Finike Dimensional Lie A[eebras. K

|, Rasics,

1.1  Algebmas and Modules.

R - any Celd .

A R-—atgebra A s a R-vetor space with o k-bilinear muu:'ipla\'cai-{on AxQ - A,

Usually, assume w  addiHon Hhak Muvu::'?uca}ivn is assocative and wnital,

e 3 1a€A such that l,-a=a.laz=a.

An A-module s a R-vecter space M with a h-bilkinear Muw:‘,um,uo,\ AxM— M.

IF A s asseciakive, assume w addition Baak (abm = alb.m) VYV abeh, wme M

and lpm =m Y wme M.

G“""-“ﬁ on A-wmaedule M for A associakive s ectu.{ualeul: ko giving a e resenbation

3 a wmop 6 of ‘1“"9"0“{"’“8 afl‘ﬂ"'bmsl fi-q =2 E"‘Ak(ﬂ), He assecickive zlgeipm oF

al Unear moaps M= H. Lonvessely, glven ¢ A Endg M, we @n mehke Man A-medule

V.2 Lie Atge.bm,s.

A h—’a-[qe,bra L s a Lie Agebm W oHee b.‘L.‘«\ea,.- map [] LxL = L salisfies the
exbra  condibows: (L) ¢ [xa] = © J xel
; L) : [’([‘11]] + [lj[?.—x]] ¥ EQL"H]‘] =0 9 2y o el

(L2) s the Tacobr {denkty.

Lie algebros are wsually wokt associakive. They are nevesr wunital.

.EKUO‘JB'. Show LI = C’('j’]? —[:ljx] v L el.

A ‘Aowcamor?\n(sm 9:L->L between btwo Ue G_tgebmg L & o Belives map
such Haat 9[9( {d’] = [9,,_ 95] \f X,y el

Examples: (i) Let M be @ R-veckor space. Ewdy (M) (s an asseciakive algebea.
Deline a’Z(H) to be End, (M) as a R-space woith new wmulbyplication
T glim xglit) > gtir
[ 3] =AY -y x A Ay € g‘“ﬁ)
Exegeise: Check bais [T sakisfes Lt L2Z.

Liv) Sufpose M s Fincke dimensional over R, with basis €.,., €n.
So Ewoly (M) = all nxn wakrces witin enbries in R via  Hais clioce of basis.
So Lek gZ“ (R) = all nxn Ma,i:ﬂ'ces' with mulbplication: (M Nl= MN-N M,
This s 4he genevel Unear Lie aloyebaa.

Lid) Angy R-subspace L of g?.n(hJ is alse a Lie Qha-eibm' ?rouioted
(xy) el ¥ »xyel This is a Lie subalgebia of 3:7,“U2).




liw Given any associative ‘R-—algebm A: it becomes a Lie a.lgebm €
we dec(ne [1’. ‘j] T XYy ~yx Y xtje M.

Grven a Lie Q.Lgebm L, an bL-module is a l?-fpace M with a - bilinear way?
LxM-aM such that (xyJm = 2-(4-m ~ 4. (xm) Vw,geL,w\e:H.

Given an L-module M For the Lie abgebm L-’ we obtain g homomephism

e: L—> IZ (M) de Fined by ¢ (L)om=lm ¥ lelk, me M.

Any Lie Wowmomorphism L= g‘l(ﬁ) is called a vepresestation of L.

The twe MH:M!‘, “module oumd “fgl)reseu,f:ahbn“ e Easibj seen tv be equlvalent.

-2 \deals aund Homoworp\ai:ﬁl&

A howmomorphism O: L—> L' [qb.ucujs Lie) s \'\A_jeol-(uE/swjeot-iue/%' T
is SsSo as a Unear wap.

An aﬁouo;ElM’s\m D oF L & an iso moeplhism L el

Some (mpockank subalgebrms of L:
() Geiven oy  \owoworplism g:L-= L" w0 isa Lie subalgebre o L,
) The cenbre Z(L):= fxel: (xyl=0 VYyelf s a Lie subalgebe of L.
titi) Move gemerally, given any subalgebem K<L,
s @nbreliser ¢ G (K= § xels [x9]:0 Y ye kf  aud
its woemaliser is N (K):= {xel: agyleK Vye KE. Rl aie Su‘mlgelams.
Nobe C_(L)= Z(L).

Griven subsels M,N of L, Let [M,N] dencke die k-span of all producks
[mau] V meM, neN.

An idead TQAL is a 'R-Sub_\poce of L guch Haak [I,L]CI.

So am ideal is cexktu'nbj e} aubalﬂekm,

Grvenw T9L, the q’uo(:(mt L/t = {x+TI: xelf becomes a Lie aloebre w the
vnatwral  way.

The wmayp B-’L"L/I s a SWJ'-ech-(on with kRernet T,

| = 2 4+ 1

~ Conversely, givem 9:L-§L', ker D = §'xeL: 06)=0F (¢ am idead of L;
and  the wual Isomorphism thewvews Mold:

Theomewe: (8] Tl a 'houcmorplnism. Then “ieer ¥ ém . VB T s any vdleal of L
cowl:ameal wn Rer Y, then 3 a unique mop W: Y1 o U such ek
L =L’ Commutes.
Cqmb L/TI\',
(b) IF TcTclL awe bolls ideals ofF L, then /1 s anm idead of “/g
Lrt ek L
OM"l /J’/]'_ = /T,
fe) \E. TT ave ideals of b, thew 20/ & Tfg .y
k”aﬂe h'Sf’CXM oc §£‘+J’ ¢ LE I‘ J’e 3—}






