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Loks of groups! D'ln' s CP'"- X% Cpkn" . Sn. p‘n‘ nS 9&"‘?\@-

GLa(€) | GLa(k) - Exomple |.

Sla (€], Sta(R).

Monster - largest of 16 spocadic simple grougs.
Finite Reflection Groups.

PSLA(C), VPSUa(1F) - Finte simple groups.

Vv, veckor s pace with o bllinear Foram POLa) ocver o Feld k.

E\(amebzsz
VxV o3 ny) — Plry).
GO(® = §TeGLa(V): FlTx Ty) = APluy), Me kT
SO(®) = [ TeGla (V)! QT Ty) = ®lxy) f,
Examplos:

2. \F @lng)= - Ply,x) then V s a sqympledic space.

GL (RS Sp () = §T: T*TT- T} where T = (O)
e

PSo, (k) = S,:“[R)/?_‘ ohere e ceatee T= {321}

3. \f P s S(jmmetﬁk’ P (y,5) = q’[x‘gj' chor R £2 . Quadvakic Form Fl)= Pl

Then we qej: Go (9, Qe ar%lnagmal groups.

Over the algebrade closure R of R, symmekric makeix is equivalent to:
n = 2me Oi-‘(o-i) nz dmnel Q-_._:(O_ .?)
. el

v O t
o |
For evample, k= GL(ql K Finite Feld, and € e wnen-squore w k.
n= 2M+‘: gcjmmot‘n‘c fv\aat\ﬁfk -eq,uu:vale-*-& (:"0 Qg O EO’L o =% o‘?mﬂ ('q#)
As e sgmmdv-i’c mnokrix etu,ivo.len.ﬁ to @ or (IOO : :)
Op (g St 4 Pty
L. Suppose okt R has an aujcomor?k\sm‘roF order 2 [e:_:j € with compler C,O.AJU\gQ_;{'lOﬂ,‘
V, with a vnon- singulor Wermibion Form ¢ h(g,x) = \n[x,nd)

Give vise te uﬂitwﬂ qroups , U, (kW) > SU (R, W

Plan.

V. lnbroduckon te Weyl Groups and voob systems.

2. Qemis(.mple Lie Algebras.

3. Aulomorphims of Lie ﬂtgebm:: Chevaley Goowps.

4 Combinatewial ¢bruckures: Rruhak o[ecomponb@n ound bwld&ng-
5. Chevalley Gvoups are (almost always) simple.

6 Twisted Chevalley Groues.




]. Wet—\L c(tou.?S

| To defFine refleckons we need o Euclideon s'-Pacc endowed with a positive definite symmekbric
bllnear form, V, dimV= Ll  and []:VxV-> R
CIF xe VY, dencte by w, refleckion dn Wyper plane othogonal to o, W, = fveVie (v, )= of.

20%, o)
| Wy )= %X-= (o, o) .

For which sebs of vectois do the ceflechons generake o [Rnite gmu{;?

| Definibion L1t @ €V s o system of reots in V
1. & s o Faite set of non-rece veckess.
1. ¥ s pous V.
3. wged, then w,(pled.
Lo iF wfe B, tnen 2‘{%% cZ
S wdeed then A= Ll

A,xA, f,

‘ Remarks 1-2: 1) & =-3F | Fom (3)
:‘ G (S) is opkional - such a syskem is called a veduced oot syskem
i ti) 2 is wot necessarily Unearly independent. & contains a subset T guch thak:
@: T is Unearly independent.
h): Every toot i & is a Unear combinakion of cools W T wibth ccefRcients eithes

ald Mn-ﬂ&aa}i\ler ov all wen- Fos(b'ue
T is caled a sebk of simple voots.

| Exeruse: ) Prove that such o T evists.
Lt Prove Hrak ewvery voot o s a lnear inkeger combinabion of costs n T.

