™ L. Let Sy, Uy, denote the image of Ty, in S(L), U(L) respecti-
vely. Then, Uy < Uy < ... is a filtration of U(L).

Let U™ = Uy [Uin—1; rU = ®m20 U™ is the associated graded algebra.

¢ : T(L) — grU is induced from the maps @™ L = Uy — U™ = Uy /Up— for
each m. Since ¢(I) = 0, ¢ induces a surjective algebra homomorphism 6 : S(L) — grU.

The PBW Theorem 6 : S(L) — grU is an isomorphism.

To prove it, we need a technical lemma. Let zi,...,z, be a fixed basis for L. Let
I(m) denote all m-tuples i = (iy,...,4m) with 1 <4; < n. Let z; be the element z;, ®
.-.@z; € T(L), and Z; be its image in S(L). Say i is increasing if iy < --- < 4p. Then,
{z;| m € Z>o,i € I(m)} is a basis for T(L) and {Z; | m € Zxo,i € I(m),1 increasing}
is a basis for S(L). Write 1 <jifi < jsforall1 <s <m.

Technical Lemma For each m € Zx there ezxists a unique linear map fmm : L&Sy —
S(L) satisfying

(i) fm(z:i ® T35) = T;7; for i <j,j € I(m);

(i) fm(zi @ T3) — T;Z; € Sk for k < m,j € I(k).

(3i) fm(2i ® fm(z; ® Tx)) = fm(xj @ fm(Zi ® k) + fm([ziz;] ® Tk) for all k €
I(m—1).
Moreover, the restriction of fm to L ® Sy_1 equals frm_1.

(The expression in (iii) makes sense given (ii).)

ProOF. First, note that the restriction of f,, to L ® S;,—1 automatically satisfies
(i)—(iii), so it must coincide with f,,—1 by the asserted uniqueness. To verify existence
and uniqueness, we proceed by induction on m. For m =0, fo(z; ® 1) = Z; is the only
possibility, and the induction starts. Now suppose by induction that a unique fp—1
satisfying (i)-(iii) has been constructed. We wish to extend fp,—1 to a map fn; for
this, it will suffice to define fy,(z; ® Z;) when j € I(m) is increasing.

If i <j, (i) cannot hold unless we define fr,(z; ® ;) to be z;z;. If i < j fails,
then j; < i. Let j = j1,k = (J2,---,Jm) € I(m — 1). Then, by (i) and the induction
hypothesis, Z; = Z;Zx = fm-1(z; ® Zx). Since j < k, fm(z; ® Tk) = Z; is already
defined, so the left hand side of (iii) becomes f,(z; ® Z;), which is what we are trying
to define. By induction, fn(z; ® Zx) = fm—1(z: @ Zk) is already known; it equals






