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Colin Sparrow Dynamics of Unimodal Maps

The style of these notes will not suit everyone; I have deliberately
avoided doing things in the pure mathematical style, with lists of
definitions and theorems you are meant to already know. There are lots of
words and relatively few symbols, and I have been quite happy to skip
details or whole proofs where they would take up a lot of space and
prevent me getting to interesting results as quickly as I would like. The
development is probably not one that would be preferred by someone
hoping to introduce you to the most modern technigues in the subject, who
might well prefer to get more quickly to the heart of the matter. Rather, ]
have tended to assume that you know almost nothing and tried to build up a
picture of a subject in easy intuitive steps. Some details have been
included enclosed in parentheses, *%[  ]*%; these can be omitted on
first reading. These choices have some inevitable bad consequences; if you
already know a lot you will probably be infuriated by an occasional lack of
precision, and the lack of an index may make it hard to find the definition
you want, though I hope the use of bold type will have helped. But I do
hope that for some of you, this approach will make for easier
understanding and will lead you to want to know more. ‘.

None of the results below are my own, and I have therefore felt free
to treat the subject as an established field where it is no longer necessary
to give credit to evergo'ne'who has made contributions. The books and
papers listed in the bibliographg are more scholarly, and contain many

references.
‘1. Introduction
We will study the dynamics of certain maps of the interval to itself.

In particular, we are interested in continuous unimodal maps,
f:{-1,1]»[-1,1] satisfying f(-1)=f(1)=-1. We say a map f is unimodal (has
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one mode) if it is strictly increasing on an interval [-1,c] and strictly
decreasing on an interval [c,1] We usually call the point ¢ the critical

point of f. We want to understand the properties of orbits of such maps:-

that is, given an initial condition xoe[—l,l], we generate the orbit of x,
O(xg)= {xo, Kqs Xg, Kz, Kgs Xy 3 Xip1 = f(xi), i>0}

by repeatedly iterating the map f. Fig. 1 below shows examples of such

orbits for particular choices of map f. Notice that it is easy to generate

the orbits geometrically. Given a choice of x5 we find f(xy) by moving
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Fig.1  Orbits of the unimodal map f(x)=p—l—px2 for

(a) p=1.0, (b) H=1.6, (c) H=2.0




Colin Sparrow Dynamics of Unimndal Maps

vertically up to the graph of f. We then move horizontally across to the

diagonal to obtain an x-value of x, = f(xg), and then by moving vertically to
the graph of f again we find f(x;) = x;. We can then proceed, moving

alternately horizontally to the diagonal and vertically to the graph of f, to

generate the sequence of points x; which makes up the orbit €(xg). Incase

(a) the orbit looks fairly simple; the points x; are tending towards a fixed

1
point x*=f(x*) where the graph of f intersects the diagonal. In case (b), it
seems that the orbit is tending towards a periodic orbit consisting of two
pointsy, and Y, such that f(g1)=g2 and f(g2)=g1. In case (c), the behaviour
looks more complicated and it is not clear that the sequence of points in
the orbit is settling down to any kind of regular behayiour at all. Inno

case are we particularly interested in the exact sequence of values x;, but

we will be interested to see how much we can understand about the
topological properties of the orbits (such as whether they tend to an
attracting fixed point, or periodic orbit, or not), how these differ for

different choices of initial condition x,, how they change as the map f

changes, and other related questions. But first there are a few more
introductory remarks to make which will set our study into a historical

and mathematical context.
(i) Historical

It was an interest in unimodal maps in th“‘_e 1970's that was
responsible for kindling much of the modern intérest in Nonlinear
Dynamics, particularly amongst applied mathematicians, physicists, and
other scientists. Unimodal mapé are simple and yet provide examples of

dynamical behaviour typical of much more complicated systems; for
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example, they can, as in case (c) above (Fig. 1), behave “chaotically" (we
will return to this later). This, and other interesting forms of behaviour,
can easily be observed by anyone with a computer, however small. In fact,
many interesting results about these maps, and many new ideas in
Dynamical Systems more generally, were motivated by and only obtained
after extensive numerical simulations on maps like ours. Thousands of
papers have been published on unimodal maps in the last fifteen years, and

more are still published every year.
(ii) Completeness and robustness of the results

For the pure mathematician (and for the many others who have
become pure mathematicians whilst studying unimodal maps), unimodal
maps present a collection of problems ranging from the easy to the very
sophisticated. A few of the latter remain unresolved, but an almost
complete understanding is now available. Perhaps the most remarkable
fact is that so much of the understanding applies equally to almost any
unimodal map (or family of such maps) and it is not usuallg'necessarg to
study many separate cases. This is true of both topological and metric
properties, and the discovery of certain ‘universal' constants governing
some of the behaviour of these maps has inspired a completely new
approach (renormalisation theory, see section 3 below) to the dynamics of

many systems.
(iii) Relevance to other systems
The one-dimensionality of unimodal maps is crucial to our

understanding of them. Nonetheless, various "almost"” one-dimensional

systems have very similar behaviour. An example is dissipative
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diffeomorphisms such as the Henon map, or diffeomorphisms arising as
return maps in dissipative ordinary differential equations.
Mathematicians understand that there are essential differences between
the one-dimensional case and the others, but there are some strong
similarities when the dissipation is very great, and an understanding of
the one-dimensional case seems to be a prerequisite for understanding

many of the types of behaviour occurring in higher-dimensional systems.
(iv) Applications