(Hiak: tnducbion on height of coob: hEla)= A+ A Lheve o= Awi+ 4 A&dt)

,‘ﬂemcubs F19) The cank of B = L.
tv) T wild Fu{—iHoﬂ & (ate a set of ?osi{-:‘ue voobs B cund negakive vools &7,

|

| Definibion lh: WIB)= Lwy lue®> (s colled the Weyl growp of &

| Why s W(R) a Falke group? W ook failibully on E by (2) and (9. So W € S(F).
A, W(BIES; . B, WIB) T D

; Progosii:fon LS (i) EBvery coct wn B &5 the {maqe of sowme :im?le oot wnder W,
Gl W= {Wylae T,

E\(e«ru'se: 'F(ove “.‘\M‘S-



Define mlw,B) = ocder of the element w,wgz e W. Then W can be cealised as an abstack
. [« B)

group by gemeral'ou Wyt xell and relakions fw“-w‘;j o B <.

Such a growp {t‘eﬂ @ group with suchh a ‘?mu.t‘ol""?n) is coled a (oxeles opreny.

Example: = (v, wy w, (w, ;) = (w wid® = foo v 1-.'l, W = 1> is a Finibe Coxeter qeoup.
.__L ’ 2 2 ] 3) L 9 M'F
(Exevuse: which Ganike gioup (s W ?)

1€ we W, define bLw) = minimum (angth of aun expression for w n terws of Wy, xe T

= 13 W(F)]

l\ X tl‘ ! i.

Moce o reupst Gl (R) t\as s“bfj"“f’ Sl (kj’ Ty [B) = (0‘-1 ) ) Trllh) = o h‘), D(k) = (O" 12*)
Pc;] (RJ = (@‘ ¥ - ?qralso[a'c Subgroufv.
Tro(R) 45 a  adpetent group.
Yor G. ¥:=[%., GJ] - lower ceatrad series.
Te (R) is solble. Dal&) = [Dpr, Do) | Dp= G - desived sevies. b is called a Bovel subgroup

N4 3N =n

I 20u9) 4 Oug)? p
V= R o ny) = xdig) cosh ; )= (o, %), ) eZ > n ) bl € Z = L ces?Qe Z.
b cos* 9 : o\ 2 3 &
e ¥ o %t i 3 T
1 m m mw
9 3 3 v & °T _~ux=dy » A=t
|Ue) ) gy g Hzn LM x= -y,

Oex) 7 (9,91

7 dzlgh amdslgl J3ld iyl

: 3
ﬂt kﬂ‘: ’ Rl" LY §ﬂ13 G—z. ; E Qt; < y

" The existence of o set of simple voots.

C-pub a bobel ordedng onV ey TAvi>0 [ A, Ao, Ap,>0. @ =V,

W e (i Every reot wnm Bt should be o Fosit{ve Unear combinakion of coobs & TT.
) Neo subset of T sakisfes ti).

Exercse: T s a U.nea_.rhj independ et sek.

Flst prove thak ke T then («R) O | e obligue

, Covollary: W o, BeT then («p) <0.
if\’ccabl W(E): Cwy: «we 2.

| P.ra?osil-lon T | Eue,wj voot of & s e {mage of a oot of T tmder W= Wyt xe T2

ox B

() W= Suy we md. " 3
;?mcc-' () Use induwckion ow Wbla). %

(i) Wa, Be . W, = Www™ fov some weW, R=wld oeT.




Preposibion 171 (lw) = minimal  (engths of an evpression for w n kerws of W, @ e T
2 BT WU(F ) = wiw),
‘Mg_ () Wy we T only chaunges e sign of o amd — o | alwy)=l, and wmereover:
ta) wilwyw) = alwr+ F w'(v) e T
(b) wilwgygw = nlw ~) € wilaw)e 7,
() L) 3 nlw). VB w) > alw  then (B) s happening ok Some point. Deduice
You cam  weike o choker epression for w, ta teams of w's.

Coce | 18 \F welWw and w(M=T Hien w=l.

Preposition 1.9 W T s o set of simple veots, thew wIT) is alse a sebt of St'wlrlo cocts.
VT, T, ase two sebs of simple vools, thew I we W such that w () =T,.
Peock: Vo am (ndumckion on | §rw E:l Jxe T i wit (wy o §;+) n E;‘ = a-{.

