Dw\m(cs of One - dimensional Mops.

NS

Mops  F: XX X=[01]  or X=S' | parametrized by [o.1) 5Q°
. (3

€ s wsualy conkinueus, often Affesentiable, or discontinucur v o wite way
(Encke aumbesr of discontinuibies vesbrichons en values on either side, ete.)

i ]
E xamples: |
: 3t b 2o mod \.
o f o e |
f

L If only one disconbinuty, ak ¢, with Fle)=1,
Flc,)=0 amd Flo)=F1, tren f s alse a
conlinuous map of the civele

f

Often consider fomilies of  wmaps, e, depending econtinuowsly on a Pa..mmeiw v
By F,, () = v (1-%) (D‘"’P Sub“oﬁ:?t whea counkevt is dear.)

Queskions: are abouk orbits. Take x. eX. The sequence X, X, Xy, with o, = Flx,)
s the orbt of %, wmder F. lalse caled Ehe bra_,'ec}oryt SOL'-‘HUVL, ebe.).

We are terested W the (ong- term behawiousr of ocbits (n>w).

Ascde: c:ieome/b'{c mekthod of \'Eera.l-{ng.

Take topelegical /qeomekn‘c approach  vakher  than measure - bheorekic quroacJA.

- Definibion: A poinat xeX wanders f T a nelghbourhood W of x such thak
UnfU)=¢ Vaxl

Definiion: The vnon-wandering set N 5 the seb of points which dle wok wander.

The non-wanderag cek uncumdes ol “recwrent  behan lowr.
Exeruse: Prove A s closed omd F-invoumank (e F(A)= A

Examples: AU Ficed Po{r&s %z Kln®) ave G .
AU periedic Points %2 LM ace in A,
Con alse hoawe: N\ s a Cantor sekt

Aside: A Cawtor Sek is: closedl, perfeck (no isolaked peinks), nowhere dense (no inbesvals).
Eﬁ_; Mcddle - Yaied Combor Seb., ol“ . = Limit of thr Process (s
1 v = f—t — o Canlor Sekt.
¥

It (s a Cawtor seb: nested sequence of clesed sebs » A closed.




e

I conkauns all Peévd:s whose evpaunsion w bese 3 has o 1,
cunch G,leax(;,i has wo wkervals o (so labed Po(wts.

(an alse hawe: (a) [\ conbains wo geriodic ovbits } foc Cantor set
(b) Pﬁr{oouc orbits are dense » A
O, /N s an wterval | or o colleckion of nbervals, o even oll of X

Example: x 1 2x wod |- | Aoz O:Q,Q@y.- _ a;=0,|.
I

, | 1%, medl = 6.« @, Ry -
i »

' E™n) = @8 Ky Biz >

So any ivary sequence that s perdedic D periedic x.
Pcrb(h-o-riLg close 4o any pgiu)c 3 pesiodic ovbit (te, y such Wk s

Exoumples (cont.) !

Dinay r'ef.fesentnl"'ﬂu is ?e.r{odx‘d.
D al % nen-wandering,

&-‘ Decide "euPoLog‘j of A and the d.tj\'\om&ies of F on I\,

Defindion: A closed € -inariant sek A s an altrockor (f I neighbourhood U of A
suchh taak F e U then £ (6 2A as n>w.

.2 Understomd  minimal  attrackess of €. [if‘ sets A which owe o.&fe(-i‘(ng/ bukt we
propes subtek of A s am a&md.‘wj.
Neke: AC A

e

3 Whek is the behaviousr For typical x. 0 uSuQJJ,g "t._,w{c@l“ Wmeans A i epen

: w i " !
dense subsel | oc “n a subset of measuse | [ measuse - theovelic sense).

. . # Fixed
Qb Complevihy of F. Topolgical enbopy , v \-d, W(P)= UOZP & La  poite ot pnf
Eq: \F £ \nas Ovtllﬂ | Fl'xeol Po{.\,t’ Li{F =0.

IF F= 22 mod |, then (F)= log 2.

R.§: When we consider FM{U'?S' c¢’ le: o Rnow how wnswess b @i-4& atnange.
(“BiPurcation T'-'\Eon;}.

