Finike Dimensional Lie A[eebras. K

|, Rasics,

1.1  Algebmas and Modules.

R - any Celd .

A R-—atgebra A s a R-vetor space with o k-bilinear muu:'ipla\'cai-{on AxQ - A,

Usually, assume w  addiHon Hhak Muvu::'?uca}ivn is assocative and wnital,

e 3 1a€A such that l,-a=a.laz=a.

An A-module s a R-vecter space M with a h-bilkinear Muw:‘,um,uo,\ AxM— M.

IF A s asseciakive, assume w addition Baak (abm = alb.m) VYV abeh, wme M

and lpm =m Y wme M.

G“""-“ﬁ on A-wmaedule M for A associakive s ectu.{ualeul: ko giving a e resenbation

3 a wmop 6 of ‘1“"9"0“{"’“8 afl‘ﬂ"'bmsl fi-q =2 E"‘Ak(ﬂ), He assecickive zlgeipm oF

al Unear moaps M= H. Lonvessely, glven ¢ A Endg M, we @n mehke Man A-medule

V.2 Lie Atge.bm,s.

A h—’a-[qe,bra L s a Lie Agebm W oHee b.‘L.‘«\ea,.- map [] LxL = L salisfies the
exbra  condibows: (L) ¢ [xa] = © J xel
; L) : [’([‘11]] + [lj[?.—x]] ¥ EQL"H]‘] =0 9 2y o el

(L2) s the Tacobr {denkty.

Lie algebros are wsually wokt associakive. They are nevesr wunital.

.EKUO‘JB'. Show LI = C’('j’]? —[:ljx] v L el.

A ‘Aowcamor?\n(sm 9:L->L between btwo Ue G_tgebmg L & o Belives map
such Haat 9[9( {d’] = [9,,_ 95] \f X,y el

Examples: (i) Let M be @ R-veckor space. Ewdy (M) (s an asseciakive algebea.
Deline a’Z(H) to be End, (M) as a R-space woith new wmulbyplication
T glim xglit) > gtir
[ 3] =AY -y x A Ay € g‘“ﬁ)
Exegeise: Check bais [T sakisfes Lt L2Z.

Liv) Sufpose M s Fincke dimensional over R, with basis €.,., €n.
So Ewoly (M) = all nxn wakrces witin enbries in R via  Hais clioce of basis.
So Lek gZ“ (R) = all nxn Ma,i:ﬂ'ces' with mulbplication: (M Nl= MN-N M,
This s 4he genevel Unear Lie aloyebaa.

Lid) Angy R-subspace L of g?.n(hJ is alse a Lie Qha-eibm' ?rouioted
(xy) el ¥ »xyel This is a Lie subalgebia of 3:7,“U2).




liw Given any associative ‘R-—algebm A: it becomes a Lie a.lgebm €
we dec(ne [1’. ‘j] T XYy ~yx Y xtje M.

Grven a Lie Q.Lgebm L, an bL-module is a l?-fpace M with a - bilinear way?
LxM-aM such that (xyJm = 2-(4-m ~ 4. (xm) Vw,geL,w\e:H.

Given an L-module M For the Lie abgebm L-’ we obtain g homomephism

e: L—> IZ (M) de Fined by ¢ (L)om=lm ¥ lelk, me M.

Any Lie Wowmomorphism L= g‘l(ﬁ) is called a vepresestation of L.

The twe MH:M!‘, “module oumd “fgl)reseu,f:ahbn“ e Easibj seen tv be equlvalent.

-2 \deals aund Homoworp\ai:ﬁl&

A howmomorphism O: L—> L' [qb.ucujs Lie) s \'\A_jeol-(uE/swjeot-iue/%' T
is SsSo as a Unear wap.

An aﬁouo;ElM’s\m D oF L & an iso moeplhism L el

Some (mpockank subalgebrms of L:
() Geiven oy  \owoworplism g:L-= L" w0 isa Lie subalgebre o L,
) The cenbre Z(L):= fxel: (xyl=0 VYyelf s a Lie subalgebe of L.
titi) Move gemerally, given any subalgebem K<L,
s @nbreliser ¢ G (K= § xels [x9]:0 Y ye kf  aud
its woemaliser is N (K):= {xel: agyleK Vye KE. Rl aie Su‘mlgelams.
Nobe C_(L)= Z(L).

