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1. Introduction

Algebraic topology is the study of the connectivity properties of topological spaces. A
topological space is a set in which there is a notion of “proximity”, which enables us to
. speak, for instance, of a “continuous path” in the space. Formally, we describe proximity by
giving a preferred collection of subsets, called the open subsefs. The intuitive idea is that a
subset U of X is open if whenever z € U then z’ € U for all z’ sufficiently close to z. I shall
assume the reader understands this concept, together with the related ideas

neighbourhoods

closed sets

continuous maps

homeomorphisms

compact spaces

the product of two spaces

the quotient space of a space by an equivalence relation.

1.1 First examples

I shall begin by describing some simple mathematical situations where ideas of algebraic
topology play a crucial role.

A space is connected if it is not the union of two disjoint non-empty open subsets. A
related concept is path-connectedness. A path in X from z( to z; is a continuous map
v:[0,1] = X

such that y(0) = z¢ and ¥(1) = z;. A space is path-connected if there is a path in it from
any point to any other. A path-connected space is connected, and the converse is true too
for the sort of spaces we shall be interested in.

The fact that the line R is connected, but becomes disconnected if a point is removed
from it, gives us one of the simplest but most basic results of real analysis.

Proposition 1.1.1 (The Intermediate-Value Theorem) If f : R — R is continuous,
and f(z1) > 0 for some zy1, and f(z2) < 0 for some za, then f(z) =0 for some z € R.

For otherwise R = f~1(—c0,0) U f~1(0, c0) would prove R was disconnected. o

After asking whether a space X is connected, the next simplest topological question is
whether it is simply connected. For this we consider closed paths ¥ in X, i.e. continuous
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