R-6: What (s the behaviow for “[:ji)[cq,l“ Faxmd'er value v. (Ee&auiau.-'" occuns  For

an open dlense sek of v—~alues ).

Why bother ?
(@) Answess den't olepend on F very much,

(b)) Universal Features 1w bebaviowr of Families.

(o) Same wniversal Feakures occr W many more compUcated objwuw(eal systems
[ n-Aimensional moyps, A fFerenkial eﬁ(uol-iwu, d:c.)

@ Simpler thon the hardler cases(’)



SarkovsRii’s Theovem [(1966) : Su_f?ose £ s a contiauous map of the wterval T 4o tself

gq_?faf? F has f:e-«-{oda'c orbit of (east peried m. Thew ® alis hay sble of
(D Ll Los £ B K DV 42084184830 AT

all ?tn'od: n<dm  un the order:

Lemma: IF I (s a dosed  jnteeval and F(I) 2T Haean Toe T sucda Yhak 3¢ s o Fixed
pont, ve, Flx) = .

.ErooF: iet [a,b)]2T. Ether a or b s o Fxed ?oinf.“ or 3 Y€ (a,b) such thak F(‘.‘hj:q

and 3y, ¢ (a,b) such that Fly,)=b. S6 9 >a, g <b
So Fly)-y <O ak y,, S0 aky, So by IVT Fbd=x For some xely y,).

Lemma: sw?Pose Ty, Ta B 0 closed intervals. we dekne a 3\:@[)1- with = ge.r{-iees’ and

a direcked edge FF OF(T:)> I For auny iwfnile Paﬂn o, by, (yyn oF
vertices on  the gro.fﬂ.\ ([aUowed by the cofges) 3 foint xe I, suca baak F ()¢ .
Furthermore, (F the sequence is pewloddc | (o, (-, &4, G, , thea 3 pont xe T,

fm’oouc of  ovoler 7. “I,” T, @Fe d»t'sjoin&, 0/@1)& ?U\MLP! ok HYnelv -eMol\w(ni-s}_

(’(I,J 3 11 g.".::D?.Q
FlT)? T,6T,
Podles ook Like: T2122212732%.
le, cam wake with any given pevied. Lemma > theve are

(?G(wi-s [Len'oduc of any ovbit.

Prock of Lemma: Given a sequence (o, By o e define IC,.. & E gx: FJ(xJG’IS 7] os_,'_dn}_
Twis is a clesed set and non-empty. Furbhermore Tp o ¢ Ty ¢, .
So. Ni Teo iy % a closed wnen-empty set. So I xe N as above with desived
behaviowr. Furblrermeore, F sequence s ?-c.n'oo(éc, Vo5 Tpur, oy e, chebine e I'-lo"qu "
Thea FIKIIK o 3 Frxed point of F'in K > periodic point of pericd ¢
Remacks:*Reware of eadpoints. Eg: xm -2x, I, =[, 0] T,:[01] The F(T)>T,,
F(T,)5 T, fe: *T0° Lemma > poiabs of peried 2. Only pedodic point
is @ of perded [. [Nole lemma didn't say last perod el
e if Fle is wonotonic then the sebs Ty ¢ . (, are closed witewals.
¢ If £ evists apd is > V4f on ntesvals T;, thew covesponding te an inkaite
sequence Ly ¢ .. W5 @ siagle poiat.

* Thee mey be penodic poinks wn odditlon 4o Huose given by bthe lemma.

froof of Sarkeushiis Theovem: Pssume F has a pededic ocbit of pevied N marimel
@mleu-mg‘_ Se all orbids of £ \awe penod wmLn, Label ?g.‘ni:s of ovht: ?'(?1(-&?“
(not in olu_)MC:z,l ovoler],
(). Prove T a Fixed poiat.  Flp)>p,  las ¢ ok Foed ,aud flp,) < p;, some;+1).
Siaclarly, Flg) <p,. Se 3 some R miniwal suck ek €lp,,)> pp, and Flge) < 7.
Label uvaterval [fh—'.?k] = Ti. Ss P(I]')T‘ 2> 3 (Qxed Fa(.d: xe Jy | and gince