Griven subsels M,N of L, Let [M,N] dencke die k-span of all producks
[mau] V meM, neN.

An idead TQAL is a 'R-Sub_\poce of L guch Haak [I,L]CI.

So am ideal is cexktu'nbj e} aubalﬂekm,

Grvenw T9L, the q’uo(:(mt L/t = {x+TI: xelf becomes a Lie aloebre w the
vnatwral  way.

The wmayp B-’L"L/I s a SWJ'-ech-(on with kRernet T,

| = 2 4+ 1

~ Conversely, givem 9:L-§L', ker D = §'xeL: 06)=0F (¢ am idead of L;
and  the wual Isomorphism thewvews Mold:

Theomewe: (8] Tl a 'houcmorplnism. Then “ieer ¥ ém . VB T s any vdleal of L
cowl:ameal wn Rer Y, then 3 a unique mop W: Y1 o U such ek
L =L’ Commutes.
Cqmb L/TI\',
(b) IF TcTclL awe bolls ideals ofF L, then /1 s anm idead of “/g
Lrt ek L
OM"l /J’/]'_ = /T,
fe) \E. TT ave ideals of b, thew 20/ & Tfg .y
k”aﬂe h'Sf’CXM oc §£‘+J’ ¢ LE I‘ J’e 3—}



Exeruse: Show, given Lie algebras K<L then K s an ideal of N_ (k).

The Lie a.Lgebva L «s Simg(.e € ) (& Was ne wen-Zego ?mim.r{clenis.
() it s nob abeliam (e Z(L) #L .

in this cowse wild w.Lj consider Fintke dimensional Lie o,’.gebms.
Fom seckion 2 owwosds R= C.
H(Q\Ags'hl:s:- we c’.ass‘{cj all (Crnibe Olimen;t'anaij s('mP(z Lie o.lgebrq; over €.
They Fall into Fawndlies: B, By, T, Bk = wfnibe Fonilies Yelaitical |
€6 E3, Es, Fu, Gy - “evcepkoual.
e Given any simplo L over €, we wild classcfy all ibs Backe dlimensional
stmple woduiles. Moreoves, we wild describe thedr stvuckuse cePbtciELo by
?,rouiwg \AJ@jL'r characker Formula,

- Example rvy: sb, (k) subspace of gt,, (R) consisting of mabrices of tmce O, Telayl= telxg-uyx) =0,

ik The Adjeint Represenkation and Devivakions.

C A \"efmey&aﬁo“ of L s a mepmm?wsm L— 9{,[\1} for some V. $a~) V s Catlfld oF
e Rernel of L — gl v/ & O. ln btiis case we can idwﬁ-{fg L withha subalgebve of 3(.(\1)
| A Unear Lie algebm is any Lie algebrm L wi¥ a Faillibd, Cincte- dimensional
| ceprosewkation V.
L Any ke algebia has an ad oink crepresentakion: ad:L =>gl(L),
| deFined by: For xel adwxeql(l) is the map ye>lxy) Y yel.
| Check: ad[xg]z = (adx ady) 3 - (ady adxl 2z ¥ g2 el
ie, [[xy]a] = [x0y21] - [ylx2]] - which is  just Uie Tocobi idenbity.

Lemma: Rer od = Z(L)
- Proof: Suppose x € Rer ad , ve adx y =0 ¥V yel
e (xy)=0 Yyel
e xe Z(L), and convesely,

Cin Pa.v{'t'a-lcu" F L is conbreless ve 2(L)20 then ad is Faibd, so Lis a Linenr Lie alyebra,
(in Fact, any Raibe- dimensional Lie clgebm is linear - Ada - lwasawa - see T TR, |

Take any k—algew A, with mwh'i:ucﬂb‘on wrtten as o, A dervabion of A is a k-lanear
Map 5: A3A such Hat Sla.b) = a.8(b) + Sla)-b vV oabed.
CLet Der(A) = §alk derivakions §: A2 AT

Exerise: Show Hak if S§'e Derd Hien [S5']= 88 85 ic ake o dervakion,

‘ He.uce Dev L becomes & Lee alcjelam vt [, _}
e very LM?ou-EQ,-J: source of evamples of Lie alogebvas.