The maps are almost too simple to be taken seriously as models for
any complicated real-world system Nonetheless, as a first approximation
they can be useful, and they have been cited in the literature of many
subjects to show that simple deterministic models can produce
random-looking or chaotic behaviour without the inclusion of random
terms representing the unknown influences of effects external to the
model. One of the papers responsible for exciting the interest of the
scientific community at large in unimodal maps, gave as an example the
population of fruit flies in a cage with a constant food supply. If we write

the population of flies on day t as Ny then, as a first approximation
(ignoring the fact that Ny must be integer) we can write,

Niyy = fiNe)
where f is a unimodal map; if Ny is small the food supply is adequate and

the population increases, but if Ny becomes too large competition forces

the population to decrease.
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2. The quadratic family

we will begin by trying to understand the simpler features of
behaviour which occur in a particular family of unimodal maps which
depends on one parameter. The family we will study is the quadratic
family (or logistic family), fp(x) = p—l-pxz, O<p<2. If p is chosen so
that p e (0,2], each fu is a unimodal map fp:[—l,l]—r[—l,l] with a critical
point at 0. Fig. 1 showed examples of this family for three different
u-values (see figure caption). (This family is sometimes written, after a
simple linear change of variables, as gp(x) = rx(1-x), g(0,1]-»[0,1],re
(0,4])

wWe will be interested in the dynamics of fp for each p in the

interval (0,2], and also in the way in which our results change as p

changes. Definitions will be introduced as we go along.

Preliminary definitions

x is a fixed point of f}_l if fp(x)=x. In Fig. 1(a) the point x=0 is a
fixed point of f, 5. Aset of p points {xy, X, .., Xp} 1S a periodic orbit of

fp if xiﬂ:fp(xi) for i=1,2,..,p and x1=f“(xp}. The orbit is said to be of
least period p if p is the smallest integer such that the orbit is a
periodic orbit of period p. Fig. 1(b) showed an orbit tending towards a
periodic orbit of least period 2. When there is no ambiguity we sometimes

write just f instead of f}. We write the nt" iterate of f as ", so x = f"(x;)

= f( f (f (....f(xy))). Apointxona periodic orbit of period p is clearly a

fixed point of fP.
we will say that a fixed point x* is an attractor if there is an
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interval U containing x* such that ye U = f"(y) » x*.

interior of U we say that x* is a two-sided attractor; otherwise x* is a
one-sided attractor. The fixed point at x*¥=0 in Fig. 1(a) is a

(two-sided) attractor; in fact, in that map we can choose U=(-1,1) and all

If x* is in the

orbits tend towards x*. It is clear that a fixed point is a (two-sided)
attractor if [f(x¥)l<1 where f(x) is the derivative df/d>< of f with respect
to x. In this case we say that f is a hyperbolic attractor, and maps g
close to f also have hyperbolic attracting fixed points. If [f(x*)I>1 we say
that x* is a hyperbolic repellor. In the unusual cases where f'(x*)=t1, the
fixed point may attract orbits from one side and repel them frorﬁ the other,
and the details of the behaviour depend on the second or higher derivatives;
note, however, that we have chosen our definitions so that if orbits are
attracted from one side and repelled from the other then the fixed point ¥
is called a (one-sided) attractor. (If these results are not obvious to you,
try drawing an orbit near to a fixed point where f has slopes of absolute

magnitude greater than or less than 1. Or, more mathematically, expand f
to first order in a Taylor series about x* and compare [f(x*+8) - x*| with
|51.)

A periodic orbit {x,, X5, .., xp} is said to be an attractor if x; is an

attractor for fP. The orbit of period 2 in Fig. 1(b) is an attractor, and

attracts all nearby orbits. The conditions on the derivative of fP at x;,
ldfP/4,ls1 , can also be written, using the chain rule, as

if'(xl)f'(xz)....... f'(xp)l < 1. (Proof; exercise) Notice thatifOisa point on
the orbit, x;= O for some 1<is<p, then f'(0)=0 implies the orbit is an

attractor. Insuch cases we say the orbit is superstable.
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Fig.2 Orbits for (a) p=0.49; -1 is an attracting fixed point,

(b) pP=0.95, -1 is repelling and xp* is attracting.

(i) O<p=<0.5
In this parameter range all orbits tend towards the attracting fixed
point at x=0. This is easy to see geometrically - see Fig 2(a) - and easy

to prove. (Proof, exercise.)