the P aven't F‘l‘ﬂd, "e(?g.u?k)-



So  associaked q,»:wf\ng inclanoles %
(2) Show T waps, aFec some wuwbes of sbeps over all  untervals,
Consider [f’!_”x] vndes Fi’ t€cén. For some ., Fi(fn__)—. B . F‘.(x}=x' fo
oo o] waps  over all the wbervals Cep), - Coean ]
Similarly, 3 suds Yeak Cj(fh_.)= Pa , S0 [fp“x] waps over all wtewvals fo
the cighk.
So on g, 3 ?aﬂﬁt (of sems (ougtle) frow T o all other unalervals.
(3) Do Hheve exist pots beck Fom other unberals to Tl Amswer: i w is cdd.

Proof lpgrwthf beck from T to T, thewn on the greph E‘xx&hs QE%Q
of odd gt T - T-7T, (L.j ‘WMI TE necesauy], @
> F ochit of odd Pen'od- Since n was marimad (n Hre ovdering, w wmust be odd.
On the other hand, suppose there do wnet evist FuUm from sy iwkessak
T42T back & T, W TR

- * e

7 o P Pa

Then F[p, p,.) camst cover 72 o, 0.]¢ la. r].
Similorly,  F{t,. 27 €0, p.d. Buk Fis ) on the g . So n= 2k
and 0, 0= Lo pd and Flg 0= {6 0.l So n is esen
and F? has am orbib of pevied W2 which (for £Y  is wmaximal n Wee
SarRoy sk ovdlering.
So treak Hhe case whew v s odd awd 3 Pa.»l&qbnck o T,. W n is even, we \awe
proved 3 a polwk of peded!, and prceed by induekion consicheriag evbits of f*
acking on Cf,,,_‘ pk_,], So assume w is odd.
So 3 dranit conkaining T Wauk to skow Hais (uplies wdnimal vt indadiag T e Leugta
n-l o, e, g Wil look Uke: }% S f‘ei.ur some obher ascs, buk nope such Hask
3;;\-' Tﬁ/ 3 et of maj% At ngludaing T\)
. e-j;‘-' Tg
Prc>_oc= W6 3 it of Lauﬁ‘:h wmin-lwith vodd, thend orbit of odd fu—tocl w <n
which s mYn js e Savhoushii ovdering. Buk n s maximed. F
I w owwen, wment bhen 3 civewit of leugth wrt (by repeoking T vuce). So met <n,
myl odd 5o agoin J ocbit of odd paried M o, A
Se shortest civuuik conkainivg T ir of  leuglhe ak leost v-t., Ruk 3 only n-l verkces,
0 Bats vt wisit eadh (v tum. (Loulﬂe,( ?a;l:hs wust oisiE some werhices wove tuom ouce
and  Hue plece of pada bebiween wisits caun be deleted).
Proceed ©y tnspeckfous T, maps over owly T (else 3 shorkes - |
£ the - m evy PN

LT T fer e, e

"

ow\o\- we need omlg consider  owne of Hhese (55 ;;awcmd:vgs. /\
Nevt sbep: T 0T, waps over eudy one evbra wbemd Ty . Pn@"‘

63 c“"“‘"d‘""“a ’ad mv omd T, aps  over T’a Tz,Ts‘w.Tvt-z.

e
-1

“Jr \1 e':i“.:f-’" % 2 T

So rjm_fln q hao owly ares: T.D, T =T, 27,7, aud Tu., = Jua.
Now k.‘n'v:n.u‘_.’ hj ‘.‘“"Pe’;{’{“ﬁ the gmfb\_ ovrbits of all P@nfcclr w=< N Can occus

(and none wth myn)




Remawk: | Can evteud Hais to produce am orolw{ug‘ on ?E-rmu.tcd“'ﬂnl ( pened of ovbit plus @

SP«[F\‘&J‘{O“ oF hew F ferwtukr Mnml

EKM:{E z Xﬁx/_\’x SEEa VN Gm‘?\" g /_’_‘.:j-z-;')j'
&-___,_,_____——-""" GTu / :
>
T

So 3 orbds of ok ?{_.n'oJS- (H-e.-rc, § was wobs wewimal Pex-éao' {n Hue Savkeushit om{m.i‘g).