Now take A-L, & Lie algel:vq_ Then Der (L) ¢ gLfL} is a Lie algebw .

Now, the Taccbi identiby implies that for amy xel, adwegllL) is n fact a

o[e.r{uq}:(on, Ce ad L c der L. So  the ddjaiwt u‘t’r\r-?l’{lul:ui-{ou i a map
ad: L = De-L. Cal amy dervation & of L of e form adx For some xel

an  wner deériv akon.

7. The Univessal Ewnveloping RAlgebra

Mobivabion: Pim te shew Gy Lie algebm L can be embedded inte cn asseciakive
al('j ebra UL v come “univessal Wiy . G
guf?ose G is a Gacke group - ﬂe?res@,toﬁon theory of G/R = rer)veﬁ-ewba)l'{OV\ theory

associative alqebra A and oy wap j!G-'—bﬂ‘ sucla ‘U/\aat' _‘j(“-\uﬁ): j[rjj 13)’ there

Cexists a4 wmique wap @ osudh ek G'-—‘-‘*!'C‘(p commules.

>

Bl Def-(m'L-t'on.

| Fix a fucte dimensioaal h‘s‘faace v, A V =n. Lek T(v) be e temser a[#d:m.

Se TV = @ ®" v, and  wadk h(‘a)nom {a T(V) is induced Gom O y4) > x®y
Recall T(V) lnas’ ﬂue Cou,owms wuueuml ?Mf!seuj Given auy associative algebw A

: andk any  wap J,V )A' then thee s @ t.uau.%.&e wap @ such Haak VvV —L‘»T(V) comwotes.

X

3 A\‘l
Griven T(V), the sgmmebvic algebre S(V) = T(U)/I' where T is the two-sided

ideal of T(W) 3eueyal:ed by §x@y- y®x : xye VF
Nobe the genevakors of I all Ue in @'V, bt V=@V, So We nakusel

. Map V""S(V)’:'s iv\jec{-\'ue, Se V s @ 5ubs?acc & S(v).

Let L be a Lie algebm. A univessal enveloping algebie ofL s a pair (W)
Cwhere U s an  asteciakive funital) k-a,lgebra andh f: La U 5 suck thak

C(Cauj']) = () ily) - f(‘j) () and e Cou.ol,.;'a.a MEUUS(J P'"’?*"{:‘j‘ OJ;'v&A oy other
such pair (V,J'). there evists a waique wap @ of associative algeb vas such

| Haak L L 9@ Commw{-eg.

: v

Sy
Glven existence Wniquenmess {5 easy and vowkine,
For existence consbouck (d.¢) o5 follows:

CStart with T Sek UML) = TIV/7 whee T s e bwo-sided  idead g enenabed

by {2y —yx-Lxy): xﬂ,)el-}_ Let T: T(L) > U(L) be bee %uo‘;xeuk map.
tek (= Trh_ . He cesbrichion of T = L. This oives a pedv (uiw, () such taak

d([xyg]) = 0 (ly) = ly) (G,

CExercger Show (UML), ) actually (s o univessal enveloping algebra,



Problew: The genecators oF T ave of wmixed degrees, |and Z. So wnliRe symmebric
nlqelom (mrbﬂtck{aul for w\,uc}» V=28V was obﬁ{ou;&j {vtj-eo‘ﬂ've’ Heis (s Fav fom
clear for L= UM We will prove tat it s so that L cawn be deuts Ged woith &

S‘vbﬂ‘)ac! oc ulL).
For wow, assume we Viave proved this Some applicakions...