Delinibion \\C: The connecked meonenBoFV'dgii{« are called chambers.

g
Ay >K“ > %#@Js(’ chasnbel
: LPAY
Mg Yo

A thexP[me H., s called a wall of a chamber € Ff . Al s nek
contained ja ony  proper Subeace of e

(\F W= {u,f.,’«tf is a set of simple roots (et C= gxe V: la;,2)>0 V¥ (=, L},
IF we toke oe ' Hrew Hy= §x: (wx)=0f Leb HE = (et,%) >0%
Ho = % (a3 <o}
IF xe € Hren (o W0 » (>0 > C is o chamber
Show 4het "‘3?“?‘“‘*‘“ Ho (ae ) are walls of C, and iF e BY\T Ben Mo is
Lot o wall of C

Proposction 1.1* The soots ortogonal te wolls of a chamber and ”PoM%{N_a, inke the chamber C
Foran a seb of s{mfb voots Every sek of s&nPl.a vocts axises  In Hais way .
(A choce of simple roots gives wise b a choie of cliamber whidh we call
_ Hre F_uw\almu«tal amber ).
. Proof: \F € s a chamber defined bcj a sek of cé«p& wobs T, we knew w (T) is alse
a seb of simple reets. w(C) (s the chamber delined by wHy). = Wy,
(For ,w (Ho) = w i (%) :O}: fwilx) (m(w’wwj;o} z {Lﬂi(\ﬂ(ﬁ}’ ‘ﬂ)zo} = ‘Hw(nq),
Choose aumobher chamber C'. We need to prove that T w such that w(C') = C.
let ve C. Let y'= g:eaﬁé.’s(: bransforw w(v) wocta rerpect o the omle&ug on V
defined by M. Must check v'eC, e (o, v)>0 ¥ x;eT

(s . 2 lue, VY
i ') = v'- zlw,em o Bt w‘ii[“") = Wy W) far o (e, ) e by oo,

% v'e €. Chik #aat wlc')= .



Proposition |12 Llw) = number of hyperplanes Hu , xe @, separabing € from w(C).

wC I W\ ¢
not sepaZiks Hy
(on Somer:.'ders "d+(3

For each subset T T define R §vel: (@v) =0 for we I, (wy) >0 For xe TaTl
Che Cp s intessechous of  Ho and Hghs.

2. The sebs Cp packbion & (C=C, , Cp- §o1).

3. Dimension of the Unarr span of Cz= n-\T|.

. C:fwlCriweW, TeT} parkbions V.

DeFinition 1:13: € is called o Coxeler complax of W.
A seb wC; s called a focet of bype T,

Co [(vay\iol)

How wany eloments (n Hie Coxeber compler of Az? =143,

Ocdes € by sening : if A, A e, A XA FAREA,
Then ('C,-t(j is a sthuc,ia,l com?b.v. {.w;{{« veirtices glven by M;J,

Definckion LIk A simplicial complex consisks of a verkex seA V and a cet A of subsels of
V call ed “'Mfuur cuch Huak Sufe A and ey subset of a simples

(ReAeD D ReA)

is o SL:NI{-\(P)(

Tl iLet Wy = <wylueT>

o ©
[ -
o i

3

00~

Move gfroups: GL.(R) > {Moaow.l:ﬂj makbrices — ?umul'ad-iamrl eg (

The Coxeter compler is an evample of a simplical cowpler . C= {u CyrweW Temf
S?:.v\ Was olimension n- LT).

w\y\QJe ue,.r{-[ces are ““*39-

EKCLME‘Q: V=
: Ea: <uB <uv?, o, &9, W% ek Sayy bwe verkices V. v, e on the same Une oF
edther V €V, or V€V, Eolges axe chauns of Subsfmce; of f.ua-u.\ 2.