Remark 21 For conhinuous waps  {n Wighes imension, resulls ace more complicaked - simple extemsion

nek chsiblk', Ega: retation Hharougls ?';T-r > all fw-}d’:‘ have pevied n omd Yhere are no other

rm’o&s’. Bt can do smeuun.a.
Eg_ fF 30«» lhane ?md B o “21' (aah oJT a.lma.q-e.r oF Coan €5 swowmaung Fcu;;;

o PS(wb. /ﬂ-—b €yt rotaten: @
> -

-but Can  love waps |

N - Hm‘k GF
@ = periods.

Rewaskd: Proof war based oen an arkicde by Block, Guckenheimer, Mistewrwicr , Toung -1980.

2. Unimedal Ha-pi]:

taj Teak maps.

Bl =l sx, BEmea
2 sl L €3¢

QAw: What s Hee mn—wmdg.—{nﬂ gk 7 What are Hue Ay neumics of ikt

We take V<¢s<2. sl Hew F0G)<x and aih orbibs 0
iF 5=t Haew el ?a(wt!’ iw [04] ove Fixed poiats.
: Note alse 522 This Was btwo whesoals: o -:-_-? 2P

Has orbitr of all Pe,n‘od!.

] De(:im'h'on: “I i+ biamcitive on T \'C A xel such  Haak {F“(’d} 's demre aT.
.Rtmo-rk: Thir wedd m?(ﬁ Hick Une whole of T won -wondeving,

Lemma: For Haese wmags, F s tramsibive en T F (o ey cpen sek Uc i, €9 &(?Malr a5 N,
unbil 76 covers all ofF T . (o0 o 1 FMw = I},

?too(:' Exaa’se.




For s>, 3 fFixed pocnt x“ of F.
De(l-l‘ne {ntwﬁa{ j:: "[.Fif‘-'i)_ F"“J

i /]
F,H}:z X" ".({“;

L emma: FS(I,) < T, Fou HEC, F (e T Lor n La.nje muﬂk
Lek .n.; be {he Mu—w&mdﬁt{u&a‘\ seb of F;,
Lemma: For <>, J = JofuRR', where R'€ T and s the non-wandlerng seb of Fls

Lemma: 1F >80 Hien R'e T

Proof: (WU show dhak auy small inkerval T T, -C‘(PGMAS fo cover To., Take an (abtered
T of length V71
Case 1i): \F 1 &7 then |F(T)| = 517!
Case (i)t IF 1 €T, wobe T= T oiffoTr. Geb [F(I)N= max fs\Tl (T 0F. > 170,
Congider \hak Ihappeus i€ case (h) occuss twie n a vou. e 1 €T qud LeF(T).
Twen, § FIPefF(T). > [§,F )] ¢ F(T. 2> [FR)FI]CFH(T). » T < f1T)
So T exPa.u\clr in ok wmost twe steps.
Pk Wais all  doqeler, get el the sequence [Et)] iwereases by a Fector of s tn
case () amd by ok Least 3 in case &, se ?moiolcat caselii) does wot occor Ewice in
success on, IF“*I(T)IE% IFATIN S (e (FUTN (a0 s>8) ) So ¢ expowds
~huk AR € 1T, 5o evenkually case () occws twice w succession
D dn ak last bwo move steps FU(I) 270 D F i tramsitive awd J'= T

) %il3)
For Hhe won-wandevisg seb, we Wave: i

T T~ |
#i N 2
For 1¢s€f2 ook ak F:: Sbfetsl- be Unear seqments.
g‘jmifﬂ‘t-
3 bwo fixed Pm‘-\ix of F* ast fied \:m‘u}:s of F
ket D erbit of ?e.m'od 2 fer F.
,‘i,i _\1 « ,‘t.