1.2 Universal Euueta_pm} Al.gebms and Relpreseu\ka}\'w_l.

Let Lea UL be o Lie algeba embedded in /ts waivessal aloebia. Leb V be cn Lowedule,
Seo [x‘jlv T Xyv - Yr v v xyel, veV - ().

ﬁcj the wwiveisel preperty of the tensor algebe, V s 2 TV -module, s ou

associakive algebra. Now, by (%), the genesatess of U dead T of T(L act a5 zere

on V. So V is a TW/5 = Ul) -medule as an asseeiakive a.lg-ebm.

Conuersely, qiven a UL —medule V, as b Vs a subspace of ulL), restrickion of mulbiplication
Moveoves, os Y- yx - C=ug] 0 la WL Voay el,

qives a kR-bclinear Map LxV =V,
V is o L-wmodule.

(”(f-g—tjx-[m-j]).v;o YV veV , e E'xoﬂu: YV = YX v So
ln Pack | Heis s an  equivalence of cakegories:
{ Lol ] = [ Ml ~modlales.

2.3 Genevakess and Relokions.

Need to define a Fee Lie a.lﬂel)m. Lek L be a Lee alqebm gwurai‘eal by a seb
Xebl, Say L is bee on X if guven owy wap B X=>HM, Ma Lee aigel;m, theve
exists @ waigue Lee Womenmorphism Wil M evtending @

As  usual, Free Lie alaebras on X are wnique by the umivesed propety

Existence: Lek V be a k-space \aving X es basis. Then, T(V) is associaked aleebre,
S @ Lie Qlﬂebm bt.s [t’S] = tS'Sb. DPF{U\Q L e bf e Lie Subaiqejam

. of T(v) genevaked by X.
Exe-c(s'lf Usge “ t;njec{-l'.“'b; r-?yuAl' te s'ha..;l—{s cr-ce on X,

So we can delfine Lie algebros by guem,l‘ws anck velakous,

-

Lemma: The above L is free on X.
Proof: Take ang map X - M. it evtendr to @ Unear mq,?\J-aM-au(Hl.f’;;j wniversal Pmrubj of T(V),
T(v) = Ulm)

it evtends to a mop T(V) =» U(M)., Lek ¢ be the restckion of this L. 7 9
\& hes (mage Wyung wside M as L is generated by X and the (mage i —

of X Ues va M. - uses dmjeoﬁw'bg- Resk ic  wwukine.

 Now say L i geme,m)-ed by a set X ',;ui:_i.ec,@ to vesbeickions RcFE(x) F L is the
.%uo{-iu»l: of e free Lie algeb on X by the ideal of F(Y geneated by R.
Se we way define Lee oigehmr bﬂ C}mmiom and  velations.



1.4 The Poincare- BurkhofE- LWt Theovem.

Reminder: L s a Ealke dimensional Lee ‘aLaebm over R.
T(L) = f?«: i; @B @ L - tensov alad::m
S(y) = Tfu/]:’ ‘i_' cddeal aeme.mted by gx@‘j Y ©x ! x,;st}
uwy = T/ 5 , T ideal gemerajsed by {X@j -j:g)x-CXg]r 'x,rﬂeL}.
Lek S, = (mage of T, } i the quobients. et T T(U-UML) be He quobiedt.
U, = (mage of T,

Roth T(L) cmd S(L) ase greded algebias. le, T(L)=®T, | T,T, ¢ T
Sl =@S,, S5 ¢S,

Bk T s net « howegeneous idead so U[L) (s wnot @ gveded algebye.

lastead, UL (s a Glteved algeba, te U(L) has o Elbwbion. bLek PR ea u;

Thes O<UPCW UL~ is o Flbrkion such Hhat U@ o U™ 5

Let gr U be {i«e associaked ojvodeod algebia. By definition , gr (U = ; Ulw),
whece UlW = /(,{ - omd the mu_»lhphcal-wn Ule) x Us) > Ulras) is lnhen bed
r\oktu-n,ug from the mull-ip“caﬁon (VAR ut — U-ﬂs.

