Commabakive A lggbm. \.

’d{sftom: Dcw-.o! Hilbed - a senec of papers  ov Savagiank -&eoﬂ ; VEEX - 89|
Exawple: Leb R be o Retd, R[x,., X.] a polynomiad ving. Let T de te
S(jmmé’/t'ﬂ'c 3;@.‘.? on i',u, \n}. v 4 RC}I on h[x:,.-, Xn] bg F-?.rMuJHng
the vowables.
Se  For 9¢ Z, Fék[)(,,,‘, X,.] , hawe (g?)[x”,_/ X,) = F(Xq"(«),-y Xg-q,,))
I ads wia vlng adomovphisms. Lok For  the g of lavanants,
‘e the set of polymomials Fred wnder the acklon of T,
Tais i fhe ving  of symmebeic  polynonuals, cald it - 4
Let €IX,. XJ)» X 4. + %,

F‘z [Xl,.., xn} F .‘:L:-' L5 X;

B i Ml = B
S I g-e.nemleol o a g by €,., fa, ond so e s o canowtal
Map Frowm h[\f,t._’ Y..] _"S, Y. F.‘ . W s oa iy {Somfht‘m-
Hilbet showed Hik Huis ciug of  varauds s futely  ganerated, o
stilarly  For wany other groups.

Milbe, b qued 4 majeor Meorems ¢ ) Basys  theorem
) Null stelleasatz.

i) polynowual rakure of the Wibet funclion
liw S-ﬂ!ggg Hieorewm ( begma..fug af  Hee \&owlegjicwl
H.\eon_,, QF' ?o(&dﬁ.nlw:.wt ""{ﬂﬁS }

Wistory' 1421 Ewmay Nocther acbrocked Hie ey property requiced by Wibeot's Rasis
Theorem, namely Ut o (commutative) vivg (s Noelerian if every
tdeal 15 Ractely oensrvated.

ga.sg’ Theorem: Lek R be a wMMui’aJ:\;l-e Neetherian ving. Then e ving rx7 of
Pc‘;jswu;ols v ome vaviahle s olse Neetherau.

Cocollary : Let k be a Reld. Thea kX, , %J 5 Noetherian.

Noether dleveloped the bheovwy of (deals ln Nockherian vings.

L_{Ah bebween Cowmmubalive A(ﬁdm ol %eb@u@.

Giuen Fe €%, %] Hee s a Punckon €= €, (a,., a,)= Fla,,a.d, o
Folﬂwowcinl Function. Different ‘Po(ﬁv\.ownidiﬂ yield different Funckions, aud so
(C[X;,,_, xu? may be Viewed a» the n‘ag of Pa[ﬂWd funchious ou cowp lex

affine w-space.
For a subsek T ¢ C[xl,.., xn], o(eﬁ‘ae e sek of cLommon Zeyoes ?(IL to be




"

2(1) = §(a,., aec" fla, a) -0 V feI} an ale & ok 2",

- Remackilione cam veplace T by the iolead geneabed by I oud get the same
algebuoi seb.  Siamilardy replacing an  idlead by o genevaking seb  of
Hie idead (oowes the algebraic seb  unchaueed .
Rasis theorenn Huerelore foUés Hiak oy algdomic sek s He seb of
Commen Teroes of a Haille seb of polynomials.

(1) @"2:(‘15) = ZlL35)
E;_"E[I,‘) 2 Z[;f!"-f;)’_ ( hee product of idlials), for o idead T3
S0, we way define a topology om C" with closed sebs = aﬁaebmdc sets
This s the Zarisk( bgo!&gy it s Coarser than dhe wsual
classical f:oroLaqj on €.

| For o subsed XC(“/ we Com deCme Tl :z{Ce efx,., X7 ¢ r(G,,.., a,)z0 W [a,,..,q..JEk}.
| Twis s an  idead of ¥ alX,. %], and & i podical, e \f e T(x) some
w2l then fe 1Ifx).

; f-—*Z[I)

| Nullstellensatz - The wwesponoln.uee {'Ihde—- X gwes o bljeckion bebiseen

the codicad deals of €lx,.. X.] amal the o.,lqabmic subsels of €.

L. Noelhe,: ings ;. definly Les.

i @, a Commutahve ing with a 1,

(0 AU submedules of M, acduding ibselé  ase Haltely cjeue,m,tzd.”j].