1) 2 1) )

. Fixed poink of F s x". Consider two closest pre-images  of » wnder , %, X, whese
Fsz(x{l.:,r] = Yr”\ ch‘ﬂe mtwa»!-: J-(fl’ = [wh)’ X‘d] & Jid- ['xh}l X:’]
Cbemma: 1F 1< 7 mags each of Tt ento itself and afer oappoprake vescaling,
s o tenk wmap of slope s* on  each unterval.
.R_mcﬁs Conscder Ttm_ )(=£2 s M(dpcmb. IF e can show F:H;J ),,{L"" then clearly
FPLIY) e T Bk PR = SN LsMee oY), s PR RN WP
x (-1 2 148 HF )-is'j0 FF 5582,



Proceed  indmckively,

=lnyt) -n

i W)

Theorem: 22 <s g 22 . Thea KRG Jof v Rufu. uPﬂu {S) 32“., }/ where Pois
?&r{ootc. orbt of Pencd 7.‘:‘ onck where the T, axe wtervals c,:jc,Ucu,U«j Fefmul'fa
by F, and suehh thot F2 (7.7) & twowmsibve.

Preck: Indumchen.

Nebe: The orbits P; ave ob.sjoin.t fom the untervals, except in the case s 2t , whea poists on (i

ase endpoints  of 'Jl“ which abut wn pass.
for a skhebdh of the  vion-wandarisg seb of 5, see and of wokes

T Unimodel Maps el

fec' F:lod. Floj:z Fl0=0. 3 celo1) suh Hak on L[] Fis

increasing , and on [ F is decreasing.

e s celled Hthe cribical Eain.l: (munﬂo take c='%..)

Skekch: F
P i

[

WiFl o WIE)> o S ot o - Ef‘ % ‘

. = €~ Lon ey ¢ :
U orbits hawe - 3P, semi- conugacy, i e —_— R

peod 27, R ousists ‘
Yo between ¢ and tewk-map
of there, omd peckaps it Lags = Wb (So ouy

a (q“i,ar et‘ s ndke
S inbin Adyvamics of F; occur (n F}

r{ﬂf_\‘l‘é{ s\MF{: 4 /
\ \k

3 U5 perockt 3wt penedic 5 @ isa conjugecy (I-1)

ra— G bor &

. Aside on Entrepy.
Recall W(F) = Ui & (og (# Fred poidts of F7)

n=aw "

) Delinition: An interval T F-covers K n-times BT n subiabeals T;,--, T, ¢T sud that FfTL'J=K.

if we \iowe d«'s}ai*l: wn bervals I.l_'I“ , Con make o Crewnsibion walkeix A- fﬂ'rj)‘ w‘hc»re i ] F’Cquuj
I a. twmes

)

Lemma : SU-FPOR F Vas trowsibion wakbeix Q} g=A" Then b;j ejives the nuwmber of independlent pathes
(on groph) Frow T; o I; v n steps
Prock: Exerdise. (by  tnduckion).

i (P ?ar{:icular, \::; is a lower bound ©n Hie wumber of Gred Po(wb of £ i I
‘ S‘n' T (8) gives @ (ower bound on Hhe nwmber of Rxed Pb{wtf of £,

Lewma: (F A has lowgest dg%ualu A, then W(P)2 log A

! Pioof: Exescise.



Examgus: )

o A= () WO g2

td

(i) /ﬁj

tii) Teak wop. \n Pock, W(F): L“}’-_

€g: 532 cf: eample (). W(F) = g2

=B (Y b Do Giewt g, e 22, 1 P lemed ot poiaks.
Um & log (22) = $Lg2= log I7.

- DecompesiHon of Non—wmda{.{ﬁ Seb  for Unimodal Maps.

- (ese i)t _W(P=0.

Either £ has an oviewkabion revers ivg Fixedt ?om{r oc it doesn't. [ORFP: x Fx’xa»;{, £lx) <‘0),

c

no ORTP oo ow ORFP

: ta) No ORFP=> N = 3 Coxed I’°'-“i’ tw [0,63}
Pk Flec, so Flocdcloc) and F is monctowc. F[LeJc[od]

) 3%, aw ORFP, Heew it is waique (an & is wnimodal). Conmsider £

Define a(:f as witlh besk maps. As (n Wk case we get bwe

3':": ['xf,",x,] and J'r"]‘-[‘xo,x:’] vanich are wapped te
themselves by €' providing €'l > x/"

But i€ F'le) (.xth)‘ Wows € - . omd \A(F"JN%Z > WiF)>o - %,

A4
2 2
S'o, in  case of ORF P, JUF)= ?pn'xeci Pn(wh w [:o.c]} O §xef _Q(F lj-Lu;J v _/z(( l‘l‘,"’J,
and FI\I::_ is waimodal \,\(F,‘J—‘:‘.’J]:OL s 1B s T t

