NOTES ON ALGEBRAIC
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G. Segal - Michaelmas Term ’96

1. Introduction

Algebraic topology is the study of the connectivity properties of topological spaces. A
topological space is a set in which there is a notion of “proximity”, which enables us to
. speak, for instance, of a “continuous path” in the space. Formally, we describe proximity by
giving a preferred collection of subsets, called the open subsefs. The intuitive idea is that a
subset U of X is open if whenever z € U then z’ € U for all z’ sufficiently close to z. I shall
assume the reader understands this concept, together with the related ideas

neighbourhoods

closed sets

continuous maps

homeomorphisms

compact spaces

the product of two spaces

the quotient space of a space by an equivalence relation.

1.1 First examples

I shall begin by describing some simple mathematical situations where ideas of algebraic
topology play a crucial role.

A space is connected if it is not the union of two disjoint non-empty open subsets. A
related concept is path-connectedness. A path in X from z( to z; is a continuous map
v:[0,1] = X

such that y(0) = z¢ and ¥(1) = z;. A space is path-connected if there is a path in it from
any point to any other. A path-connected space is connected, and the converse is true too
for the sort of spaces we shall be interested in.

The fact that the line R is connected, but becomes disconnected if a point is removed
from it, gives us one of the simplest but most basic results of real analysis.

Proposition 1.1.1 (The Intermediate-Value Theorem) If f : R — R is continuous,
and f(z1) > 0 for some zy1, and f(z2) < 0 for some za, then f(z) =0 for some z € R.

For otherwise R = f~1(—c0,0) U f~1(0, c0) would prove R was disconnected. o

After asking whether a space X is connected, the next simplest topological question is
whether it is simply connected. For this we consider closed paths ¥ in X, i.e. continuous
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maps 7 : [0,1] — X such that y(0) = y(1). We say that X is simply connected if any such
closed path can be deformed continuously to any other, or, equivalently, if the space £LX of
all loops in X is path-connected. (Precise definitions of the words just used will be given
presently.) Corresponding to the fact that R — {0} is not connected, we have

Proposition 1.1.2 (i) The space R? is simply connected.

(ii) The space R?— {0} is not simply connected. In fact each closed path v in R*— {0} has
a winding number deg (y) € Z, which does not change if v is continuously deformed.

(iii) The closed path yn given by yn(t) = (cos 27nt, sin 2wnt) has winding number n.
The winding number — or “degree” — counts, of course, the number of times the path

“goes around” the origin in an anticlockwise direction.

Just as the intermediate-value theorem arises from the idea of connectivity, so the fun-
damental theorem of algebra follows at once from Proposition (1.1.2).

Proposition 1.1.3 (The Fundamental Theorem of Algebra) Let f(z) = z"+a1z" "'+
---+a, be a monic polynomial with complex coefficients. Then f(z) =0 for some z € C.

Proof. Identify the complex numbers C with R2. Suppose the theorem is false, and that
f(z) # 0 for all z. Consider the curve v in C — {0} defined by yr(t) = f(Re?™**). When
R = 0 the curve yg becomes a point, and so deg (o) = 0. By continuity, deg (yr) = 0 for
all R. Now choose R so that

R > |ai| +|as| + -+ -+ |an],
and define yp s for 0 < S < 1 by
’YR,S(t) =z"+ S(alz“"'l + o an),

where z = Re?"#*. This is always a closed path in C— {0}. When S = 1 we have vr1 = 7r,
while yg,0(t) = R"e*™", so that deg(yr,0) = n # deg(7r) = 0. This is a contradiction. m

Before leaving this theme it is worth mentioning a natural generalization. To pass beyond
simple connectivity we can consider the maps vy : S™ — X, where

St={¢eR™ ;| ¢|=1}

is the unit sphere in R™+1, We say that X is m-connected if any two of these can be
deformed into each other. Alongside Proposition (1.1.3) we have

Proposition 1.1.4 A map 7 : S™ — R™! — {0} has a degree deg (7) € Z which does not
change under deformation. The natural inclusion has degree 1, and the constant map has
degree 0.

This gives us

Proposition 1.1.5 (The Brouwer fixed-point theorem) Let f : D* — D" be a con-
tinuous map, where D™ is the closed unit ball D™ = {£ € R™:|| £ ||< 1} . Then f has a fized
point, i.e. f(z) =z for some z € D™.