: The facer of Hais qeomelbry are chrains  of subspaces VW, €€ V. These ave called FPlogs,
{u D€y, us € <y, 9, 0 € €<y, v, This s called a % cow.glex,- s @ siM?L{u'«J.

cay.\f[u,
'\): (ulr“l, U'3>' Then f(\” ; -C[A.'.} /(\J..) \/_, (& 19 (V,,\Iz>.

v, 9> Deline verkces ac sub:facer with bagis given by sowme subsel of I, vaf.

vy v VD
1 l
gD <S>

P
\<U,,\a;)

;Exe.rcise: Can Jou give a set of vectoss wn ®’ wwich {5 a vot system, whose Coxeler complar
{somorpie to the Rﬂ‘j C-DM?‘A' delined by V= {v, . wD

is



GL-; “2’ acls on V= (Vn,\l;.\!g>
. : * % X % :) L Aclses -
Parabelic subgroups. ;= :) , ("‘ ¥ <tab. s> | € <V’,\’1,\J;))

\-3 gf_‘a’b&b&s&r Op <\l.;> g‘<\’-§'01> (Q <V, v, \315)

X % % ‘
(g i’*‘)—)gtabtu:es vy vy,

Exeraser Sp, (B - Whak s the Fnite qroup iaside hrese!

DPFMCUOH: Pa.mhoh‘c Eubg coups of \A)eg[, G-rvu.‘)g-.
Leb Te . Set \J:;-:;Pcw\ of TcV and é,: §A\f3-‘ W 5 kgt aT D,
PW&;LHO./\\.\T: i; is & sﬂgee.wt uP rooef Por U;, :r is a S&t oF sfm(lb. mc(': G.mo! HAG w?,{j(f Gﬂw"; is W;-_

Remember ok Hae other sebs of s{Me[z voots are just W2 T Wy = W' %€T2 2wy W e TD

w
= wI

Definibion 16 The S’ubgmwfr Wi and thelr conjuga.fél‘ are  called Poma_boh‘:. Sub_o';mu;.t

P:oggééh‘oﬂ!-i?'![c‘J The ctablliser of w (5 nlW i W:
() Each element of € can be tramsformed wte om elamet Cx by ackon of W.
: (5 The Pa.’abauc subgroups of W are the stobiliseis ta W of elomends of T,
Sﬁ Lek D-_-r = fwel: W) e Y (o allxe T} = not & Qubt_:]fouf" bub o set of cosel
rtfr-eia-i’nj:ives for Wy i W — we wrduction on Llw).
Suffoie we WAW5 wlic) =G, 3 diel | w [ £ a'.j»(C_,-) . J some xe WNT

cuch ok AILaJe &

Ld’ N {,—C: E ] [U’o()>0 = (dj.\.l_ —dJu‘J <o Ma{ —Arcté &fl dj.u = E' \7,,.}: Heeon ghoulc,l have (d:v‘-drﬁj 20
“{\JE (Vi ’V,ﬁ) =0 V“c TJ' (‘\J’dj >o‘ o € Tr\T} "*

“\@f(w “2- ‘tg g {w: TC -": wE wz<9f?

le we |lhawe wﬂﬂ?omdwce: w —
! perebolic stabi lisess
subg.—uu.p; > of Facets.
i S’uﬂwse we wave Cexehes grewp W, bl Rics nobtliug abouk auy mol-uhy‘uj ook

Csystem.  Lan sHU lock ok Sw;“ Icv,wcwf\c‘,‘,_

F[az) COM?(-LWGF.' G-LV\ “‘I.\ Fix basts Wy o, Yig s
t(\)) = s\.hc\J,(_‘.cUL-; “:\’._‘“}. \JL: <\J"“"'»U"‘j> )">L:~

lELQM-@VJ:j aF € N) C,ot"icfpn?nd e @!-th&wl:f of Grl..,\ ”2} e wée hove o ob.ﬁ?ua..k basis
we (3& new fma,bo(xc Sulagmuf; oF GlnlR) whidh as< C—Ovljuﬂa/&e{' of Hee previeas ot
CThe  wlledkion of all  Coxeter compleves defined by diffeveat bases 5 an  evawple

. of @& bwld&'ﬁ



Z. Lpe prlﬂebms.

Delinttion: (5 L is a sewisme(.g Lie a(jebm £ e Lorgest soluble idead, roct L= fof
[no propev ideads (a which E,J (s l:n'vial)_
() Loas M ok e deads evcept L, {of
e A Cartan Subal%dom HofL (¢ a ml{cw s'whnl@einm wluick %Mw
bs noewalises,  Ver (@ ([ ['CH,H]( H],."H] =fof | Sowme .
b} \F [xwyeH Vh Hiew xel