\'.n(-’eru als

- J, = T::J,

_?roceed b‘j cndckion ,

i Can eher do & n Hmes - Fzm Var we OREP. JLI(F ={F|‘kea' Fo(w{!}d qu Pu 0. W qu i
wlere ?1;: O( penodic P,g.:.,\h of  leask P-e.n'ou:l 2°.) - won —e.uphj.
O coun repeq): w\f-{ﬂitdj often - £ s inBnitdy  renormalisable.

(2} 2

tEF L e Nl L b A o

\ { T :: 7Y ) ; , " s LSk T
(-] i > o | o

A

1 o » 20

Nok endpoink of utemals ove ibenhes of ceibical potiuk i /
] 3 (=]

Label poits as: shows. Then: ﬁqu_gﬂlx_:}{i_—&.,f_}_{_E_] )

100 oy I o ou LTI -2 )




bl ® 2% ) .
‘ﬂ Hm:s casé J?,(F) =N Py ~ n (}‘3 7. ) whhere Piw walopn oc orbits of od 2°
3 % 2 2 tise Ta 2 i ;
u 2t i : : (49] i a
and for each T;' FU[1 b5 waimedal, FT) € T L, awd T T L

4

Noter Leb A = AU 7). A is inberseckion o nertal sek of clored cabervals - non- empbs.
Oftes o Cantor seb - provided Lewgte of tabervals T >0 ar o, [1F wit (E i @
Candor rek Wit some poinks ceplaced by iwkewals).

F’l\ is Called an “nfaite ceqister shift’
EBackh poiwk in N can  be labelled by a sequence @) = S,5,5, - , $::0,1, where xeT,”,

—_— &
®lx) = J badewsouds iw

i
Plre) = :““;’lx) ( add 1, starting at the ft).

Se HA bhas  following ?mfu{-{e:!

W For <very xe/\' E"(x) i« clemse in A, [Evc»j ovbt ujcles rownd ald yt intervals ok lewel ,
s adding V> [ust s‘jmhol.: wele eveny 7% terokions).

() No  seasitive dependence on inibial condibions. SPIC wmeans 3 €30 such dhek Vi, § Iy N
suchh baat 1x-gl<§ anmd [FP0)- £M4)] > ¢,
(ocoits stavted oA some 3;-” eyele round *:ogd:herl

(w) Ne peviedic ecbits. [ngho( Sequence  never rq:ead:S).

a '2‘1
] @M: E&: F I-J;H) = F“' ’ molq:eu\oleuk of € {Wll.'un WE =0 aund i;\f-'(n{telaj venermalisahle }’
Cin some big clogs of wninedal wops.

- Theorem (Romd, Fedgenbauwm, Sullivam,... } . More laler, Cor nowt F* debesmines details of geometry of set A,

idependent of Famly F. (L o lame evtest.)

Aside: wandering intecvals.
Delnikion: Sufr‘)ogc Te T such Ynak F“(J)l\f"[j‘]: ¢, V atm. SUf?osf alse Yak T s vet (n basin  of

abtrackion of o stable \:e,n'oatic ocbt. Thew T s a wanderng itnberval.

Facks: 1) \F T is o wonderning interval, Haen (T secumuates on cebical Point-

tiy \€ F as negakive Sehwasriian olerivokive, then Z wandering  intervals. ng: sl 1=5) Viss: one).
g IE € s € and ‘-’"(CJ#O‘ Ynen 1 womdering wntervals (1987

\n Hee case of Y ottcaw\?gg.i-[on Cown be(:o\rg if AN s aot a Cantor Set (o (b combains \‘..nberdn.ls'l Haen
e wtervals are womdenag. 5, “aermally’, A is a Cantor Seb.

Case (&) W(F)>0
CWe wil use:
Theorem | Milnes & Thuaston, VAF6): F i waimedal W(f) = logs 20 then 3 9, o sewmconjugacy,
le FF=F P, betueen [ and the bent wop that presesves the cribical gont. [ ®(e) - al.
Proof Laker.