Proof. We use exactly the same steps as in proving (1.1.3). If f has no fixed point,
define yg : S"~! — R™ — 0 by vr(£) = R¢ — f(RE) for 0 < R < 1. Then 7o is constant, so
deg (yr) = 0 for all R. But 7, can be deformed to v, , for 0 < s < 1, where

nN,s() =& — sf(£).

We have 3,1 = 71, while 71 ¢ is the inclusion map S*=1 — R™— {0}, which has degree 1. m
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1.2 Homotopy

In the preceding discussion, the idea of deforming one map to another is crucial. Such
deformations are called homotopies.

Definition 1.2.1 Two maps fo, fi : X — Y are homotopic if there is a map F : X x[0,1] —
Y such that

F(z,0) = fo(z) and
F(z,1)= fi(z) forall ze€X.

We shall write fo = fi to indicate this relation.

We also say that two space X and X are homotopy equivalent if there aremaps f : X — Y
and g : Y — X such that both composites go f : X — X and fog:Y — Y are homotopic
to the respective identity maps.

Example The sphere S"~! is homotopy equivalent to R™ — {0}, for if F : S"~' —
R™ — {0} is the inclusion and g : R® — {0} — S"~! is defined by g(z) = z/ || = || then go f
is the identity, while

(z,t)n———»tm+(1—t)ﬂ—z—”

is a homotopy from f o g to the identity.

1.3 Smoothness

Algebraic topology is at first sight concerned with topological spaces and continuous maps.
In life, however, smooth maps are much more important than continuous ones. (T shall use
“smooth” to mean “indefinitely often continuously differentiable”.) Much of the success
of algebraic topology has come from developing techniques for translating questions about
smooth maps into questions about the homotopy classes of continuous maps.

To give a very simple example of such a translation, define an immersed closed curve in
the plane R2 as a smooth map 7 : R — R? such that y(t + 1) = y(¢) for all t € R, and
such that, in addition, the tangent vector ¥(¢) € R? is non-zero for all ¢. It is obvious that
any closed curve in R? can be deformed to any other. But an immersed curve v has an
integer invariant 7(7y) € Z which is the winding number of the tangent vector, i.e. of the
map 7 : [0,1] — R?— {0}. It is easy to see that an immersed curve 7o can be deformed to
another one 7, through immersions if and only if (7o) = (7).

Although this example is almost trivial, the method it embodies can be applied very
widely, and permits one to prove, for example, the surprising theorem that the standard
sphere S? in R? can be deformed through immersions to its mirror image.

1.4 The spaces to be considered

Algebraic topology is mostly concerned with very simple spaces, and certainly with spaces
which look very simple locally, although they may have interesting global properties. The
majority of the spaces we consider will be manifolds : a manifoldis a space X which is locally
homeomorphic to Euclidean space R™, i.e. each point z € X has a neighbourhood U which
is homeomorphic to an open subset of R™. A somewhat larger class of spaces, including, for
example, the closed disc D™, consists of manifolds with boundary and corners, defined as
spaces locally homeomorphic to R? x (R4)? for some p, ¢, where

Ry={z€eR:z >0}



4 October 11, 1996— Notes on Algebraic Topology — Part III

In the mathematical questions where algebraic topology plays a role the relevant spaces
most often arise from linear algebra. After the sphere S™~! one of the important examples
is the projective space Pg ~1 consisting of all lines through the origin in R™. More generally
we have the Grassmannian Gri(R"™), consisting of all k-dimensional vector subspaces of R™.
There are very many situations where we need to study a varying subspace of R", but the
most important for us is the map X — Gri(R") defined whenever X is a k-dimensional
manifold immersed in R™, which assigns to a point £ € X the tangent space to X at z.

The other spaces from linear algebra which we shall consider in these lectures are the
orthogonal group O,, which is a subspace of R™", the Stiefel manifold Vi(R"), which is
the set of ordered k-tuples of orthonormal vectors in IR“, and the complex analogues of the
spaces just mentioned, i.e.

]PE'I, Gri(C*), Uyn, and Vi(C*).