Example 2.2: A= M, (0, [xy)=xg-gx. L= IxcA tru=0f 15 a simple Le algebm
of dimemsion LlL+)). Example of ¢ Carkan subalgeb = = diag (0, A gl
= . A abelion
[L‘!, ZQUJ' EJJ"] £ Z ((\‘:-{\J)qu QQJ i ( :)An‘f.,)oé{;J’:.J
In Has eycwflg L Otewwfoscs as o cireck sum
Cfgj Itx#j, dnvastank  wades . L= Hl:? CQJJ' :

!-‘ubsPaces

Dh,‘?luj‘- LAy =4;) 2.

Propasitlon T3ty b ohas o Cavtan Su‘oq,lﬁabm
! ( € L s simple then [WH]=0O
wi) L= HelL e @l whee L
ackion of H [ Castoun Olﬂcmeosi-{—{ouj,

V- dlimensional fu}o‘:?ace Soreiiaak: vordler

. For (), fadh: We H} it a C'.Dmmd'(ng sek of SM-SCMPU u&owwywsms’ So simullan eowsly
i ob'agwahsuhtm
D?F{A(Haw: '“’\e fQMk OCL = A‘:MCH = L

For each L, we have o Unear funchkional o e " e B deﬁnms e action of H on L;.
CFer ol e, el [ne]= o (We

DeRaition: r£8 1 a’k? ace bthe roots ofL aud the Su.lasFaces ave called vect-subspaces
{ielabive 4o ). Thew %, ase Non-Teye [since H is $€(.p-v\0fmax{s(-tg)wo’ olis ek,

Defintion 2.6: The Killing Forwm W lxy) s defined on Lxl by Kilug) = tr (ad.edyl
'(\Ud*S(ﬂgulM, st_,lvuwnekft'(’ ?og({we delinite form ow L.

Lemma T F: The Kilug Fom s mm-deﬂuwd:e when resbricked & M.

ﬂ‘cc@i Clo.iw \’l s oﬂhogwnal- L“r o & @ . (ﬂ'([:t;ﬂ f;J & Tf()(fld%?)}‘

«+0 D 3 bheH sucdh tak o) £0

\f xeH yely: O° H(Lwod, ) = - w(cu,t.]’%) =K (o, [Wy)) = K00 eli)y)
= - olh) K (ny).

\f 2eM awd K(ZH) =0 then Kigl) <0 o 2=0.



| (""a(;, L‘a(j] = 0.

i [eoz, C-d:‘: ha = TA e,

So wit tan wite Kl J L idenkily H with its deel X ta the wsual way e lor each
o eH® FoaeH such thak o®h= Klgl).

- Lemma 1€ 3 spons .

f__ﬂ_:-_O_F_'. s’uﬂ)"“ fek, Then 3 be ¥ such Bab wfhl=0 Y wed = Lhisl=0. This  cwd
(W H]=0 imply he Z(L)=0.

Let VQ = R‘Sfmm of . dim Vm =d.imc“, because each veot € F (¢ a cational combinalon of
a basis of wots [|F U@= @‘Sf-o.u of ®, thewn im U@?dliwx\fig)_

Pre&si{:(on 29:(a) ¥ is a sebt of aom-rewc vedtos S pavning HR = VR
b) \F e F and Aee B Hien Az .
© %2 .7

(o 00)

-6 F is a veok system i (Wg K(J)
Proof : S<ee Lie Algebras couue,

We ase looking for a basis of L= “9«5 b, with inbegral sbructure consbeuds.
le, C?f‘-‘xj]'—“ ff‘gp-‘(k' /\t-jheZZ.

2a;
A besis g“-,-,%f:ﬂ' for T s a basis For H. We defne l"‘*c = &:‘%J

Lemma 210: "= {h,u xe Bf is a oot system and T™: § hy. o a;e 7w vs a basis for T

0 U T, -0 0 A WL, )

' (w0 2a;) 2 (o)
Cloose €, €l [ L\q{-, 6“] = m € . o) €EZ ar B (s o voot system.