(h  Ascendung chram condhtion (Acc)* there ave wo  sbridly wwreasing
| n Backe  cdhains  of  submedules.
i (1) Matimwm conobbion on Submodules: any won- ewmpby seb § of submodules
|

|

.

i Ul Lek M obe o (lofe] R-modile. The Followivg ave eguivaleat:
|

of M Was & marimed elomenk L. Te F Ll L'eS, then L-L'.

Pran HEJIOE gu,ip?m‘e Yuere s« a sbrickly ascemoh'ng roin: N, §N, §8;, £-..
E et N=UnN: ) D> N s F_cj , b‘.’) My, M, Say Eachh w; Ues (n
| some N;. . Seb s= max j, then NS N; - ¥

GG Assume ). Pick M, €S, V¢ € is marimal, we've doue. |F not Hrere

s M, SM, . W My wokdmal, olone, else Hhaere is My P M, | Etc. .

. (i) > Hals process musk st‘er.
| iy Dy: Lek NeM be o submodule and leb 5 be Be collodion of ik Fﬂ
| SubModules. Observe b s non-empty : the 2evo submodula s n S.
Ly = $ was o marimal member L.
Claim L= N \f xe N, then L+ Rx¢ s Mauimdxl-j of L euswes xel.




Definibion: An K-module s‘aﬁscjiug (1), (6) o i) s colled Noghierign

(.2): Lek N be a subwoocile of M, Thex M is Noethevian (6F Nowma M/N are,
Precf: (D) gburpose M s Noekhesian, se oWl its subwodules are €. This property is
{nherited by M. Submodules of M/N s all of B Rorm Dl Lobiere
Q is a submodule of M containing N. \E M {5 Noelenian, tien & is Fg;
by W, M. say. Then M e N, me+ N qenerake R/n.
(¢=): Suﬁzese N and M/N are Noetherian. gwppose Licb <l < s « sh(cﬂﬁ
ascemd&.\g oo of submodtades of M. Seb X = (L s NIy : Ni= Lian,
There qive qsceuounﬂ chains of submodule; of MN amd N Mspeo‘:\'vzbj.
Neither of Hiese chains can  contain  infinitely My s bwick \‘Ae%aau&'ﬂ.
Thus, 3 5 suhh etk Xo=Xg Ni=Ns Vids. So LieN = LosN Ne= N VOO,
Pick Lel;. Then L+Ne(l; + N)uSo thee is L'ely such Haak
b-L'emNal; = Nals. So Lels. Thus Li=Lls Cor (s - &=

(L3 \F M, N are R-wmodules then MON s Noetherian ifFF M aud Nove Noethenan.
Proof: m = (MEN/ . ppoty (1:2),

(L) V6 M, Ma ave R-modules, Huew M, @ @My is Noecthestan ifF each M is.
€: (013) cmd (wduckon on  w

Avook
(L5): W M s Noeckherian Hhen oy wodule (mage (s Neekrerian
Proof: Hawe 9t M N, 5o M8 F Mirers  Apply (1.2)

(L) gup?ose M can be expresed as @ sum of Haltely wauy submoolules wnok
necesiarily aa a ek Sum, M= M 4 2 M, Hhea M i5 Noedherioun fF
€achh M s

Proof: The M. ove submodules, and Wwenwe (12) says tueb they ave Woekbiznan (F
M s, Alte one can defne a wmap: WM, @ @® Ma dM | Im,., M) e Wy +4m4,
Apply (LW, (1Y) .3e,t Hiak (F the M. are Novktheron e M s,

Definction: A ting s Noethercam +F it is Nootherian s o [left) R-moclule.
Obsecve thakt the submodules aye Hie (oleals.

Exmeles: (v Feelds.

L) prl\f\u’fﬂl ideal oclomains , such aa-v[X] wwere Rk is o Reld; Z.

(i) iﬂ,e @: q-= Vo here ptn, fixed prime p}. This s a Llecaisahon of Z.
Localisabions of Noethesian ﬂ'_.tas ase  Noedherian,

Lew) h[k.,xll_..] , With iafntely wawy inoleberminates, s net Neethewian.
There (¢ @ chain of ideals: (X)) < (X, %) < (X, X, Xi).& -

(v R(X,., X.] & Noehenan- corolary of Basic Theorem.

(vi) h[tx]]i Foemal powes sewies wring , s Noetherian.



(b3 Lot R be o Noetherian rlng. Then ey F"ﬂ' Kewwibule & Neellwiiamn.