(ii) 0.5<p=<1

When p=05, a bifurcation occurs and a new fixed point appears in
the interval[-1,1] at XH* = [“’1)/;1. We say that a bifurcation occurs ata
particular p-value if the topological nature of the orbits changes at that
p-value. For all p>0.5 the fixed point at x=-1 is a repellor. The fixed
}1". however, is an attractor in this parameter range. See Fig 2(b).
When p=1 the fixed point is at x=0 and is superstable, as shown in Fig. 1(a).

point x

It is easy to prove that all orbits other than those starting at xp=-1or 1

tend towards the attracting fixed point in this parameter range. (Proof;

exercise) It will be useful later if we notice now that the behaviour we
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have just described for u=1 implies that the graph of f,"(x) looks like Fig.3

for large n; as n increases, the plateau looks increasingly flat since for

any x=-1, 1, fln(x)-;O as n»oco.

()

(b)

Fig.3 £"(x), p=1 for (a) n=3, (b) n=5

(iii) 1<p<l1.5

In this parameter range the fixed point xp*‘ is still an attractor and

all orbits except those started at -1 or 1 are still attracted towards it, but

it now lies in x>0, the derivative of f there is negative, and orbits

approach it in an oscillatory fashion, successive points, x;, X;, 1ying on

opposite sides of x“*. See Fig. 4(a). It is relatively easy to prove that

this description of the behaviour in this parameter range is correct.

(Proof; exercise.)

(iv) p=1.5

At =15, the derivative f'(xp*) decreases through -1 and there is a

period-doubling bifurcation In this bifurcation the fixed point xp*‘

10
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Fig.4. (a) For p=1.4 the fixed point is lattracting, and (b) £2

has a single fixed point. At H=1.5, f' decreases through -1 at
the fixed point, and (c) the slope of f2 increases through 1.
For H=1.6, (d), £f2 has two new attracting fixed points. The

behaviour of f at this parameter value was shown in Fig. 1(b).

becomes a repellor, and an attracting periodic orbit of period 2 appears
for p>15. The behaviour for p just greater than 1.5 (p=1.6) was shown in
Fig 1(b). Tosee why this period 2 orbit appears we look at f2. Figs. 4(b),
(c) and (d) show 2 for p<15, p=15 and p>1.5. We can see that two new

fixed points of f2 appear as J increases; since they are not also fixed

11
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points of f, they must lie on a periodic orbit of period 2. Figs. 4(d) and

1(b) show 2 and f at the same parameter value (p=1.6).

»x[ Bifurcations involving fixed points occur at parameter values where
If(x*)l=1, i.e. where the fixed point is non-hyperbolic. We have already
seen one such bifurcation, at p=05 and x=-1, but that we did not consider

it fully because to understand completely what happens at that bifurcation
{commonly called a transcritical bifurcation) we would have needed to
consider the behaviour and existence of fixed points outside the interval
[-1,1]. We will, however, now consider the period-doubling bifurcation
which occurs often in our family of maps and which, in the absence of
special symmetries or restrictions on the maps, is the bifurcation that

occurs in any family of maps when the derivative at a fixed point

decreases through -1. To be more precise, for a map hy (x) satisfying:-
(1) hy (0)=0 for all X (there is a fixed point at x=0)
(2) H'p(0) = -1 (there is a bifurcation at A=0)
(3) f"'oz(O)an (the third derivative with respect to x of fZat0is

non-zero at A=0; notice that the first and second
derivatives automatically equal zero if (1) and (2)
are satisfied - (proof; exercise))
and |
(4) 9/ g f22(x)#0 when x=0,1=0
then:
there exists a continuous function p(x): U~ V, where U andV are

neighbourhoods of x=0 and A=0 respectively, such that ¥ xeU, fp(x)z(x) = X,

fp(x)(x)ahx if x=0. Furthermore, p(0)=p'(0)=0 but p"(0)=Q.

Figs. 5(a) and S(b) are two bifurcation diagrams showing the

position of fixed points or periodic points for various values of A, as given

12
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by the two possibilities (p'>0 or p'<0) allowed by the theorem; the curve of
period 2 points is the function p giving parameter A in terms of x. Thus, in
a typical map where conditions (3) and (4) are satisfied at the bifurcation,
then on one side of the bifurcation, say A<0, there is just a fixed point,
whereas on the other side, say A>0, there is a fixed point and a periodic
orbit of period 2. The period 2 orbit will be an attractor if exists on the
side of A=0 for which the fixed point is a repellor (Fig. 5(a)). For the
quadratic map, after a linear change of variables and a rescaling of the

parameter, this theorem applies at p=1.5, xp"=1/3. Furthermore, it is

possible to show that for any map with negative Schwarzian derivative,

Sf={f'"/f-}-1.5{f"/f-}2 < 0, only the possibility shown in Figure S(a)
(which is known as the supercritical case) can occur - ie the period 2
orbit produced in a period-doubling bifurcation in the quadratic family
(for which f and f" for nz2 all have negative Schwarzian) will always be
an attractor. The proof of the period-doubling theorem can be found in
standard text-books (e.g. Devaney, 1986). The Schwarzian derivative will

appear again below, and the proof of the remarks about maps with negative

Schwarzian are not difficult once you have a lemma from section (ix).]%*
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Fig.5. The position of fixed and periodic points against A for a

period-doubling bifurcation. (a) supercritical, (b) subcritical.

13