1.5 Electromagnetism and de Rham cohomology

To prove the theorems described in §1.1 we must find a way of defining the “degree” of various
maps. The most natural way to do this is revealed to us in the study of electromagnetism.
Suppose that we have a wire running along the Z-axis in R3 and carrying a constant electric
current. The current produces a magnetic field which at any point z is perpendicular to
the plane containing z and the wire. If we move a magnetic pole around any closed path in
R3 which does not intersect the wire, then the magnetic field does an amount of work on
the pole which depends only on the winding number of the path around the wire (as well,
of course, as on the strength of the current and the pole). The mathematical fact which is
exemplified here is that if we have a vector field v defined in an open subset X of R3, and
curl v = 0, then the line-integral
/ v-ds
b

of v around any closed curve v in X does not change when the curve 7 is continuously
deformed. This is Stokes’s theorem: if 7o and 7; are two curves in X which are sufficiently
close to each other, then together they form the boundary of a piece of surface L, and we

have
f v-ds—j v-ds = /(curlv)-dS =
M Yo b

By means of such vector fields v we can measure the winding numbers of curves, and
hence detect that a region is not simply connected.

The failure of connectivity in dimension two is equally easily detected: for this we need
vector fields v in X with vanishing divergence, such as the electric field of a charged particle.
Consider, for instance, a charge at the origin in R3, generating an electric field v in X =
R3 — {0}. Then the surface integral

v-dS
%
of v over a closed surface I, i.e. the “flux” of the electric field through X, counts the number
of times & wraps around the origin. It does not change when I is deformed, for if o and
¥, are two nearby surfaces we have

/ v-dS - v-dS:f(divv)dV:O,
P Zo R

where R is the 3-dimensional region bounded by Ly and ;.
There is another point to be noted. If we write I,(y) = f'r v - ds for the invariant of a
closed curve ¥ defined by a vector field v such that curl v = 0, then we see that I, does
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not change if we add to v the gradient of any smooth function in X, for the integral of a
gradient around a closed curve is zero. Similarly, the invariant I,(Z) of a closed surface &
associated to v when div v = 0 does not change if we add a curl to v.

With the benefit of hindsight we are led to consider for any open subset X of R? the
following sequence of vector spaces and linear maps

0 —R°(X) 2, gl rx) Z2e02(x) 2% 0%x) — 0,

where Q°(X) and Q3(X) both denote the vector space of smooth real-valued functions on
X, and Q!(X) and 22(X) both denote the smooth R3-valued functions.

First let us consider Q°(X). The gradient of a function f vanishes if and only if f is
locally constant, i.e. constant on each connected component of X. Thus the kernel H%(X) of
grad, which is called the 0-dimensional cohomology of X, is a vector space whose dimension
is the number of connected components of X.

Now consider 2'(X). We define the 1-dimensional cohomology as the quotient vector
space

{ve Q(X) : curl v = 0}
{v € Q1(X) : v is a gradient}

BH{X)=

We have seen that this is the set of invariants which we can define for closed curves in
X,
Turning to Q%(X), we have also seen that

{v e Q3(X) : div v = 0}
{veQ?(X):visacurl}

BX)=

is the set of invariants we can define for closed surfaces in X.
That is as far as we can go, for the operator div is always surjective.

Everything we have said can be generalized quite easily to open subsets X of R" for
any n. We define Q%(X) as the vector space of smooth functions on X whose values are
vectors with () components. We think of these functions as “tensor fields” a,,...;, With
k indices running from 1 to n and alternating in the indices. It is clear how to define
grad : Q°(X) — Q}(X). Locally, a vector-valued function «; is a gradient if and only if
dai /8z; = da; [0z, so we define curl : Q1(X) — Q%(X) by

(curl a)i; = O /Ox; — Oavi [ Oz;.

In general, we define an operator simply denoted by

d: 05 (X) - Q**(X)
by
(da)’-l gy = E(_l)r-l _3_

oz, S T e e

where A indicates that the symbol beneath it should be omitted. The operator d has three
basic properties, which we shall not prove here.

(i) dod=0
(ii) (the “Poincaré lemma”). If dar = 0 then locally o = df for some 2.