\F Cy & Ld, €r;E Lﬂ' then [em eﬁ]e L“-"ﬁ- [eaf’ f_d] € La =H.

C Lemma 2.t (1) For all fed , [La(, L?] < L,ﬂ{;_

(i) We can clgose eg(GLu such Haak [eo(,e-u]’ l"ac.

. Proof: 1) Take xe Lo, yelpg heH. adh f[x’,an = ['A, {%4]]= [“’L"],rj] + [x, U"f‘j]] - Jecaby idheubby,

= owlh) [yl + Blw)lx] = Los @)yl
(i) We just have to prove Huab F e ba, yel_, , Hien [xyle Chy\fof.
Take heW. (b, [xy]) = ([L,,y],‘j) sowlh) (xy) = (he k). r—“sz-“-:’ (y) = (b, () (i'-'zﬂ’l,\.,)
> (b, Byl - ony) B2 byl =0 Y ken.
Stace (,) is aon- olegemomh en H [thﬂ = (xy) (-5“’—:] L,

(EXUU’EEf Pm“‘e udﬁk (7(“4) + O - See LQ.quA 27)

;i [b\qcf E",] = (‘(» (37"%)} € & Ze,
_7.. {:L\Q‘l‘ L\%]:O
2 )\Lé_a

b. (€, 08) 20 f «+fd B,



S [ed‘ eﬁ] = Nw‘.p Cung i wrfle . (Prove Ln.l‘u)

Examole: Makrices: o{.;oo( , ks L
Carkan subalgebm- W, duagonal. W= (Ao, A [hegl= (A-4j) ey
E-fog: Mo L-dje i1 e gl =a]
= 5“’” il 1, db-l,l}.
ey
Consides (=2. Fhe, s Mgy vd e : DA 00
[N
12 ~ A, The toot system of ‘Lt,« is called .

A ook system B is twedueble F B-E0B, and (F 3) D =0 er § =0,

e debine length 1xl = ) and angle by (%.y) 2 ixl iyl cos.

Hnowing T = Raow W, as W= <, iweWD and e BoD o0z g | some we W g eT.
\F o Be T, («f)<0. Nssume thok B i conkinuens.

9 ﬂ-/t 'Z'r/-s Wy S /¢
Lol LB 2 $2\al =18l AT
inddpendat VB Dl s,

The D%n'}u’v\ dﬂr&eim bhas o verker for ey s[MP(& veok.

9 T, /e 3 L/ S/
L@ug@" tal, |31 (ndepeudlent ME ! J'zwld[ll, l«|=J_2lFI Ixiah[gll feel= J2 I
'
netaktien .. - el o e=xto f ~ oz
= Z
L MG 2

For we & deline Ll“= CQ-'._“—)' Thea
{. [Aln.,‘ y e,-] = [,,;Z:T';] x| e T nwc € where Ao = Cavkan lnl:eﬁu. (P«‘.qjﬁ Courtoun motin'x

2. [hg, hg] =0
b [lﬁd, "\—d] T e, T we stU have F(Ce O'Am‘.ce cped: = € §f, bult Haen i, I8 a‘f)’ﬁ«’m&aed-

4 (e, eq] =0 fuspéd

S Lo ep] = Nug eug FarBed (Comeddion Nog =0 iF wag g 2).

Theorem: () Let B be an irreducble oot system. Them brere evists o s mple Lee algehm over ©

with rook syskem 3

Gy Lek L and L' be simle Lie algebvas over € with (avtan subalgebas Wand ¥, of the
same dumension, Lebt &, o anwd 0(,’,‘,«’,: be “'M?lf reoks Fer L and L. Ay, QSJ' Cartoun
inbegers [ew;, eu: ] he . WP (Ag) = (Ag) thew 3 @ whige  isowpvphist AR
such  Haok 9“\%_}: |’W£ ] 9(6‘(_.)= Sl . 9(6_“\): €.l -

‘Def—ia\i\-l'on 248 Lek "(,(Sé E . The g(—s’cn'ag Hnmwi\n[i ir the warimel sequence of yeots:

-'?"“’ﬁ,-', -OH-E‘, 51 u(-yﬁ(._' C‘q'.'F,

.\T;