Deflne & map Pt T(L) > qc U as ollows. T:T)>U maps T, & U and so U
Now compose with the quetienk u'-> u/u‘"' Ulv). Glue all tuese together for
el v | to get a2 mop @ T — 3rfu).
Uoim: P(T) =0
Proof : (P[%®tj~3®x)t T”'H'pj‘tg@w} + u
Bk T[x®‘j_3®x) 5 Tiled). 5 @{x@.j‘g@x): T(a]) U’ ='= O & gr U.

Cﬂﬂ!ecLuM&Lg‘ P Tl = grU Fackoss to qive @ map S(L =2 gr(U). Tk is easy b
see tht b SumJeo{:g'ue,

Theorem (PRW) » B:S(L)—=grll | in_iev‘;:'ue.
‘?wooF-' Non - (Xa..m.ino.b{f - fee ho.md.ou}

COroM B-’ Lel: w be a S'u-bi\aace oc ®r[-': T,— w\M’o‘n s \rsaMW?\M‘c o g“L?Sr as

v

vector SPaces Then T[(W) s a o_p.MF(gwuk to U s LT

- Proof: ETau’
® L \u(r = u"'/ur_'
(0:-.“\3 S(L ‘/r::f:n'ckcm cc 9 - G “ng‘of?wM b'ﬂ u‘\e ?Bw &u‘.{“
Se W <L maps b U() along the bobtew Cwo waps . Using the bop
. two  wmaps, T (W {5 the féttu.u'.rec‘ Comptzmeul'.
|
COmM &‘, L= Uult) s LﬂJéG{'N(’

Proef : Apply Ccmuw A to W=L & deduce (L) s a e mplomenk  to ¥ Y u-
Now dim WIU® = dimm S'L = dim L using PRW Theorem, So dim ((L) = dim UZue = diml
So Aim (L) =diml, so ( (s injeckive.



(
Lo i

Coro oy C* Let %, %, be any basis for b. Thea, f‘x:",-, %, ¢ B bRl i &
basis for UW(L). Eq{w(ua.tw&g, 5 Xj, o Ay Ley,s5,€ €5, $nl (s a Basis.
Procf: The second seb waps to the wwal basis of SML, <o by corelavy A, its imege
qives a basis for Ui complament Eo W s B by induckion on | the
sek of all mewwisli For oll wae s & bose oF U= un,

3 Soeluble awmd Mil?o{:eul: Lie Rlgebras.

f.S8 gohﬂbf{"‘:j.

Lak Ll=lhiL] = h-SPcw\ of all [x4) VYngel. L' (s the devived algebra.
L' /s an ideal of L, da fock (&5 the smallest (deal suchh tak “/U' (s abelian.

Examplo: {gl(n,h))l = s l(nk).

Mo‘-e 3@&4‘0}1‘9’ Le,l L‘°J= L’ L(” s [Lfv)’ Ln’w] = Ll _— L(l'): E L"-'"j‘ Lll‘-”] N (L(\‘-UJ"

1)

Gek a chatn L=L'% L™y« 31L™%.. . the desued sedes
Sy b 05 soluble f (" 26 for tome #»

Rasic Pregesties.

Lemm: le) lp L s sa(...d,te, 0 are all gubalgebms omd (v,wke»-& oF k-
(6) (F ToL amd T Y1 are soluble, thew so is L.
() \F T Tam soluble (cleals of L, so s T «T.

l?roo‘:: As Cof Sot.uul %reu.?)'

tn Pa.;r{-éc,ula.-r, (e) (mples that ang Lre algebe L (Faite dimensional) was o waique lowgest

soluble idetd’ called the reddleal , vadl. \f redlL =O’ Sauy L s swis{mgu_
Exmgu: ﬂmj Sn'MplZ L @ SWSL'MPLE‘ as there ave waoc voa- brviad ([ sobuble) (deals.

