Analuytic Number Theory

&\, Tehebychen € ctimakes.

I. Qefinikion: Let P, dencte dhe wHr prime in bhe seguence of ascending evder, 2,35, % ..

Eucdid proved bthak dhe sequence is nGnike: we  \nowe o+l davischble by come
& g A o,
?n'me oHﬂe( Haaun Prvoe Pa-

DEC{MHWI: Lek 7ix) be the number of primes £ X, where x s oanmy pogi{:{ue seal viumber
usually regarded os lavge

e wmbroduee the Tohebychew Funclions: 86J= Z logp , YiW= :,Z %(. log p

€2
3 P ex

Note bhok F ne N, then YW = log um, where ulw = Leam [1-.n). Note alse thak
Yix) = 80 + OV [Lugu)zj g for we have Y/ :"‘%*/Lae{x%); and  clearly
9(1'/‘“] < Q[xV") £ "E.,1 (""3“ . and Hais lolter sum s ok arnos& x'/z_ Log .

We \ave also 9(») € TH. (“’ff"; omd 90 )ﬁ%sx[ﬂc"" > izbogx. (n(x}-v(.ﬁd),

tn fack, we Vawe o)~ 9(:)/(4,3:‘ a0 gx as o —» 0o, (See Hardy & Wright p- 345)

Closely celoked to the Tchebychev Funchion W6d (s the von Mangoldk Fametion A ().
it is defned as logp f n-= ?_j (¢ prime) and O olherwise. Then we have Y(¥) :'égﬂw,
aund m{ Nim) = Log w.

2. Main Thewrem.
- Tehebychey  proved o 1851 that wlx) it bouwnded abeve and below by */logx

up te Sp?c.‘f-'z‘c conctanks., Move Prec{selg, he ?mued:
Theorem I 3 a,b>0 such that a < “{”Jb'ﬂ/x <h - N xR,

' ( Tn Vino gradov's v\oﬁa.zl:'bn, we \hawe "/(.ggz & Tix) << “/Cagx, w \here b:j Yy<cz  we
ILEOUA Y <CZ (:o\r some C.ongﬁq_.nl'. c, a..ud SL(M«.i.ﬂ.rLj 1Ccr ij)?% )
Bej Hre observakions a/\aoue, Theovem | um?lAES x &K 9 (x) & x, 2<% Wix) << x.

As a further corelory we obtain nlogn « g, & nlogn. For we have w(p) = n, and
. so, by Theorem \, E"/L(,3 p, K<« ?"/Log P, hence wlogp <« p & nlogp, . Now g,3n

and  sinte  Log p,(Guwe 3@‘1 o, <n and <o P . Thas Log n << Logp, < Lag n, o ol

the cove Uavy Collows.

Note alse fom x«B&) & we <cee that thee s always a pame bebween n and
cin Por some @, This can be cehined o give a ?nlme ? with ng p<Zn For any
mbeger w>I Twic s Rerbrand s fostulake (for o fmoC, see Chandiasel hownn, “tirgatiialia,
to Analgic Namber 11ne.o-nj“).




| Proof of Theorem I: For amy integer w>i, the bi;\fw'ol coeficient [} s Hee lavgest
j term in the opansion [II-HJI“, Hence 2 /l2as1) € [2.,” < 4
3?0.,\@.& to which any prime p divides (2 Now p divides !l with exponeat
_Z [“’f’] ( Since exackly ["/pi] of the numbes |,.,»n are divisible by pj L
and so  the a'fonu\t e which p dvides fz,.") ' j:é.d {[2"/F"]-2["/FJIJ}_ - %)
Now , each btevrm (n  this

“pd s o

We now Dtdw e

Sum s Zeio ov \‘

dccord.éng as the Frechionel Psw-t of
s ok loss Hhan Y2 ond the wumber ofF

non- rero bers s ak
3 (g (2a)/ Lo 1"(20)
most u’f‘““)/‘-og p- Thus an  upper bownd For (%) is PP;- N ¥ ® sl
Fuwther, the volue of the sam (1) is | when n<p€2n, whence a lower
'DOMJ B {2:) e 1 P )} n'n'(?n]- 'JT'(-:).
VAPETH  w(2a) 2n T 2n
On Com pasring the bounds  we obkain  (2n) 2 T L0 amd @ < 7

The Rk ingpuakiby gives w (243 Tonlos? =l Caily, o bionce whi > % /logu,
The second uﬂezi,ualn.bﬂ gives

Flaally  on noting thak T =
w [ /35-) - (%) <<

:”—n)-‘ﬂ(nj € 2nlog2/logn, whenee w(2w)-ml) o */logx.

E AT -], and F 2R teen

XM gx), while TP faen (i) - m(M23) € xf33 & Ja.
of non-ze berms s K LM“"'/(.032
T & ("/Lmau} E Yy o Ix. (L"Q“/Lo r s ‘)[/Loﬂx

Sinre also Hae number we oet

as recbw'red .

Tcinebnc'he,u inimself obtained the eskimates a- 0.972(29--- )

 for  the constants (n Theorem . S'.j[uufrer
and b= (- 06461273.

b= te1o55--- (Fer x>’30],

obbouned (1292) the valuer a= O-95¢95-..

These were Further impeoued by Rosser & Schoenbeld. (1962),
\n fa,.-h'culw, they showed Uaak one con btake a:z| For x3 \F,

3. Mertens’ Theorems.

Rased en  Tchebychevs reswlls Mertens obbained estimates for vavious sums cnd
preducks  wwelving primes. ?wh'cdu, we lhowe:
Theorem 2 : ?},, Lﬁ-"flﬂg-x+ ol
ProoF We \awe [[;3 com?mscn wila -HM mf.'eﬁ.rw(!
The evpression on  the LefE s Z 2. leg p. E"/p]
The conbribubion from =1 i P£ Lospf"/p] xZ ‘4?9? + O 1r(xy Log).
Now by Wf.orewm i’ the erwor term ‘r\e.xl"cm s O(u}. The remauning berms
coatribute 1’5 JE Log p-["/fi] £ ﬂfn;?-; Loﬂ“','.-iz ;:', < "n% L°3"‘/va(n-lj . This Lalter sum
tonverges as n>wW  and  so the

whele evpression s Olx). On
estimates, we gebt Theorem Z.

Z, legn = wlogae + Ofx).
(Note taat [V ] = [%]),

c.ombivu'aﬂ ow"

Ipis a C’.Q-*Oua.rgf we obbain:

- Theorem S:FE':':I.’L: leg leg x +c « 0[‘/L09x), where ¢ s an absclube constant

- Note et  Huos qives ownothes ?rvo{" of Ye evistence of fnC{ﬂ{(:e,(’., Moy primes






