IIT Commutative Algebra Michaelmas Term 1996
EXAMPLE SHEET 1

All rings are commutative with a 1.

1. Find an example of a unique factorisation domain which is not Noetherian.

2. Prove that the direct product of finitely many Noetherian rings is Noetherian.

3. By considering trailing coefficient ideals, prove that a ring R is Noetherian if and only
if the power series ring R[[X]] is Noetherian.

4. Show that an integral domain is a unique factorisation domain if and only if all its
non-zero prime ideals contain a non-zero principal prime ideai. Use this to show that if R
is a principal ideal domain then R[[X]] is a unique factorisation domain.

5. Let M be the subset of a free Abelian group A of finite rank consisting of elements
a satisfying a finite set of inequalities of the form f;(a) > 0 where each f; is a group
homomorphism of A to the additive group of the integers Z. Show that the subset ZM of
ZA is a Noetherian ring. Does this remain true if we use defining maps f; to the additive
group of-the real numbers?

6. Show that r lies in the Jacobson radical of R if and only if 1 — rs is a unit for all s in R.
7. Show, using Zorn’s lemma, that every ring has a maximal ideal. Now assume that the
ring is countable and prove this result without appealing to Zorn.

8. Show that the set of prime ideals in a ring possesses a minimal member (with respect
to inclusion). |

9. Let R be a Noetherian ring and 6 be a ring homomorphism from R to R. Prove that if
6 is surjective then it is also injective.

10. -Let R = k[X1, X3,...] be the polynomial ring with countably infinite indeterminates
and I be the ideal génerated by all the elements X}. Show that R/I is not Noetherian and
that its nilradical is not nilpotent.

11. Let R be a Noetherian ring and f be a power series in R[[X]]. Prove that f is nilpotent
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if and only if all its coefficients are nilpotent.

12. Let N be a submodule of a module M. Show that M is Artinian if and only if both
N and M/N are Artinian.

13. A local ring is one which has a unique maximal ideal. Show that a ring is Artinian if
and only if it is the direct product of finitely many Artinian local rings.

/14. Let R be an Artinian ring and # be an R-module map from R to R. Show that if 6 is
injective then it is also surjective.

15. Let E(p) = {a € Q/Z: o = (r/p™) + Z for some r € Z,n € No} for a rational prime p.

Show that E(p) is an Artinian, non-Noetherian Z-module.
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