CLet Etlak) = ol upper  beiaugular nxw wmakeices wndar [, Vs a Lie subalgebe of gl (k).
Aa Rack, ik is soluble.  Lek nnk) be ol upper briamgular makeices with 2eroes on the

diagowak. Thew v (s am (deal of £ and H""h)/w(.,,h) * dlak) , where J(nh) s ald
ouﬁgvnai wxn makeices, This is abeliaw, so k) € alah), We wilskow Euakt alnk)
s soluble | n Fock m‘LPoEc«k. So twh) s soluble.

‘ %‘2 N[Lpol—encq i

Let U= (L] L¥=(L,L] Chek L'<aL Ve
| Taes  defines o chain of deals : L2L'S P> - Lower ctentral series

g% L s alpetest o Hais senes eventually veaches zew |, ie (F P20 For tomt wEL
W

B.,‘, indwckon on ¢ B s genwinely easy o show LSy . Sa o fF L"z0 Fee some ",



e L0 for sone n Se L i \nc:[.fo&ewl'. S L s soluble.

b (B) = wppes trianqular axn  wakrices

95 (R) = oh'aﬂenal avn  maknices.

na (k) = wpper - 2em 'En‘a.nsulm mabrcces.

tn B i % 2R Claimed n,(R) was wilpotest, hence proved En(k) was soluble.
iF k= C, n>l E.(R) s soluble buk wok V\-.‘chkewt:

Lemmar (@) \f L is nilpobent, 5o are all subalgebras amd quotients.
(B IF “/2(0 is nilpobent so is L
() \F L is nilpetent, Z(L # O.
(d) \F LT are btwo milyow ideals of L, 5o is T+T
Peoof: [b): (E Yy s n(l_ro!:u.t, bhen L"c Z(L) some w.
So ™ =(L"IcfL2y] =0. So L is wilpoteat.
() The losk nov-iem koo L' v Hie (ower conbval sevies sakbisfes [L"", L]-o0.

¢, 0% "' e 2L

Define e m'[ﬂ_potwl’ vodical of L to be dhe (v.m'cLue) La.vae:l‘: m'[,fmbu‘j: coleal oPL,
vad,, (L), SQ..j L s veduekive F vad,L=0

Recall: A Unear wap De Bad V s nilﬁo(:eu.f B D20 for some m.

Theoven: Lebt L be a Subol.gefam of 3‘.(\71, V. Rnlte A/(mﬂuct'ona.t, iF v vy xel
ir a -.n,g‘l_foteuk ud,ow.,,‘gm... of V, e there ewists OxtvueV sucdh Hat

Lv 20,
Proof: Use induckion on duiml.
Stepl: For envewy xel; adx is o wlpobenk endoworplism of ollv),
(Remewber: xel adxe End(L), adx.y= [x.y) ¥V gel].
Proof: As x is a wilpotent emdoworphism of V, I cuch that x"=0.
New, for y ¢ glly) (ad) ™, :n[xf-- [x[xy]] -~ ]
n Y ( ;ﬂ' A () 4+ (f«.-u)x-j-lﬂjm" 4—[%?,)9(-7()2“.
a+b = 2n. Heucz, ove of a er b2 n.

Eoclh term  (avolues xq.g.xb,

So xch x® = ©O. So e bLesrm vaurishes | aund (adx)b‘,_] =0,

Stepl: 1F O K*L s auy subalgebra, then N (k) + K.

Procf: By Skepl, for amy xeK,  adx isanclpobeal ewdowmorplisw of L hewe a
V\CLfow eaolomo:?\u'sw of “k. S. b«,‘) E«Jud-"ovg Hese s a vekor O#x +K €k

with ady (x+ K) =K V¥ ye K. This shows xel, X¢ K ond x nommalises W as
reiw‘.reol. So N (K) # K.

S_[-ﬂ,_'::. L has an ideal K of codimensionl.

Peoof : Let K be o wmarimal propes subaly el of L. 35 Step 2 aud maximaliby,
Nk =L, so KoL, Now, if cim "k DI tre pre-image of a I-dimeusional
subalgebe of Yk woud b€ a poper subalgebe ofL, conbvodicting Marimaliby,

o Kal ac codumension |,