CProof: M= Rm 4 + Rm,. Observe that Hiere is en Remodule Mmap '-Q—*l?m¢; viIPemg
and so fzm; is Neethenaun by (15). Se by Ll-G}f M s Neetherian.

(09 - Hilbert's Basis Theorem: Lebk R be a Nockhedan iag. Then R[X] is Neotherianm
Procf : We prove that any (deal & €g. Let T be an \deal. Debne Tln) to be
the seb of elements of T of degree <n. T#¢ , a» O€¢ Llal. Tlo) €Tl T(H<
Let Ren) be Yhe set of coel:c'l'ot'eui‘r sF 5" appearing in  elements of T(n).
! Claim: Rla) is an  idead of R omd Rin) € Rinn).
| Proof: Take abeR(n). There awve polynomials €lx) = aX” s lawer order teows,
| g(x= bx"+ buwer orde tems € I. Buk T is an ideal and so Figel,
vfe T F reR anmd XfeI, So atbe R) raeRln) omd aeRian)
R4 R s Noeﬂ«am'u, omedl So tae a.scewbing cham Rfa)e RIE - tevminnles,
say Ra)= R VarIN, EBach R4 s a 9. deal of R Say,
. Rln) = Ra,',p- + Koty . There oxe Po(jmmiais Fa (¥ = a,.‘mx"+ lower ovdes terws &I,
The sek {'F,.,,.,(;oros:asw, Leamtm, 1 it Baile
Clagan: Twis 3eaerni« T
: Proct: By nduckion on the ddegeee of Flxe X
: ) aléqf-’ ZHe: F()()ra’ Sau .- RBut Tio)= Rlo) = I?aq' ok R““.Na 3
Bt qu (M= a,,  so a \es (nsidle e idead geneated by F,,,,(x),
G) Assume degfe>0  qud  Hruak Y daim s true Cor “oijm.c;u;.a,li of smaller
degeee.
() asN: E() =z a X" 4 Lower owder bterws. GL&R(WJ‘ So QA= §"«\,- A
for some Vo + Defne qfk)'—' z",.‘,,.pq,. (W = aX” + Lower ovder terws,
Thew €X)- (%) ¢ T amel is of smaller degree. Apply nduckve Ty po thesis,
b wyN: F) = a X"+ lower ovder benms. aeRn) = RIN o= ZVuty,.
Veline g = i el Fua (X)) = a X" tlower ovder terws.
f—(k)'gvd €T and is of lewes degree. APF[‘:] induchive hypothesis

|
|
iReM'R-: ln &om‘:wl?a.:l-fan, one needs an exbe  poperty Sehised by the gemeraking seb.
. A generahing sek willh Huis prpety is e Greobuer basis.

|

) Finkely generabed vings are  Nockherian.

Peoof: Such vings are umages of pelynomick viags. 1€ R s generaked by 1.,

| then there s o mop: l[Y,,,,X,J—-T’ R, i, Use (1.S) and (1),

iEmeL« of such wings ace the Group aleyebms of free abelian geroups of  Faile vank.

Ew A & Free abeL'a.n, then ZA haa lomants Z A, A, eZ, only Fnltely wmasy A

| won- #eve. Rddibion: ZAca 4 Zu,a = T (Aarua)a; Mk iplication: (Zab)(E0, )z T(Z mn]a,
iF A s generaked as a growp by 9., 9., then the group algebm s genccated as

-1

\ = -
& wng by 9,9",9,9%,59.,9,"



(L10): Cohews Theovem: (F 2uery  prime ideal in o wingfis F.g., then R s Noelrerian.
Peoof : gu.Pfase R s net Nockhesrian and consider the Family of non- F.o. ideals, calkit §
By assumption, € is wek empty. Wish to apply Zows Lemma : if every choin of
tdeals in S Waa am wpper boumel iw g, and § is non-empty, then § has o
(nok necessarsby  uanique) maxival  wember, T
iy e Hokts whiais o won-F.o. lckeals is wot Fg.: F it wene
Hren Hre Fnile numbes of oenevators would all Ue {n some teew n Hee
chiacn | amd Hrerefore ik berm would (tself be €g. - a conkradlickion.
Mo'*’. x qs & Mvvc-g_ ideal bk ok deads co»aiammg it c.g.
Uodoa: T s Prime.
Broof - S'uiafowe we \Wwe a¢ 1 L#I’ buk abe IT. Then, 1+ Ra 3 3. S Lol &
: c-g., by Cera, ., lainaa, Say. Cossider T+ irvme 3F be T e T3 L.
So T s ‘:-3. We prove Yot T=Rj+ +Riy + Ta ., aud heance Iis fg. #
$o take teI. Thew te T+Ra, se t=u litna) + v a Uasvua) &r
Some “‘;9(2' So b= U (+ - duUuln + [V + -+ uara) e,

———

€7

So Glont :

L) tF R s Neotherian fuen RIDTT is Nodluerian.

