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GLa(€) | GLa(k) - Exomple |.

Sla (€], Sta(R).

Monster - largest of 16 spocadic simple grougs.
Finite Reflection Groups.

PSLA(C), VPSUa(1F) - Finte simple groups.

Vv, veckor s pace with o bllinear Foram POLa) ocver o Feld k.

E\(amebzsz
VxV o3 ny) — Plry).
GO(® = §TeGLa(V): FlTx Ty) = APluy), Me kT
SO(®) = [ TeGla (V)! QT Ty) = ®lxy) f,
Examplos:

2. \F @lng)= - Ply,x) then V s a sqympledic space.

GL (RS Sp () = §T: T*TT- T} where T = (O)
e

PSo, (k) = S,:“[R)/?_‘ ohere e ceatee T= {321}

3. \f P s S(jmmetﬁk’ P (y,5) = q’[x‘gj' chor R £2 . Quadvakic Form Fl)= Pl

Then we qej: Go (9, Qe ar%lnagmal groups.

Over the algebrade closure R of R, symmekric makeix is equivalent to:
n = 2me Oi-‘(o-i) nz dmnel Q-_._:(O_ .?)
. el

v O t
o |
For evample, k= GL(ql K Finite Feld, and € e wnen-squore w k.
n= 2M+‘: gcjmmot‘n‘c fv\aat\ﬁfk -eq,uu:vale-*-& (:"0 Qg O EO’L o =% o‘?mﬂ ('q#)
As e sgmmdv-i’c mnokrix etu,ivo.len.ﬁ to @ or (IOO : :)
Op (g St 4 Pty
L. Suppose okt R has an aujcomor?k\sm‘roF order 2 [e:_:j € with compler C,O.AJU\gQ_;{'lOﬂ,‘
V, with a vnon- singulor Wermibion Form ¢ h(g,x) = \n[x,nd)

Give vise te uﬂitwﬂ qroups , U, (kW) > SU (R, W

Plan.

V. lnbroduckon te Weyl Groups and voob systems.

2. Qemis(.mple Lie Algebras.

3. Aulomorphims of Lie ﬂtgebm:: Chevaley Goowps.

4 Combinatewial ¢bruckures: Rruhak o[ecomponb@n ound bwld&ng-
5. Chevalley Gvoups are (almost always) simple.

6 Twisted Chevalley Groues.
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| To defFine refleckons we need o Euclideon s'-Pacc endowed with a positive definite symmekbric
bllnear form, V, dimV= Ll  and []:VxV-> R
CIF xe VY, dencte by w, refleckion dn Wyper plane othogonal to o, W, = fveVie (v, )= of.

20%, o)
| Wy )= %X-= (o, o) .

For which sebs of vectois do the ceflechons generake o [Rnite gmu{;?

| Definibion L1t @ €V s o system of reots in V
1. & s o Faite set of non-rece veckess.
1. ¥ s pous V.
3. wged, then w,(pled.
Lo iF wfe B, tnen 2‘{%% cZ
S wdeed then A= Ll

A,xA, f,

‘ Remarks 1-2: 1) & =-3F | Fom (3)
:‘ G (S) is opkional - such a syskem is called a veduced oot syskem
i ti) 2 is wot necessarily Unearly independent. & contains a subset T guch thak:
@: T is Unearly independent.
h): Every toot i & is a Unear combinakion of cools W T wibth ccefRcients eithes

ald Mn-ﬂ&aa}i\ler ov all wen- Fos(b'ue
T is caled a sebk of simple voots.

| Exeruse: ) Prove that such o T evists.
Lt Prove Hrak ewvery voot o s a lnear inkeger combinabion of costs n T.

(Hiak: tnducbion on height of coob: hEla)= A+ A Lheve o= Awi+ 4 A&dt)

,‘ﬂemcubs F19) The cank of B = L.
tv) T wild Fu{—iHoﬂ & (ate a set of ?osi{-:‘ue voobs B cund negakive vools &7,

|

| Definibion lh: WIB)= Lwy lue®> (s colled the Weyl growp of &

| Why s W(R) a Falke group? W ook failibully on E by (2) and (9. So W € S(F).
A, W(BIES; . B, WIB) T D

; Progosii:fon LS (i) EBvery coct wn B &5 the {maqe of sowme :im?le oot wnder W,
Gl W= {Wylae T,
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