(iii) (“Stokes’s theorem”). If & € ¥(X), and R is an oriented (k + 1)-dimensional region
in X with k-dimensional boundary dR, then
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/da:/ Q.
R R

These properties make it reasonable to define cohomology groups by

__ {a€0*X):da=0)
H*(X) = {a € Q¥(X):a =df for some B}’

The elements of H¥(X) are invariants of closed oriented k-dimensional regions in X.

We can generalise still further from open subsets of R™ to arbitrary smooth manifolds,
but we shall not pursue that here. The cohomology groups we have been describing are
called the de Rham cohomology groups, and we shall write them HXp(X) when we want to
distinguish them from others to be defined presently.
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2. Cohomology

2.1 Cochain complexes
The cohomology of a space X is defined in two steps.
(i) We associate to X a cochain complex C.
(ii) We define H*(X) = HY(C)).
Definitions A cochain complez is a sequence of abelian groups and homomorphisms
s {_‘_ick—l 4 ok 8, okt 4 il

indexed by k € Z, such that dod = 0.
The k-cocycles of C” are ker d : C* — GFEL
the k-coboundaries of C" are imd : C¥~1 — C¥,
and the k' cohomology group is H*(C) = {k-cocycles}/{k-coboundaries}.

2.2 Alexander cochains

We first fix a “coefficient group” A. It can be any abelian group, but usually will be Z.

A k-cochain on X will be an A-valued function (zo, -+, k) — ¢(Zo," - , 2x) defined on
all (k + 1)-tuples of points of z which are sufficiently close together. Formally, this means
that we consider all pairs (U, ¢), where U is a neighbourhood of the diagonal in XhLand
¢ is a not necessarily continuous function ¢ : U — A. On these pairs, we introduce an
equivalence relation defined by

(U,e) ~ (U, ¢) & c|U"=¢c|U" for some
neighbourhood U” of the diagonal
which is contained in U N U".

The resulting equivalence classes of functions are the k-cochains. They form an abelian
group C*(X) under addition.

Definition 2.2.1 We define d : C*(X) — C**1(X) by
dC(:L'ﬂ, + e ,:!23;4.3) = Z(—l)ic(ro, 474 £ ,i‘,‘, e ,17k+1).
7 Here the notation 7; indicates that z; is to be omitted.

Proposition 2.2.2 C(X) is a cochain complez, i.e. dod=0.

7
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Proof.

dde(zo, -, zi42) = 9 _(—1)'de(zo, -+, &i, -, Zpya)
=Y (1) He(zo, - @5, &y Trgd) + (1) (o iy By, Brga)
j>i Jj>i
= 1.

We have the following analogue of the Poincaré lemma.

Proposition 2.2.3 If ¢ € C¥(X), with k > 0, and dc = 0, then any point z € X has a
neighbourhood V' such that c|V = db for some b € C*~1(X).

Here ¢|V means the element of C*(V') obtained by restricting ¢ to (k + 1)-tuples which
are contained in V.

Proof Suppose that c is defined in a neighbourhood U of the diagonal in X*+!, Let V
be a neighbourhood of = such that V*+! C U. Then define

b(l‘(], T 1zk—1) = C(.'J'.',Iu, T :‘rk—l)
for all zg,--+,zr_1 In V. We find at once
db(Ig,' o yz'k) = E(—l)iC(I,IU, e :fi) T )zk)

= C(Iﬂs"' :Ik) —dC(I,LL'(),"' lz‘.k)

= c(zo,  +,Tk).

2.3 Other ways of defining cochains

There are many ways of associating cochain complexes to spaces. For the spaces of interest
in algebraic topology, they all lead to the same cohomology groups. I shall mention four
more, of which the first two — Cech and singular — have the same formal structure as the
Alexander cochains, while the other two do not.

Cech cochains

Let & = {Ux}aes be an open covering of a space X. Define

Sk = {(@o, -, ax) € ¥ : Uy, N---N Uy, # B},
C*(U) = {all maps Si — A},
and d : C*¥ — C**! by the formula of 2.2.1. The proof that d o d = 0 is unchanged.

Variant Choose a total ordering of S, and omit from Sy all except the (k + 1)-tuples
(g, - -+, ag) which satisfy ap < o) < -+ < .

Either way, we shall prove that the cochain complex C'(U) defines the (Alexander) co-
homology H*(X) providing the sets U, and their non-empty finite intersections are con-
“tractible.