Proof ¢ Nesion () as

n basis Haeocem, bub  Comsider Rin) = sek of fmu-vu-:) coefficients
B For  damneals A, X" & \mg\«u ordes . beewsr . & T REDTIXS,
So owe Was Rlo) ¢ RS (See evample sheet).

Vesion (i Use (ohen's Theorem amd :

(L2 Lok P be a prime ldeal of RIDAT, auwed 8 Hue wap RIXIT =R, x>0
Thea P is €g. F Q[0 s a Fq el o R

_P&F.: ae“"l@, ;C ‘9 ", c‘j Hhen 9(?) s C.g. gu,la?ose 9[P}= l?a.,-\—--+ QC{,\
Case (0 iF XeP then P s ajwe«a.{:ed by &

Case tey: F X &P, Lok F.,.., €, be power seres  poitha tonstauk tem @, ., an, in P

Nsped—fvd‘g. We prove F,” En qwud:l P Take 3&?, 9- b+ higher terms,
Buk b= T ba;, so q- T \,;C; =9 X, some powes senes g, . Se 9, XE P,
Bt P s o prime {deal aud so 9, € P. Siwu'La.v(g, - Zek, *g,x /9, eP.

Conkinning gives ., Wa € RIIX]T , Wos b+ Xre sakisfying q:k.ﬂ»-«*‘b\,\&,

e P Ol X

2. \deal SEruckuwe of No i Rings.
gihﬂs Gt Comwababics willy & 4

(2.1): Tre seb of wilpobenk ehements NIR) of R Forss am iodeal omd “m@ Laas

WO Won - o \M'Lpo(:z.-\k eloments.
f_rﬂ-‘ iF e NIR thea xM=0, some m, and So (rn)“‘;ol Wence cxeNIR) . (F x andy eNIR)
| Haew " =0, ¥ =0, some W, Comsidar  (xeg)™" . Expandidg  binewually qives teows
Xxsyt where sib= nam-l, 5o elther s2m or 2. So ol ferws are O 50 24g is alpobest.



\F x4N s wilpobesk Haew GiN)" =N for some m, amd so x™eN, awd
} Wenee =" s «dl.pohw—t. Thus X is V\(Lpobtwb.

- Definction: N@R) is  the walssdical  of R.

12.2)0 NIR) is e wnbeseckion of all Hhe prime ideals of R

Proof: Lek Itﬂrdﬂ«eﬁ 6 sxeN Hon 'X-M'-O, g0 w &P G all primes ©. So xeP.
Thus xe T, s NI
Sappese  x (s wnobt wilpotent. Set €= Family of ideads T such 4ot For
w>o, x"¢T. € ¥ non-emply ar 0e S A wmon of a chiown  ofF dueals
a S is also wm S Zom's lewmma D tuere s 0 meaximal wember T, of S
We prove ek T i prime. Suppese yz e 7, YeT, T €T, So iceals T vRy,
T.+%2  conkain powess of . So, x"e T, +Ry , x"e T, +R2, aund

bdnte 2T &8 & Rj; = T & Se 1enN,

Q?C{m‘ﬁgm The vadiead J-I of o Aeal T s ?re?: some powes 2| of ¢ Wes ua I}*
Thuys, T/ = N(*1) aud [T :PerPz:P‘

| Definibion: The Tocobson vedical T(R) of R s dhe wilemechion of all He warimad iolals.
N(R) € T(r).

i F\r l‘{n{w El’nas,

DelCinition: A {wwmmunkative) f‘"‘ﬂ {5 B_r_'b_gﬁ'ga i€ & ocloes ast conktaln am  infnlke
sf:n'oH:.) Aeseenduing o of deals. Or, equivalently,  an  won-wwp by
sek of deale hot o muvimal wmembes,

An R-modude ¢ Acbmian F b sakifes  Hee analoqous  prope-ties
for  submodules,

Cxawgles: 1 Z/pZ.
wo RO/, fi0, ko Red.
o kD¥] i neb Ackialom, for we wawe 0> (XU>...

Remundesr @ T s prime < abel Omp‘ié: ael er bel,
e Ry $ am (Mte_g,-d Aowgin .
> LTI €T Gnplies vibher TSI o T8 1

(231 6 R i Ackinian Hren eveny peime iokeal is mawimal

| Proof: Lot P be prime oumd x¢P, S‘j e ol.excewablag Aran  condibion, [ol.f-‘e_‘-J’

| [x) 2 G2+ s at steick. Sq ()= (x™) Cor some n, amd so x"=gx""
Sowme 4. Thus x“[l-xg) co0eP Buk x"¢P an Vi prime. S. L= xy &P,

Thus  y+P &5 4he wmvese of x+ P (o Rip. £ PR E e Reld, Weuee Pis wadimal,




- Locelary:  TIR) = NIR) for Ackiman vings R

(2.6): An Ackinion nq  conkrins ouly Finitely wany  warimal loleals

?f&c@ !

Covsider e seb  of icleals of Hie Form Rin-: ala Eor Some, with  P0 wmaximal.
(There wwst be a warimal (oheal by Zovw's Lewms) This seb Uaa a winimdd
member (by Arbidon property), Paafs, say Lek P be o warimak ioleal, and
cowsider Pan Pa-alf,. M{uimal.{‘c-nj u\m?L‘Qr PaPanPaz Pnvab.

S5 Rofh® Bae- AP, = P. Bk P s ?nime, omd S0 some € ¢P . Bt P s

M.axt'Mnl, so P\‘=P.

Cgtauoig'- A vediead deal 4 o AH’&'\MM wag s dhe onterseckion of pfm'l:d»ﬁ MRy

(?S‘]

moimal  oleads. (Uses 2.2).

ln an  Acbikan wing R NR) s & wilpobenk ideal.

Witle W2 NR dudk Gomsbdlr WBWES o o TE mugh  Boiuabe, with M N ews,
=L cay. guﬂwse 120 ovd awm for o conbadickion, Cowsicles € = Cambj o
deals T it TT40. 9 & wew-empby: I1€S Buy choun of membes of S
WZas a lower bSouamd, namely the wn bersechion of dhe terws v the @LGM’AJ in S,
This  wbersechion 15 ackually a  tesw of e chawm by e Arkinian preperty.
Foran xj\'&ldd a abtaiaal memder T of 8. There 5 e T such Mt T $0
So Tlx) $0 qud so (€S, The winimalily of T imphies T, = 0.

Observe T(In) = T'x= Tx $0, aud so Ix ¢ S. Minimality aives Te=(x)= T,,
Hewce Haere s ye T such dakt yx=x. Se xzyx=zylx= By el N, aud
so 4 v wilpetent, Se ‘d“;o‘s‘,m W, and 30 x=0 - A

Aa Atiman wWagq s Noeleriam. ,

By (), R e Haibely wany maximod teleads P, Pujowmet Bnonf, s N=N®L
By (25), NR:20 (o some k. So (P P)" s N" 0. So we Wmwe o produck
of wavimal deals gual b wwe. Welle B W) Qi Qu, Wi Q) TRy,
come ¢, Cowsider ROPR > @, 7% @,Q, Q% = 0.

Eacke fackor 9 /g .., 5 omluilabed as an R-modue by Rin
amd so it Way be wiewed asr an Rf@;“”uadw\\t,

Obseve /@y = Ry, s a Fdd, a0 Ru  warimal,

Thus Hee fuckor 15 a Ry -veckor space whose subspaces covvespoued o tue
woleads of R Wig  bekveen R. @ owd Q...Q5, .

So de dice. Gr ideals of R traumrlokes to give Mo dec. fov subspacer of
He vector spoce QR Qj /q,. Riss S e wvector space s Fnite dilmens ional ,
for F b wese alnite dimensional Yuere would be awm inbalbe Lineary
iwelqwoh.mb sek x, %, owmd subspaces civen by Srox. §, Yo%, 5,
would oive an  abiile strickly dlescenoling Mo,

© The Facko.-S, he-‘..tq finite himensional, also sakcly e a.cc. on Subspws, ouwd

Hog @ Qi/Q[--QJ“ s a Noethewiun SRR P
Apply (L2 awdl wwduction & get ot R s Nectharom,






